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DIRECTED SEARCH AND FIRM SIZE** BY SERENE TAN1 National University of Singapore, Singapore and University of Adelaide, Australia Standard directed search models predict that larger firms pay lower wages than smaller firms, contrary to the data. This article proposes one way to obtain this positive size–wage differential in a directed search setting. I posit that there is an optimal size associated with a firm: A firm suffers a penalty by not operating at its optimal size. I show that if this penalty is sufficiently large the size–wage differential will be obtained. My model also gives a new way to look at the data because it highlights the importance of the distinction between intended and realized firm sizes.



1.



INTRODUCTION



Directed search models depart from random search models by allowing firms to post wages so as to affect workers’ search behavior. Frictions in this class of models arise from the inability of workers to coordinate their search behavior; some firms have more workers showing up than they have vacancies for, yet other firms have less. Frictions are thus “coordination frictions.” By allowing firms to influence workers’ search behavior, being explicit about what frictions are, and deriving the matching function as an equilibrium object, directed search models have proven very popular since the pioneering work of Montgomery (1991), Peters (1991), and Burdett et al. (2001). However, this class of models has the feature that larger firms post lower wages than smaller firms, which is counterfactual. The intuition for this result is as follows. Take an example where there are two identical workers and two firms that differ only in terms of the numbers of vacancies posted: One firm has one vacancy and the other has two. If both firms posted the same wage, then workers strictly prefer going to the high-capacity firm because they will never get rationed. In an equilibrium where workers are using mixed strategies, which will make sense once we allow for large numbers of firms and workers, the firm that has a higher capacity must be posting a lower wage because workers who turn up are never rationed. Intuitively, as frictions modeled in directed search models are coordination frictions, increasing the number of vacancies alleviates these frictions, thereby enabling high-capacity firms to pay lower wages. In equilibrium, firms that post more vacancies end up hiring more workers on average than firms that post fewer vacancies, and hence, I will refer to the size of the firm (whether it is large or small) by the relative number of vacancies posted. However, what we see in the data is that larger firms (those employing more workers) tend to pay their employed workers higher wages than smaller firms, even when differences in workers are accounted for, as documented by Brown and Medoff (1989) and Oi and Idson (1999), among
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others. This is known in the literature as a positive size–wage differential.2 Understanding this size–wage differential is important in understanding a number of labor market phenomena. For instance, Davis et al. (1991) found that changes in the size–wage differential account for almost 40% of the increase in the 90th–10th percentile wage differential from 1963 to 1986 among production workers in the U.S. manufacturing industry. Yet directed search models, by predicting that otherwise identical firms that differ only in terms of their size, post lower wages3 the larger they are, actually predict the opposite of what is seen in the data.4 In this article, I address the issue of whether directed search models can accommodate this size–wage differential that we observe in the data. My approach is to consider the labor market as one source of the size–wage differential, and I derive conditions under which the size–wage differential is obtained in my model. In directed search models, it is assumed that the output produced per worker is the same regardless of whether he is employed at a large or small firm. This is not an unreasonable assumption, but it turns out not to be innocuous, and it begs the question of what a firm’s size implies for its production capability. In this article, I take the view that there is an optimal size associated with a firm in the sense that a firm functions properly only at this optimal size. Some firms have one vacancy to fill, and when filled, output is normalized to one. Yet other firms have two vacancies; when both vacancies are filled the firm’s output is two, but when only one of the two vacancies is filled the output is β < 1. For the high-capacity firm that is able to hire only one worker, its output is not only less than one unit, it also forfeits the output that would have taken place if two workers had been hired instead. This potential “loss of revenue,” or penalty, creates an incentive for the high-capacity firm to post a higher wage than small firms so as to induce the “right” queue length at its firm. I call this the penalty effect. This effect operates in addition to the usual effect in directed search models where large firms post lower wages than small firms due to their ability to guarantee higher probabilities of getting hired. I call this the coordination frictions effect. With these two effects operating simultaneously, it is not clear which effect will dominate and whether large firms end up posting higher wages than small firms. By relaxing one assumption in standard directed search models that output produced per worker employed is the same if he is hired at a large or small firm, this article is able to obtain the size–wage differential in a directed search model in a parsimonious way. Even though my model does not generate the size–wage differential for all parameter values, this should not be viewed as a shortcoming since I am focusing on only one source of the size–wage differential and the explanation I am proposing is complementary to other explanations that have been proposed to account for the size–wage differential, and can be viewed as a contributing factor in making the size–wage differential larger. Furthermore, I address another issue, which is seldom addressed: What does a firm’s size mean in search models? This may seem trivially obvious, but the concept of firm size in search models is generally not well defined. In random search models like Burdett and Mortensen (1998), there are constant returns to labor, and there exists a unique nondegenerate wage distribution in equilibrium where firms that pay a higher wage, implying a lower profit per worker, hire more 2 Strictly speaking, the data deal with establishment sizes and show that larger establishments tend to pay workers more than smaller establishments, even after accounting for worker differences. For instance, McDonald’s is a large firm as measured by total number of workers employed, but each of its establishments employs many fewer workers. A firm in directed search models corresponds to an establishment, because when a worker decides which firm to apply to he is, in effect, deciding which establishment to apply to. 3 In general, the distribution of wages offered is different from the distribution of wages accepted. In this article, they are the same. 4 Larger establishments are those that employ more workers, but do they also post more vacancies? If we suppose a worker is as likely to quit a large establishment as a small establishment in every period of time, then at any point in time, a large establishment will post more vacancies than a small establishment simply because more workers had quit on it. Hence, it is not hard to imagine that large establishments will also post more vacancies. In fact, Davis et al. (2009), using data from Job Openings and Labor Turnover Survey, JOLTS, finds evidence that larger establishments post more vacancies than smaller establishments.
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workers, thus earning the same expected profit as firms that pay a lower wage, yielding a higher profit per worker, but hiring fewer workers. Larger firms pay more than smaller firms, but as there are constant returns to labor, firm size is an equilibrium object instead of a constraint. In the Mortensen–Pissarides type of models, there is no concept of firm size; only vacancies are defined. And since there are constant returns to the matching function, it does not matter if there are 1,000 firms each with one vacancy or one firm with 1,000 vacancies. In this article, what it means to be a firm is well defined: A firm is an entity that is set up with an optimal size. In my model, there is a distinction between large and small firms by the number of vacancies they post, and if firms in my model operate at the size they were set up to operate, productivity per worker across both large and small firms is simply 1. However, the observed average productivities at “ex post” large and small firms tell a different story. This is because what is ex post a small firm, i.e., a firm that hires only one worker, could have been either a small firm that successfully hires a worker or an ex ante large firm that only managed to hire one worker. In fact, my model predicts that ex post large firms appear to be more productive on average than ex post small firms. This is a novel feature of my model that gives a new way to look at the data. Labor economists distinguish between large and small firms in the data by the number of workers that are hired, i.e., the realized firm size, and not by the number of vacancies the firms had intended to post, i.e., the intended or actual firm size. My article suggests that it is important to consider the ex ante firm size, so use should be made of the number of vacancies posted by firms to infer the intended firm size. Shi’s (2002) paper is the only other paper that obtains the size–wage differential in a directed search setting with identical workers and where firms of the same size are ex ante identical, like in this article. In his paper, the product and labor markets are jointly modeled. In the labor market, firms can hire one worker at a time, up to a maximum of two. In the product market, large firms post a higher price in equilibrium than small firms, as is standard in directed search models since large sellers offer a higher service probability to buyers. To become a large seller, firms will post a higher wage in the labor market, which opens before the product market, so as to get the right queue length in order to become a large seller later on in the product market. The conditions under which the size–wage differential is obtained are derived. Both his paper and mine obtain the size–wage differential in a directed search setting, but the ways in which we do so are very different. Shi looks at the product market as a source of the size–wage differential, because what happens in the product market drives the size–wage differential. I am looking purely at the labor market as a source of the size–wage differential,5 so I view my article as complementary to Shi’s paper. Note that the penalty effect proposed in this article is similar to the mechanism proposed by Shi in that for large firms the marginal return of the second worker is high, or that the opportunity cost of not hiring the second worker is high, so there is an incentive for them to post a relatively higher wage. In fact, this idea can be found in Montgomery (1991): Even though firms only post one vacancy each, firms that have a higher opportunity cost of not filling up its vacancy will post relatively higher wages in equilibrium. The model is set up in Section 2, and we begin solving for the equilibrium. Section 3 gives conditions under which the size–wage differential is obtained in equilibrium. I begin with one extreme case: when the penalty effect is the strongest, i.e., large firms produce nothing when only one worker is employed, before analyzing the case of a general penalty effect. I then discuss the implications of the distinction between ex ante and ex post firm sizes; the size–wage differential, and matching. Sections 2 and 3 take the fractions of large and small firms as exogenous. In Section 4, these fractions are endogenized. Section 5 discusses some modeling assumptions and how they would affect the results of the model. Section 6 concludes. All the proofs not in the main text are collected in the Appendix.
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2.



