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Abstract We show strong and weak convergence for Mann iteration of multivalued nonexpansive mappings T in a Banach space. Furthermore, we give a strong convergence of the modified Mann iteration which is independent of the convergence of the implicit anchor-like continuous path z t ∈ tu + (1 − t)T z t . c 2008 Elsevier Ltd. All rights reserved.
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1. Introduction Let E be a Banach space and K a nonempty subset of E. We shall denote by 2 E the family of all subsets of E, C B(E) the family of nonempty closed and bounded subsets of E and denote C(E) by the family of nonempty compact subsets of E. Let H be Hausdorff metric on C B(E). That is, H (A, B) = max{sup d(x, B), sup d(x, A)} x∈A



for any A, B ∈ C B(E),



x∈B



where d(x, B) = inf{kx − yk; y ∈ B}. A multivalued mapping T : K → 2 E is called nonexpansive (respectively, contractive), if for any x, y ∈ K , such that H (T x, T y) k≤ kx − yk, (respectively, H (T x, T y) ≤ kkx − yk



for some k ∈ (0, 1)).



A point x is called a fixed point of T if x ∈ T x. From now on, F(T ) stands for the fixed point set of a mapping T . Some classical fixed-point theorems for single-valued nonexpansive mappings have been extended to multivalued mappings. The first results in this direction were established by Markin [18] in a Hilbert space setting, and by Browder [4] for spaces having a weakly continuous duality mapping. Lami Dozo [6] generalized these results to ∗ Corresponding author. Tel.: +86 03733326149; fax: +86 03733326174.
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a Banach space satisfying the Opial condition. By using Edelstein’s method of asymptotic centers, Lim [15] obtained a fixed point theorem for a multivalued nonexpansive self-mapping in a uniformly convex Banach space. Kirk–Massa [12] gave an extension of Lim’s theorem proving the existence of a fixed point in a Banach space for which the asymptotic center of a bounded sequence in a closed bounded convex subset is nonempty and compact. Banach’s Contraction Mapping Principle was extended nicely to multivalued mappings by Nadler [20] in 1969. For other existence results see [1,5,9,13,14,16,2,26,32,39,40]. For single-valued nonexpansive mappings, Mann [17] and Halpern [8] respectively introduced a new iteration procedure for approximating its fixed point in a Hilbert space as follows (We call them Mann iteration (1.1) and Halpern iteration (1.2), respectively): xn+1 = (1 − αn )T xn + αn xn



(1.1)



xn+1 = (1 − αn )T xn + αn u,



(1.2)



and



where {αn } is a sequences in [0, 1]. Subsequently, Mann iteration and Halpern iteration have extensively been studied over the last twenty years for constructions of fixed points of nonlinear mappings and of solutions of nonlinear operator equations involving monotone, accretive and pseudocontractive operators. For more detail, see Refs. [9,16,13,21,23– 25,27–31,33–36,38,41] and many other results which cannot be mentioned here. Now a natural question arises of whether the strongly convergent results of {xn } defined by (1.1) or (1.2) for a single-valued nonexpansive mapping T can be extended to the multivalued case. Recently, for multivalued nonexpansive mappings, Jung [11] in a uniformly convex Banach space and Sastry–Babu [34] in a Hilbert space obtained strong convergence theorems of Halpern iteration and Mann iteration, respectively. Very recently, Song–Cho [26] extended Jung’s results to a reflexive Banach space, and Panyanak [22] generalized Sastry–Babu’s results to uniformly convex Banach spaces also. But during a careful reading of Panyanak [22], we discovered that there was a gap in the proof of Theorem 3.1. In [22], the iteration xn depends on a fixed p ∈ F(T ) and T . Clearly, if q ∈ F(T ) and q 6= p, then the iteration xn defined by q is different from the one defined by p. Thus, for xn defined by p, we cannot obtain {kxn −qk} as a decreasing sequence from the monotony of {kxn − pk}(see the end step of the proof in [22, Theorem 3.1]). Hence, the conclusion of Theorem 3.1 in [22] is very dubious. In this paper, motivated by solving the above gap, we will study convergence of the following iterations (1.3) and (1.4) which are different from the one defined in Sastry–Babu [34] and Jung [11]. Let K be a nonempty convex subset of E, βn ∈ [0, 1], αn ∈ [0, 1] and γn ∈ (0, +∞) such that limn→∞ γn = 0. Choose x0 ∈ K and y0 ∈ T x0 . Let x1 = (1 − α0 )x0 + α0 y0 . From Lemma 2.2 (also see [1,20]), there exists y1 ∈ T x1 such that ky1 − y0 k ≤ H (T x1 , T x0 ) + γ0 . Let x2 = (1 − α1 )x1 + α1 y1 . Inductively, we have xn+1 = (1 − αn )xn + αn yn ,



(1.3)



where yn ∈ T xn such that kyn+1 − yn k ≤ H (T xn+1 , T xn ) + γn . Similarly, for fixed u ∈ K , we also have the following multivalued version of the modified Mann iteration, xn+1 = βn u + αn xn + (1 − αn − βn )yn ,



