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Department of Economics, New York University, 7th Floor, New York, NY 10003, USA (Received 31 March 2006; in final form 5 October 2006) On the Occasion of the 60th Birthday of Kazuo Nishimura We characterize the equilibrium of simple dynamic economy with linear production and redistribution, where agents face arbitrary sequences of after tax returns on wealth. This allows us to study the dynamics of the distribution of wealth. We apply our analytical method to illustrate that for an agent with wealth less than or equal to the median, there may be no tradeoff between growth and equality, while there could be a tradeoff between growth and welfare. Keywords: Dynamic economics; Equilibrium; Linear production; Redistribution JEL Classification: H21; H23



1. Introduction Suppose a policy maker, maybe reflecting the preferences of a poor median-voter, would like to redistribute wealth through taxation. A standard fiscal simple mechanism would be to tax wealth or capital income and redistribute the proceeds equally as transfers or subsidies. Complete equality may be achieved by a 100% tax rate on wealth in the immediate initial period, which has no effect on future consumption and accumulation decisions. This however may not be possible because, as is usually assumed in the literature on optimal taxation, there is an upper bound on the feasible tax rate. In such a case it is natural to expect that a policy maker interested in achieving wealth equality would continue to set taxes at their maximal levels. Surprisingly, in a simple economy with a linear production function, setting taxes at any constant level forever and redistributing the tax proceeds equally leaves the initial distribution completely unchanged. This result, initially observed in a slightly different context by Bertola (1991), follows from the fact that agents with homothetic preferences acting optimally will consume a fixed fraction of their capital income, but consume all of their transfer income. What then is the appropriate fiscal mechanism to redistribute wealth? Before proceeding it will be useful to put the above observations in the context of optimal tax theory. The early literature on optimal taxation, initiated by [1,2], has demonstrated that optimal capital taxes should converge to zero, and this result has proved to be robust in many contexts (see [3,4]). Moreover the convergence to zero has a bang –bang character, with taxes at their maximal level for a finite number of initial periods, and zero thereafter, possible with interior positive taxes for a single transition period. More recently [5] have extended these *Corresponding author. Email: [email protected] Journal of Difference Equations and Applications ISSN 1023-6198 print/ISSN 1563-5120 online q 2007 Taylor & Francis http://www.tandf.co.uk/journals DOI: 10.1080/10236190601069192
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results to a context where taxes are set according to the preferences of a poor median voter. They establish the bang bang property of taxes under Gorman aggregable preferences, with the proviso that when the elasticity of intertemporal substition is below unity (the empirically plausible case), redistributive considerations may overwhelm the efficiency losses due to disincentive effects of taxes on accumulation, and the second bang may never arrive: optimal taxes remain at their upper bound forever. This result makes it clear that optimal taxes preferred by the median voter are aimed not at equalizing the wealth distribution but at high transfers and high consumption, since high constant taxes leave the initial wealth distribution unchanged. Whether taxes are set optimally under commitment according to the preferences of a social planner, a median voter, or not, the consequences of redistributive policies for the distribution of wealth are far from obvious, and of independent interest. The methods used in the theory of optimal taxation do not provide analytic solutions of equilibria for arbitrary tax sequences that would then allow the dynamic characterization of wealth distribution over time. Our primary goal is to study and characterize the equilibrium of simple dynamic economy with linear production and redistribution, where agents face arbitrary sequences of after tax returns on wealth. This then allows us to study the dynamics of the distribution of wealth. Since our proofs are constructive, our characterization provides a very simple structure for the numerical analysis of the consequences of arbitrary sequences of net returns. As an application we show that achieving a certain degree of wealth equality (other than the initial distribution) is indeed impossible with constant redistributive capital taxes set at any level, but may be achieved with a policy of high taxes that quickly drop to zero and simultaneously maximizes the growth rate, but that may not correspond to the optimal tax sequence maximizing the welfare of a median voter or social planner under commitment. Thus, as we illustrate in Section 4.1, for a poor median voter there may be no tradeoff between growth and equality, but there could be a tradeoff between growth and welfare.



