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Discrete kinetic energy conservation for variable-density flows on staggered grids R. McDermott Building and Fire Research Laboratory National Institute of Standards and Technology Gaithersburg, MD 20899-8663, USA [email protected]



Abstract



It is now conventional wisdom that “kinetic energy (KE)-conserving” numerical methods are to be preferred for use in large-eddy simulation due to accuracy and stability considerations. For constant-density flows, KE-conserving schemes generally require central differencing and it is common practice to simply apply the same central differencing schemes to variable-density flows without the same rigorous stability guarantees. The theory for semi-discrete KE conservation for constant-density flows is worked out by Morinishi et al. [10]. The requirement of centered time advancement is shown by Ham et al. [2]. As a work-in-progress toward development of a fully conservative scheme for variable-density flows, we extend the Morinishi/Ham analysis for Cartesian staggered grids to include variable density and show that KE conservation requires discrete conservation of mass within each of the staggered momentum cells. This may allow the design of fully conservative schemes for variable-density flows.
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Introduction



This document contains a set of notes to accompany a talk given at the American Physical Society (APS)/Division of Fluid Dynamics (DFD) Annual Meeting in Salt Lake City, Utah, in November 2007.



APS/DFD, Salt Lake City, Utah



19 November 2007
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Motivation



The National Institute of Standards and Technology (NIST) maintains and develops a largeeddy simulation (LES) code called the Fire Dynamics Simulator (FDS) [6]. In this talk, we examine the requirements for kinetic energy (KE) conservation in an LES code such as FDS, which uses a staggered-grid arrangement for velocity/pressure coupling. As described in Pope [11], there are various flavors of LES, ranging from “pure-physical LES,” where explicit filtering is a requirement and a grid-independent solution of the LES partial differential equation (PDE) is obtained∗ , to “numerical LES,” where flux limiting schemes are used to dissipate kinetic energy and maintain code stability. FDS falls somewhere between these extremes, using what has been referred to elsewhere as finite-volume LES (FV-LES) in which energy-conserving numerics are used in conjunction with physically-based subgridscale (SGS) models [5, 7]. An “energy-conserving scheme” is a scheme in which the implied kinetic energy transport equation conserves kinetic energy globally on a periodic domain in the inviscid limit† . Perhaps a better way to state this is to say that the implied KE transport equation corresponds (term by term) to the physical transport equation for kinetic energy. It is important to appreciate that the physical transport equation is not usually solved in the simulation; kinetic energy evolution is a direct result of the numerical scheme used to update the momentum. Energy conservation is an important property because it implies stability without dissipation. This has several ramifications. First, dissipation is inherently inaccurate: dissipative schemes tend to be first-order accurate whereas energy-conserving schemes tend to be at least second-order accurate. Next, because the numerics are inherently stable, one may concentrate on refining the physics of the SGS model. The leading order physics of the SGS model is to transfer energy between the scales of turbulent motion (usually with a net transfer off the grid). If the numerical scheme conserves energy, then state-of-the-art SGS ∗ †



Note that this solution is completely dependent on the artificial parameter ∆, the filter width. As we will see, local conservation may be violated in variable density flows even if global conservation is



attained.
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models such as the dynamic Smagorinky model [1, 9] have been shown to transfer energy at the correct rate. Lastly, if the leading order truncation error is not dissipative, then it is dispersive! In other words, energy-conserving schemes lead to “wiggles” in the velocity field near a sharp gradient. In high-speed flows this can be a problem. However, for low-speed flows such as fire, these wiggles are permissible, and in fact may (loosely) be attributed to backscatter of energy from the small (unresolved) turbulent motions to the large (resolved) scales, a phenomenon which is extremely difficult to model physically. The analysis presented in this talk shows that, for variable density flows on staggered grids, the implied kinetic energy transport equation corresponds to the physical transport equation provided that a special form of discrete continuity is enforced about each of the staggered momentum cells. Again, this situation arises because we do not explicitly solve a kinetic energy transport equation and because the discrete mathematics used in the numerical scheme is in some ways different from (though it converges to) the continuous calculus which is used to derive the physical transport equation for kinetic energy.
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Outline