MODEL



2.1. Setup. There are n identical workers and m firms, n, m large. Firms are assumed to have deep pockets. Each firm can choose whether to be large or small by incurring a sunk cost of cL or cS , respectively, cL ≥ cS . This cost is sunk because firms have to choose to pay cL or cS first before any other decision is made, and once this decision is made it is irreversible. Let us assume for now that mS firms incur a sunk cost of cS , mL = m − mS firms incur a sunk cost of cL, and let h = (mL/m) ∈ (0, 1). In Sections 2 and 3, h is taken as exogenous; Section 4 endogenizes it. A small firm has one job and posts one vacancy; if the vacancy is filled the output is 1 and 0 otherwise. A large firm has two jobs and posts two vacancies; if both vacancies are filled the joint output is 2, but if only one vacancy is filled the output is β ≤ 1. The case where β = 1 is that in standard directed search models. We are interested in generalizing this to β < 1 to capture the idea that a large firm, if it does not operate at its optimal capacity of two, suffers a penalty and sees a drop in its production. The smaller (higher) the value of β, the larger (smaller) the penalty. Firms produce nothing if no worker is employed. This is a one-period game. In the first stage, all firms post wages that are observed by all workers; wages are not conditional on the number of workers showing up. A feature of directed search models is that firms commit to these posted wages. Then workers choose which firms to apply to, possibly with mixed strategies. Firms then select which workers to employ: If there are fewer workers turning up than vacancies, all are employed; but if there are more workers turning up than vacancies, then as many workers as vacancies are hired randomly since each worker is identical to any firm. There are two ways to understand why not operating at the optimal size leads to a penalty effect. One way is to think of a large firm as an assembly line factory: each worker has a welldefined task, so if one job is not filled it makes it harder for the worker to do his task. Oi (1983a, 1983b) and Oi and Idson (1999) point out that large firms organize production differently from small firms: production in large firms often involves the mass production of goods with workers working in teams, which suggests that if one worker does not do his job well the productivity of others is affected. The second way is more involved, but proceeds along these lines. First, think of the sunk cost as the cost of buying machines and installing them. A firm can buy one machine and install it at a cost of cS , or two machines and install them at a cost of cL.6 A firm’s production technology is a Leontief production function y = z min {l, K} l = 0, 1, 2, K = 1, 2, and z > 0 is some constant, where labor l is complementary to capital K (machines) in production. Note in particular that a large firm with two machines produces 2z if two workers were hired but only z if one worker was hired.7 Firms produce nothing if no worker is employed. A firm that has incurred a small (large) sunk cost is a small (large) firm because the firm wishes to post one vacancy (two vacancies). Firms incur a cost of operating the firm. A small firm’s operating cost is α, but a large firm’s operating cost is 2α, regardless of whether one or two workers are hired. If no worker is hired at either type of firm, the operating cost is zero. A small firm that hires one worker has a net output of z − α, which is normalized to 1. A large firm that hires two workers has a net output of (2z − 2α) = 2, but a large firm that hires only one worker has a net output of (z − 2α) = β < 1. More generally, one can let a large firm’s operating cost be γ ∈ (α, 2α], whereas a small firm’s operating cost is kept at α, which implies that a large firm has a net output of (2z − γ) ≥ 2 if two workers were hired and a net output of (z − γ) < 1 if one worker was hired. If γ ∈ (α, 2α), not only is there a penalty effect, large firms are also more productive than small firms, which gives an added incentive to hire two workers. I let γ = 2α because shutting down any productivity 6



cL does not necessarily have to be twice as large as cS , though it can be; cL can be more or less than twice as large as cS depending on the machine cost relative to the installation cost, where the latter can include the cost of installing the electrical wiring system, air-conditioning system, etc. If it is more costly to install the wiring system in a large firm because it is more complicated to do so with two machines, then even if buying two machines is exactly twice that of buying one machine, cL can exceed 2cS . 7 Oi (1983a, 1983b) points out that labor and capital tend to be employed in fixed proportions by large firms.
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difference means the penalty effect is isolated as the only driving force for large firms to post a relatively higher wage. Both ways of thinking of the optimal size of the firm leads to the same outcome: that each type of firm has an optimal (operating) size in terms of labor requirement: Small (large) firms’ optimal size is 1 (2) worker(s). In particular, a large firm, if it hires only one worker, suffers a penalty from not operating at its optimal size of two workers, and since it incurs a relatively large opportunity cost of not filling up the second vacancy it has an incentive to post a higher wage. The smaller (higher) the value of β, the larger (smaller) the penalty. 2.2. The Finite Case. I am looking for equilibria where workers use symmetric mixed strategies, firms of the same size use symmetric pure strategies, and h ∈ (0, 1). Let wi be the wage posted by a type i firm, i ∈ {S, L}, let θi denote the probability that a worker visits a type i firm, and let i be the probability that a worker is hired at a type i firm, given that he has applied there. The problem is first formulated with finite numbers of workers and firms. I will follow the formulation in Montgomery (1991), where a firm’s problem is solved taking as given that workers obtain some expected level of utility, which, as shown by Burdett et al. (2001), is approximately correct when n,m are large but finite and is correct in the limiting case that is presented in Subsection 2.3. 2.2.1. A small firm’s problem. A small firm posts a wage wS so as to maximize expected profit πS , with the constraints that πS is nonnegative and the worker employed gets at least an expected utility U: (PS) max πS = [1 − (1 − θS )n ] (1 − wS ) wS



