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1. Introduction Let Ao be the classof all functions f (r) : zIa2z2 iasz3 *. . w.hichare analytic i n A : { r;l rl < 1 } L e t Ab e the cl assof al l functi onsp(z) : l -tptzl p2z2 + ' ' ' which are analytic in A. The class P of Caratheodory functions consists of functions p(z) € .4 having positive real part. Recently Nunokawa et. aI. 12] gave some sufficient conditions for analytic functions in A to have positive real part. In this paper, we generalized the results by finding some conditions on a,g,1,d and w(z) such that each of the foilowing differential subordination implies p(z) e P: 6 zp' (z) < w (z), o a p (z ) + 7 p Q)' + i4 i . a p (z )2 * 6 z p (z )p ' (r) < u (" ),,, .



o ap(z)+ 0pQ)2+ i4 + 6i& < w(z), . ap(z)+ gpQ)'+ ia + 6#E < w(z).



) P c a n b e w r i t t e na s p ( z ) < ( 1 + " ) l Q - z ) . I n N o t e t h a t t h e c o n c i u s i o n p ( z€ this paper, we find sufficient conditions for the subordination p(z) < q(z) to hold. ReceivedMarch \7,2003, Accepted November 4,2004.
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Our results include the results obtained by Nunokawa et. a1.[2]. We also give some application of our results to obtain sufficient conditions for starlikeness. We need the following result of Milier and Mocanu[1] to prove our main result: Theorem A. Let q(z) be uniualent i,n the uni,t di,skA and 0 and Q be analyti,c 'in a doma'in D conta'in'ingq(A) wi,th Q(tu) + 0 when w e q(A). Set QQ) : z q'(z )6 @ Q )), h (z ) : 0 (q (z )) + QQ). S upposethat (1) QQ) r,sstarl'ikeuniualent'in L, and - L l



t - t



( 2 )R e f f i > 0 f o r z € 4 . If q(r) i,s a analyt'ic 'in A wi,th p(0) : q(0), p(D) € D and O(p(z)) + z p ' ( z ) S @ Q ) ) < 0 ( q ( r ) ) * z q ' ( r ) 6 @ Q ) ) , t h e n p ( z ) < q ( z ) a n d q ( z ) i , st h e b e s t domi,nant.



2. Caratheodory



F\rnctions



We begin with the following: Theorem 2.T. Let a, {3,1 and 6 be compler numbers,5 + 0. Let 0 I qQ) € A be uniualent in L and sattsfy the following condi,tionsfor z € A: (l) ,q'(z) i,sstarl'ike,



^ /r-p'q,,r:r)}to. e ) n * {( *o + 1o Q l z )- & d P + ( , qrzt /)



Ifp(t)€Asatisfies a p (z ) + g p (z )2 + *



p \ z)



+ 6 zp'(z) < aq(z) + 0q(42 + l = + 6zq'(z), q \ z)



then p(z) < q(z) and q(z) i,s the best domi,nant. P r o o f .L e t 0 ( w ) : ( t L L ) l B u 2 * f i a n d d ( d : d . The"d(w)f 0attd0(.),d(.) are analytic in A - {0}. Let the function QQ) and h(z) be defined by Q Q ) : z q '( z ) d @ Q ) ) : 6 z q '( z ) ,



h(z): 0(q(r))+ QQ) : aq(z)+ CqQ)'+ + * 6zq'(z). q \ z) Clearly QQ) is starlike and (^ nq n ez h^' ()z :\ R e l + * ' ! / \



elz)



ld



1 1



' (/ -t * az q! "J( z\) )\ ' ,l t o .



o - Q \ z ) - 6 q ( + + 1 t -d @ ) l



The differential subordination



a p ( z ) +\ p Q ) ' + + - r d z p ' ( z
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0 ( p ( r ) )- t z p ' ( z ) Q @ Q )


o p, \ z\ , ) ,+, c, p, 2l z, ) ,' L* o , *rdrr,r , ( r )< " ( - ) * B \t_z/



rr'