This talk is essentially an exercise in discrete mathematics for staggered-grid differencing schemes. To make our case that the implied discrete KE transport equation should correspond to the continuous physical transport equation, we also review the derivation for the continuous case (a standard homework exercise for graduate fluids), with an emphasis on the role of the continuity equation. Thus, this talk is organized as follows: As an introduction and a means of introducing the operator notation of Morinishi et al. [10] and the time-centered analysis of Ham et al. [2], we first describe ideas related to discrete energy conservation for incompressible flows. Here we discover the important result that commutivity of the divergence and interpolation operators allows energy to be conserved locally by enforcing continuity about the pressure cell. We then move on to discuss the continuous case for compressible flows, again highlighting how elimination of the continuity terms yields our conventional final governing transport equation. Then, we show, finally, the key result 3



of this talk, which is that the analogous continuity terms do not automatically drop out in the discrete case! Because the kinetic energy is conserved component wise, we find that the density used in the momentum update for each component must obey a special form of the continuity equation for each staggered momentum cell if the discrete KE evolution is to correspond to the continuous physical KE evolution. Lastly, we make some suggestions as to how this result might be incorporated into a time integration scheme which fully conserves discrete kinetic energy.
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Incompressible KE (continuous)



Let ui denote the ith component of the velocity. The kinetic energy per unit mass is then defined as 1 k ≡ ui ui . (1) 2 Throughout this work, summation is implied for the repeated suffix j at all times, but is only implied for the suffix i in the continuous case (as in Eq. (1)). The reason for this will become clear later, but for the moment it is sufficient to note that our notation is convenient for handling the staggered kinetic energy which is defined component wise. The conservation of kinetic energy is not an independent law. It is obtained by taking the inner product between the velocity and the momentum equation. In this section, let p denote the pseudo-pressure (i.e., the pressure divided by the constant and uniform density) and let τij denote the deviatoric stress (also divided by the density). For brevity, we will ignore body forces in this analysis, though they do not pose any conceptual difficulty and could easily be included. The continuous incompressible KE transport equation is thus obtained as follows,



–



ui



∂ui ∂(ui uj ) + ∂t ∂xj



∂k ∂(kuj ) ∂uj + +k ∂t ∂xj ∂xj



™



∂p ∂τij = − − , ∂xi ∂xj = −



∂(pui ) ∂ui ∂(ui τij ) ∂ui +p − + τij , ∂xi ∂xi ∂xj ∂xj



∂k ∂(kuj ) ∂(pui ) ∂(ui τij ) ∂ui + = − − + τij , ∂t ∂xj ∂xi ∂xj ∂xj 4



(2)



where in going from the second to the third line we have utilized that fact that the velocity field is divergence free for an incompressible flow. Conceptually, this step is a key component of the present analysis: mass conservation plays a critical role in the final form of the KE conservation law! One may note that the terms in (2) which are in divergence form will vanish upon integration over a periodic domain and are therefore conservative. The last term on the right hand side represents a sink of kinetic energy due to viscous dissipation. If this term is zero, then the system is still stable and the global kinetic energy is constant in time. Experience has shown that LES numerical schemes which retain this property yield superior results in a posteriori comparisons with turbulent statistics [8].



