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Abstract We propose a new model of 2D free particle diffusion on a possibly curved surface. This model is a generalization of the standard Ornstein-Uhlenbeck process and is completely determined by writing down the transport equation describing the diffusion in the phase-space of the diffusing particle. This transport equation is then used to show that curvature effects can profoundly affect the phenomenology of diffusion in the hydrodynamic limit. A specific pedagogical example is also worked out.
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Introduction



Particle diffusion is probably the simplest of non-quantal irreversible phenomena. Surely the simplest model of particle diffusion in traditional infinite 3D Euclidean space is standard Brownian motion[6]. Let us suppose that the diffusion occurs within a fluid which is in a state of global thermodynamical equilibrium. It is then best to work in the Galilean reference frame where this fluid is at rest and, in this frame, the spatial density of a particle undergoing Brownian motion satisfies exactly the usual diffusion equation[10]. It is well-known that this model does not fix the time evolution of the diffusing particle momentum, since this quantity cannot even be defined for a particle undergoing Brownian motion (in the mathematical sense). This 1



represents a serious physical limitation which prompted Uhlenbeck and Ornstein to introduce, in 1930[12], the stochastic process which now carries their names. This process is usually defined by a couple of stochastic differential equations which fix the time-derivatives of both the position and momentum of the diffusing particle. The diffusion can then be described, at any time, by a probability distribution function in (one-particle) phase-space and the transport equation verified by this distribution function, the socalled Chapman-Kolmogorov (CK) equation, can be deduced without any approximation from the stochastic equations of motion[13, 10]. In the hydrodynamic (long-time) limit, the solutions to the Chapman-Kolmogorov equation have a spatial density which verifies approximately the usual diffusion equation[4]. Brownian motion in physical space thus appears as an approximate description of diffusion, valid for near-equilibrium situations only. Let us now envisage a situation in which the 3D domain where diffusion occurs is not the whole Euclidean 3D space, but only a part of it. A general method for studying the behaviour of particles diffusing in this domain is obviously to use the standard diffusion equation or, if one wants to be more precise, the Chapman-Kolmogorov equation associated to the Ornstein-Uhlenbeck process, and to solve either of these equations with the appropriate boundary conditions. Suppose now that the 3D domain under consideration is sufficiently thin to be validly approximated by a 2D surface. This situation commonly arises in surface sciences, where many phenomena involve particle diffusion in a thin interface which is often approximated by a surface. Similarly, biology offers many examples of diffusions in cellular membranes which may be considered as surface diffusions (although neglecting the membrane thickness can also lead to completely irrealistic models). In such cases, the 3D diffusion essentially comes back to a 2D diffusion on the surface approximating the thin 3D volume. How can one describe this 2D diffusion? The general method outlined above can still be used; one then has to solve the 3D diffusion equation or the Kolmogorov equation with the proper boundary conditions associated to the thin 3D volume representing the membrane. But in the present case this very general method is obviously not optimal; indeed, solving the diffusion equation or the Chapman-Kolmogorov equation with arbitrary boundary conditions is certainly no easy task. Furthermore, the procedure would actually furnish more than what one is really interested in i.e., only the 2D aspects of the diffusion. It is therefore best to start the analysis of the problem directly from a model of 2D diffusion. To the best of our knowledge, only one such model 2



has been proposed in the literature. This model is commonly known as “Brownian motion on a (Riemannian) manifold”[10] and is a direct generalization of the standard Brownian motion in 3D Euclidean space. As such, it suffers from the same drawbacks ; in particular, Brownian motion on a surface only fixes the motion of the diffusing particle in physical space and furnishes no information about the motion in momentum- and phase-space because the momentum of a Brownian particle cannot even be defined. To obtain a model of 2D diffusion which does not present the same limitations, it therefore seems natural to proceed exactly as Uhlenbeck and Ornstein did in the standard 3D case and to construct a 2D analogue of the Ornstein-Uhlenbeck process which would describe diffusion in a one-particle 4D phase-space. This process would naturally be associated to a generalized Chapmnan-Kolmogorov equation which would fix the time evolution of the probability density in this 4D phase-space. The aim of this article is to generalize the Ornstein-Uhlenbeck approach to 2D diffusion on an arbitrary surface and to discuss qualitatively how the curvature of the surface may affect the phenomenology of the diffusion. This article is organized as follows. Section 2 reviews some basic facts about the usual Ornstein-Uhlenbeck process. Section 3 introduces the geometrical background necessary to the work that follows. Section 4 properly generalizes the standard CK equation to the case of diffusion occurring on an arbitrary curved 2D suface. Section 5 investigates some of the properties of this equation and of its solutions. In particular, it is shown that if the fluid which surrounds the diffusing particle is in a state of global thermodynamical equilibrium, the generalized CK equation admits an invariant measure susceptible of a natural physical interpretation ; the first-order balance equations associated to the generalized CK equation are also derived. In Section 6, these balance equations are used to discuss qualitative aspects of diffusion phenomena on a curved surface. It is shown that various near-equilibrium regimes exist, depending on the order of magnitude of the curvature of the surface. For ‘small’ curvature, one recovers a regime whose properties are similar to those of standard Brownian motion. For ‘large’ curvature, the behaviors of the asymptotic regimes are markedly different from the behavior of Brownian motion. The differences are discussed at length in Section 6, where a simple but very instructive example is also fully worked out. Section 7 starts with a summary of the new results presented in this article and mentions some of their possible extensions.
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2 2.1



The traditional Ornstein-Uhlenbeck process General presentation



The well-known, standard Ornstein-Uhlenbeck process is a model of particle diffusion in 3D Euclidean space. Let (x, p) be the position and momentum of the diffusing particle. For simplicity purposes, we will suppose that the fluid surrounding the diffusing particle is in a state of global thermodynamical equilibrium and we will work only in its rest (proper) frame. The Ornstein-Uhlenbeck process can be defined by the following couple of stochastic equations[13] : p dt m √ dp = −α p dt + 2D dBt √ µ p dt + 2D dBt , = − m dx =