s.t. wS S ≥ U and πS ≥ 0. The probability that no worker shows up at this firm is (1 − θS )n , so the probability that at least one worker turns up is [1 − (1 − θS )n ], in which case the firm’s profit is (1 − wS ). Although U is taken as exogenous for now, its value will be determined endogenously later. The probability that a worker is employed at a small firm given that he has applied there, S , depends on exactly how many other workers show up: If no other worker shows up he is hired, but if at least k ≥ 1 other workers show up then he is hired with probability [1/ (k + 1)] since all workers are n−1  k − θS )n−1−k [1/ (k + 1)] = identical from the firm’s point of view. Hence, S = n−1 k=0 k (θS ) (1 n [1 − (1 − θS ) ] / (nθS ) . 2.2.2. A large firm’s problem. A large firm posts a wage wL to maximize expected profit πL, with the constraints that πL is nonnegative, and the workers employed get at least an expected utility U: (PL) maxwL πL = {[nθL (1 − θL)n−1 ] (β − wL) + 2[1 − nθL (1 − θL)n−1 − (1 − θL)n ] (1 − wL)} s.t. wLL ≥ U and πL ≥ 0. The term in the first square bracket is the probability that exactly one worker turns up, and the term in the second square bracket is the probability that at least two workers turn up. The probability that a worker is employed at a large firm given that he has applied there, L, depends on exactly how many other workers show up: If at most one other worker shows up, then he is hired with probability 1, but if k ≥ 2 other workers turn up, then
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he is hired with probability [2/ (k + 1)]. Hence, L = (1 − θL)n−1 + (n − 1) θL (1 − θL)n−2 + n−1 n−1 k − θL)n−1−k [2/ (k + 1)] = [2/ (nθL)] [1 − (1 − θL)n ] − (1 − θL)n−1 . k=2 k (θL ) (1 2.2.3. A worker’s problem. In a symmetric mixed-strategy equilibrium, each worker is indifferent between applying to a large or small firm. That is, the expected utilities from applying to a large and small firm are equal: wLL = wS S ,



(1)



and the worker’s randomization satisfies an adding-up constraint mS θS + mLθL = 1.



(2)



2.3. Existence and Uniqueness of Equilibrium: Preliminary Analysis. For now, we ignore the constraints of firms making nonnegative expected profits when solving the model, and only in Section 3 do we check that these constraints are not violated. To solve the model, first note that since in equilibrium wi i = U, i ∈ {S, L}, we can write wi = U/i and rework the firms’ optimization problems in terms of the workers’ application probabilities, θi , (PS) : max πS = 1 − (1 − θS )n − UnθS , and θS



(PL) : max πL = βnθL (1 − θL)n−1 + 2[1 − nθL (1 − θL)n−1 − (1 − θL)n ] − UnθL. θL



The first-order conditions (FOCs) of (PS) and (PL) are, respectively,8 (3)



(1 − θS∗ )n−1 = U ∗ ,



(4)



β (1 − θL∗ )n−1 + (2 − β) (n − 1) θL∗ (1 − θL∗ )n−2 = U ∗ .



In addition, there is an adding-up constraint of Equation (2) . It is convenient to solve for equilibrium in this model in terms of qi∗ , the expected number of workers turning up at a type i firm, or its queue length, instead of the application probabilities θi∗ , i ∈ {S, L}, where qL∗ = nθL∗ and qS∗ = nθS∗ . Let b = n/m be the ratio of workers to firms. Combining these with Equations (3) and (4) , we have       q∗ bm−1 q∗ q∗ bm−2 q∗ bm−1 + (2 − β) (bm − 1) L 1 − L = 1− S . β 1− L bm bm bm bm As m → ∞, the above becomes9 (5)



β + (2 − β) qL∗ = exp (−qS∗ ) exp (qL∗ ) .



From (2), we have qS∗ = (b − hqL∗ ) / (1 − h) , which we can substitute into (5) to obtain (6)



β + (2 −



β) qL∗



 qL∗ − b , = exp 1−h 



8 (PS) is concave everywhere in θ , so the FOC is both necessary and sufficient. However, (PL) is not concave S everywhere in θL ; I will show later in the proof of Proposition 1 that (PL) is concave on the relevant range of θL , and thus the FOC is also necessary and sufficient. 9 [1 − (λ/n)]n → e−λ as n → ∞.
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which is an implicit equation solving qL∗ as a function of the parameters b, h, and β. From (5), we can solve for qS∗ as a function of qL∗ : qS∗ = qL∗ − ln [β + (2 − β) qL∗ ] .



(7)



  From we can show that U ∗ → exp −qS∗ as m → ∞. In equilibrium, U ∗ = w∗S ∗S = w∗L∗L =   (3), exp −qS∗ , and given the solution qL∗ to (6), we can solve for w∗S and w∗L, respectively, as functions of qL∗ : w∗L =



(8) w∗S =



(9)



qL∗ [β + (2 − β) qL∗ ] , and 2 exp (qL∗ ) − 2 − qL∗



(qL∗ − ln [β + (2 − β) qL∗ ]) [β + (2 − β) qL∗ ] . exp (qL∗ ) − [β + (2 − β) qL∗ ]



In equilibrium, large and small firms’ expected profits are (10)



π∗L = 2 exp (−qL∗ ) [exp (qL∗ ) − 1 − qL∗ − 0.5 (2 − β) (qL∗ )2 ], and



(11)



     π∗S = exp −qS∗ exp qS∗ − 1 − qS∗ 



= exp (−qL∗ ) exp (qL∗ ) + [β + (2 − β) qL∗ ] [ln [β + (2 − β) qL∗ ] − (1 + qL∗ )] .



The queue length at a large firm, qL∗ , is the solution to Equation (6), and having solved for we can solve for the rest of the equilibrium objects of interest, qS∗ , w∗L, and w∗S , as they can all be expressed in terms of qL∗ as is evident from Equations (7)–(9).



qL∗ ,



DEFINITION 1.



  An equilibrium in symmetric strategies is a quadruple qL∗ , qS∗ , w∗L, w∗S



(i) satisfying Equations (6)–(9) and (ii) satisfying the constraints that all firms make nonnegative expected profits. Since the left- and right-hand sides of (6) are linear and convex in qL∗ , respectively, there can be no solution or one or two interior solutions depending on the parameter values. LEMMA 1. b ≥ 1.



A sufficient condition for the existence of a unique interior solution to (6) is that



This sufficient condition is not as restrictive as it may first appear. The number of vacancies v = (2h + (1 − h)) m = (1 + h) m, and v/n = (1 + h) /b. Since there are at least as many workers as firms when b ≥ 1 and since firms can post either one or two vacancies, there can be more, or fewer, vacancies than workers. For the rest of this article, I assume that b ≥ 1 and speak of a unique qL∗ and the associated qS∗ , w∗L, and w∗S . Nonnegativity constraints for firms’ expected profits have been ignored for now and will be checked in the following section; as the constraints are not necessarily satisfied for all parameter values it is more convenient to leave it till Section 3. As I have not imposed nonnegativity constraints on firm’s expected profits yet, Lemma 1 states that we have at most one equilibrium to this model satisfying Equations (6)–(9) given the parameters values.
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3.



EXISTENCE OF THE SIZE–WAGE DIFFERENTIAL



It is useful to start by characterizing equilibrium when β = 0; that is, the penalty from operating at the wrong size is at a maximum: When only one worker shows up at a large firm, the large firm is unable to produce anything. It is an extreme case, but it proves useful as a means of illustrating how to solve the model and understanding whether the size–wage differential can be obtained. I then deal with the general case of β ∈ (0, 1] and ask whether the size–wage differential can be obtained. Case 1: β = 0. With this, we come to Proposition 1, the first of two main results in this article. PROPOSITION 1.