(1.4)



where yn ∈ T xn such that kyn+1 − yn k ≤ H (T xn+1 , T xn ) + γn . 2. Strong and weak convergence of Mann iteration ∗



Throughout this paper, we write xn * x (respectively xn * x) to indicate that the sequence xn weakly (respectively weak∗ ) converges to x; as usual xn → x will symbolize strong convergence. In order to show our main results, the following concepts and lemmas are needed.
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A Banach space E is said to satisfy Opial’s condition [21] if for any sequence {xn } in E, xn * x (n → ∞) implies lim sup kxn − xk < lim sup kxn − yk, n→∞



∀y ∈ E with x 6= y.



n→∞



Hilbert spaces and l p (l < p < ∞) satisfy Opial’s condition and Banach spaces with weakly sequentially continuous duality mappings satisfy Opial’s condition [7,39]. A multivalued mapping T : K → C B(K ) is said to satisfy Condition I if there is a nondecreasing function f : [0, ∞) → [0, ∞) with f (0) = 0, f (r ) > 0 for r ∈ (0, ∞) such that d(x, T x) ≥ f (d(x, F(T )))



for all x ∈ K .



Examples of mappings that satisfy Condition I can be found in Refs. [22,36]. Lemma 2.1 ([35, Lemma 2.2]). Let {xn } and {yn } be two bounded sequences in a Banach space E and βn ∈ [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose xn+1 = βn xn + (1 − βn )yn for all integers n ≥ 1 and lim sup(kyn+1 − yn k − kxn+1 − xn k) ≤ 0. n→∞



Then limn→∞ kxn − yn k = 0. Lemma 2.2 ([20]). Let (E, d) be a complete metric space, and A, B ∈ C B(E) and a ∈ A. Then for each positive number ε, there exists b ∈ B such that d(a, b) ≤ H (A, B) + ε. We now show the strong convergence of Mann iteration (1.3). Theorem 2.3. Let K be a nonempty compact convex subset of a Banach space E. Suppose that T : K → C B(K ) is a multivalued nonexpansive mapping for which F(T ) 6= ∅ and for which T (y) = {y} for each y ∈ F(T ). Let {xn } be Mann iteration defined by (1.3). Assume that 0 < lim inf αn ≤ lim sup αn < 1. n→∞



n→∞



Then the sequence {xn } strongly converges to a fixed point of T . Proof. Take p ∈ F(T ) (noting T p = { p} and kyn − pk = d(yn , T p)). We have kxn+1 − pk ≤ (1 − αn )kxn − pk + αn kyn − pk ≤ (1 − αn )kxn − pk + αn (H (T xn , T p)) ≤ kxn − pk. Then {kxn − pk} is a decreasing sequence and hence limn→∞ kxn − pk exists for each p ∈ F(T ). It follows from the definition of Mann iteration (1.3) that kyn+1 − yn k ≤ H (T xn+1 , T xn ) + γn ≤ kxn+1 − xn k + γn . Therefore, lim sup(kyn+1 − yn k − kxn+1 − xn k) ≤ lim sup γn = 0. n→∞



n→∞



By Lemma 2.1, we obtain lim kxn − yn k = 0.



n→∞



As yn ∈ T xn , then d(xn , T xn ) ≤ kxn − yn k. Thus, lim d(xn , T xn ) = 0.



n→∞



(2.1)
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From the compactness of K , there exists a subsequence {xn k } of {xn } such that limk→∞ kxn k − qk = 0 for some q ∈ K . Thus, d(q, T q) ≤ kq − xn k k + d(xn k , T xn k ) + H (T xn k , T q) ≤ 2kq − xn k k + d(xn k , T xn k ) → 0



as k → ∞.



Hence q is a fixed point of T . Now on taking q in place of p, we get that limn→∞ kxn − qk exists. So the desired conclusion follows.  Theorem 2.4. Let K be a nonempty closed convex subset of a Banach space E. Suppose that T : K → C B(K ) is a multivalued nonexpansive mapping that satisfies Condition I. Let {xn } be the sequence of Mann iteration defined by (1.3). Assume that F(T ) 6= ∅ and satisfies T (y) = {y} for each y ∈ F(T ) and 0 < lim inf αn ≤ lim sup αn < 1. n→∞



n→∞



Then the sequence {xn } strongly converges to a fixed point of T . Proof. It follows from the proof of Theorem 2.4 that limn→∞ kxn − pk2 exists for each p ∈ F(T ) and limn→∞ d(xn , T xn ) = 0. Then Condition I implies lim d(xn , F(T )) = 0.



n→∞



Thus, for arbitrary given ε > 0, there exists Nε ∈ N such that ε d(xn , F(T )) < for all n ≥ Nε . 4 By the definition of the infimum, for each n ∈ N, there is z εn ∈ F(T ) such that ε kxn − z εn k < d(xn , F(T )) + . 4 Then for each n ≥ Nε , we have ε ε ε kxn − z εn k < + < . 4 4 2 Taking ε =



1 . 2k



Then there exists Nk ∈ N and z kn ∈ F(T ) such that Nk ≤ Nk+1 and



kxn − z kn k 



1 2k+1



for all n ≥ Nk .