(1)



where m is the mass of the moving particle and µ = αm is the usual friction coefficient ; B(t) stands for the standard 3D Brownian motion, the ‘derivative’ of which is a 3D Gaussian white noise. The amplitude of the noise is fixed by the positive coefficient D, which is related to the standard diffusion coefficient D in physical space by D = µD. The one particle phase-space is P = IR6 = {(x, p)} and the volume measure on this phase-space is the Lebesgue measure dΩ = d3 xd3 p. Let Π(t, x, p) be the probability density in phase-space associated to equations (1). It obeys the Chapman-Kolmogorov equation[9, 3] : 



∂t Π + ∇x .



p Π + ∇p . (−αpΠ) = D ∆p Π. m 



(2)



The spatial density n(t, x), density current j(t, x) and stress-energy tensor T (t, x) of the diffusing particle are respectively defined by : Z



Π(t, x, p)d3 p,



(3)



p Π(t, x, p)d3 p m



(4)



IR3



(5)



IR3



pi pk Π(t, x, p)d3 p. m



n(t, x) = IR3



Z



j(t, x) = and T ik (t, x) =



Z



4



These tensor fields verify the following balance equations, which can be derived directly from (2) : ∂t n + ∂k j k = 0



(6)



∂t j k + ∂l T kl = −αj k .



(7)



and : Equation (6) expresses the so-called conservation of matter while (7) describes the net momentum exchange between the diffusing particle and the surrounding fluid. The Ornstein-Uhlenbeck process admits as invariant measure, or stationary density, the Maxwellian : −3/2



Πe (p) = (2πmkB Te ) with : Te =



p2 exp − 2mkB Te



!



,



D mkB α



(8)



(9)



Relation (9) is a fluctuation-dissipation theorem. Note that Πe is not normalized to unity in phase-space but in momentum space only.



2.2



Large-scale behavior of the Ornstein-Uhlenbeck process



From m, Te and α, one can construct the following two quantities : τ=



1 α



and kB Te λ=τ m 



(10) 1/2



.



(11)



τ is the characteristic time-scale of the process and λ plays the role of a mean free-path. The Chapman-Enskog method[2] can be used to study the process in the so-called hydrodynamic limit. More precisely, the Chapman-Enskog procedure delivers solutions to the CK equation which vary slowly in the scaled time- and space-variables θ = t/τ and χ = x/λ. One thus introduces[4] two infinitesimal parameters η and  such that : k∂t Πk =



1 kΠkO(η) τ 5



(12)



and :



1 kΠkO(). (13) λ The notation k · k stands for an arbitrary norm defined over a function space to which Π belongs. One can use, for example : k∂x Πk =



kΠk =



max (t,x,p)∈I×D×IR



Π(t, x, p),



3



(14)



with I and D specifying the domain of space-time in which the solution has to be ‘slowly’ varying. For physical reasons, one expects a slowly varying solution to be close to global equilibrium and, therefore, also close to local equilibrium. One thus introduces a third small parameter 0 and writes : Π(t, x, p) = n(t, x)Πe (p) +



∞ X



q



0 Πq (t, x, p).



(15)



q=1



The balance equations (6) and (7) then imply the scaling relations  = 0 and η = 2 . It is also found [4] that the perturbative solution (15) only exists if the density n verifies the usual diffusion equation : ∂t n = D∆n.



(16)



As a conclusion to this Section, let us point out that the stochastic equations of motion (1), the phase-space P, the measure dΩ, the CK equation (2) and the diffusion equation (16) all are invariant under any change of coordinates which preserves the Euclidean metric, i.e. under an arbitrary isometry.
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Geometrical considerations



The aim of this Section is certainly not to provide a primer in differential geometry, but rather to review some basic concepts which will be of constant use in the remainder of this article. These permit to obtain the desired results in a very general, formal way. The reader is referred to [11, 5, 16] for extensive pedagogical presentations of the material only broached upon in the present Section.
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3.1



The spaces tangent and cotangent to a manifold



The natural mathematical concept to describe surfaces is that of differentiable manifold. Loosely speaking, a differentiable manifold of dimension n is a topological space which, at least locally, ‘looks like’ IRn . A surface is a two-dimensional differentiable manifold and, at least locally, one can use two real numbers as coordinates to label the points on the surface. These coordinates will be denoted by xi , i = 1, 2. Occasionally, we will also write x = (x1 , x2 ). One will have to consider real-valued functions defined on the manifold. Given a coordinate system, any such function is described by a real-valued function f of the two coordinates x1 and x2 . Let X be an arbitrary point on the surface. One can naturally evaluate the partial derivatives ∂1 f and ∂2 f at any point on the surface, and in particular at X. But one can also evaluate the total derivative of f along an arbitrary curve x(s) which passes through X. Let us choose the (otherwise arbitrary) parametrization in such a way that x(s = 0) = X. Standard differential calculus then leads to : d dx1 dx2 f (x1 (s), x2 (s)) = ∂1 f |X + ∂2 f |X . ds ds |s=0 ds |s=0 |s=0



(17)



dx1 dx2 ) and ( ) correspond to what one would sponds |s=0 ds |s=0 taneously call the ‘components’ of a vector tangent to the curve under consideration at X. This remark can be built upon to define in quite general a manner what will be called a vector tangent to a manifold. Let us fix again a point X on the manifold and consider the set of all sufficiently smooth curves passing through X. By (17), each curve can be associated to a linear operator acting on the space of (real-valued) differentiable functions f defined over a neighborhood of X. This operator is fully defined by the derivatives of x1 and x2 along the curve at point X. The set of all these operators is called the space tangent to the manifold at point X ; it can be shown to be a real vector space. Moreover, this vector space is two-dimensional and admits the family (see (17)) (∂1 , ∂2 ) as a basis. This basis is called a coordinate basis. The components of an arbitrary tangent vector v at point X will be denoted by v 1 and v 2 . Expression (17) thus i represents the action of the vector v = ( dv ds |s=0 ), tangent to the surface at point X, on the function f . A tangent vector-field v(x) is simply a field of vectors, typically represented by two functions v 1 (x1 , x2 ) and v 2 (x1 , x2 ). Tangent vectors (or