2. The model We follow the standard redistributive model described in Ref. [6]. Output yt at time t is produced with capital kt according to the production function yt ¼ rkt with r . 1. There are n agents, indexed by i.We denote the shares of capital owned by agent i at time s as vis so that P kit ¼ vit kt . In every period t, they each own a share of the capital stock, vit and ni¼1 vit ¼ 1. The tax rate on assets at time t is tt, and in each period taxes are distributed to the agents in proportion n 21 of the total. We assume that ts [ ½0; t~, where t~ # 1 for all s. Agent i0 s budget constraint is: yit ¼ ð1 2 tt Þrvit kt þ n 21 tt rkt ¼ ð1 2 tt Þrkit þ n 21 tt rkt : The utility function of the agent i is 1 X s¼t0



b



i2t0



 i 12s cs 21 ð1 2 sÞ
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where cis is consumption of the agent at time s and s . 0. The value function for agent i is:  i 12s   c 21 i i V kt ¼ max t þ bV i ðrð1 2 tt Þkit þ qit 2 cit Þ ci ð1 2 sÞ where qis is the redistributive transfer agent i receives at time s and the discount factor b [ ð0; 1Þ. The first-order condition of the agent for an interior solution is:
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citþ1 ¼ cit ðbrð1 2 tt ÞÞð1=sÞ



ð1Þ



Forward iteration of the budget constraint kitþ1 ¼ rð1 2 tt Þkit 2 ðcit 2 qit Þ implies, provided ttþs , 1 for s ¼ 1; 2 . . . (see Assumption 2 below), that: " # j t  t  Y X Y i i i i 21 cj 2 qj ðrð1 2 ts ÞÞ ðrð1 2 ts ÞÞ21 kitþ1 ¼ ðrð1 2 t0 ÞÞki0 ð2Þ c 0 2 q0 þ þ j¼1



s¼1



s¼1



The no Ponzi and transversality conditions imply lim



t!1



t Y



! 21



ðrð1 2 ts ÞÞ



kitþ1 ¼ 0



ð3Þ



s¼1



so that equation (2) becomes ci0 2 qi0 þ



j 1  Y X cij 2 qij ððrð1 2 ts ÞÞ21 Þ ¼ ðrð1 2 t0 ÞÞki0 j¼1



ð4Þ



s¼1



Iterating the first order conditions for the agent and substituting into equation (4) yields: !! j 1 Y X   i i i i i 21 qj ðrð1 2 ts ÞÞ ct ¼ lt ðrð1 2 tt ÞÞkt þ qt þ j¼tþ1



s¼tþ1



where



lit ¼ lt ¼



1þ



j 1 Y X



!21



b ð1=sÞ ðrð1 2 ts ÞÞð12s=sÞ



j¼tþ1 s¼tþ1



Thus the agent consumes a fraction lt of the sum of his net capital income ðrð1 2 tt ÞÞkit plus the value of transfers that he receives, discounted at rð1 2 tt Þ. The following assumptions assure that 0 , lt , 1 for all t $ t0 . Note that the assumption places no further restrictions on the tax rate in the initial period t0. Assumption 1.



ts # t~s , 1 for all s ¼ t0 þ 1; t0 þ 2; . . . where t0 is the initial period.



Assumption 2.



b ð1=sÞ ðrð1 2 t~s ÞÞð12s=sÞ , 1; b ð1=sÞ r ð12s=sÞ , 1.



The excluded case where tt ¼ 1, where t is the first time at which tt ¼ 1, can be dealt with separately. In that case, if s , 1, the Euler equation (1) holds as an inequality and implies that all assets are consumed in period t 2 1. The growth rate reverts to zero forever, since transfers must become zero from then on as well. Furthermore note that if s $ 1, utility becomes unbounded below if consumption is forced to zero. Prior to t the Euler equation
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holds with equality and the consumption savings problem reduces to a standard finite horizon problem with all capital consumed at t 2 1. Since this case is of little interest we will rule it out by Assumption 2. In equilibrium transfers are determined by total tax collections so that n X



yit ¼
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i¼1



n X



ð1 2 tt Þrvit kt þ n 21 tt rkt ¼ rkt



i¼1



Without loss of generality we define growth rates gs ¼ ðks =ks21 Þ and transfers qit as ! ! t t Y Y kt ¼ gs k0 qi0 ¼ n 21 t0 rk0 qit ¼ n 21 tt rkt ¼ n 21 tt r gs k 0 s¼1



s¼1



Using the definition of the growth rates and transfers we can write cit



¼ lt rð1 2



tt Þkit



qit



þ



1 X



þ



j¼tþ1



qij



j Y 



21



ðrð1 2 ts ÞÞ







!!