Thus, for n ≥ Nk+1 , n n kz k+1 − z kn k ≤ kz k+1 − xn k + kxn − z kn k 1 1 3 ≤ k+2 + k+1 = k+2 . 2 2 2 n , 1 ), we have Let S(z, r ) = {x ∈ E; kx − zk ≤ r }. For x ∈ S(z k+1 2k+1 n n k + kz k+1 − xk kz kn − xk ≤ kz kn − z k+1 3 1 1 ≤ k+2 + k+1 = k . 2 2 2 n , 1 ) ⊂ S(z n , 1 ) for all k ∈ N and n ≥ N This implies S(z k+1 k+1 . By Cantor intersection theorem, there exists a k 2k 2k+1 ∗ single point x such that   ∞ \ n 1 S z k , k = {x ∗ }. 2 k=1



Then kz kn − x ∗ k ≤



1 2k



for all k ∈ N and n ≥ Nk+1 .
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That is, limk→∞ kz kn − x ∗ k = 0. Which assures limn→∞ kxn − x ∗ k = 0 since limk→∞ Nk = ∞ implies n → ∞. For any x ∈ T x ∗ , noting T z kn = {z kn }, we have kx ∗ − xk ≤ kx ∗ − z kn k + d(x, T z kn ) ≤ kx ∗ − z kn k + H (T x ∗ , T z kn ) ≤ 2kx ∗ − z kn k → 0 So,



x∗



as k → ∞.



is a fixed point of T and hence {xn } strongly converges to x ∗ . This completes the proof.







Theorem 2.5. Let E be a Banach space satisfying Opial’s condition and K be a nonempty weakly compact convex subset of E. Suppose that T : K → C(K ) is a multivalued nonexpansive mapping. Let {xn } be Mann iteration defined by (1.3). Assume that F(T ) 6= ∅ and satisfies T (y) = {y} for each y ∈ F(T ) and 0 < lim inf αn ≤ lim sup αn < 1. n→∞



n→∞



Then the sequence {xn } weakly converges to a fixed point of T . Proof. It follows from the proof of Theorem 2.4 that limn→∞ kxn − pk exists for each p ∈ F(T ) and limn→∞ d(xn , T xn ) = 0. Since K is weakly compact, there exists a subsequence {xn k } of {xn } such that xn k * x ∗ for some x ∗ ∈ K . Suppose x ∗ does not belong to T x ∗ . By the compactness of T x ∗ , for any given xn k , there is z k ∈ T x ∗ such that kxn k − z k k = d(xn k , T x ∗ ) and z k → z ∈ T x ∗ . Then x ∗ 6= z. Opial’s property of E implies the following: lim sup kxn k − zk ≤ lim sup[kxn k − z k k + kz k − zk] = lim sup kxn k − z k k k→∞



k→∞



k→∞



≤ lim sup[d(xn k , T xn k ) + H (T xn k , T x ∗ )] k→∞



≤ lim sup kxn k − x ∗ k < lim sup kxn k − zk. k→∞



k→∞



This is a contradiction. Hence x ∗ ∈ T x ∗ . Next we show xn * x ∗ . Suppose not. There exists another subsequence {xn i } of {xn } such that xni * x 6= x ∗ . Then, we also have x ∈ T x. From Opial’s property, we have lim kxn − xk = lim sup kxn i − xk



n→∞



i→∞



< lim sup kxn i − x ∗ k = lim sup kxn k − x ∗ k i→∞



k→∞



< lim sup kxn k − xk = lim kxn − xk. k→∞



n→∞



Which is a contradiction. So the conclusion of the theorem follows.







3. Strong convergence of the modified Mann iteration ∗



Let E be a real Banach space and let J denote the normalized duality mapping from E into 2 E given by J (x) = { f ∈ E ∗ , hx, f i = kxkk f k, kxk = k f k}, ∀ x ∈ E, where E ∗ is the dual space of E and h·, ·i denotes the generalized duality pairing. Recall that the norm of a Banach space E is said to be Gˆateaux differentiable (or E is said to be smooth), if the limit kx + t yk − kxk t→0 t lim