The quantities (
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vector-fields) are known as contravariant vectors (or contravariant vectorfields) in standard physics literature. One will also have to use vectors cotangent to the manifold. The space cotangent to the manifold at point X is the vector-space of real-valued oneforms defined over the tangent space at point X. In other words, a vector cotangent to the manifold at point X is a linear application which transforms tangent vectors at point X into real numbers. Such a form w is fully determined by the images w(∂1 ) and w(∂2 ) of the tangent vectors ∂1 and ∂2 , since these vectors form a basis of the tangent space at X. Let us introduce the two forms I 1 and I 2 defined by : I i (∂j ) = δji



(18)



for (i, j) ∈ {1, 2}2 . One can then write, for an arbitrary cotangent vector w at X : w = w(∂1 )I 1 + w(∂2 )I 2 . (19) This shows that (I 1 , I 2 ) constitutes a basis of the cotangent space at X ; this basis is said to be dual to the coordinate basis (∂1 , ∂2 ) used in the tangent space. This cotangent space is also two-dimensional, exactly as the tangent space. One commonly uses the notation wi = w(∂i ) for the components of the cotangent vector w in the basis (I 1 , I 2 ). In physics, a cotangent vector is traditionally called a covariant vector. There is another important characterization of tangent and cotangent 0 vectors and vector-fields. If one introduces new coordinates xi on the man0 ifold, the components v i of a tangent vector-field v in the new coordinate basis can be expressed in terms of the components v i of the same vector-field in the previous coordinate basis. Because of (17), one finds immediately : 0



0



vi =



∂xi j v . ∂xj



(20)



One also has, for an arbitrary cotangent vector-field w : wi0 =



∂xj wj . ∂xi0



(21)



Tangent and cotangent vector-fields are examples of tensor-fields. A tensor-field of type (0, 0) is simply a function defined on the manifold. It is sometimes called a scalar quantity. A tangent vector-field is a tensor-field of type (1, 0) while a cotangent-vector is a tensor-field of type (0, 1). A tensor-field T of type (2, 0) is represented, in each coordinate system, by 8



a set of functions T ik (x) which transform like the products q i q k under an arbitrary change of coordinates. Similarly, a tensor-field S of type (0, 2) is represented, in each coordinate system, by a set of functions Sik (x), which transform like the products pi pk under an arbitrary change of coordinates. And a tensor Q of type (1, 1) is characterized in a similar fashion by its mixed components Qik . Similar definitions and coordinate-representations also apply to tensor-fields of other types. Let us finally mention that the contraction operation can be used to construct new tensor-fields out of known ones and that this operation lowers the total order of tensor-fields. For example, the contraction : k



v =



3 X



wi T ik = wi T ik



(22)



i=1



defines a tensor field v of type (1, 0).



3.2 3.2.1



Metric and connection Metric



A Riemanian metric g is a tensor-field of order (0, 2) which is symmetric, positive definite and invertible. It can be represented, in any coordinate system, by its ‘covariant’ components gij = gji . Invertibility means that there exists a tensor-field g −1 , of order (2, 0), such that g −1 g = gg −1 = 1 ; in components, this reads : (g −1 )ij gjk = gkj (g −1 )ji = δki ,



(23)



where δki stands for the usual Kronecker symbol. For simplicity reasons, one usually denotes the components (g −1 )ij merely by g ij . Note that (23) implies that the Kronecker symbol is a tensor of type (1, 1). The metric can be used to establish a one-to-one correspondence between tangent and cotangent vector-fields. For example, if v is a tangent vectorfield, the components v˜i = gij v j define a cotangent vector-fields. Given a metric, it is therefore possible to define the (position-dependent) scalar product u · v of two tangent vector-fields u and v by the relation : u·v =u ˜i (x)v i (x) = ui (x)˜ vi (x) = gij (x)ui (x)v j (x).



(24)



The scalar product of two cotangent vector-fields can be defined in the same way. The metric g(x) being positive definite at every point x, the scalarproduct of a vector-field with itself is always non-negative and vanishes only at points where the vector-field itself vanishes. 9



Let v be again a vector-field tangent to the surface ; suppose that v is normalized to unity. By definition, at any point X, there exists a curve x(s) dxi such that x(0) = X and = v i (X). One then has : ds |s=0 gij (X)v i (X)v j (X) = gij (X)



dxi dxj = 1. ds |s=0 ds |s=0



(25)



This shows that the parameter s retained along the curve under consideration verifies (in conventional notations) : ds2 = gij dxi dxj .



(26)



It is commonly said that (26) defines the proper-length at every point on the surface. 3.2.2



Connection



A connection is a tool which makes it possible to compare tangent (or cotangent) vectors defined at different points on the surface. This is for example necessary if one wants to define the derivative of a tangent (or cotangent) vector-field. Let us now concentrate on how this can be done. It is straightforward to check that, even if v is a tangent vector-field, the quantities ∂i v j do not define a tensor. The remedy to this situation is to introduce a new field, called the connection and represented by the so-called connection coefficients Γkij and to define the covariant derivative ∇v of a tangent vector-field v by the relation : ∇i v j = ∂i v j + Γjik v k .