(:*



\1=i



z\



lt-



262



* t ( 1 + r ) + O, _ ; p '



th e n R e p (z ) > 0 . Proof. This result follows from Theorem 2.1 by taking q(z) : function QQ) :2521(l - ,)' is clearly starlike. Since z Q ' Q ) a , 2 C ( 1 + :t+t\.r-, q\z)- 1 6 q a y *a @



0 , 2 0 , \



t+ a



z \



-



1 ( 1 - r \ '



)-t\t.r/



Then the



I - r z



+ t-z



we have, with z -- eio (



* . t nf + 27{ 3c ,() - 6 lr_ G+pr *Q 'i( rd) \ j :=i c } * uL t a n0 ' r > o . Let 1 : 0 and q(z) be the function defined by



q, (\z ) :l *f Af iz'



- 1< B < A < r '



Then we have (A-B)'



z qt , \ 'z ) : e+Bzy L e t g (z ) - z q '(z ). T h e n z g ' ( z )_ l - B z g(z) I-t Bz' If z -- reie , we have | - B2r2



R"""t 9 ' Q ) g(z)



> u'



1 + B 2 r 2+ 2 B r c o s 0



Hence zq'(z) is starlike in A. Also it follows that



0 20 t+



(, * a!!4\ :



dq(r)+\



- (1- c-l6)8lz [1+ (o + 2P)l6] + l2pA16



q , ( z))



u uz : - + l+Bz'



I t Bz
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w h e r eu : I * ( a + Z p ) 1 5a n du : 2 P A l 6 - ( I - a l 5 ) 8 . T h ef u n c t i o w n ( z ): # f f i maps A into the disk n-Bul ,lr-B"l I



l w -t - B , l < t - n ,



Therefore



R e ( -u B u )- l u- B u lr ' """{[+d + ' 2 ! u a + ( t + ' q " ( ' ) )} : o o q ' ( z )) J u t-82 ,. provided Re(z-Bo)>lu-Bul Re(z-Br)>lu-Bal. Hencewe havethe followingresult: C o r o l l a r y2 . 3 .L e t - 1 < B < A < I . L e t a , p a n d d s a t i , s fRye ( u - B r ) > l u - B t l w h e r eu : I + ( r + 2 P ) 1 6a n du : 2 P A l 5 - ( 1 - a l 6 ) 8 . I f p ( r ) € A a n d



a p ( z c) +p Q )*'l'z p ' ( z ) . , * ( + + ) * p" \(r!+! *B)z' *) \t+Br)



B|'=.



' "d( :1!--t B z 1 z '



thenp(z) . ## B y ta k i n g o : 0 , A : I,B : -1 and B and d to be real , then w e have the following result of Nunokawa et. al.l2): Corollary 2.4. Let | + 2P16 > 0. If p(z) e A and



(,)< u (-)' ope)'t dzp'



*



;%,



t he n R e p (z ) > 0 . If q(z) is a convex function that maps A onto a region in the right half plane, then the conditions of Theorem 2.1 are satisfied bV qQ) whenever ad > 0. 05 > 0, and 7:0. By taking q(z):(-)^



o


we have the following: Corollary 2.5. Let a6, p5 > 0. If p(z) e A and



r y p (+z ) t p l z )+2 6 , p ' ( z )< o ( = ) ^ \r-z/



* 0 (-)'^ \1=)



-* r?r 4- ; \ t/ t- r+/ ' \ ^
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thenlArgp(r)l < ),r 12. T h e o r e m2 . 6 . L e t a a n d S b e c o m p l e r n u m b e r s , 6f 0 . L e t q ( z ) e A b e u n ' i u a l e n t i,n A and satisfy the following conditions for z € A: (1 ) L e t Q Q) : 6 z q (z )q ' (z ) b e starl i ,ke,