s¼tþ1



Let xtþ1 be the discounted value of tax revenues from t þ 1 on. We have 1 X



j Y



gs ðrð1 2 ts ÞÞ21 $ 0



ð5Þ



  cit ¼ lt ð1 2 tt Þrkit þ n 21 ðtt þ xtþ1 Þrkt



ð6Þ



xtþ1 ¼



tj



j¼tþ1



s¼tþ1



After some algebra we get



Each agent’s budget constraint implies kitþ1 ¼ ð1 2 tt Þrkit þ n 21 tt rkt 2 cit   ¼ ð1 2 tt Þrkit þ n 21 tt rkt 2 lt ð1 2 tt Þrkit þ n 21 ðtt þ xtþ1 Þrkt   ¼ ð1 2 tt Þð1 2 lt Þrkit þ n 21 r tt ð1 2 lt Þ 2 n 21 r lt xtþ1 kt Summing over agents, ktþ1 ¼



n X



kitþ1 ¼ ðð1 2 tt Þð1 2 lt Þ þ tt ð1 2 lt ÞÞrkt 2 lt xtþ1 rkt ¼ rð1 2 lt 2 lt xtþ1 Þkt



i¼1



We have the equilibrium relation describing growth rates for our redistributive economy: gtþ1 ¼ rð1 2 lt 2 lt xtþ1 Þ



ð7Þ



The solution of this equation, describing current growth rate as a function of future growth rates, would express the growth rates in terms of an arbitrary sequence of current and future taxes and will allow us to express the equilibrium of the economy for arbitrary tax sequences. If we confine ourselves to a tax sequence that remains constant after the first period, ts ¼ t for s . t0, then ls ¼ l and is also constant 4, and the solution of the above equation is gs ¼ rð1 2 lÞð1 2 tÞ



ð8Þ



as can be verified by substituting xtþ1 ¼ x from equations (5) and (8) into equation (7), and using the standard formulas infinite sums.
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3. Dynamics of shares To characterize the equilibrium dynamics of the economy, we first describe the evolution of asset shares from an initial distribution, given the tax and redistribution schemes. From the agent’s budget constraint we have: kitþ1



¼ ð1 2 lt Þð1 2



tt Þrkit



þn



21



rkt £



1 X



ð1 2 lt Þtt 2 lt



tj
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j¼tþ1



j Y







21



gs ðrð1 2 ts ÞÞ







!!



s¼tþ1



We can express this in terms of shares: kitþ1 ktþ1 ki ¼ ð1 2 tt Þð1 2 lt Þr t þ n 21 r tt ð1 2 lt Þ 2 n 21 r lt ktþ1 kt kt



1 X



tj



j Y



j¼tþ1



s¼tþ1



1 X



j Y



! gs ðrð1 2 ts ÞÞ



21



which can be written as vitþ1 gtþ1



¼ ð1 2 tt Þð1 2



lt Þrvit



þn



21



r tt ð1 2 lt Þ 2 n



21



r lt



tj



j¼tþ1



! gs ðrð1 2 ts ÞÞ



21



s¼tþ1



and can be solved for vitþ1 as vitþ1 ¼ ððgtþ1 Þ21 rð1 2 lt Þð1 2 tt ÞÞvit þ ðgtþ1 Þ21 rn 21 tt ð1 2 lt Þ 2 lt