(∗)



exists for each x, y on the unit sphere S(E) of E. Moreover, if for each y in S(E) the limit defined by (∗) is uniformly attained for x in S(E), we say that the norm of E is uniformly Gˆateaux differentiable. A Banach space E is said to strictly convex if kxk = kyk = 1, x 6= y implies kx + yk < 2. The subset K of E is a Chebyshev set, if ∀x ∈ E, there exists a unique element y ∈ K such that kx − yk = d(x, K ) (see [3]). In the proof of our main theorems, we also need the following definitions and results. Let µ be a continuous linear functional on l ∞ satisfying kµk = 1 = µ(1). Then we know that µ is a mean on N if and only if inf{an ; n ∈ N } ≤ µ(a) ≤ sup{an ; n ∈ N }
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for every a = (a1 , a2 , . . .) ∈ l ∞ . According to time and circumstances, we use µn (an ) instead of µ(a). A mean µ on N is called a Banach limit if µn (an ) = µn (an+1 ) for every a = (a1 , a2 , · · ·) ∈ l ∞ . Furthermore, we know the following results [38,37]. Lemma 3.1 ([38, Lemma 1]). Let C be a nonempty closed convex subset of Banach space E with uniformly Gˆateaux differentiable norm. Let {xn } be a bounded sequence of E and let µn be a mean µ on N and z ∈ C. Then µn kxn − zk2 = min µn kxn − yk2 y∈C



if and only if µn hy − z, J (xn − z)i ≤ 0,



∀y ∈ C.



Lemma 3.2 ([34, Proposition 2]). Let α be a real number and (x0 , x1 , . . .) ∈ l ∞ such that µn xn ≤ α for all Banach Limits. If lim supn→∞ (xn+1 − xn ) ≤ 0, then lim supn→∞ xn ≤ α. In the sequel, we also need the following lemma that can be found in the existing literature [41]. Lemma 3.3. Let {an } be a sequence of nonnegative real numbers satisfying the property an+1 ≤ (1 − γn )an + γn βn ,



n ≥ 0,



where P {γn } ⊂ (0, 1) and {βn } ⊂ R such that (i) ∞ n=0 γn = ∞; (ii) lim supn→∞ βn ≤ 0. Then an converges to zero, as n → ∞. Now we prove the strong convergence of the modified Mann iteration (1.4). Lemma 3.4. Let E be a strictly convex Banach space with a uniformly G ateaux ˆ differentiable norm and K be a nonempty weakly compact convex subset of E. Assume that T : K → C(K ) is a nonexpansive mapping for which F(T ) 6= ∅ and for which T (y) = {y} for each y ∈ F(T ). Suppose that the sequence {xn } of K satisfies lim d(xn , T xn ) = 0



n→∞



and



lim kxn − xn+1 k = 0.



n→∞



Then there exists x ∗ ∈ F(T ) such that lim suphu − x ∗ , J (xn+1 − x ∗ )i ≤ 0 n→∞



for each u ∈ K .



Proof. It follows from the weak compactness of K that {xn } is bounded. Let g(x) = µn kxn − xk2 ,



∀x ∈ K .



Then g(x) is continuous and convex on K . Define a set K 1 = {x ∈ K ; g(x) = inf g(y)}. y∈K



From the property of g(x) (see [10, Lemma 9.3.6] and [3]), we obtain K 1 is a nonempty bounded closed convex subset of K and hence weakly compact. For ∀x ∈ K 1 , the compactness of T x implies that there exists z n ∈ T x such that kxn − z n k = d(xn , T x) and z n → z ∈ T x. Since limn→∞ d(xn , T xn ) = 0, then rlg(z) = µn kxn − zk2 ≤ µn (kxn − z n k + kz n − zk)2 = µn (d(xn , T x))2 ≤ µn (d(xn , T xn ) + H (T xn , T x))2 ≤ µn kxn − xk2 = g(x). Hence, z ∈ T x ∩ K 1 . Namely, T x ∩ K 1 6= ∅ for all x ∈ K 1 .
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Pick y ∈ F(T ). Then there exists a unique x ∗ ∈ K 1 such that ky − x ∗ k = d(y, K 1 ) = inf ky − xk. x∈K 1



By



T x∗



∩ K 1 6= ∅, taking z ∈ T x ∗ ∩ K 1 , we have (using T y = {y})



ky − zk = d(T y, z) ≤ H (T y, T x ∗ ) ≤ ky − x ∗ k. Hence x ∗ = z ∈ T x ∗ by the uniqueness of x ∗ in K 1 . Using Lemma 3.1 and the definition of K 1 , we get that for u ∈ K , µn hu − x ∗ , J (xn − x ∗ )i ≤ 0. On the other hand, as limn→∞ kxn+1 − xn k = 0 together with the norm-weak∗ uniform continuity of the duality mapping J in a Banach space with a uniformly Gˆateaux differentiable norm, we have lim (hu − x ∗ , J (xn+1 − x ∗ )i − hu − x ∗ , J (xn − x ∗ )i) = 0.



n→∞



Hence, the sequence {hu − x ∗ , J (xn − x ∗ )i} satisfies the conditions of Lemma 3.2. As a result, we must have lim suphu − x ∗ , J (xn+1 − x ∗ )i ≤ 0. n→∞







Theorem 3.5. Let E be a strictly convex Banach space with a uniformly G ateaux ˆ differentiable norm and K be a nonempty weakly compact convex subset of E. Assumed that T : K → C(K ) is a nonexpansive mapping for which F(T ) 6= ∅ and for which T (y) = {y} for each y ∈ F(T ). Suppose {xn } is a sequence defined by the modified Mann iteration (1.4) and αn , βn satisfies the following conditions: (i) lim P n→∞ βn = 0; (ii) ∞ n=0 βn = ∞. (iii) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1. Then the sequence {xn } strongly converges to a fixed point of T . Proof. First we show that lim d(xn , T xn ) = 0



n→∞



Indeed, let λn =



βn 1−αn



lim λn = 0



n→∞



and



lim kxn − xn+1 k = 0.



n→∞



and z n = λn u + (1 − λn )yn . Then



and



xn+1 = αn xn + (1 − αn )z n .