When β = 0, there exist  b and b, 1 <  b < b, such that



(i) for all b ∈ [1,  b), an equilibrium exists if and only if h ∈ (0, h(b)], h(b) < 1, and is unique. Furthermore, if h ∈ (h(b), h(b)], 0 ≤ h(b) < h(b) < 1, large firms post a strictly higher wage than small firms, i.e., the size–wage differential holds; otherwise small firms post a weakly higher wage than large firms; (ii) for all b ∈ [ b, b) and h ∈ (0, 1), an equilibrium exists and is unique. Furthermore, if h ∈ (h(b), h(b)), 0 < h(b) < h(b) ≤ 1, the size–wage differential holds; otherwise small firms post a weakly higher wage than large firms; and (iii) for all b ≥ b and h ∈ (0, 1), an equilibrium exists and is unique, where small firms post a weakly higher wage than large firms. Parts (i) and (ii) of Proposition 1 state that so long as the ratio of workers to firms, b, is not too large, that is, b < b, then for each value of b we can always find a corresponding set of values of h, with supremum h(b) and infimum h(b), such that if h lies within this set, then an equilibrium exists, is unique, and is such that w∗L > w∗S , i.e., the size–wage differential holds. The reason why the size–wage differential does not always hold in general for all parameter values is because there are two opposing effects on the wage posted by large firms. When b is too large, i.e., b ≥ b, there are many workers per firm, so there is no need for large firms to pay such a high wage compared to small firms since the penalty effect is relatively weak. However, when there are not too many workers per firm, b ∈ [1, b), then it is possible to obtain the size–wage differential. However, it is not true that for b ∈ [1, b) and any value of h the size–wage differential is going to be obtained in equilibrium. This is because given a value of b < b, when h is relatively low, then there are relatively many workers per firm or vacancy, in which case the coordination frictions effect will dominate, but as h becomes sufficiently large then the penalty effect will dominate. Proposition 1 can be visualized in Figure 1, where the black shaded area ABEFGA denotes combinations of (b, h) where the size–wage differential is obtained in equilibrium and h(b) corresponds to the kinked line segment BEF and h(b) corresponds to the kinked line segment AGF . The gray shaded area denotes combinations of (b, h) where in equilibrium large firms post lower wages than small firms, i.e., the size–wage differential is not supported in equilibrium, and the area BKEB denotes combinations of (b, h) where large firms make negative expected profits and hence no equilibrium where there are two types of firms exists. Line segment BE corresponds to the set of (b, h) that yields the minimum equilibrium queue length at large firms so that large firms make nonnegative profits in expected terms. To see why this positively sloped line segment corresponds to an equilibrium queue length at large firms, it is clear from (6) that to obtain a given qL∗ , the larger the number of workers to firms, b, the higher must be the value of h so as to increase the number of vacancies. In fact, line segments lower (higher) than BE correspond to combinations of (b, h) yielding higher (lower) equilibrium queue lengths at large firms. To see this, note that for a given b, the lower the fraction of large firms in the economy, h, the greater must be the average queue length at each large firm since there are now fewer vacancies per worker.
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FIGURE 1 ILLUSTRATION OF PROPOSITION



1



Line segment GF corresponds to the maximum equilibrium queue length at large firms, qL∗ , necessary for the size–wage differential to hold. To see this, let us suppose that b = b ∈ (1,  b). When h is relatively small so that ( b, h) lies in the gray shaded area, there are relatively few vacancies in the economy, large firms do not have to post that a high wage to attract workers, the coordination frictions effect dominates, and the size–wage differential does not hold. For the same b, when h becomes higher, there are now more vacancies in the economy per worker, and both large and small firms will post higher wages to attract workers at the expense of profits; for large firms in particular the penalty effect becomes stronger, as they fear not attracting the right queue length, which gives them an incentive to drive their posted wages up. As h becomes b), where for h values higher than higher for a given b, there is going to be a critical value of h, h( this critical value large firms post higher wages than small firms, i.e., the size–wage differential holds; when this happens the penalty effect can be thought of as dominating the coordination frictions effect. As h gets increasingly higher for a given b, there are increasingly more vacancies per worker, so both types of firms have to continue raising their posted wage since there are now more vacancies chasing increasingly fewer workers, implying that they earn lower profits b), the wage posted by a large in expected terms. However, beyond some critical value of h, h( firm is so high as to imply a negative expected profit, which cannot be true in equilibrium. Case 2: Characterization for a general β ∈ (0, 1]. Proposition 2 is the second main result of this article: So long as there is a sufficiently high penalty to large firms from not operating at their optimal size, that is, β is sufficiently low, there are parameter values that support the size–wage differential in equilibrium. PROPOSITION 2. There is a critical β > 0 such that for all β < β there exist parameters that support the size–wage differential in equilibrium and for all β ≥ β, there are no parameters that support the size–wage differential in equilibrium. The intuition for the result in Proposition 2 is clear. If the penalty to a large firm from not operating at its optimal size is sufficiently large, that is, if β < β, then the large firm will want to raise its wage beyond what a small firm is posting so as to attract enough workers to fill its two jobs. This penalty effect thus drives up the wages posted by large firms and dominates the coordination frictions effect present in standard directed models. As β increases, the penalty to a large firm from not operating at its optimal size diminishes, and the importance of this effect becomes increasingly outweighed by the coordination frictions
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effect. There is a critical penalty level, β, where for all penalty levels smaller than that, i.e., β ≥ β, no parameters can support the size–wage differential in equilibrium. In fact, when β ≥ β, no matter what parameter values (b, h) are, in equilibrium, w∗L < w∗S . COROLLARY 1. In standard directed search models when β = 1, there exists a unique equilibrium given (b, h) , and in this equilibrium large firms post lower wages than small firms. That is, the size–wage differential cannot be supported in equilibrium. When β = 1, which is the standard assumption in directed search models, there is a unique set of solutions to Equations (6)– (9). In fact, this equilibrium exists because all firms make nonnegative expected profits for the entire set of parameters (b, h), but the size–wage differential can never hold: In equilibrium small firms will always post higher wages than large firms no matter what the parameter values (b, h) are. The intuition as to why the size–wage differential cannot hold in equilibrium is that there is no penalty effect: Since there is no penalty from operating at the wrong size, the large firm has no incentive to drive its posted wage up. Hence, only the coordination frictions effect is operative. 3.1. Discussion 3.1.1. Ex ante versus ex post firm sizes: Implications for observed productivity. Large (small) firms are defined in this article as those which post two (one) vacancies. If one were to consider the actual number of hires by firms, then among those firms that have two hires they must be large firms that were successful in hiring two workers. However, among those firms that only managed to hire one worker, they include both small firms that filled up their one vacancy and large firms that only managed to hire one worker. So if one considers my model from the perspective of hires, what is observed to be a “small firm” ex post in terms of having one hire need not have been meant to be a small firm in the first place—a firm that is meant ex ante to be a large firm can end up as a small firm ex post—whereas a “large firm” ex post in terms of having two hires always corresponds to what is ex ante a large firm. The fact that ex ante and ex post firm sizes need not always be the same has implications for observed productivity. If we consider what are observed to be large firms, i.e., firms that are large ex post, each firm’s average productivity, yL, is necessarily yL = 1. However, among firms that are ex post small firms, expected productivity, yS , is yS = α1 + (1 − α) β < 1 if β < 1, where α =



(1 − h) [1 − (β + (2 − β) qL∗ ) exp (−qL∗ )] ∈ (0, 1) , (1 − h) [1 − (β + (2 − β) qL∗ ) exp (−qL∗ )] + hqL∗ exp (−qL∗ )



where α represents the fraction of ex post small firms that were ex ante small firms. Yet we know that among ex ante large firms, if they were to fill up both vacancies their average productivity, yL, is the same as the productivity at an ex ante small firm, yS , that manages to fill up its vacancy, i.e., yL = yS = 1.