1 X j¼tþ1



tj



j Y



! gs ðrð1 2 ts ÞÞ21



ð9Þ



s¼tþ1



where the law of motion for gtþ1 is given in equation (7). Thus if we could solve for growth rates as functions of future taxes, we could also solve for the dynamics of the shares. Note that if ts ¼ t, then ls ¼ l; using equations (8) and (9) we can solve for: vitþ1 ¼ g 21 rð1 2 tÞð1 2 lÞvit ¼ vit Therefore, shares vitþ1 remain constant. This is because agents always consume all income other than capital income, just as in Ref. [7] remarkable early results in a slightly different context (He allows for differentially productive labor by introducing increasing returns to scale.) To see this, note that if ts is constant, gs ¼ rð1 2 tÞð1 2 lÞ. Then, non-capital income minus the fraction of this income consumed (not including the fraction of capital income consumed), is given by: ! j 1 X Y 21 21 21 n r tð1 2 lÞ 2 n r lt gs ðrð1 2 ts ÞÞ j¼tþ1 s¼tþ1



¼ n 21 r tð1 2 lÞ 2 n 21 r ltðl 21 2 1Þ ¼ 0
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Now suppose the tax rate is tt0 at t0, and t afterwards, and therefore gt0 þ1 ¼ rð1 2 lÞð1 2 tÞ. Then, using equation (3) the shares are† h i vit0 þ1 ðtt0 ; tÞ ¼ ð1 2 tÞ21 ð1 2 tt Þvit0 þ n 21 ðtt 2 tÞ Therefore, if t ¼ 0
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vit0 þ1 ¼ ð1 2 tt0 Þvit0 þ tt0 n 21 :vit0 þsþ1 ¼ vit0 þs and tt0 ¼ 1 produces complete non-distortionary equality in one step. However, attaining a desired redistribution in one period with a policy {tt0 ; 0; 0 . . . } may not be possible if there is an exogenous upper bound t , 1 on the feasible tax rates, as is usually assumed on optimal taxation models. In that case it easy to show‡, for vit0 , n 21 , that vit0 þ1 ðtt0 ; tÞ is maximized at tt0 ¼ t, and t ¼ 0, and redistribution results in vit0 þs ¼ ð1 2 tÞvit0 þ tn 21 ; s ¼ 1; 2 . . . For further redistribution then we must explore the effects of more complicated tax sequences, which requires us to solve (7). We turn to this next.



4. The equilibrium growth rates gt for arbitrary tax sequences If an equilibrium exists, then xtþ1 as defined in equation (5) is a non-negative real number for each t. This essentially follows from the transversality condition equations (3) and (6). Since we are concentrating on interior equilibria, certainly kt . 0 for each t, and so gtþ1 . 0 for each t. Thus, using this in the definition of xtþ1 , one has xtþ1 $ 0 for each t, and xtþ1 . 0 iff tj . 0 for some j $ t þ 1. The equilibrium of our economy can therefore be characterized by the equations (5) and (7), together with the non-negativity or positivity restrictions given above. After solving the two equations, we could then check that this indeed constitutes an equilibrium consistent with the analysis in Section 3. From the definition of xtþ1 we have xtþ1 ¼ xtþ2 gtþ1 ðrð1 2 ttþ1 ÞÞ21 þ ttþ1 gtþ1 ðrð1 2 ttþ1 ÞÞ21 ¼ rð1 2 lt 2 lt xtþ1 Þðxtþ2 þ ttþ1 Þðrð1 2 ttþ1 ÞÞ21



ð10Þ



This difference equation, however, contains less information than the equations (5) and (7) and the non-negativity conditions taken together, and therefore can generate spurious solutions. For example, for constant taxes t $ 0, we have two stationary solutions of equation (10) for x given by the quadratic equation: x 2 þ ð21 þ ðl 21 2 1ÞtÞx 2 ðl 21 2 1Þt ¼ 0 If t . 0, so that the product of the roots 2ðl 21 2 1Þt is negative, then one of the solutions for x is positive while the other is spurious and negative, and both solutions are real. Similarly, if t ¼ 0, one solution for x is 0 and the spurious solution is 2 1, with the spurious solution for the growth rate becoming g ¼ r instead of the correct solution g ¼ rð1 2 lÞ.