Therefore, we have for some appropriate constant M > 0, kz n+1 − z n k = kλn+1 u + (1 − λn+1 )yn+1 − (λn u + (1 − λn )yn )k ≤ |λn+1 − λn |kuk + kyn+1 − yn k + λn kyn k + λn+1 kyn+1 k ≤ |λn+1 − λn |kuk + H (T xn+1 , T xn ) + γn + (λn + λn+1 )M ≤ |λn+1 − λn |kuk + kxn+1 − xn k + γn + (λn + λn+1 )M. Thus, lim sup(kz n+1 − z n k − kxn+1 − xn k) ≤ lim (|λn+1 − λn |kuk + γn + (λn + λn+1 )M) = 0. n→∞



n→∞



By Lemma 2.1, we obtain lim kxn − z n k = 0



n→∞



and hence lim kxn+1 − xn k = lim (1 − αn )kxn − z n k = 0.



n→∞



(3.1)



n→∞



(3.2)
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Since kxn − yn k ≤ kxn − z n k + kz n − yn k = kxn − z n k + λn ku − yn k, then lim sup d(xn , T xn ) ≤ lim sup kxn − yn k = 0, n→∞



By Lemma 3.4, there



n→∞ exists x ∗ ∈



i.e. lim d(xn , T xn ) = 0. n→∞



F(T ) such that



lim suphu − x ∗ , J (xn+1 − x ∗ )i ≤ 0.



(3.3)



n→∞



Next we show that xn → x ∗ (n → ∞). In fact, noting T x ∗ = {x ∗ }, kxn+1 − x ∗ k2 = (1 − αn − βn )hyn − x ∗ , J (xn+1 − x ∗ )i + βn hu − x ∗ , J (xn+1 − x ∗ )i + αn hxn − x ∗ , J (xn+1 − x ∗ )i kyn − x ∗ k2 + kJ (xn+1 − x ∗ )k2 ≤ (1 − αn − βn ) + βn hu − x ∗ , J (xn+1 − x ∗ )i 2 kxn − x ∗ k2 + kJ (xn+1 − x ∗ )k2 + αn 2 (H (T xn , T x ∗ ))2 + kxn+1 − x ∗ k2 ≤ (1 − αn − βn ) + βn hu − x ∗ , J (xn+1 − x ∗ )i 2 kxn − x ∗ k2 + kxn+1 − x ∗ k2 + αn 2 kxn − x ∗ k2 kxn+1 − x ∗ k2 ≤ (1 − βn ) + + βn hu − x ∗ , J (xn+1 − x ∗ )i. 2 2 Therefore, kxn+1 − x ∗ k2 ≤ (1 − βn )kxn − x ∗ k2 + 2βn hu − x ∗ , J (xn+1 − x ∗ )i.



(3.4)



By the condition (ii), now we apply Lemma 3.3 to obtain lim kxn − x ∗ k = 0.



n→∞



The proof is completed.







Theorem 3.6. Let E be a reflexive and strictly convex Banach space with a uniformly Gˆateaux differentiable norm and K be a nonempty closed convex subset of E. Suppose that T : K → C(K ) a nonexpansive mapping for which F(T ) 6= ∅ and for which T (y) = {y} for each y ∈ F(T ). Assumed that {xn } is a sequence defined by the modified Mann iteration (1.4) and αn , βn satisfy the following condition: (i) lim P n→∞ βn = 0; (ii) ∞ n=0 βn = ∞. (iii) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1. Then the sequence {xn } strongly converges to a fixed point of T . Proof. At first, we show {xn } is bounded. Taking a fixed p ∈ F(T ) (noting T p = { p}), we have kxn+1 − pk ≤ (1 − αn − βn )kyn − pk + αn kxn − pk + βn ku − pk = (1 − αn − βn )d(yn , T p) + αn kxn − pk + βn ku − pk ≤ (1 − αn − βn )H (T xn , T p) + αn kxn − pk + βn ku − pk ≤ (1 − αn − βn )kxn − pk + αn kxn − pk + βn ku − pk ≤ max{kxn − pk, ku − pk} .. . ≤ max{kx0 − pk, ku − pk}.
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Thus, {xn } is bounded, and hence so is {yn }. Thus, using the same argumentation as Theorem 3.5, we can show that (3.1) holds. Since every nonempty closed convex subset of a strictly convex and reflexive Banach space is a Chebyshev set [19, Corollary 5.1.19], then the conclusion of Lemma 3.4 holds also. Hence the desired conclusion is reached.  Acknowledgment The authors are grateful to the anonymous referee for valuable suggestions which helps to improve this manuscript. References [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36]



