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Algebraic number theory



LTCC 2009



Manuel Breuning, King’s College London



Exam 2009 Answer Question 1 and Question 2. In your answers you can apply any results stated in the course (i.e. in the lectures, lecture notes or exercises), independently of whether the results were proved in the course or not. If you want to use any results from other sources, then you must include complete proofs in your own words. You do not need to answer the Bonus Question (I will mark it if you answer it, but your grade in this exam will be based only on your answers to Questions 1 and 2). In the following let m 6≡ 1 (mod 4) be a square-free integer. ³ ´ Definition. For an odd  µ ¶  +1 m = −1  p  0



prime number p the Legendre symbol



m p



is defined by



if p - m and the congruence X 2 ≡ m (mod p) is solvable, if p - m and the congruence X 2 ≡ m (mod p) is not solvable, if p | m.



Question 1. Let p be a prime number, and let (p) be the principal ideal of the ring RQ(√m) generated by p. (a) Show that if p | m then (p) = P 2 where P is a prime ideal of RQ(√m) . [Hint: Consider √ P = (p, m).] (b) Show that (2) = P 2 where P is a prime ideal of RQ(√m) . [Hint: In the case 2 | m this has already been shown in part³ (a), ´ so you only need to consider the case 2 - m.] (c) Show that if p is odd and



m p



= −1 then (p) is a prime ideal of RQ(√m) .



In Question 2 we use the following fact. ³ ´ Fact. There exists a unique Dirichlet character χ : N → C such that χ(2) = 0 and χ(p) = for all odd prime numbers p.



m p



Question 2. Let χ : N → C be the Dirichlet character from the fact, and let L(z, χ) denote the Dirichlet L-function of this Dirichlet character. Let √ ζ(z) denote the Riemann zeta function and ζQ(√m) (z) the Dedekind zeta function of the field Q( m). Show that ζQ(√m) (z) = ζ(z) · L(z, χ) for all z ∈ C with Re(z) > 1. ³ ´ Hint for Question 2. Recall from Problem Sheet 2, Question (13) that if p is odd and m = +1 p then (p) = P1 P2 where P1 and P2 are distinct prime ideals of RQ(√m) . From this result together with the results proved in Question 1 we know the factorisation of the ideal (p) into prime ideals of RQ(√m) for all prime numbers p. Bonus Question. Prove the fact. [For this you need various properties of the Legendre symbol, which you can find in any book on elementary number theory. Please do not include proofs of these properties.]
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