†Therefore, if t ¼ 0 vit0 þ1 ¼ ð1 2 tt0 Þvit0 þ tt0 n 21 :vit0 þsþ1 ¼ vit0 þs and tt0 ¼ 1 produces complete nondistortionary equality in one step. ›vit þ1 ðtt0 ;tÞ i 21 i 0 ¼ ð1 2 tÞ21  ›t  ‡For vt0, n , vt0 þ1ðtt0 ; tÞ is increasing in tt0 , and decreasing in t because ð1 2 tt0 Þ 2n 21 þ vit0



.0
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Nevertheless, the “continued fractions” method given below will eliminate spurious solutions that violate the equilibrium non-negativity conditions. We can express xtþ1 as



Downloaded by [New York University] at 13:29 29 February 2016



xtþ1 ¼



rð1 2 lt Þðxtþ2 þ ttþ1 Þ rð1 2 ttþ1 Þ þ r lt ðxtþ2 þ ttþ1 Þ



ð11Þ



From the definition of equation (5), if for some n $ t þ 1 we have ts ¼ 0, for all s $ n, then 1 xs ¼ 0 for s $ n, that is {ts }1 n ¼ {xs }n ¼ {0}. If we rule out such tax sequences that are identically zero after some date, then {xs }1 tþ1 . 0 and therefore xs þ tsþ1 . 0 for s $ t þ 1, and we can write equation (11) as xtþ1 ¼ ¼



ð1 2 lt Þ ð1 2 ttþ1 Þðxtþ2 þ ttþ1 Þ21 þ lt ð1 2 lt Þ ð1 2 ttþ1 Þððrð1 2 ltþ1 Þ=rð1 2 ttþ2 Þðxtþ3 þ ttþ2 Þ21 þ r ltþ1 Þ þ ttþ1 Þ21 þ lt



This in turn can be expressed as a continued fraction: xtþ1 ¼ ð12lt Þ ð12ttþ1 Þððð12ltþ1 Þ=ð12ttþ2 Þððð12ltþ2 Þ=ð12ttþ3 Þðxtþ4þttþ3 Þ21þltþ2 Þþltþ2 Þ21þltþ1 Þþttþ1 Þ21þlt ð12Þ that is xtþ1 ¼



ð1 2 lt Þ



lt þ



ð12ttþ1 Þ



ð12ltþ1 Þ ttþ1 þ ð12ttþ2 Þ ltþ1 þ ð12ltþ2 Þ ttþ2 þ ltþ2 þ ...



¼



a1 b1 þ b



a2 2þ b3 þ



$0



ð13Þ



a3 a4 a b4 þ 5 b5þ ...



The continued fraction above defines a unique non-negative xtþ1 satisfying equation (5) and (7). The non-negativity of xtþ1 follows from the non-negativity of all the elements of the continued fraction, {ai ; bi }. While this construction excludes tax sequences that are identically zero after some date, note that the right side of the continued fraction (13) contains only tax rates and does not contain any element of the x sequence. We may then consider if the continued fraction still correctly assigns xn ¼ 0 when we let {ts }1 n ! 0 for n $ t þ 1. In principle if the first zero element of the x sequence is, for example, x5 because ts ¼ 0 for s $ 5, the continued fraction could be terminated, as in equation (12), in order solve for xtþ1 . However, the complete continued fraction (13) could also be used provided it correctly assigned the values xs ¼ 0 for s $ 5, when defined recursively. For this purpose, we would have to show that in fact equation (14) correctly assigns xn ¼ 0 whenever ts ¼ 0 for s $ n $ t þ 1, thus picking the correct solution rather than the spurious one implicit in the difference equation that violates the non-negativity constraints{. This is in fact established in the Proof of Theorem 1 below.



{See also the last sentence of this section to note that letting t ! 0 in the continued fraction also yields the correct solution, x ¼ 0.
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Expressed in terms of the coefficients and variables of our model, we can define {ai ; bi } for i ¼; 1; 2; . . . as follows. Definition 1.



Let



ai ¼ 1 2 ltþði21=2Þ ;



bi ¼ ltþði21=2Þ ;



for i odd



ai ¼ 1 2 ttþði=2Þ ;



bi ¼ ttþði=2Þ ;



Downloaded by [New York University] at 13:29 29 February 2016



for i even



Definition 2.