N.A. Assad, W.A. Kirk, Fixed point theorems for set-valued mappings of contractive type, Pacific J. Math. 43 (1972) 553–562. G.L. Acedo, H.K. Xu, Remarks on multivalued nonexpansive mappings, Soochow J. Math. 21 (1995) 107–115. J.P. Aubin, I. Ekeland, Applied Nonlinear Nnalysis, A Wiley-Interscience Publication, John Wiley & Sons, 1984. F.E. Browder, Nonlinear operators and nonlinear equations of evolution in Banach spaces, in: Nonlinear Functional Analysis (Proc. Sympos. PureMath., Vol. 18, Part 2, Chicago, Ill., 1968), American Mathematical Society, Rhode Island, 1976, pp. 1–308. D. Downing, W.A. Kirk, Fixed point theorems for set-valued mappings in metric and Banach spaces, Math. Japonicae 22 (1977) 99–112. E.L. Dozo, Multivalued nonexpansive mappings and Opial’s condition, Proc. Amer. Math. Soc. 38 (1973) 286–292. J.P. Gossez, E.L. Dozo, Some geometric properties related to the fixed point theory for nonexpansive mappings, Pacfic J. Math. 40 (1972) 565–573. B. Halpern, Fixed points of nonexpansive maps, Bull. Amer. Math. Soc. 73 (1967) 957–961. S. Itoh, W. Takahashi, Singlevalued mappings, multivalued mappings and fixed point theorems, J. Math. Anal. Appl. 59 (1977) 514–521. V.I. Istratescu, Fixed Point Theory: An Introduction, D. Reidel Publishing Company, The Netherlands, 1981. J.S. Jung, Strong convergence theorems for multivalued nonexpansive nonself-mappings in Banach spaces, Nonlinear Anal. 66 (2007) 2345–2354. W.A. Kirk, S. Massa, Remarks on asymptotic and Chebyshev centers, Houston J. Math. 16 (3) (1990) 357–364. W.A. Kirk, Transfinte methods in metric fixed point theorey, Abstract Appl. Anal. 2003 (5) (2003) 311–324. H.M. Ko, Fixed point theorems for point-to-set mappings and the set of fixed points, Pacific J. Math. 42 (1972) 369–379. T.C. Lim, A fixed point theorem for multivalued nonexpansive mappings in a uniformly convex Banach space, Bull. Amer. Math. Soc. 80 (1974) 1123–1126. T.C. Lim, Remarks on some fixed point theorems, Proc. Amer. Math. Soc. 60 (1976) 179–182. W.R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953) 506–510. J.T. Markin, A fixed point theorem for set valued mappings, Bull. Amer. Math. Soc. 74 (1968) 639–640. R.E. Megginson, An Introduction to Banach Space Theory, Springer-Verlag, New Tork, Inc, 1998. S.B. Nadler Jr., Multi-valued contraction mappings, Pacific J. Math. 30 (1969) 475–487. Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive mappings, Bull. Amer. Math. Soc. 73 (1967) 591–597. B. Panyanak, Mann and Ishikawa iterative processes for multivalued mappings in Banach spaces, Comput. Math. Appl. 54 (2007) 872–877. P. Pietramala, Convergence of approximating fixed points sets for multivalued nonexpansive mappings, Comment. Math. Univ. Carolinae. 32 (1991) 697–701. Y. Song, On a Mann type implicit iteration process for continuous pseudo-contractive mappings, Nonlinear Anal. 67 (2007) 3058–3063. Y. Song, Iterative selection methods for the common fixed point problems in a Banach space, Appl. Math. Computat. 193 (2007) 7–17. Y. Song, Y.J. Cho, Iterative approximations for multivalued nonexpansive mappings in reflexive Banach spaces, Math. Inequal. Appl. (in press). http://www.mia-journal.com/cont.asp?what=miacont&vol=0. Y. Song, R. Chen, Strong convergence theorems on an iterative method for a family of finite nonexpansive mappings, Appl. Math. Computat. 180 (2006) 275–287. Y. Song, R. Chen, Viscosity approximation methods for nonexpansive nonself-mappings, J. Math. Anal. Appl. 321 (2006) 316–326. Y. Song, R. Chen, Iterative approximation to common fixed points of nonexpansive mapping sequences in reflexive Banach spaces, Nonlinear Anal. 66 (2007) 591–603. Y. Song, R. Chen, H. Zhou, Viscosity approximation methods for nonexpansive mapping sequences in Banach spaces, Nonlinear Anal. 66 (2007) 1016–1024. Y. Song, S. Xu, Strong convergence theorems for nonexpansive semigroup in Banach spaces, J. Math. Anal. Appl. 338 (2008) 152–161. D.R. Sahu, Strong convergence theorems for nonexpansive type and non-self multi-valued mappings, Nonlinear Anal. 37 (1999) 401–407. N. Shioji, W. Takahashi, Strong convergence of approximated sequences for nonexpansive mappings in Banach spaces, Proc. Amer. Math. Soc. 125 (1997) 3641–3645. K.P.R. Sastry, G.V.R. Babu, Convergence of Ishikawa iterates for a multi-valued mapping with a fixed point, Czechoslovak Math. J. 55 (2005) 817–826. T. Suzuki, Strong convergence theorems for infinite families of nonexpansive mappings in general Banach spaces, Fixed Point Theory Appl. 2005 (1) (2005) 103–123. doi:10.1155/FPTA.2005.103. H.F. Senter, W.G. Dotson, Approximating fixed points of nonexpansive mappings, Proc. Amer. Math. Soc. 44 (1974) 375–380.



