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Exact controllability problem: Given T ≥ 2 and (u0, u1) ∈ L2(0, 1) × H −1(0, 1) there exists a control function v ∈ L2(0, T ) such that the solution of the wave equation



(1)



  u00 − uxx = 0       u(t, 0) = 0



u(t, 1) = v(t)



  0 (x)  u(0, x) = u     u0(0, x) = u1(x)



for for for for for



x ∈ (0, 1), t > 0 t>0 t>0 x ∈ (0, 1) x ∈ (0, 1)



satisfies (2)



u(T, ·) = u0(T, ·) = 0.



• (u, u0) is the state • v is the control • The state is driven from (u0, u1) to (0, 0) in time T by acting on the boundary with the control v. 1



•



Fattorini H. O. and Russell D. L.: Exact controllability theorems for linear parabolic equations in one space dimension, Arch. Rat. Mech. Anal., 4 (1971), 272-292.



•



Russell D. L.: A unified boundary controllability theory for hyperbolic and parabolic partial differential equations, Studies in Appl. Math., 52 (1973), 189-211.



MOMENTS THEORY + NOHARMONIC FOURIER ANALYSIS •



Lions J.-L.: Contrˆ olabilit´ e exacte perturbations et stabilisation de syst` emes distribu´ es, Tome 1, Masson, Paris, 1988.



HILBERT UNIQUENESS METHOD (HUM) •



Glowinski R., Li C. H. and Lions J.-L.: A numerical approach to the exact boundary controllability of the wave equation (I). Dirichlet controls: Description of the numerical methods, Jap. J. Appl. Math. 7 (1990), 1-76.



NUMERICAL METHODS FOR THE APPROXIMATION OF HUM CONTROLS 2



Finite differences method 1 , x = jh, 0 ≤ j ≤ N + 1. N ∈ N∗, h = N +1 j



(3)



 uj+1 (t)+uj−1 (t)−2uj (t)  00   ,t>0 u (t) =   h2  j u0(t) = 0, t > 0  uN +1(t) = vh(t), t > 0      uj (0) = u0, u0 (0) = u1, 1 ≤ j ≤ N. j j j



Discrete controllability problem: given T > 0 and (Uh0, Uh1) = 1 2N , there exists a control function v ∈ L2 (0, T ) (u0 h j , uj )1≤j≤N ∈ R such that the solution u of (3) satisfies (4)



uj (T ) = u0j (T ) = 0, ∀j = 1, 2, ..., N.



System (3) consists of N linear differential equations with N unknowns u1, u2, ..., uN . uj (t) ≈ u(t, xj ) if (Uh0, Uh1) ≈ (u0, u1). 3



• Existence of the discrete control vh. • Boundedness of the sequence (vh)h>0 in L2(0, T ).



• Convergence of the sequence (vh)h>0 to a control v of the wave equation (1).



• The case of the HUM controls.



4



Numerical Experiments: l =



∆t = 1, h = 0.01 h



5



Numerical Experiments: l =



∆t = 0.95, h = 0.01 h



6



Spectral Analysis The eigenvalues corresponding to this system are: νn(h) = λn(h) i,



1 ≤ |n| ≤ N,



2 nπh λn(h) = sin , 1 ≤ |n| ≤ N. h 2 







The eigenfunctions are: ϕn(h) =



√



2(sin(jπnh))1≤j≤N .



• λn(h) ≈ nπ for n small.     (2n+1)πh 4 πh • λn+1(h) − λn(h) = h sin 4 cos ≈ 4   (2n+1)πh ≈ π cos ∼ πh for n ∼ N . 4 7



Fig 1. Eigenvalues of the continuous and finite differences discrete equations. 8



Problem of moments Property. System (3) is controllable if and only if for any initial data P 0 , a1 )ϕ (h) there exists v ∈ L2 (0, T ) such that (Uh0, Uh1) = N (a h n=1 n n n Z



T



(5)



−i λn (h)t



vh (t)e



dt = √



0



(−1)n h







2 sin(|n|πh)



iλn (h)a0|n|



+



a1|n|







, 1 ≤ |n| ≤ N.