5



Incompressible KE (discrete)



In this analysis, we are concerned with discrete KE conservation for staggered grids. In the staggered grid storage arrangement, the pressure is stored at the cell center (more specifically, the pressure cell or pcell center) and the velocity components are stored on the faces of the pcell which are normal to the component direction. An example of this storage arrangement for a 2D grid is shown in Figure ??. The staggered grid was first introduced by Harlow and Welch [3] in 1965 to overcome the “checker-boarding” problem – related to velocity/pressure coupling – endemic of collocated grids. Remarkably, to this day the Harlow and Welch scheme remains a corner-stone of most computational fluid dynamics (CFD) algorithms. Since the velocity components are not stored at the same spatial location, we are forced to adopt a slightly different definition for the kinetic energy. At the risk of inviting confusion between continuous quantities and discrete quantities, but in order to keep the introduction of new variables to a minimum, in this section we make a change in notation such that k here represents the discrete kinetic energy per unit mass. The local kinetic energy of a given pcell is defined to be k ≡



P i



ki , where 1 k i ≡ ui ui , 2 5



(3)



and, as previously mentioned, for this discrete case, summation over the repeated suffix i is not implied. Again, each “component” of the kinetic energy is conserved. We now derive the discrete conservation law for ki . There are two aspects of this derivation to consider. One is the spatial discretization, which is obtained by utilizing the operators and identities introduced by Morinishi et al. [10]. A summary of these relationships can be found in Appendix A. The other aspect to consider is the time discretization. The analysis of Ham et al. [2] shows that discrete conservation requires a centered time advancement, such as Crank-Nicolson. For simplicity, we will restrict ourselves to second-order spatial and temporal schemes, though both Morinishi and Ham extend their analyses to higher order. We first discretize the momentum equation in space using the divergence form for the nonlinear terms and in time using Crank-Nicolson. Using Morinishi’s notation, the result is –



™n+1/2



δ un+1 − uni i + (ui xj uj xi ) ∆t δxj



–



δp δτij = − − δxi δxj



™n+1/2



.



(4)



A key point is that this is the form of the momentum equation that is satisfied by the LES solver! At this stage we make this assumption because it greatly simplifies the analysis. If a different momentum update is used (an explicit Euler update [semi-implicit in pressure], for example), the general concepts presented in our analysis hold, but the end result is much more complex (such an analysis is performed in [4]). To obtain the discrete kinetic energy time update we must multiply the discrete momenn+1/2



tum equation by ui



≡ (un+1 + uni )/2. The reasoning for this is based on the simple i



algebraic identity (a + b)(a − b) = a2 − b2 . With this in mind, multiplying the time update n+1/2



for the velocity (i.e., the far left term in Eq. (4)) by ui un+1 + uni i 2



!



un+1 − uni i ∆t



!



=



yields



un+1 ∆ki un+1 − uni uni i i ≡ . 2∆t ∆t



n+1/2



Now, multiplying the remaining terms by ui



(5)



and using the Morinishi identities from



Appendix A we obtain " €



x



Š



δ ki j uj xi 1 δuj xi ∆ki + + ui ui ∆t δxj 2 δxj



#n+1/2



–



= 6



™n+1/2



δ xj − ui xj ui xj ]) − (uj xi [uÞ i ui δxj



"



+



δpui xi δui − +p δxi δxi



"



+



xi #n+1/2



δui δτij ui xj − + τij δxj δxj



xj #n+1/2



.



(6)



Note that summation is implied for repeated suffixes j, but the suffixes included in the superscripts which designate the interpolation direction are excluded from summation. Again, the suffix i is excluded from summation in this discrete case. Equation (6) deserves some scrutiny. First, we note that, other than the ∆ki /∆t term, all remaining terms are located at the n + 1/2 time level. This is a consequence of using Crank-Nicolson for the momentum update. In the remainder of this document we will omit the time stamp for these terms, and any discrete term that does not explicitly have a time stamp may be understood to be located at time level n + 1/2. Now we come to a very important part of the analysis. In the continuous derivation, the term analogous to the third term on the LHS of (6) was automatically zero due to continuity. However, in the world of discrete numerical methods we must pause and ask ourselves: Does our numerical method force this term to be zero? As Eq. (6) is currently written, the answer is no! Equation (6) states that we are to force the velocity divergence about each staggered momentum cell to be zero! In the incompressible staggered-grid algorithm, we solve a discrete Poisson equation for the pressure which enforces the constraint δuj =0 δxj



(7)



about the pcell. However, it so happens that, according to the Morinishi identities, the differencing and interpolation operators commute, and so we may write δuj xi δuj = δxj δxj



xi



.