( 2 ) n " { ? * z Q ' Q ) I Q Q )>} 0 . Ifp(r)€Asatisfies a p (z )2 + 6 zp(z)p' (r) < aq(z)2 -r 6zq(z)c1' Q), th,enp(z) < q(z) and q(z) is the best domi,nant. The proof of this theorem is similar to that of Theorem 2.1 and therefore omitted. Let c1Q)be the function



- 1< B < A < t '



q(z):(+#)t Then we have



o


zq(z)q'(l:ftffi



Lei QQ) -- zq(z)q'(z). Then ,Q'Q) _ | - Bz 1* Bz' QQ) If z :



T e i o ,w e h a v e I - B2r2



zQ'G)



o-tffi:



ggzrz*2gr*u2u'



Hencezq(z)q'(z) is starlikein A. Thus,we have 2a



zQ'Q)



d'- ae)



- QalS+1) +(2cl-15-r)Bz r+Bz _ u+uz 1+ Bz'



w h e re u : (2 a fd + f) a n d u : A into the disk



I



(2a16 - l )8.



The funcLi onw (z) :



a-Bul ,lr-BEl



l w -r - B , l < t - e r Therefore



R" " I[4 d +'Q',?)l : QQ))



Re(z,' r - 8 2 - Btl t s ?o)=-lu



##



maps
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provided that



Re(z-Br)>lu-Bul OT



Re(u-Br)>lu-Bu,l. Therefore we have the following result: y e(t,-Bu)> lu-Bal C o r o l l a r y 2 . 7 .L e t - 1 < B < A < 1 . L e t a , p a n d d s a t i , s fR w h e r e r l : ( 2 a f d + t ) a n d u : ( 2 a 1 6- l ) 8 . I f p ( r ) e A a n d



a p ( z ) 2 + 6 z


,



,



t h e rpL( . i . ( j + # ) ' By ta k i n g A:I,B :



-1 a n d a,13,6to be real , w e have the fol l ow i ngresul t:



Corollary 2.8. If p(r) e A and



o p ( z ) 2 5- tz p ( z ) p '.(, r )' | j +



i!+,



t h e np ( t - ( l = )-j / \Theorem 2.9. Let a, 0,1 and 6 be cornplernu,mbers,6 + 0. Let 0 I r1Q) € A be un'iualent in L and satisfy the follouting c:onditionsfor z e A; ( 1 ) L e t Q Q) - 6 tq ' Q)l q Q ) b e start' i ke,



(2)Reiga(z) +'#q'Q)- ffi + ,e'Q)le(r))> 0. Ifp(r)eAsatrsfi,es



2 i- + u'!,\) a p l z+) t p ( z )+2 i - + 6 z P ' ( z


Q Q )- z q ' ( z ) Q ( q Q D q: \6z4 ? . . , )



(z) h(z): 0(q("))+ QQ) : cvq(z) ' q+ ( z + ) '6zq' " q ( z ) + 0,tQ)2+
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20 ')' ' : Re{ioe t + 7 a"'L^|,(',) a ' ( z ) - l-- +'q|,Q) } t o. Lt\z) [d' W)* qA ]' The differential subordination r v p ( z+) d p ( 4 2+ j + 6 ' p ' ( ' ) < o q ( z )+ 0 q ( z ) 2+ - L * a ' n ' J ' ) q \ z) q \ z) p \ 2) p \ z) becomes e@Q)) * zp'(z)$(p(')) < 0(q(r))I zq'(z)$(q(r)), and the result follows, by using Theorem A. Corollary 2.I0. Let p and 6 be positiue numbers. If 0 I pQ) e y so,tisfies



ri_ z a p ( z ) + 4 p ( r ) t + +- d z p ' ( l . < a r - z * '' '((rr -+ r' \)' p(z) p(z)



262 r-z +)1+z-r-2,



then Re p(z) > 0. Proof. The result follows from Theorem 2.9 by taking q(z) : {f and replacing z2 i s cl earl y starl i ke. S i nce d b y -d . T h e n th e fu n c ti o n Q Q): -25zl l -