In other words, if firms in my model operate at the size they were set up to operate, average productivity per worker is simply 1, and it is the same across both sizes of firms. However, the
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FIGURE 2 SIZE–WAGE DIFFERENTIAL AS A FUNCTION OF



β



observed average productivities at ex post large and small firms give a different story: ex post large firms appear to be more productive than ex post small firms. This is a novel feature of my model that gives a new way to look at the data, because in my model what is a firm is defined as an entity that is set up to operate optimally at the size it was set up for. When labor economists measure large and small firms in the data, they distinguish between large and small firms by the number of workers that are hired, i.e., the realized firm size, and not by the number of vacancies the firms had intended to post, i.e., the intended or actual firm size. My results suggest that it is important to consider the ex ante firm size, so use should be made of the number of vacancies posted by firms to infer the intended firm size. Among labor economists who think productivity differences across large and small firms can account for some of the size–wage differential, even if the data were to suggest that large firms are more productive on average than small firms, my model gives a reason why there can be an ex post productivity difference, so that effect has to be accounted for. In fact, my model would predict that the observed average wage at an ex post small firm, w∗S , is generically different from the posted wage at an ex ante small firm, since w∗S = αw∗S + (1 − α) w∗L. Moreover, if w∗L > w∗S , then w∗S > w∗S , so w∗L w∗L < , w∗S w∗S which means that any observed size–wage differential in the data would be smaller than that predicted by the model. 3.1.2. The size–wage differential. Though I have not been able to show this analytically, numerical results suggest that the size–wage differential is decreasing in β, as shown in Figure 2. In fact, as β rises, both w∗L and w∗S fall, but the former falls at a faster rate so that the overall ratio w∗L/w∗S is falling. This means that taking the fraction of large firms h as exogenous, like in this section, and taking as given the ratio of workers to firms b, the largest size–wage differential is obtained when β is zero, which is intuitive: If the penalty effect from operating at the wrong firm size for a large firm is greatest (β = 0), the large firm has the largest incentive to pay a relatively high wage so as to attract the “right” queue length, and as the penalty effect of operating at the wrong firm size is less severe, the large firm has less incentive to pay a relatively higher wage, i.e., the ratio w∗L/w∗S falls.
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3.1.3. Matching. Let kL and kS denote the expected number of hires at a large and small firm, respectively, and let M be the expected number of matches per worker in equilibrium: M=



hkL (1 − h) kS + , b b



where M can also be thought of as the probability to a worker of finding a job, where kL = 2 − qL∗ exp (−qL∗ ) − 2 exp (−qL∗ ) , and kS = 1 − exp (−qL∗ ) (β + (2 − β) qL∗ ) . When β rises, the penalty from operating at the wrong firm size for a large firm is smaller, and as mentioned earlier, the ratio w∗L/w∗S falls, which means that it becomes relatively unattractive to apply to large firms. Hence, qL∗ falls, which results in a fall in kL. At the same time, it becomes relatively attractive to apply to small firms, so qS∗ rises, which leads to a rise in kS . Since M = (h/b) kL + ((1 − h) /b)kS , it is not obvious whether M will rise or fall, but numerically it can be shown that M rises when β rises.



4.



ENDOGENIZING THE FRACTIONS OF LARGE AND SMALL FIRMS



In this section, I solve for the equilibrium h when β = 0. To solve for the equilibrium h for a general value of β is more involved but proceeds along similar reasoning, so it is relegated to the Supplementary Appendix.10 The sunk cost associated with being a type i firm, measured in units of output, is ci ≥ 0, i ∈ {S, L}, where cL ≥ cS . Define c = cL − cS , where c ≥ 0. In this section, we want to solve for the equilibrium value of h, the fraction of large firms in the economy, given b and c.11 First, observe that h = 1 if π∗L − π∗S > c, h = 0 if π∗L − π∗S < c, and h ∈ [0, 1] if π∗L − π∗S = c.   From Equations (10) and (11), it is easy to show that π∗L − π∗S is a function of qL∗ and that (π∗L − π∗S ) (qL∗ ) = exp (−qL∗ ) [exp (qL∗ ) − 2 − 2qL∗ ln (2qL∗ )] .



LEMMA 2.



If c ≥ 1, then h = 0.



The intuition for this lemma is the following: If c is too large, then it is not attractive to be a large firm, and all firms strictly prefer to be small firms. We are not interested in the cases where h = 1 or h = 0 because then there is only one type of firm in the economy and we cannot talk about the size–wage differential. We therefore focus on the case where the equilibrium h ∈ (0, 1). 10



The Supplementary Appendix can be found at http://serene.tan.economics.googlepages.com/SuppApp.pdf. Another way to endogenize h is to allow for free entry of firms and to allow each firm to choose its firm size, which also pins down the equilibrium b. However, in this article, it is not trivial to endogenize h through free entry, as it has been assumed throughout Section 3 that b ≥ 1 to guarantee the uniqueness of equilibrium (as given in Lemma 1), and in principle, when we allow for free entry the equilibrium b might be less than or greater than one. 11
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FIGURE 3 ILLUSTRATION OF PROPOSITION



3



In a mixed-strategy equilibrium, a firm is indifferent, ex ante, between being a large and a small firm. That is,total profit  at a large or small firm, which is expected profit net of sunk cost, has to be equal or π∗L − π∗S (qL∗ ) = c, which can be expressed as (π∗L − π∗S ) (qL∗ ) = exp (−qL∗ ) [exp (qL∗ ) − 2 − 2qL∗ ln (2qL∗ )] = c.



(12)



Given c, qL∗ (c) is the solution to (12). With this qL∗ (c), and given parameter b, we can recover h, the fraction of large firms, from (6).12 It is not true that with this qL∗ (c) and given any level of b that we can solve for the equilibrium h ∈ (0, 1). PROPOSITION 3.



When β = 0, there exists cmax ∈ (0, 1), such that



(i) for each c ∈ [0, cmax ), there is an associated set of values of b, with infimum b (c) and supremum b (c),1 ≤ b (c) < b (c), such that if b lies in this set, the equilibrium h ∈ (0, 1), and the size–wage differential is obtained and (ii) for c ≥ cmax , there is an associated set of values of b ∈ (b(c), b(c)), 1 ≤ b(c) < b(c), where the equilibrium h ∈ (0, 1), and the size–wage differential does not hold. Let us begin by supposing that c = 0 and let qL∗ (0) be the solution to (12) when c = 0. Referring to Figure 3, combinations of (b, h) that imply the queue length qL∗ (0) are given by the line segment B E, which is lower than the line segment BE.13 Given c = 0, there is both a minimum value of b, which is 1, and a supremum value of b, b (0), with b (0) solving (6) when h = 1, such that if b lies in this set, then the equilibrium h ∈ (0, 1). Furthermore, note that in this case the equilibrium h is such that the size–wage differential holds. CLAIM 1.



dqL∗ (c) /dc > 0.