(8)



Thus, indeed, enforcing (7) about the pcell – which is easily accomplished in staggered-grid
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exact projection methods‡ – implies that the third term on the LHS of (6) is zero, δuj xi 1 1 δuj = ui ui ui ui 2 δxj 2 δxj



xi



= 0.



(9)



It may seem like we are lending much weight to something so simple and perhaps obvious. But the issue is important for the variable density case, which is our primary concern here. The incompressible analysis is nothing new; it is a warm-up exercise for the more practically relevant case. To continue our study of (6), the first term on the RHS represents the transport of a residual kinetic energy which arises due to the interpolation scheme. This term represents the redistribution of the high wavenumber energy (i.e., energy contained in modes above the Nyquist limit) generated by nonlinear interactions among the resolved velocity components. There is no corresponding term in the physical transport equation. However, since this residual transport term appears in divergence form, it integrates to zero over a periodic domain and so does not contribute to instability in the simulation. On the second line of the RHS of (6) we have first (left) the pressure transport term and second (right) the dilatation term. Since summation is not implied for i, even in the incompressible case the dilatation term acts as a source for a given energy component. However, global energy is still conserved after summing over all components and all cells (for a periodic domain). On the last line of (6) we have the stress transport term (left) and the dissipation term (right). The dissipation term represents a sink of kinetic energy which is converted into thermal energy by the action of viscosity.
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Compressible KE (continuous)



With ρ denoting the fluid mass density, the kinetic energy per unit volume is defined by 1 k ≡ ρui ui . 2 ‡



(10)



It is important to appreciate that an approximate projection would not identically conserve kinetic



energy in this case.
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Here note that summation is implied for i. The continuous KE transport equation is derived by taking the inner product of the velocity and the compressible momentum equation. In this section, p represents the thermodynamic pressure and τij is the deviatoric stress. The development of the compressible KE transport equation is then –



ui



™



∂ρui ∂(ρui uj ) + ∂t ∂xj –



∂ρ ∂ρuj ∂k ∂(kuj ) 1 + ui u i + + ∂t ∂xj 2 ∂t ∂xj



∂p ∂τij = − − , ∂xi ∂xj



™



= −



∂(pui ) ∂ui ∂ui τij ∂ui +p − + τij , ∂xi ∂xi ∂xj ∂xj



∂k ∂(kuj ) ∂(pui ) ∂ui ∂ui τij ∂ui = − +p − + τij . + ∂t ∂xj ∂xi ∂xi ∂xj ∂xj



(11)



Of course, in going from the second to the third line, we have utilized the continuity equation. The terms on the RHS are analogous to the incompressible case; only this time the pressure dilatation term (second term on the RHS) is not automatically zero.
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Compressible KE (discrete)



In this section, in analogy with the incompressible case, we define the discrete compressible kinetic energy as the sum of the component energies which are stored at their respective staggered locations. Thus we have k ≡



P i



ki , where



1 ki ≡ ρi ui ui . 2



(12)



Again, for the discrete case, no summation is implied for i. Note that at this stage we say nothing about how the value of ρi is to be obtained. For now, it is sufficient to regard this density as the density that is used to define the Favre-weighted velocity component ui ≡



(ρu)i , ρi



(13)



where (ρu)i is the staggered momentum component. A conventional algorithm would likely obtain ρi from a linear interpolation of the pcell-centered density. As we will show, such an approach does not satisfy the requirements for discrete KE conservation. 9