(27)



A necessary and sufficient condition for ∇v to be a tensor-field of type (1, 1) is that the connection coefficients obey the following transformation law under an arbitrary coordinate change [8, 5] : 0



0



Γki0 j 0 =



0



∂xk ∂xi ∂xj k ∂ 2 xp ∂xk Γ + . ∂xk ∂xi0 ∂xj 0 ij ∂xi0 ∂xj 0 ∂xp



(28)



The connection can also be used to define the covariant derivative of arbitrary tensor-fields ; generally speaking, the covariant derivative of a tensorfield of type (r, s) is a tensor-field of type (r, s + 1). For the record, the covariant derivative of a cotangent vector-field w is given by [5] : ∇i wj = ∂i wj − Γkij wk . 10



(29)



The covariant derivatives of tensors of types (2, 0) and (0, 2) are defined by [8] : ∇i T jk = ∂i T jk + Γjpi T pk + Γkpi T pj (30) and ∇i Tjk = ∂i Tjk − Γpji Tpk − Γpki Tpj .



(31)



Note however that, if f is a scalar-field (function) defined over the surface, the quantities (∂i f ) do transform as the components of a cotangent vector-field. The covariant derivative of f , also called the gradient of f , thus coincides with the cotangent vector-field of components (∂i f ) in the basis (I 1 , I 2 ). At this point of the presentation, metric and connection are two totally unrelated geometrical objects. However, each metric g can be used to define a particular connection canonically associated to it [5]. This connection is called the Levi-Civita connection (associated to the given metric) and, with it, the metric is covariantly constant : ∇g = 0. The coefficients of the Levi-Civita connection are given by : Γkij =



1 kl g (∂i glj + ∂j gli − ∂l gij ) . 2



(32)



Note that these coefficients are symmetric in their lower indices. The intrinsic curvature of a surface is characterized by a tensor R which depends on the connection ; its components are defined by [5, 16] : l Rijk = ∂j Γlik − ∂i Γljk + Γpik Γlpj − Γpjk Γlpi .



(33)



The geometry of the standard 2D Euclidean space is characterized by the metric η, the components of which are given, in orthonormal coordinates, by (ηij ) = diag(1, 1). By (32), the connection coefficients associated to this metric thus vanish identically in these coordinates. Therefore, in orthonormal coordinates, covariant differentiation formally coincides with the usual partial differentiation. Note also that, because of the simplicity of the metric, v˜i = v i for i = 1, 2. The distinction between tangent and cotangent vectors thus becomes somewhat academic. It is however necessary on non-flat surfaces (or on the flat 2D Euclidean space parametrized by non-orthonormal coordinates – for example, polar coordinates). Since the coefficients of the Levi-Civita connection associated to the metric η vanish identically in orthonormal coordinates, so do the components of the curvature R in these coordinates. Since R is a tensor, this implies that its components vanish in all coordinate systems. The 2D Euclidean space is therefore flat. 11



4 4.1



Chapman-Kolmogorov equation on a surface Choice of the phase-space



As can be gathered from the preceding considerations, the position of a particle diffusing on a surface will be represented by two coordinates x = (x1 , x2 ) defined at least locally on the manifold which models the surface. The velocity x˙ of the diffusing particle is simply the tangent vector (dx1 /dt, dx2 /dt). As for momentum-space at point x, one can choose either the tangent space or the cotangent space at x. Both choices lead naturally to equivalent physics. It is however technically preferable to use the cotangent space as momentum space. This choice is also more natural from a dynamical point of view. Indeed, momentum is best defined in analytical mechanics as the partial derivative of the Lagrangean with respect to the velocity. The Lagrangean L of a free particle of mass m moving on a surface is the scalar quantity : m L(x, x) ˙ = gij (x)x˙ i x˙ j . (34) 2 The momentum p, defined by : pi =



∂L = mgij x˙ j ∂ x˙ i



(35)



is thus a cotangent-vector. The Hamiltonian H corresponding to L is : H(x, p) =



1 ij g (x)pi pj ; 2m



(36)



it is also a scalar. For physical reasons, it seems best not to restrict the values of the two momentum components. The pair (p1 , p2 ) will thus describe IR2 . Now to the volume-measure in phase-space. As in 3D Euclidean space, it will be the product of a measure dΩx in physical space by a measure dΩp in momentum-space. The natural measure dΩx to be used on the surface itself is [8, 11, 5, 7] : p dΩx = det g d2 x, (37) where det g stands for the determinant of the matrix made out of the components gij of g. Thus defined, dΩx is a scalar measure, independent of the coordinates chosen on the surface. Note that in 2D Euclidean space, det g = 1 in orthonormal coordinates. The natural measure in momentum space is [8, 7] : dΩp = √



1 d2 p. det g



12



(38)



As dΩx , dΩp is a scalar measure invariant under arbitrary coordinate changes. The measure on phase-space P is thus the scalar : dΩ = dΩx dΩp = d2 x d2 p.



4.2



(39)



The probability distribution function in phase-space



Diffusion on a physical surface or 2D interface will be described by a transport equation verified by a time-dependent probability distribution function Π defined on P. Before writing down the transport equation, let us discuss some important properties of Π. A basic (constitutive) assumption of the diffusion model constructed in this article is that its associated distribution Π is a scalar quantity, invariant under arbitrary coordinate changes on the surface. The zeroth-moment of Π is defined by : Z n(t, x) = IR2



Π(t, x, p) dΩp



(40)



and represents the spatial density of the diffusing particle. In particular, one has : Z n(t, x) dΩx = 1 (41) M



at all times. In (41), M stands for the manifold which models the surface. The diffusing particle current-density is defined by : Z



jk (t, x) =



IR2



pk Π(t, x, p) dΩp ;



(42)



at any instant, j is a field cotangent to the surface. We will also need the stress-energy tensor T of the diffusing particle, defined by : Z pi pk Tik (t, x) = Π(t, x, p) dΩp . (43) IR2 m



4.3



Transport equation in phase-space



Let us now define a model of diffusion on 2D surfaces by writing down the tranport equation verified by the associated probability distribution function in phase-space. This equation will be the simplest or minimal generalization of (2) to possibly curved 2D manifolds. To make the discussion easier, it is convenient to rewrite the 2D version of equation (2) as Le (Π) = 0, where Le is the differential operator defined



13



by : !