Claim 1 states that larger values of c are associated with higher queue lengths qL∗ (c) that solve (12), which in turn are associated with line segments lower than B E. To be more precise, let us define a critical value of c, cmax > 0, where cmax is associated with line segment GF . It is clear from Figure 3 that for each c ∈ [0, cmax ), there is a set of values of b, 12 13



For example, let b = 1.5 and c = 0.2. Then, qL∗ (0.2) = 2.56. Since b = 1.5, we can compute from (6) that h = 0.35. It can be verified that the B E line segment lies between the BE and GF line segments.
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where its supremum value is b (c)14 and its infimum value is b (c) ≥ 1,15 such that if b lies in this set, as given by the shaded area, then the equilibrium h ∈ (0, 1). If c ≥ cmax , qL∗ (c), the solution to (12), involves line segments lower than GF . Hence, even though for a c-value one can find an associated set of b-values, (b(c), b(c)) such that the equilibrium h ∈ (0, 1), the size–wage differential does not hold. It is clear from the above that b (c) and b (c) are nondecreasing in c. To get some intuition for this, suppose that cS = 0, so that c just captures the cost of being a large firm. As c becomes increasingly larger, the profit at a large firm relative to the small firm has to be increasingly higher. But for this to be possible, it must be that there are now even more workers relative to firms so that the large firm finds it even easier to fill up its vacancies relative to the small firms, so that overall it can make relatively more profits, which is why to obtain a certain equilibrium level of h, when c increases, the number of workers to firms, b, that is required gets increasingly larger. It is also clear from Figure 3 that for a given b, the larger the c the smaller the equilibrium h. This is because as c is larger, (π∗L − π∗S ) has to be larger too for (12) to hold. But for this to be possible, intuitively, fewer large firms are needed in the economy so that each large firm can make relatively higher profits. This means that h is smaller, the ratio of workers to vacancies rises, and the queue lengths at both large and small firms rise. Although the expected profit of a small firm rises, it is less than the increase in expected profit at a large firm, so that overall (π∗L − π∗S ) rises.16 Even though the above analysis was conducted for β = 0, I show in the Supplementary Appendix17 that the analysis can be conducted for a general value of β. PROPOSITION 4. When β < β, there exist combinations of (b, c) such that in equilibrium h ∈ (0, 1) and the size–wage differential is obtained. When β ≥ β, there exist combinations of (b, c) such that in equilibrium h ∈ (0, 1), but the size–wage differential is not obtained.



5.



MODELING CHOICES



Large firms in this model are assumed to have two vacancies. In principle, it is possible to model a large firm as having more than two vacancies. Papers that have done so in a directed search setting include Watanabe (2004), Hawkins (2006), Geromichalos (2011), and Godenhielm and Kultti (2009), where firms can post more than k ≥ 2 vacancies or goods, and k is determined endogenously for the last three papers. If I were to allow large firms to have in general k vacancies in my model, I would need to specify how production changes if the firm is not operating with k workers, and, depending on how much loss of production or “penalty” the firm faces with hiring 1, 2, . . . , k − 1 workers, it could drive the large firm to pay either more or less than small firms. Another modeling choice in this article is that a large firm posts, and pays, the same wage to workers; that is, its wage is not contingent on the number of workers hired. It is possible to relax this assumption, which has been done in a directed search setting like in Coles and Eeckhout (2003; in a product market setting) or Jacquet and Tan (2011), where in the latter the wage posted can be contingent on both the number of workers who show up as well as their position in the queue.18



b (c) solves (6) when h = 1 and β = 0. b (c) is the value of b given c that will lead to the smallest value of h. If h = 0 can be supported, then b (c) solves (6) when h = 0 and β = 0. If the smallest h that is possible exceeds 0, then b (c) = 1. 16 I do not allow for the possibility of a large firm splitting itself into two small firms as it goes against the spirit of this article, where “firm size” is defined to be that which enables a firm to operate optimally. 17 The Supplementary Appendix can be found at http://serene.tan.economics.googlepages.com/SuppApp.pdf. 18 In Jacquet and Tan (2011), workers are risk averse. 14 15
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It will be interesting to extend this article to allow firms to have k ≥ 2 vacancies and to allow them to post more general wage schedules, but this will have to be for future work.



6.



CONCLUSION



Standard directed search models predict that larger firms, by promising workers a higher probability of getting hired, pay lower wages, the opposite of what is observed in the data. This article proposes one way to obtain this size–wage differential in a directed search setting. I posit that there is an optimal size associated with a firm: If a firm hires fewer workers than capacity, it operates at a lower productivity, and only if a firm hires as many workers as capacity does it not suffer a loss of revenue. Larger firms thus have an incentive to post higher wages in order to get the right queue length. At the same time, there is a countervailing force where larger firms post lower wages because they guarantee workers a lower chance of being rationed in equilibrium. I show that if the penalty from not operating at the optimal size is sufficiently large, there will exist parameters where the former effect dominates, and the size–wage differential holds. The fractions of large and small firms are also endogenized. My model also gives a new way to look at the data because it highlights the importance of the distinction between intended (ex ante) firm size and realized (ex post) firm size: My model predicts that average productivity per worker at ex post large firms is higher than the expected productivity per worker at ex post small firms, even though the true productivity per worker across both ex ante large and small firms is the same.