(PROBLEM OF MOMENTS) •



•



•



(Uh0 , Uh1 )



(Uh0 , Uh1 ) (Uh0 , Uh1 )



Z



T



= (ϕm (h), 0) ⇒ 0



Z = (0, ϕm (h)) ⇒ 0



=



PN



T



vh0,m (t)e−i λn (h)t dt



vh1,m (t)e−i λn (h)t dt



0 1 n=1 (an , an )ϕn (h)



⇒ vh =



(−1)m hiλ|m| (h) = √ δmn , 1 ≤ |n| ≤ N. 2 sin(|m|πh) =√



X



(−1)m h 2 sin(|m|πh)



δmn , 1 ≤ |n| ≤ N.



  0 0,m 1 1,m am vh + am vh .



1≤|m|≤N



9



Definition. (Θm)1≤|m|≤N is a biorthogonal sequence to the family of complex exponentials Z



(6)



T 2 − T2



e−iλj (h)t







  T T 2 in L − 2 , 2 if 1≤|j|≤N







Θm(t)e−iλn(h)tdt = δmn,



1 ≤ |n| ≤ N.



PN 1 0 1 A control of the initial data (Uh , Uh ) = n=1(a0 n , an )ϕn (h) is given by



   T (−1)mh T iλ (h) 0 1 m 2 Θm t − √ vh = e iλm(h)a|m| + a|m| . 2 2 sin(|m|πh) 1≤|m|≤N X



10



Theorem. (S. M., Numer. Math. 2002) If T >  0 is independent   T T −iλ t 2 n of h and (ψm)|m|≤N is any biorthogonal to e −2, 2 |n|≤N in L m6=0



n6=0



there exists a positive constants C independent of N , such that √



(7)



k ψN kL2 ≥ Ce N .



• There are regular initial data (exponentially small coefficients (an)n) that are not uniformly controllable.



• The problems come from trying to control the high, spurious, numerical frequencies: the corresponding controls have huge L2−norms.



11



Proof: Let us define the sequence of functions (8)



τm(z) =



Z T 0



ψm(t)e−itz dt, 1 ≤| m |≤ N.



It follows that τm is an entire function. Moreover, √ (9) | τm(x) |≤ T k ψm kL2(0,T ), ∀x ∈ R. Define the polynomial function (10)



Pm(z) =



Y |n|≤N n6=0,±m



z − λn λm − λn



and let (11)



τm(z) φm(z) = . Pm(z)



The function φm is an entire function and τm(z) = Pm(z)φm(z). Hence √ |φm(x)| |Pm(x)| = |τm(x)| ≤ 2T k ψm kL2(0,T ) . 12



• Glowinski R. and Lions J.-L.: Exact and approximate controllability for distributed parameter systems, Acta Numerica, 5 (1996), pp. 159-333.



• Negreanu M. and Zuazua E.: Uniform boundary controllability of a discrete 1-D wave equation, System and Control Letters, 48 (2003), pp. 261-280.



• Castro C. and M. S.: Boundary controllability of a linear semidiscrete 1-D wave equation derived from a mixed finite element method, Numer. Math., 102 (2006), pp. 413-462.



• M¨ unch A.: A uniformly controllable and implicit scheme for the 1-D wave equation, M2NA, 39 (2005), pp. 377-418.
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Finite differences method with numerical viscosity 1 , x = jh, 0 ≤ j ≤ N + 1. N ∈ N∗, h = N +1 j



 0 0 (t) 0 (t)+u (t)−2u u  u (t)+u (t)−2u (t) j−1 j j−1 j j+1 j+1  00 (t) =  + ε ,t>0 u  2 2 j  h h  u0(t) = 0, t > 0 (12)   uN +1(t) = vh(t), t > 0     u (0) = u0, u0 (0) = u1, 1 ≤ j ≤ N. j j j j