- a - 2 8 qo' ( : )' r 1 * z Q ' ( z \ 6^r) 6 6q(z) A



:-;(-)-T(n'*;(-).=t we have, with z :



eio



R .{ - i q t , -, T n ' ( z +) ; 6 + z Q ' ( z ) l Q: (',f),}" , ' 9 . 0 [ 0 T



By taking (t : l, C : 1 : 0 and d - -1, then we have the following result of Nunokawa et. al.l2l: Corollary2.II. If 0+p(z)e



Aand



p(z)++&.!Jff, t h e n R e p (z ) > 0 . T h e o r e m2 . I 2 . L e t a , l 3 a n d S b e c o m p l e r n u m b e r s , f6 0 . L e t 0 l q Q ) un'iualenti,n A and sati,sfythe follow'ing condit'ionsfor z e A:



e Abe
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( 1) L e t QQ) : 6 z q ' (z )l q ' Q) b e starl i ke,



( 2 )R e{ 7 , f Q )+ T q ' Q ) - } + , Q ' Q ) l Q ( , )>i o Ifp(r)eAsati,sfies a p ( z ) +B p ( z ) 2 + +



p \ z)



) 2j + 6 z p - ' ( z


q \ z)



p'\z)



+ d ' n u ' ,.1 ! q ' \ z)



then p(z) < q(z) and q(z) i,s the be,st d,om'inant. Tlie proof of this theorem is similar to that of Theorem 2.9 and therefore it is omitted. Corollary 2.I3. Let a,1 and 6 be posi,ti,uenumbers. If 0 I pQ) € y satisfies



''



a p ( ? ) + u p l ' ) ' +- ] p(r)



a'l'\')* o p2(z)



t *' r- z



+ ) (r-r



z\'-' ^!-' +11+,



262



-



o+*'



\1-./



t he n R e p (z ) > 0 . Proof. The result follows from the Theorem 2.I2 by taking q(z) : += and -Z6zl(l-t z)2 is clearly starlike. replacing d by -d. Then the functionQQ): Since



. , ', ( : )2-07=t .t ,' ,()2 oQ J+*, z+ e ' e ) _ _ o / r + z \ ' _ 2 8 ( l : : \ ' * -U d \l_./ 6* AG):-t\,_ri we have, with z :



(



-z J *,i 1 _ z d



6'io



^



R . - } o ' ( z- )' } n ' ( z+) } . t3} {



:



; , o r f' , * } - o I



B y ta k i n g a :



l .J :1 :0



i n Theorem 2.12,w e have the fol l ow i ng:



Corollary 2.L4. Let q(z) e A be uniualent dn L, q(4 I 0 starli,ke. If p(t) e A satisfies zp' (z) _. ,q' (r) p(r)2 q(z)2' then,p(z) < q(z). The domi,nantq is the best dominant.



3. Starlikeness Criteria



Let zq'(z)lqQ)2 be
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In this section, we give application of our results for getting suffi.cientconditions for starlikeness.Let -I < B < A< 1. The class S*\A,B] consistsof functions f e Ao satisfying



t J ? - ,' 7! ++B4z -' ' . z € a



f(r) -1] : In particular S*[1, S*, the class of starlike functions. For the class S*[A,B], we have the following: T h e o r e m S . l .L e t - 1 < B < A l L L e t a , { j a n d S s a t i , s fR ye(u-Br)> lu-BAl w h e r eu : | * a * 2 0 1 6 a n d u : 2 P A l 6 - ( 1 - a ) 8 . I f f ( r ) € A s a n d



4f ? l * + t c- -i /l fz({, '), (+' d , )( r * ' { , ; ( : ) ) l (r) L



\-'f'(r)/)



- B)z Az) + Az\'* . *- ( 7 - r * , -t \ (rr+ B z ) u " (( 1A *Bz)z' \1+Bz/ t h e nf ( z ) € S . I A ,B ) . Proof. Let p(z) :



Then a computationshowsthat



+&.



z p ' ( z )_



zf"(r)



t P ( z ) : 1+ P\z) ffi



Therefore, it follows that



3 l : ? l * + r o- 6 ) ' { ' , ?+)d " \(' t * ' { , i : ) ) l f(r) L-'\r



fQ)



f'(r)))



+e('))] 'i,',1 ..o',',, r"i3,i,',ee



-V- B), - o' ( 1 + . a z -*\ ' a / r + A z \ 2+ d a r ) + 4 . \r ) \r+ e+ Bzy IJsing Corollary 2.3, we have the result.