1556



Y. Song, H. Wang / Nonlinear Analysis 70 (2009) 1547–1556



[37] W. Takahashi, Nonlinear Functional Analysis— Fixed Point Theory and its Applications, Yokohama Publishers inc, Yokohama, 2000 (in English). [38] W. Takahashi, Y. Ueda, On Reich’s strong convergence for resolvents of accretive operators, J. Math. Anal. Appl. 104 (1984) 546–553. [39] K. Yanagi, On some fixed point theorems for multivalued mappings, Pacific J. Math. 87 (1) (1980) 233–240. [40] H.K. Xu, Multivalued nonexpansive mappings in Banach spaces, Nonlinear Anal. 43 (2001) 693–706. [41] H.K. Xu, Iterative algorithms for nonlinear operators, J. London Math. Soc. 66 (2002) 240–256.



























[image: Iterative approximations for multivalued nonexpansive mappings in ...]
Iterative approximations for multivalued nonexpansive mappings in ...












[image: Mann and Ishikawa iterative processes for multivalued ...]
Mann and Ishikawa iterative processes for multivalued ...












[image: On the Convergence of Iterative Voting: How Restrictive ...]
On the Convergence of Iterative Voting: How Restrictive ...












[image: Linear and strong convergence of algorithms involving ...]
Linear and strong convergence of algorithms involving ...












[image: Linear and strong convergence of algorithms involving ...]
Linear and strong convergence of algorithms involving ...












[image: Rate of convergence of local linearization schemes for ...]
Rate of convergence of local linearization schemes for ...












[image: Monotonic iterative algorithm for minimum-entropy autofocus]
Monotonic iterative algorithm for minimum-entropy autofocus












[image: Rate of convergence of Local Linearization schemes for ...]
Rate of convergence of Local Linearization schemes for ...












[image: Rate of convergence of Local Linearization schemes for ...]
Rate of convergence of Local Linearization schemes for ...












[image: PERIODIC AND FIXED POINTS OF MULTIVALUED ...]
PERIODIC AND FIXED POINTS OF MULTIVALUED ...












[image: POINTWISE AND UNIFORM CONVERGENCE OF SEQUENCES OF ...]
POINTWISE AND UNIFORM CONVERGENCE OF SEQUENCES OF ...












[image: RATE OF CONVERGENCE OF STOCHASTIC ...]
RATE OF CONVERGENCE OF STOCHASTIC ...












[image: RATE OF CONVERGENCE OF STOCHASTIC ...]
RATE OF CONVERGENCE OF STOCHASTIC ...












[image: Matrix Implementation of Simultaneous Iterative ...]
Matrix Implementation of Simultaneous Iterative ...












[image: An Iterative Algorithm for Segmentation of Isolated ...]
An Iterative Algorithm for Segmentation of Isolated ...












[image: preconditioners for iterative solutions of large-scale ...]
preconditioners for iterative solutions of large-scale ...












[image: On multiple solutions for multivalued elliptic equations ...]
On multiple solutions for multivalued elliptic equations ...












[image: CONVERGENCE RATES FOR DISPERSIVE ...]
CONVERGENCE RATES FOR DISPERSIVE ...












[image: Iterative methods]
Iterative methods












[image: Convergence of inexact Newton methods for ...]
Convergence of inexact Newton methods for ...












[image: Rates of Convergence for Distributed Average ...]
Rates of Convergence for Distributed Average ...















Convergence of iterative algorithms for multivalued ...






A multivalued mapping T : K â†’ 2E is called nonexpansive (respectively, contractive) ... Corresponding author. Tel.: +86 03733326149; fax: +86 03733326174. 






 Download PDF 



















 484KB Sizes
 4 Downloads
 237 Views








 Report























Recommend Documents







[image: alt]





Iterative approximations for multivalued nonexpansive mappings in ... 

Abstract. In this paper, we established the strong convergence of Browder type iteration {xt} for the multivalued nonexpansive nonself-mapping T satisfying the ...














[image: alt]





Mann and Ishikawa iterative processes for multivalued ... 

DOI of original article: 10.1016/j.camwa.2007.03.012. âˆ— Corresponding author. E-mail address: [email protected] (Y. Song). 0898-1221/$ - see ...