Discrete controllability problem: given T > 0 and (Uh0, Uh1) = 1 2N , there exists a control function v ∈ L2 (0, T ) (u0 h j , uj )1≤j≤N ∈ R such that the solution u of (3) satisfies (13)



The term ε



uj (T ) = u0j (T ) = 0, ∀j = 1, 2, ..., N. u0j+1(t) + u0j−1(t) − 2u0j (t)



vanishes in the limit:



h2



is a numerical viscosity which



lim ε = 0.



h→0



14



• Tcheugou´ e T´ ebou L. R. and Zuazua E.: Uniform exponential long time decay for the space semi-discretization of a locally damped wave equation via an artificial numerical viscosity, Numer. Math., 95 (2003), pp. 563-598.



• Ramdani K., Takahashi T. and Tucsnak M., Uniformly exponentially stable approximations for a class of second order evolution equations - Application to LQR problems, ESAIM: COCV, 13 (3) (2007), pp. 503-527.



• DiPerna R. J.: Convergence of approximate solutions to conservation laws, Arch. Rational Mech. Anal., 82 (1983), pp. 27-70.



• Majda A. and Osher S.: Numerical viscosity and the entropy condition, Comm. Pure Appl. Math., 32 (1979), pp. 797-838. 15



Uniform stabilization



 0 (t) 0 0 (t)−2u (t)+u u  u (t)+u (t)−2u (t)  j j−1 j−1 j j+1 j+1 0 +ε  − a u ,t>0 (t) =  u00 j j j h2 h2 u0(t) = uN +1(t) = 0, t > 0     uj (0) = u0, u0 (0) = u1, 1 ≤ j ≤ N. j j j



• ε=0



• ε = h2



⇒



⇒



non-uniform decay



uniform decay



16



Spectral Analysis We chose ε = h, but other choices are possible. The eigenvalues corresponding to this system are: 2 nπh µn(h) = i sin h 2 







nπh nπh cos + i sin 2 2 















,



1 ≤ |n| ≤ N.



Fig 2. Imaginary and real part of the eigenvalues of the finite differences discrete equation with viscosity. 17



The energy of (12) can be defined as 



(14)



 2 N u (t) − uj (t) h X j+1 0 2 |u (t)| + Eh(t) =  j 2 j=0 h



being a discretization of the continuous energy corresponding to (1) i 1 1h 0 2 2 |u (t)| + |ux(t)| dx. E(t) = 2 0 Z



(15)



Property. Let vh = 0 in (12). If Eh(t) is defined by (14), then 2 u0 0 N X j+1(t) − uj (t) dEh ≤ 0. (t) = −h2 (16) dt h j=0 P 0 , a1 )ϕ (h), then Moreover, if (Uh0, Uh1) = N (a n=1 n n n



(17)



Eh(t) ≤



N X j=1



e



h (λ (h))2 t −2 n



2 cos jπh 2 



2 2 0 2  (|a1 n | + (λn (h)) |an | ).
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Problem of moments Property. System (12) is controllable if and only if for any initial P 0 , a1 )ϕ (h) there exists v ∈ L2 (0, T ) such data (Uh0, Uh1) = N (a h n=1 n n n that Z (18)



T



vh (t)e−µn (h)t dt = √



0



(−1)n h 2 sin(|n|πh)







 (λn (h))2 0 a|n| + a1|n| , 1 ≤ |n| ≤ N. µn (h)



(PROBLEM OF MOMENTS)



If (Θm)1≤|m|≤N is a biorthogonal sequence to the family of complex e−µj (h)t



  T T 2 exponentials in L − 2 , 2 , then a control of the 1≤|j|≤N PN 0 1 1 initial data (Uh , Uh ) = n=1(a0 n , an )ϕn (h) is given by 



vh =



X 1≤|m|≤N



√







(−1)mh 2 sin(|m|πh)



T







eµm(h) 2 Θm t −



T 2







(λm(h))2 0 a|m| + a1 |m| µm(h) 19



!



.