Le (Π) = ∂t Π + ∂i



η ij pj Π + ∂pi (−αpi Π) − D ηij ∂pi ∂pj Π m



(44)



and ηij = diag(1, 1) represents the components of the 2D Euclidean metric in orthonormal coordinates. Physics has to be independent of the coordinate system chosen on the surface. This means that the transport equation has to be invariant under an arbitrary change of ccordinates. We have imposed as a constitutive hypothesis of our model that Π itself is a scalar. Thus, in arbitrary coordinates, the equation should take the form L(Π) = 0 where the new operator L is a scalar operator which reduces to Le if one uses orthonormal coordinates in 2D Euclidean space. The easiest way to obtain the simplest possible L is to generalize each term in (44) separately. The time-derivative ∂t is trivially a scalar operator and can be conserved as such in L. As for the flat Euclidean metric η, it naturally has to be replaced by the metric g of the manifold under consideration. The only remaining problem is to properly generalize the partial derivatives with respect to position and momentum. To get a better understanding of the problem, let us consider an arbitrary field φ defined over phase-space. To simplify the discussion further, we will suppose that φ is a scalar field, invariant under arbitrary coordinate changes. Let us consider such a change of coordinates. Then, with obvious notations : 0



φ0 (xi , pj 0 ) = φ(xi , pj ). Since :



one has :



and :



(45)



0



∂xj pj = pj 0 , ∂xj



(46) 0



∂ ∂xi ∂φ ∂ 2 xj ∂xi ∂φ 0 φ = + 0 0 0 pj 0 i i i i j i ∂x ∂x ∂x ∂x ∂x ∂x ∂pj



(47)



0



∂ ∂xj ∂φ φ0 = . ∂pj 0 ∂xj ∂pj



(48)



Equation (48) proves that the operator ∂/∂pj transforms scalar fields into tangent vector fields. This can easily be generalized to fields of arbitrary tensor type. The notion of partial differentiation with respect to momentum 14



components is thus a perfectly generally covariant notion and the operator ∂/∂pj transforms arbitrary tensor fields of type (r, s) into tensor fields of type (r + 1, s). This can be easily understood without any calculation if one notes that, at any point on the 2D surface, momentum space is a flat 2-dimensional manifold. This point deserves further comment. Momentum space at x is the space cotangent to the surface at x. This vector-space can be considered as a manifold in its own right. At an arbitrary ‘point’ p, this manifold has itself a tangent and a cotangent space. The natural ‘proper-length’ in momentum-space is defined by (see (26) : dσ 2 = g ij (x) dpi dpj ;



(49)



there is indeed no other physically meaningful metric that can be used in momentum-space. This metric depends only on x and not on p ; the partial derivatives of g ij with respect to p therefore vanish identically, and so do the coefficients of the Levi-Civita connection associated to this metric in momentum space. Covariant differentiation with respect to momentumcomponents at fixed x therefore comes back to partial differentiation with respect to the same components. On the other hand, equation (47) proves that, even for scalar fields, partial differentiation with respect to one of the spatial coordinates in not a covariant notion. This again is quite simple to understand. In passing from x, to x+dx, the usual partial differentiation with respect to the coodinates xi , i = 1, 2, maintains the components of p constant. In flat Euclidean space and orthonormal coordinates, this amounts to maintaining the vector p itself constant. But on an arbitrary surface, the basis (I 1 , I 2 ) in momentum-space is itself position-dependent. This can be seen in the following manner. Let T be an arbitrary tensor-field. The only coherent notion of differentiation that exists on an arbitrary surface is covariant differentiation. In particular, partial differentiation of a tensor-field is not even defined in differential geometry1 . Therefore, an arbitrary tensor-field is position-independent (in any coordinate system) if it is covariantly constant i.e. if its covariant derivatives with respect to all spatial coordinates vanish identically. This is the only definition that makes sense independently of the chosen coordinate system. 1 One could think of defining the partial derivative of a tensor-field as a new field which would be represented, in a given coordinate-system, by the partial derivatives of the components of T . The problem is that this new field would not be a tensor-field. As a consequence, the new field could for example vanish identically in a given coordinate system and not in another one.
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Let us come back to the basis cotangent vectors I 1 and I 2 . By definition, their components are respectively (1, 0) and (0, 1). By equation (29), the components of ∇I 1 and ∇I 2 are given by : 



and







∇I 1



∇I 2



 ij



= ∇i (I 1 )j = −Γ1ij



(50)



ij



= ∇i (I 2 )j = −Γ2ij .



(51)







The basis in momentum space is therefore position dependent and maintaining a momentum constant is not equivalent to maintaining its components constant. ‘Differentiation with respect to position at constant momentum’ has therefore to be defined as covariant differentiation with respect to position (i.e. ∂ → ∇) at momentum covariantly constant[7]. Equation (29) shows that the variations of the components of a covariantly constant cotangent vector-field p between points x and x + dx are given by : dpj = Γkij pk dxi



(52)



One is therefore led to define a new operator Di , acting on cotangent vector-fields defined over the 4D phase-space, by : ∂ Di = ∇i + Γkij pk , (53) ∂pj where ∇ stands for the usual covariant derivative operator with respect to spatial degrees of freedom. This operator, which behaves as a covector under an arbitrary change of coordinates, transforms tensor-fields of type (r, s) into tensor-fields of type (r, s + 1). Using Di , one can then define the transport operator L by : ∂ pj L(Π) = ∂t Π + Di (g ij (x) Π) + (−αpi Π) − Dgij (x) ∂pi ∂pj Π (54) m ∂pi and the transport equation verified by Π is simply L(Π) = 0. Its most useful form is :  pj ∂  αpi Π + Dgij (x) ∂pj Π (55) ∂t Π + Di (g ij (x) Π) = m ∂pi This equation describes the statistics of a point-like particle moving on a 2D surface and diffusing because of its interaction with a surrounding fluid. This fluid has been implicitly supposed to be in a state of global thermodynamical equilibrium characterized by a velocity V = 0 in the chosen reference frame and by a temperature Te whose expression in terms of m, α and D will be determined in the next section. 16