As a specialcase,we havethe following: Corollary 3.2. Let I + 21316 > 0. If f (r) e Ao and



z f ' ( zl), o _ 6 ) ' { ' , ? ) - ' f " ( ' ) \ l +t(. - 'C \ 1I (- r' /- ) ' * - 4-: (t zy' f a S r u r \ z ) \ ' * f , @) l then f (z) € ,S*.
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The classSS. (^) of strongly starlike functions of order ,\ consistsof functions f e Ao satisfying



lo,* - \(:l:?\ /(') / I



\tr






Which is equivalent to the following:



+ & r ( i * ) ^ , z eL For this class,we havethe following : Theorem 3 . 3 .L e t- 1 < B < A < I . L e t a , p a n d 6s a t i ' s fRye ( u - B u ) > - l u - B u l y : ( 2 a f d+ t ) a n du : ( 2 a 1 6- I ) 8 . t f f ( r ) € A o a n d , where



'r 'l (,r'?)' r:l -l!!' "^\ -+ylf t '11 s'Y' ' + n ' r*!:!-:)'= / f@ ) l\}t'r



-rl/-\



-



)



/.+er\L



thenffi.\ffi)



The result can be obtained by using Corollary 2.7, with



p ( z ) : z f ' ( z ) l fQ ) . As a special case, we have Corollary 3.4. If f (r) e Ao and



'. y l ( a t J ? \ , ] -, !r .-*z,+' (,r. -6".,1, 2 ' *o\(/,({,(), . )' )2, * )



tn"n



ffi



r (}!)



+



[ \ r r , l) l



o, "quiualently f (z) zs stronsly starli,keof ord,er1/2.



Using Corollary 2.10 , with p(z) : zf'(z)lf



Q), we have the following result:



Theorem 3.5. Let p and 6 be posi.t'iuenumbers. If f (t) e As satxsfi,es '*tf?) r-z r+z z f " ( z \\ (a+d *u(\*"\'* ' f)(' zf ')( ' ) * a ( " f ' ( " ) , f , ( "-)u / 1t+ffi)t'1_ .-"\r-z/'r+,-r-,' ' \/(,)



252



t h e n f (z ) € ,S * . Using Corollary 2.I3 , with p(z):



tf'Q)If



(z),we have the following result:
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and 6 be posi,t'iuenumbers.



If f (r) e Ao sati,sfies



, z f r ' , ( 2+, )'a- ( , { ' , ( r . ) ) ' * , ' f -'((rz.)) - 6 " zf f (r) \ /(r) /



1 r



-L I



'-J l t t t\ ' -) t lt/-\



r \'t ,f'(r)



-"{.u(-)'*"thenf (z) e S. By taking a : Tirneskif3]:



13:



1 :



0, we have the following result of Obradovid and



Corollary 3.7. If f (z) e Ao sat'isfies 'l '- r l t t \t '- )l r -L I



_@- f ' ( " )






f (")



2z



G+*'



thenf(z)€,S*. U s i n g C o ro l l a ry 2 .2 , w i th a: foilowing result:



C:



0 and p(z) : ,f' (z)l f



(z), w e have the



Theorem3.8. Letl and 6 beposi,tiue numbers.If f (r) e As sat?,sfr,es rf"(") tfQ),62f'(z)(, zf'(z) f(r) \-'f'(r) !



t



t



_



_



!



_



"f'(r)\ f("))



r-z 262 'I+z'(I-z1z'



thenf (z) € ,S*. References
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