Heat Equation Null controllability problem: given T > 0 and u0 ∈ L2(0, 1) there exists a control function v ∈ L2(0, T ) such that the solution of  0 u − uxx = 0    



(19)



   



u(t, 0) = 0 u(t, 1) = v(t) u(0, x) = u0(x)



for for for for



x ∈ (0, 1), t > 0 t>0 t>0 x ∈ (0, 1)



satisfies u(T, ·) = 0.



(20)



Fattorini H.O. and Russell D. L.: Exact controllability theorems for linear parabolic equations in one space dimension, Arch. Rat. Mech. Anal., 4 (1971), 272-292.



  ∞ m a0 √ X T 2 2 (−1) T √ m e−m π 2 Θm t − u0 = a0 n 2 sin(nπx) ⇒ v(t) = 2 2 m=1 n=1 ∞ X



where (Θm)∞ is a biorthogonal sequence to the family of real m=12 2 ∞   T T −j π t 2 exponentials e in L − 2 , 2 . j=1



20







−j 2 π 2 t



Construction of (Θm)∞ m=1 , biorthogonal sequence to e



∞ j=1



in



  T T 2 L −2, 2 : ˜ m (z) = 1. Ψ



Q



n2 π 2 −z 2 n6=m n π 2 −m2 π 2



=



Q



n2 π 2 2 n6=m n π 2 −m2 π 2



Q



n6=m



1−



z n2 π 2







=



Q



√ n2 π 2 m2 π 2 sin( √ z) , 2 2 2 2 2 2 n6=m n π −m π m π −z z



˜ m (z) entire function of arbitrarily small exponential type, Ψ ˜ m (k2 π 2 ) = δmk , Ψ √ |x| ω 1 ˜ m (x i) ≤ Ce , x ∈ R. Ψ 2. If M is an entire √function of arbitrarily small exponential type such that 1 −ω1 |x| |M (x i)| ≤ 1+|x| , x ∈ R, |M (m2 π 2 )| ≥ e−ωm define 2e ˜ m (−z i) Ψm (z) = Ψ



M (−z i) , 2 2 M (m π )



Ψm (z) entire function of exponential type arbitrarily small, Ψm (k2 π 2 i) = δmk , ||Ψm ||L2 (R) ≤ Ceωm . Z 1 3. Θm (t) = 2π Ψm (x)e−itx dx, R



Z



T 2



• Ψm (z) =



Θm (t)eitz dt ⇒



− T2



• ||Θm ||L2 (− T , T ) = 2 2



Z



T 2



Θm (t)e−k



2



π2t



dt = Ψm (k2 π 2 i) = δmk ,



− T2 √1 ||Ψm ||L2 (R) 2π



⇒ ||Θm || ≤ Ceωm . 21



Discrete wave equation with viscosity    −µ (h)t T T 2 (Θm)1≤|m|≤N a biorthogonal sequence to e j in L − 2 , 2 , 1≤|j|≤N       



(21)



nπh 2 µn = i sin h 2



nπh nπh cos + i sin 2 2



.



• The exponential family is complex.



• There exists a dependence on h.



• The maximal decay rate is 


22



First step: the product z    Y  1 + µn  Y z + µm ˜ m (z) = exp − Ψ .  µm  µ n 1+ 1≤|n|≤N 1≤|n|≤N n6=m µn







(22)



˜ m has the following properties: The function Ψ ˜ m (−µn ) = δnm , 1. Ψ



1 ≤ |n| ≤ N



˜ m is an entire 2. There exists a constant B1 independent of h and m such that Ψ function of exponential type at most B1 , (23)



˜ m (z)| ≤ exp(B1 |z|), |Ψ



∀z ∈ C.