5



Basic properties of the model



5.1



Invariant measure



For physical reasons, one expects the CK equation to admit a time-independent solution ; this equilibrium solution should be a generalization of the Maxwellian distribution given by (8). A natural candidate for a time-independent equilibrium solution to the CK equation is therefore : 



Πe (x, p) = (2πmkB Te )−1 exp −



H(x, p) , kB Te 



(56)



where H(x, p) has been defined in (36). H is the scalar position- and momentum-dependent Hamiltonian of a particle moving freely on the surface and Te is a characteristic temperature whose dependence on the three parameters m, α and D is left open at this stage. Physically, Te represents the temperature of the fluid in which the particule diffuses. The factor in front of the exponential in (56) ensures that Πe is normalized to unity in momentum-space. Let us now check that Πe is indeed a solution of the CK equation (55). One sees immediately that Πe defined by (56) makes the right-hand side of equation (55) vanish if the temperature Te is linked to α and D by the fluctuation-dissipation relation : Te =



D , mkB α



(57)



which is identical to (9). Let us now verify that the left-hand side of (55) also vanishes for Π = Πe . One has : Dk (g ij (x)) = ∇k (g ij (x)) = 0, (58) because the connection is the Levi-Civita connection associated to the metric g. Hence : H(x, p) + pj Di exp − Di g (x)pj Πe kB Te (59) i Since the x ’s and the pj ’s are independent variables, one naturally has ∂i pj = 0 for any value of (i, j) ; equation (29) then leads to : 



ij







H(x, p) = g (x) Di (pj ) exp − kB Te ij







∇ i pj







= ∂i pj − Γkij pk = −Γkij pk . 17















(60)







.



On the other hand, Γlik pl ∂pk pj = Γlik pl δjk = Γlij pl .



(61)



Combining (61) and (61), one finds that Di (pj ) = 0. The only possibly non-vanishing contribution to (59) is therefore the one that involves the generalized derivative Di of the exponential. Replacing Di by its expression (53), one is led to evaluate two apparently very different terms. The first one is the covariant derivative ∇i of the exponential function. This function is a scalar, like H. Its covariant derivatives therefore coincide with its partial derivatives. One thus has : H(x, p) ∇i exp − kB Te 







pj p k H(x, p) =− ∂i g jk exp − 2mkB Te kB Te 







(62)



The other contribution to the generalized derivative Di of the exponential involves partial derivatives with respect to the momentum components. It reads : Γlik pl ∂pk



H(x, p) exp − kB Te 







m H(x, p) =− pj g jk (x)Γlik pl exp − . (63) kB Te kB Te 







The relation ∇g = 0 translates into : ∂i g jk = −Γjmi g mk − Γkmi g jm .



(64)



If one uses (64) to eliminate the partial derivatives of the metric components from (62) and then combines the result with (63), one obtains immediately : 



Di



H(x, p) exp − kB Te 







=







∇i +



Γlik pl ∂pk







H(x, p) exp − kB Te 







(65)



= 0. This completes the proof that Πe is indeed a solution of the CK equation introduced in the preceding section.



5.2 5.2.1



Balance equations Matter conservation



Direct integration of the CK equation (55) against the measure dΩp leads to :   Z pj ∂t n + Di g ij (x) Π dΩp = 0. (66) m IR2 18



Because of the very definition of Di : 



Z IR2



Di



pj g (x) Π dΩp = m 



ij



Z



h



IR2



i



∂i (pi Π) + Γiik pk Π + Γkij pk ∂pj (pi Π) dΩp ,



(67) where the short-hand notation = j has been used. Contrary to what happens in the usual Euclidean case, the partial derivative ∂i appearing in the first contribution to the right-hand side of (67) cannot be taken directly out of the integral because the measure dΩp is itself positiondependent. Indeed : pi



g ij (x)p







∂i (dΩp ) = ∂i √



1 d2 p = −Γkik dΩp . det g 



(68)



This leads to : Z IR2



Z



i



∂i (p Π) dΩp = ∂i



Z



i



p Π dΩp +



IR2



Γkik pi Π dΩp .



IR2



(69)



To proceed further, let us integrate by part the last contribution to the right-hand side of (67). One finds : Z IR2



Γkij pk ∂pj (pi Π)dΩp = −



Z IR2



Γkik pi ΠdΩp .



(70)



Combining equations (67), (69) and (70), one obtains : 



Z IR2



Di g ij (x)



pj Π dΩp = ∂i m 



Z IR2



pi Π dΩp +



Z IR2



Γiik pk Π dΩp .



(71)



Inserting the result into (66) leads to : 







∂t n + ∇i g jk jk = 0,



(72)



which expresses matter-conservation for the diffusing particle. 5.2.2



Momentum exchanges with the fluid



By a similar but rather more tedious calculation, the first moments of the CK equation lead to : 







∂t jk + ∇i g ij Tjk = −αjk .



(73)



This equation describes the balance of momentum exchanges between the diffusing particle and the fluid by which it is surrounded. 19
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Qualitative analysis of diffusion on a curved surface in the hydrodynamic limit



6.1



General Discussion



The aim of this section is to discuss qualitatively the behaviour of nearequilibrium solutions to the CK equation on a curved surface. As in the standard Euclidean flat case, we will write ; Π(t, x, p) = Π0 (t, x, p) + ∆Π(t, x, p),



(74)



Π0 (t, x, p) = n(t, x)Πe (x, p)



(75)



∆Π = O(0 )Πe



(76)



∆Π(t, x, p)dΩp = 0



(77)



with :



and



Z IR2



for all t and x. The infinitesimal 0 thus measures the departure from local equilibrium. The spatial density associated to Π0 is naturally n0 (t, x) = n(t, x), the current j0 vanishes identically and the stress-energy tensor T0 reads : (T0 )ik (t, x) = n(t, x)



kB Te λ2 gik (x) = n(t, x) 2 gik (x), 3 3τ



(78)



where the characteristic time τ and the mean free-path λ are defined by the same equations (10) and (11) as in the flat Euclidean case. On physical grounds, one also expects that, for each of these solutions, there is a time-interval I and a domain D on the surface over which Π is a ‘slowly’ varying function of t and x. As in Euclidean space, slow temporal variation is enforced by the condition : k∂t Πk =