APPENDIX



In the Appendix, for ease of notation, I will define a ≡ qL and c ≡ qS , and the equilibrium objects x ≡ qL∗ and y ≡ qS∗ . PROOF OF LEMMA 1. Express the left- and right-hand sides of (6) as functions of a. LHS(6) is linear with a positive slope of (2 − β), RHS(6) is increasing and convex, and their intersection is x. When a = 0, RHS(6) = exp(−b/(1 − h)) and LHS(6) = β. There are three cases. Case 1. When β = exp(−b/(1 − h)), no matter what β is LHS(6)|a=1 = 2, i.e., for all values of β they pivot around a = 1. Hence, LHS(6)|a=1 = 2 is strictly larger than RHS(6)|a=1 = exp(1 − b/1 − h) ≤ 1 if b ≥ 1 and h ∈ (0, 1). Hence, there is a solution x > 1 where RHS(6) and LHS(6) intersect. Case 2. When β > exp(−b/(1 − h)), LHS(6) and RHS(6) intersect only once where x > 0. In fact, since LHS(6)|a=1 > RHS(6)|a=1 , x > 1. Case 3. When β < exp(−b/(1 − h)), then there can be either no solution or two interior solutions x to (6). To show that there will be two interior solutions it is sufficient to show that at ∗ ∗ ∗ and qL,2 , qL,1 < a = 1, LHS(6) > RHS(6), which was done in Case 1 and is true if b ≥ 1. Let qL,1 ∗ ∗ ∗ qL,2 , be the two solutions to (6). It must be that qL,1 < 1 < qL,2 . The next step is to show that ∗ cannot be an equilibrium, as large firms will b ≥ 1 is a sufficient condition to ensure that qL,1 −x x make negative expected profits. πL = 2e [e − 1 − x − 0.5(2 − β)x2 ], where ∂πL/∂β > 0. Since β < exp(−b/(1 − h)), the largest value exp(−b/(1 − h)) can take is e−1 , when b = 1 and h = 0, so let us look at the case where β = e−1 . Hence, πL = 2e−x [ex − 1 − x − 0.5(2 − e−1 )x2 ]. Since e−x > 0 for all x > 0, for πL ≥ 0 requires that {ex − 1 − x − [(2e − 1)/(2e)]x2 } ≥ 0. Denoting x as x − [(2e − 1)/(2e)] x2 } = 0, i.e., ∀x ≥  x, πL ≥ 0. It can be easily verified the solution to {ex − 1 −  ∗ < 1 is such that the large firm that  x > 1. This implies that the largest value β can take, qL,1 makes negative profits, so this can never be an equilibrium. For all other values of β where there can be multiplicity of equilibria, πL is even lower, so large firms must be making even more ∗ ∗ ∗ , implying qL,1 can never be an equilibrium. Hence, only qL,2 > 1 can be negative profits at qL,1 an equilibrium. Note that in all three cases, x > 1, which will prove useful later on. 
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PROOF OF PROPOSITION 1. The proof of Proposition 1 is in five steps. Step 1 shows that for a given x, ∂h/∂b > 0 and is a constant. This is true for any β. Referring to Figure 1, this means that x can be represented as a line segment with positive and constant slope. Step 2 shows that given b, ∂x/∂h < 0, i.e., lower line segments are associated with higher queue lengths. This is true for any β. Step 3 shows that there exists a pair of queue lengths (Q, Q), 1 < Q < Q, such that if parameters (b, h) imply a queue length x ∈ (Q, Q), then w∗L > w∗S . Step 4(i) shows that πS > 0 for all parameter values. Step 4(ii) shows that there exists a critical queue length x s.t. ∀x ≥ x, πL ≥ 0. Numerically, it can be verified that x ∈ (Q, Q). Step 5 checks that x and y are indeed profit maximizing for large and small firms, respectively. To graph Figure 1, first note b solves (6) when x = x, β = 0, that b solves (6) when x = Q, β = 0, and h = 1 and then note that  and h = 1. Line segment CD corresponds to queue length Q; line segment GF corresponds to queue length Q; line segment BE corresponds to queue length x. Step 1. Equation (6) can be rewritten as h = 1 − γ(x − b), where γ ≡ 1/ ln(β + (2 − β)x), which is a constant for a given x. Hence, ∂h/∂b = γ > 0. Step 2. Recall from the proof of Lemma 1 that the solution x to (6) is larger than 1. Since ∂/∂h(RHS(6)) = ((x − b)/(1 − h)2 ) exp((x − b)/(1 − h)) > 0, and ∂/∂h(LHS(6)) = 0, the higher the value of h, the higher the RHS(6) and the lower the solution x. Step 3. Let η(x) ≡ w∗S /w∗L = (2ex − 2 − x)(x − ln(2x))/[x(ex − 2x)]. Since η is a function of x, we want to ask which x values, as implied by (b, h), are s.t. η(x) < 1, η (x) =



A(x)T (x) , [x(ex − 2x)]2



where T (x) ≡ [ln(2x) + B(x)/A(x)], A(x) ≡ 2e2x + 3x2 ex − 10xex − 2ex + 2x2 + 8x, and B(x) ≡ −2e2x − 3x3 ex + 5x2 ex + 5xex + 2ex − 6x2 − 4x. Using the algorithm laid out in Shi (2002) as laid out below, it can be shown that A(x) > 0 ∀x > 1, and T  (x) > 0 ∀x > 1. Since T (1) < 0, T (x) → x > 1 s.t. T ( x) = 0. Hence, η(x) has a unique turning point ∞ as x → ∞, and T  (x) > 0 ∀x > 1, ∃ x, η (x) = 0 for x =  x, and η (x) > 0 ∀x >  x. Since η(1) > 1, η( x) < 1, and it is s.t. η (x) < 0 ∀x <  and η(x) → 2 as x → ∞, there exists a unique pair (Q, Q), Q > 1, s.t. for ∀x ∈ (Q, Q) η(x) < 1, i.e., w∗L > w∗S and for x ≤ Q and x ≥ Q, η(x) ≥ 1, i.e., w∗L ≤ w∗S . Formally, the algorithm, adapted from Shi (2002), to show that ϕ0 (x) > 0 ∀x > 1 is as follows: (i) Start with i = 0. (ii) Verify that ϕi (1) ≥ 0. (iii) The terms in ϕi (x) that are not multiplied with the exponent terms form a polynomial of x. Denote the highest order of x as Ii . j (iv) Verify that ϕi (1) ≥ 0 for all j = 1, 2, . . . , Ii + 1, where j is the order of derivatives. (v) Define ϕi+1 (x) = e−x ϕiIi +1 (x). (vi) Replace i by i + 1, repeat steps (ii)–(v) until some ϕi (x) is obtained where ϕi (x) > 0 ∀x > I  −1 +1 I  −1 I  −1 +1 1 and ϕi (1) > 0. Hence, ϕi (x) = e−x ϕii−1 (x) > 0. Since ϕii−1 (1) ≥ 0 and ϕii−1 (x) > I



I



−1



I



−1 −1 −1 0 ∀x > 1, it implies that ϕii−1 (x) > 0 ∀x > 1. Since ϕii−1 (1) ≥ 0 and ϕii−1 (x) > 0 ∀x > 1,



I



−1



−1 it implies that ϕii−1 (x) > 0 ∀x > 1. Continuing to reason like this, ϕ0 (x) > 0 ∀x > 1.



(To show that A(x) > 0 ∀x > 1, i = 2. To show that T  (x) > 0 ∀x > 1, i = 3.) Step 4. (i) From (11), πS (y) = exp(−y)[exp(y) − 1 − y]. Since πS (y) = y exp(−y) > 0 and πS (0) = 0, it follows that πS (y) > 0 ∀y > 0. (ii) From (10), πL(x) = 2e−x [ex − 1 − x − x2 ]; πL(x) = 2xe−x (x − 1), so πL(x) = 0 at x = 0 and x = 1, πL(x)  0 → x  1; πL(0) = 0; and limx→∞ πL(x) = 2. Hence, there exists a unique x > 1 where x solves πL(x) = 0, such that ∀x ≥ x, πL(x) ≥ 0. It can be verified numerically that x ∈ (Q, Q).
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Step 5. For small firms, from (PS), ∂ 2 πS /∂θS2 = −n(n − 1)(1 − θS )n−2 < 0 ∀θS > 0. For large firms, from (PL), ∂ 2 πL/∂θL2 = n(n − 1)(1 − θL)n−3 , where ≡ β(n − 2)θL − 2β(1 − θL) + 2(1 − θL) − 2θL(n − 2). It remains to show that < 0. This is not always true for all values of  = βqL − 2β + 2 − 2qL and ∂ /∂β = qL − 2. θL. Expressing qL = nθL and taking n → ∞, → /∂β > 0, and  < 0 for equilibrium queue lengths qL∗ . If qL∗ > 2, then ∂ We want to check if  is when β = 1 (it does not matter whether β = 1 implies an equilibrium the largest value of  = −qL∗ < 0. If qL∗ < 2, then ∂ /∂β < 0, and the largest value of queue length qL∗ > 2), where  = −2. Hence,  < 0. Since  is when β = 0, where  = 2(1 − qL∗ ) < 0 since qL∗ > 1. If qL∗ = 2, the solution to a large firm’s problem, qL∗ , is such that ∂ 2 πL/∂θL2 < 0, it must be that qL∗ is profit maximizing, and since there is a unique qL∗ solving (PL), (PL) is concave at the “right” part, and  so qL∗ is the only profit-maximizing solution to a large firm’s problem. PROOF OF PROPOSITION 2. LEMMA 3.