3. The following estimate holds for any x ∈ R:  r !     mπh x + µm |x|   C cos exp ω , |x| ≥ 1 1 µm  2 h Ψ ˜ m (x i) ≤ (24)      mπh x + µm  2  |x| ≤  C1 cos µm exp ω1h|x| , 2



1 h 1 h



where ω1 and C1 are two positive constants independent of h. 23



Second step: the multiplier Lemma. Let ε > 0 and ξ : R → R be the function defined by (25)



   εx2, |x| ≤ 1 ε, r ξ(x) = |x| 1.   , |x| > ε ε



There exists an entire function Mε of exponential type such that (26)



|Mε(x i)| ≤ C2 exp (−ξ(x)) ,



(27)



|Mε(−µm)| ≥ exp (−ω2|


∀x ∈ R,



1 ≤ |m| ≤ N,



where C2 and ω2 are two positive constants, independent of N and ε. Ingham A. E.: A note on Fourier transform, J. London Math. Soc., 9 (1934), pp. 29-32.



24



Third step: the biorthogonal 



(28)



Mh (z i) ˜ m (z i) Ψm (z) = Ψ Mh (−µm )



ω1 



sin(z − iµm ) z − iµm



2 ,



˜ m and Mh are given by (22) and Lemma respectively. where Ψ • Ψm (iµn ) = δnm ,



1 ≤ |n|, |m| ≤ N .



• Ψm is an entire function of exponential type B = B(ω1 , ω2 ), independent of N .



 • ||Ψm ||L2 (R) ≤ C cos



mπh 2







eω|


ω = ω(ω1 , ω2 ).



We define the Fourier transform of Ψm Z ∞ 1 (29) Θm (z) = Ψm (x)e−xzi dx. 2π −∞ {Θm }|m|≤N is the biorthogonal sequence in L2 (−B, B) we are looking for. Moreover, m6=0 from Plancherel’s Theorem we have   √ mπh (30) 2π k Θm kL2 (−B,B) =k Ψm kL2 (R) ≤ C cos eω|


25



Theorem. For any T > 0 sufficiently large but independent   of h, there exists a sequence (Θm)|m|≤N , biorthogonal in L2 − T2 , T2 to the m6=0



family e−µj (h)t 







|j|≤N , j6=0



such that



mπh ω |


(31)







1 ≤ |m| ≤ N



where C and ω are positive constants, independent of m and N . Remark. Theorem provides a biorthogonal set for any T > 0. However, for estimate (31) we need a time T sufficiently large (but independent of the discretized problem). An estimate for T can be obtained from the proof. 2



26



Theorem. Let us suppose that the initial data of (1) are such that 1 1 0 |an| < ∞ |an| + nπ n≥1 



X 



(32)



For any T as in the previous theorem, there exists a control vh of the semi-discrete problem (12) with ε = h such that the sequence (vh)h>0 is bounded in L2(0, T ). If v ∈ L2(0, T ) is a weak limit of (vh)h, then v is a control for the continuous problem (1). Proof: We consider vh =



X 1≤|m|≤N



√



(−1)mh 2 sin(|m|πh)



µm (h) T2



e



T Θm t − 2 







(λm(h))2 0 a|m| + a1 |m| µm(h)



where (Θm)1≤|m|≤N are given by the previous Theorem. 27



!



Numerical Experiments: Initial data (u0, u1) to be controlled.



28



Numerical Experiments: Approximations of the control with four ∆t different values of h and = 7/8 h



29



Open problem: Improve the rate of convergence



(33)



u00j (t) = (∆hu)j + ε(∆hu0)j



• ε=h



• ε = h1.5



• ε = h1.7



• ε = h1.9 30



Approximations of the control with different values of the parameter ε when h=



1 . 100



h kvhkL2 kvhkL2 kvhkL2 kvhkL2



with with with with



ε=h ε = h1.5 ε = h1.7 ε = h1.9



1/100 1.4656 1.8495 1.9117 1.9540



1/500 1.8013 1.9877 2.0100 2.0225



1/1000 1.8750 2.0101 2.0242 2.0316



Numerical results for kvh kL2 obtained with ∆t = 7/8h and different values of the parameters ε and h. The exact result is ||v||L2 = 2.0106.



Open problem: Changing the viscosity



(34)



u00j (t) = (∆hu)j + ε(∆hu0)j



(35)



0) . u00j (t) = (∆hu)j − ε(∆2 u j h



31
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