1 kΠkO(η), τ



(79)



where η is another infinitesimal. The norm k · k can for example be defined by : kΠk = max Π(t, x, p), (80) 2 (t,x,p)∈I×D×IR Equation (79) implies : k∂t nk =



1 knk O(η). τ 20



(81)



Because of the curvature effects, one has to be cautious in defining what ‘slow spatial variation’ actually means. Since the scaling laws obeyed by diffusion in the hydrodynamic limit can be deduced from the balance equations introduced in Section 5, let us concentrate our analysis on the various contributions to these equations. Let us start with the two terms contributing to the continuity equation (72). The density n is a scalar-field and its covariant derivatives coincide with its partial derivatives. It is therefore natural to enforce slow spatial variation of n by the same relations as in Euclidean space : k∂x nk =



1 knkO(), λ



(82)



 being yet another infinitesimal. Condition (82) is invariant under coordinate changes for which | dx0 /dx |= O(1). Now to the covariant divergence of j. For a vector-field, the covariant derivatives do not coincide with the partial derivatives. One therefore has to introduce another quantity ν which fixes the scale of the covariant derivative acting on j. As already noted, the current j0 associated to Π0 vanishes identically ; the total current j is thus of order 0 . More precisely : max kjk k = k



λ O(0 ). τ



(83)



One therefore has :



1 O(ν0 ) (84) τ As (82), (84) is invariant under coordinate changes for which | dx0 /dx |= O(1). If the surface is flat, ν =  ; but both quantities are generically independent, because ∇ takes into account curvature effects through the coefficients Γ of the connection. One can thus have ν <  as well as ν > . The continuity equation (72), combined with (81) and (84), leads to the following scaling law : η = ν0 . (85) k∇i (g ik jk )k =



Let us now work on the momentum-balance. By (83) and (79), the scaling for the time-derivative of j is : max k∂t jk k = k



λ O(η0 ). τ2



(86)



The total stress-energy tensor can be written as : Tik = (T0 )ik + ∆T ik , 21



(87)



with T0 defined by (78) and ∆T = T0 O(0 ). One has therefore : 























∇i g ij Tjk = ∇i g ij (T0 )jk + ∇i g ij ∆T ik .



(88)



Since the covariant derivatives of the metric-tensor vanish, (78) implies : 







∇i g ij (T0 )jk =



λ (∂i n) ij g (T0 )jk = 2 O(). n τ



(89)



Generically : λ O(ν0 ). (90) τ2 The momentum-balance equation thus contains terms of order η0 , , ν0 and 0 . This implies that :  = 0 . (91) 







∇i g ij ∆Tjk =



Equations (85) and (91) are the two scaling laws which characterize the hydrodynamic limit of particle diffusion on a surface. The crucial difference with diffusion in flat Euclidean space lies in the ν parameter. This parameter takes into account the spatial inhomogeneity of n and the curvature effects which stem from the spatial inhomogeneity of the metric. The temporal variation of the density is therefore fixed by the spatial inhomogeneities of both the density and the metric. There are obviously two extreme regimes. If curvature effects are negligible, the parameter ν coincides with , η therefore coincides with 2 and, at least at leading order, the diffusion behaves as diffusion in flat space. At the other end of the spectrum, one can envisage situations where the curvature effects, which code for the spatial inhomogeneity of the metric, dominate over the spatial inhomogeneity of the density ; those cases correspond to ν >>  and, therefore, η >> . For example, if ν = O(1), η =  = 0 . This makes clear that diffusion on a surface can be phenomenologically very different from diffusion in flat Euclidean space.



6.2



Example



Let us now illustrate these general theoretical results on as simple an example as possible. Let (O, x, y, z) be orthonormal coordinates in 3D Euclidean space. Consider the surface Σ defined by : x = R(z) cos θ y = R(z) sin θ, 22



(92)



where R(z) is a positive definite function of z ∈ I, I an arbitrary interval in IR and θ ∈ [0, 2π[. Σ is a cylinder of altitude-dependent radius. We will illustrate the discussion of the preceding Section by envisaging a simple case of particle diffusion on Σ. A convenient coordinate system on Σ is (z, θ). In these coordinates, the line element on Σ takes the form : 2 







ds2 = 1 + R0 (z)



dz 2 + R2 (z)dθ2



(93)



The metric (93) is everywhere regular and invertible. The inverse metric is given by :   2 −1 g ij = diag 1 + R0 (z) , R−2 (z) . (94) A direct calculation shows that, in these coordinates, the only nonvanishing connection coefficients are : R0 , R



(95)



RR0 1 + R02



(96)



Γθzθ = Γθθz = Γzθθ = − and :



R0 R00 (97) 1 + R02 Let us now examine what the general asymptotics presented in Section 6.1 become in the particular case of slow diffusions on Σ. To simplify the arguments, we will restrict the discussion to diffusions that take place ‘along the Oz axis’. More precisely, we will suppose that the distribution function Π describing the diffusion depends only on z (and not on θ) and that jθ = 0 everywhere on Σ. These diffusions respect the axial symmetry of Σ and are surely the simplest diffusions possible on the considered surface. The surface Σ enters the definition of only one out of the four small parameters considered in Section 6.1 ; this parameter has been denoted by ν and fixes the scaling of the action of ∇ on the currents j and on the stressenergy tensor T . To determine ν, let us evaluate the right-hand side of (84). Since the metric g is covariantly constant : Γzzz =











∇i g ik jk = g ik ∇i jk = g ik



23







∂jk − Γqik jq . ∂xi 



(98)



Since we are only considering diffusion ‘along the Oz axis’, jθ = 0 ; considering also that the metric g is diagonal in the chosen coordinate system, one is led to : g ik ∇i jk = g zz



  ∂jz − jz g zz Γzzz + g θθ Γzθθ . ∂z



(99)



Expliciting the various contributions to the right-hand side of this equation, one finds : 







∇i g ik jk =



1 1 + R02







∂ R0 R0 R00 + − ∂z R 1 + R02







jz .