[image: alt]





On the Convergence of Iterative Voting: How Restrictive ... 

We study convergence properties of iterative voting pro- cedures. Such procedures are ... agent systems that involve entities with possibly diverse preferences.














[image: alt]





Linear and strong convergence of algorithms involving ... 

Jun 14, 2014 - sets is boundedly regular, then cyclic algorithms converge strongly ... (boundedly) linearly regular and averaged nonexpansive operators.














[image: alt]





Linear and strong convergence of algorithms involving ... 

Jun 14, 2014 - â€ Mathematics, University of British Columbia, Kelowna, B.C. V1V 1V7, ...... Definition 7.12 (random map) The map r: N â†’ I is a random map for I if ..... [27] R.T. Rockafellar, Convex Analysis, Princeton University Press, 1970.














[image: alt]





Rate of convergence of local linearization schemes for ... 

Linear discretization, the order of convergence of the LL schemes have not been ... In this paper, a main theorem on the convergence rate of the LL schemes for ...














[image: alt]





Monotonic iterative algorithm for minimum-entropy autofocus 

m,n. |zmn|2 ln |zmn|2 + ln Ez. (3) where the minimum-entropy phase estimate is defined as. Ë†Ï† = arg min .... aircraft with a nose-mounted phased-array antenna.














[image: alt]





Rate of convergence of Local Linearization schemes for ... 

email: [email protected], [email protected]. February 17, 2005. Abstract. There is ..... In Lecture Notes in Computer Science 2687: Artificial Neural Nets Problem.














[image: alt]





Rate of convergence of Local Linearization schemes for ... 

Feb 17, 2005 - The proposal of this paper is studying the convergence of the LL schemes for ODEs. Specif- ..... [20] T. Barker, R. Bowles and W. Williams, Development and ... [27] R.B. Sidje, EXPOKIT: software package for computing matrix ...














[image: alt]





PERIODIC AND FIXED POINTS OF MULTIVALUED ... 

smaller domains. We would like to remark that we find especially useful those ... X a closed subspace of Y ; and f : X â†’ expk Y a continuous fixed-point free map.














[image: alt]





POINTWISE AND UNIFORM CONVERGENCE OF SEQUENCES OF ... 

Sanjay Gupta, Assistant Professor, Post Graduate Department of .... POINTWISE AND UNIFORM CONVERGENCE OF SEQUENCES OF FUNCTIONS.pdf.














[image: alt]





RATE OF CONVERGENCE OF STOCHASTIC ... 

The aim of this paper is to study the weak Law of Large numbers for ... of order 2, we define its expectation EP(W) by the barycenter of the measure Wâˆ—P (the.














[image: alt]





RATE OF CONVERGENCE OF STOCHASTIC ... 

of order 2, we define its expectation EP(W) by the barycenter of the measure ... support of the measure (Y1)âˆ—P has bounded diameter D. Then, for any r > 0, we ...














[image: alt]





Matrix Implementation of Simultaneous Iterative ... 

Apr 20, 2011 - Mem. clock (MHz) 800. 1107. 1242. 1500. Memory (GB). 4. 1. 2. 2.6 ..... Nature, 450, 832â€“837. [16] Brandt, F., Etchells, S.A., Ortiz, J.O., Elcock, ...














[image: alt]





An Iterative Algorithm for Segmentation of Isolated ... 

of overlapped, connected and merged characters with in a word. Structural features are helpful in segmentation of machine printed text but these are of little help ...














[image: alt]





preconditioners for iterative solutions of large-scale ... 

2.1 Flowchart on the selection of preconditioned iterative methods . . . . . . 38. 2.2 Sparsity pattern of matrices after ... 2.4 Flow chart of applying sparse preconditioned iterative method in FEM analysis . ...... with an element-by-element (EBE) 














[image: alt]





On multiple solutions for multivalued elliptic equations ... 

istence of multiple solutions for multivalued fourth order elliptic equations under Navier boundary conditions. Our main result extends similar ones known for the ...














[image: alt]





CONVERGENCE RATES FOR DISPERSIVE ... 

fulfilling the Strichartz estimates are better behaved for Hs(R) data if 0 < s < 1/2. In- .... analyze the convergence of these numerical schemes, the main goal being ...














[image: alt]





Iterative methods 

Nov 27, 2005 - For testing was used bash commands like this one: a=1000;time for i in 'seq ... Speed of other functions was very similar so it is not necessary to ...














[image: alt]





Convergence of inexact Newton methods for ... 

It has effective domain domF = {x âˆˆ. X âˆ£. âˆ£F(x) = âˆ…} and effective ...... Suppose that the mapping f +F is strongly metrically reg- ular at Â¯x for 0 with constant Î».














[image: alt]





Rates of Convergence for Distributed Average ... 

For example, the nodes in a wireless sensor network must be synchronized in order to ...... Foundations of Computer Science, Cambridge,. MA, October 2003.


























×
Report Convergence of iterative algorithms for multivalued ...





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