To derive the discrete KE conservation law for the compressible case, again we multiply n+1/2



the discrete momentum equation by ui obtain uin+1 + uni 2



!‚



[ρi ui ]n+1 − [ρi ui ]n ∆t



. Considering the temporal derivative term, we



Œ



∆ki [ρi ui ]n+1 uni − [ρi ui ]n un+1 i = + , ∆t 2∆t =



∆ki 1 n n+1 ∆ρi + u i ui , ∆t 2 ∆t



(14)



where ∆ρi ≡ ρn+1 − ρni . i Suppressing the n + 1/2 time stamp, the advective term is €



Š



x



δ ki j uj xi δ (ρi ui xj uj xi ) 1 δ (ρi xj uj xi ) ui = + ui ui δxj δxj 2 δxj +



˜‹ δ � xi • â xj uj (ρi ui )ui − ρi ui xj ui xj δxj "



+ ui



δui ρi xj uj xi δxj



xj #



"



− ρi ui



δui uj x i δxj



xj #



.



(15)



The remaining transport, dilatation, and dissipation terms are formed in a manner similar to the discrete incompressible case. The resulting discrete KE transport equation for the compressible case is €



x



Š



¨



j ∆ki δ ki uj xi 1 n n+1 ∆ρi 1 δ (ρi xj uj xi ) + + ui ui + ui ui ∆t δxj 2 ∆t 2 δxj



«



= −



˜‹ δ � xi • â xj uj (ρi ui )ui − ρi ui xj ui xj δxj "



− ui −



δui ρi xj uj xi δxj



δui δpui xi +p δxi δxi



xj #



"



+ ρ i ui



δui uj x i δxj



xj #



xi



δτij ui xj δui − + τij δxj δxj



xj



. (16)



The expression in curly brackets on the LHS is the analog of discrete continuity about the staggered momentum cell. Note, however, that there is no reason to expect this expression to automatically be zero, or to sum to zero globally. This expression is a source term and should be forced to be zero (somehow) by the numerical scheme. 10



The first expression on the RHS (on the first line) is the residual transport term, analogous to the residual term found in the incompressible case. This term is in divergence form and integrates to zero over a periodic domain. The terms on the second line of the RHS represent another source term due to the numerics: an ideal scheme would force these terms to cancel. The remaining terms are physically relevant. They represent pressure transport, pressure dilation, stress transport and viscous dissipation, respectively.
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Morinishi operators and identities



In this appendix we present the operators and identities necessary for deriving the results in this paper. With the exception of the final identity, all these relationships are taken directly from [10]. The last identity is derived in [4]. The relationships below are based on a uniform grid with spacing h in each direction. Note that the summation convention does not apply for repeated superscript indices. Differencing operator: 



δφ φ(x1 + h/2, x2 ) − φ(x1 − h/2, x2 ) ≡ δx1 x1 ,x2 h



(17)



Interpolation operator: 



x1 



φ



x1 ,x2



≡



φ(x1 + h/2, x2 ) + φ(x1 − h/2, x2 ) 2



(18)



Special interpolation: g φψ



x1 







x1 ,x2



1 1 ≡ φ(x1 + h/2, x2 )ψ(x1 − h/2, x2 ) + ψ(x1 + h/2, x2 )φ(x1 − h/2, x2 ) 2 2



(19)



Identities: xj



ä [(φψ) · ψ] x



φ jψ



x



g = φ j ψψ



xj



1 x 1 g xj = φψ j + φψ 2 2 xj xj δφ δφ = δxj δxj



xj
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(20) (21) (22)



δφ ψ δxj xj



δψ · φ φ δxj



xj



δψ · φ = δxj



xj



xj



Ý 1 δψ · φφ = 2 δxj x



δψ δxj



(23)



1 δψ + φφ 2 δxj



(24)



−φ



x



δ  Ý xj  δψξ j δψ δψφ j φξφ +φ − ξφ =ξ δxj δxj δxj δxj



(25)
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