(100)



Comparing (100) with (84), one sees that ν is fixed by the characteristic variation scales of both the current and the radius R. To make this point even clearer, let us choose the following, very particular form for R : z R(z) = R0 + a cos( ), l with :



a, R0 > 0,



(101)



a = O(α), R0



(102)



l = O(1), R0



(103)



λ = O(α2 ), R0



(104)



α  1.



(105)



and : The radius of the cylinder is then practically constant, equal to R0 . With the simple choices of scalings (102) and (104), the small parameter α fixes both the amplitude of the variation of R around R0 and the (very small) ratio of the mean free-path λ to the mean radius R0 . Finally, the radius R is supposed to vary around R0 on a characteristic length l which is of the same order of magnitude as the mean radius R0 itself. These scalings entering the definition of R permit a very simple analysis and assessment of the main effects curvature can have on diffusion. The scalings (102), (103) and (104) imply : R0 1 = O(α) R R0



24



(106)



and



R0 R00 1 O(α). = 02 1+R R0



(107)



It follows from these relations that : ν = max(, α3 ).



(108)



The parameter α enters the definition of R and is characteristic of the surface on which diffusion is studied. The parameter , on the other hand, fixes the spatial variation scale L of the density n ; by definition, λ/L = O(). Let Lc be defined by : λ Lc = 3 . (109) α Lc is the critical length around which curvature effects become important. Indeed, diffusions of characteristic (spatial) scale L << Lc ‘do not see’ the curvature of the surface ; for these diffusions, ν =  and η = 2 , just as in Euclidean space. This scaling even suggests a diffusion equation of the form : ∂t n = χ∂zz n. (110) On the other hand, diffusions of characteristic length L >> Lc ‘are sensitive’ to curvature. For these diffusions, ν = α3 and, therefore, η = α3 . This suggests that the density n verifies an equation of the type : ∂t n = χ∂ ˜ z n,



(111)



the coefficient χ ˜ depending generally on the point on the surface. Actually, curvature effects are important for all diffusions of characteristic length L not negligible before Lc .
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Conclusion



The problem of particle diffusion on an arbitrary, possibly curved 2D surface is a priori susceptible of various, very different approaches. Standard particle diffusion in 3D flat Euclidean-space is commonly described by stochastic processes ; in particular, a well-known and practical model of free particle diffusion in 3D flat space is the Ornstein-Uhlenbeck process. This process is usually defined by a couple of stochastic equations, which fix the time-evolution of both the position and momentum of the diffusing particle. Alternately, the usual Ornstein-Uhlenbeck process can also be characterized by its associated Chapman-Kolmogorov equation, which fixes the 25



time-evolution of the probability distribution function defined on the phasespace of the diffusing particle. In the present article, we have proposed a generalization of this Ornstein-Uhlenbeck approach to the case of 2D free particle diffusion on an arbitrary surface. After introducing the necessary geometrical tools (metric, connection,...), we have defined with precision the 4D phase-space of a particle diffusing on a 2D surface and the natural ‘volume’-measure to be used on this phasespace. The diffusion itself has been characterized by a generalization of the Chapman-Kolmogorov equation associated to the standard OrnsteinUhlenbeck process. This new transport equation fixes the time-evolution of the probability distribution function of the diffusing particle in its 4D phase-space. Curvature effects are taken into account through the non-flat metric-tensor of the surface and through the (spatial) derivatives of this tensor, essentially represented by the connexion-coefficients aka. Christoffel symbols. We have proved that the transport equation admits an equilibrium solution. We have also deduced from the transport equation the macroscopic balance equations which describe the conservation of the diffusing particle number and the net exchanges of energy/momentum between these particles and the fluid which surrounds them. These balance equations have been used to study qualitatively the so-called hydrodynamic limit of the diffusion process, which corresponds to ‘slow’ spatial and temporal variations of the spatial density n of the diffusing particle. It has been shown that, at least in this hydrodynamic limit, diffusion on a curved surface can be very different from diffusion on flat space. In particular, the standard diffusion equation, which connects the first time-derivative of the particle density n to the second space-derivatives of n, may have to be replaced by a non-standard ‘diffusion’ equation which, at leading order, involves only the first space-derivatives of n. The coefficient(s) of this new ‘diffusion’ equation generally depend on the position on the surface. Finally, these very general, abstract conclusions have been illustrated by the perhaps academic but very pedagogical example of diffusion on a cylinder of altitude-dependent radius. The work presented in this article can be extended in various directions. First, a complete and general perturbative treatment of the hydrodynamic limit through a Chapman-Enskog expansion should be undertaken to gain more insights on what kind of generic modifications of the standard diffusion equation can be induced by the curvature of the surface on which the particle diffuses. Second, one should also be able to construct a conditional entropy [14, 9] and a conditional entropy-current for the new model of 2D diffusion intro26



duced in this article. If that is indeed feasible, and how the curvature effects enter the expression of the conditional entropy, are two questions left open for further study. Third, the problem of non-free particle diffusion on an arbitrary surface should also be examined. This could lead, for example, to generalizations of the famous Smoluchowski equation [15, 13, 1]. As mentioned in the Introduction, these generalizations may have significant consequences in biology, where processes often occur in complex media or curved interfaces, which, furthermore, are usually moving or fluctuating. Another important question is therefore how a time-dependent geometry influences diffusion. This issue actually hides many theoretical problems of great interest. For instance : is there still a kind of H-theorem which characterizes the irreversibility of the process, even when the geometry of the surface on which the diffusion occurs varies with time? We hope to address this and other related questions in forthcoming publications.
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