This proposition is proven via Lemmata 3–5.



Given (b, h), ∂qL∗ /∂β < 0 for h ∈ [0, 1), and ∂qL∗ /∂β = 0 for h = 1.



PROOF. From (6), let x be the solution to β + (2 − β)a = exp((a − b)/(1 − h)). ∂LHS(6)/∂β = 1 − a  0 if a  1. Since x > 1 as shown in the proof of Proposition 1, ∂LHS(6)/∂β < 0 for a > 1, and since RHS(6) is not a function of β, it is easy to see that the equilibrium x decreases as β increases for a > 1. From (6), we can express h = 1 − (x − b)/(ln(β + (2 − β)x)), so when h = 1, x = b ∀β.  LEMMA 4. The critical lower bound Q increases, and the critical upper bound Q decreases, as β gets larger for all qL∗ > 1. PROOF. We want to show that ∂η/∂β > 0 ∀x > 1, where η ≡ w∗S /w∗L = ∗L/∗S , ∗L = (2ex − 2 − x)/(xex ), and ∗S = (ex − [β + (2 − β)x])/(ex [x − ln(β + (2 − β)x)]). ∂η/∂β = −[∗L/(∗S )2 ](∂∗S /∂β), ∂∗S 1−x = ∗ l (x, β) , x ∂β e [β + (2 − β) x] (x − ln [β + (2 − β) x])2 where l(x, β) = {(ex − β − (2 − β)x) − (x − ln[β + (2 − β)x])(β + (2 − β)x)}. Since ∂l(x, β)/ ∂β = (x − 1)[x − (ln[β + (2 − β)x])], when x > 1, which is true in equilibrium, ∂l(x, β)/∂β > 0, implying that l(x, β) takes the minimum value at β = 0. Hence, if it can be shown that l(x, 0) > 0 ∀x > 1, then l(x, β) > l(x, 0) > 0 ∀β > 0. To show that l(x, 0) > 0 ∀x > 1, we adapt the algorithm used in Proposition 1 to show that l(x, 0) is a strictly convex function ∀x > 1. Hence, ∀β ∈ [0, 1], l(x, β) > 0, and thus ∂∗S /∂β < 0, implying that ∂η/∂β > 0, ∀x > 1. In fact, x) = 0 is x = 0, and since x > 1 in equilibrium, and η(1) > 1, this implies that when β = 1, x s.t. η ( ∗ ∗ wL < wS ∀x; i.e., when β = 1 there are no parameter values that imply the size–wage differential in equilibrium.  LEMMA 5. The minimum queue length at a large firm such that it makes nonnegative profits is a decreasing function of β. PROOF. Since πL = 2e−x [ex − 1 − x − 0.5(2 − β)x2 ], and 2e−x > 0∀x > 0, πL ≥ 0 → f (x; β) ≡ [ex − 1 − x − 0.5(2 − β)x2 ] ≥ 0. We know from Step 4 of the proof of Proposition 1 that x is the solution to f (x; 0) = 0, where for all x ≥ x, πL ≥ 0. Let A(x) ≡ ex − 1 − x, and B(x; β) ≡ 0.5(2 − β)x2 , A (x) > 0 and B (x; β) > 0 ∀ x > 0. Note that x > 0 is the solu-
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tion to A(x) = B(x; 0), so it must be that ∀x ≥ x, A(x) ≥ B(x; 0), implying that f (x; 0) ≥ 0, and ∀x < x, A(x) < B(x; 0), and f (x; 0) < 0. In general, letting x(β) be the solution to A(x) = B(x; β), since ∂B(x)/∂β < 0 and A(x) is not a function of β, then x(β) is a decreasing function of β, where ∀x ≥ x(β), πL ≥ 0. In fact, f (x; 1) = [ex − 1 − x − 0.5x2 ] > 0 ∀x > 0 because f  (x; 1) = (ex − 1 − x) > 0 from Step 4 of the proof of Proposition 1, i.e., πL > 0 ∀x > 0.  Lemmata 3–5 combined yield Proposition 2. Lemma 3 tells us that given (b, h < 1) the line segments in Figure 1 that were drawn for the case where β = 0 now correspond to lower equilibrium queue lengths at large firms qL∗ the higher the β. That is, given parameters b and h, the implied equilibrium queue length at a large firm is smaller the higher the β so long as h < 1, which is the case we are interested in. In fact, each line segment representing a particular queue length now moves downwards but pivoting around the qL∗ (h = 1; b) point. So line segment BE representing queue length qL∗ = x will now be some line segment B E where B is lower or to the right than B when β increases. Given β > 0, line segments CD and GF are now C D and G F , where C and G are to the right of C and G, respectively. Lemma 4 tells us how the bounds of the open interval that imply the size–wage differential, Q and Q, change. In fact, as β increases, Q increases and Q decreases. That is, the open interval (Q, Q) is shrinking. The interpretation is that smaller queue lengths, as implied by parameters (b, h), support the size–wage differential in equilibrium as the penalty effect diminishes. In other words, the line segments corresponding to the area where the size–wage differential is supported in equilibrium is shrinking from both the left- and right-hand sides, i.e., C D is shifting down and G F is shifting up. Lemma 5 states that the minimum qL∗ at which large firms make nonnegative profits is lower the higher the value of β, which means that the line segment corresponding to the minimum queue length at which large firms make nonnegative profits B E is shifting upwards. In fact, as had been shown in the proof of Lemma 5, when β = 1, large firms make nonnegative profits for all parameter values. (Recall from Step 4 of the proof of Proposition 1 that πS > 0 for all qS∗ > 0 and for all β.) Hence, since w∗L < w∗S at β = 1 as shown in the proof of Lemma 4, there exists a critical threshold value of β, β, where for all β < β, there are parameter values (b, h) that support the size–wage differential in equilibrium, and for all β > β there are no parameter values (b, h) that support the size–wage differential in equilibrium.  PROOF OF LEMMA 2. Let F (x) ≡ π∗L − π∗S = exp(−x)[exp(x) − 2 − 2x ln(2x)]. Since F  (x) = 2 exp(−x)(x − 1) ln(2x), there are two turning points: at x = 0.5 and x = 1. It is easy to verify that 0 > F (0.5) > F (1) > −1. Moreover, F (0) = −1 and F (x) → 1 as x → ∞. Hence, if we define qLc to be such that F (qLc ) = 0, it is clear that qLc is uniquely pinned down and that qLc > 1. Since F (x) → 1 as x → ∞, the lemma follows.  PROOF OF CLAIM 1. From the proof of Lemma 2, since F (x) is strictly increasing ∀x > 1 and F (qLc ) = 0, qL∗ (c), which is the solution to F (x) = c, is such that (dqL∗ (c)/dc) > 0.  REFERENCES
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