(The recurrence relation of continued fractions)



Aðn; tÞ ¼ bn Aðn 2 1; tÞ þ an Aðn 2 2; tÞ



Bðn; tÞ ¼ bn Bðn 2 1; tÞ þ an Bðn 2 2; tÞ



Að1; tÞ ¼ a1 ¼ 1 2 lt ; Að0; tÞ ¼ 0; Að21; tÞ ¼ 1; Bð1; tÞ ¼ b1 ¼ lt ; Bð0; tÞ ¼ 1; Bð21; tÞ ¼ 0 The second argument t indicates that the recurrence relation depends on the initial values Að1; tÞ ¼ a1 ¼ 1 2 lt , and Bð1; tÞ ¼ b1 ¼ lt , and are used to define xt. We will suppress the first argument t from here on. The theorem below gives the solution of the sequence {xs } in terms of an arbitrary tax sequence {ts }. Given the sequence {xs }, then it is immediate to solve for the sequence of growth rates {gs } and consumptions {cs }. Theorem 1. xt ¼ limn!1 ðAðn; tÞ=Bðn; tÞÞ; the limit exists and is finite if ts [ ½0; 1. Furthermore, equilibrium growth rates are given by



0 # gtþ1 ¼ rð1 2 lt 2 lt xtþ1 Þ ¼



xtþ1 ðrð1 2 ttþ1 ÞÞ #r ðxtþ2 þ ttþ1 Þ



Proof. See Appendix. A It is easy to check that when ttþs ¼ t, using the continued fraction method of Theorem 1 does in fact yield the correct solution for the growth rate g ¼ rð1 2 lÞð1 2 tÞ. To see this notice that " lim Q k ¼ lim



k!1



k!1



1 2 lð1 2 tÞ lð1 2 tÞ



t



12t



#k



2 ¼4



t lð12tÞþt



lð12tÞ 3 lð12tÞþt



t lð12tÞþt



lð12tÞ lð12tÞþt



5



ð14Þ



This is easy to compute because the matrix Q is stochastic, with row sums equal to unity, so it converges to the matrix ev T where e is a column vector of ones, and v is the characteristic vector belonging to the unit root of the transpose of Q, normalized so that v T e ¼ 1. Given
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Cð1Þ ¼ Að0Þ ¼ 0,Að1Þ ¼ a1 ¼ ð1 2 lÞ,Dð1Þ ¼ Bð0Þ ¼ 1,Bð1Þ ¼ b1 ¼ l, "



Að1Þ



2



#



¼4



Cð1Þ



t lð12tÞþt



lð12tÞ 3 lð12tÞþt



Að1Þ



t lð12tÞþt



lð12tÞ lð12tÞþt



Cð1Þ



" ;



Bð1Þ



2



#



Dð1Þ



¼4



t lð12tÞþt



lð12tÞ 3 lð12tÞþt



Bð1Þ



t lð12tÞþt



lð12tÞ lð12tÞþt



Dð1Þ



5



!



Að1Þ tð1 2 lÞ tð1 2 lÞ ¼ ¼ ¼ tðl 21 2 1Þ Bð1Þ lt þ lð1 2 tÞ l



x¼
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5



!



but g ¼ rð1 2 l 2 lxÞ ¼ rð1 2 l 2 ltðl 21 2 1ÞÞ ¼ rð1 2 lÞð1 2 tÞ as expected. Note also that if we let t ! 0, the continued fraction solution yields g ¼ rð1 2 lÞ and x ¼ 0. 4.1 The tradeoff between inequality, redistribution and welfare: an application We have already noted that the growth rates for a tax sequence that has a tax of tt0 in the initial period t 0 and zero tax rates afterwards is g ¼ rð1 2 lt0 Þ ¼ rðb ð1=sÞ r ð12s=sÞ Þ ¼ ðbrÞð1=sÞ , because the first period taxes are non-distortionary. However, if the tax rate at t0 þ 1 is tt0 þ1 and t afterwards, we can compute "



Að1Þ



2



#



Cð1Þ



¼4



"



#



Bð1Þ Dð1Þ



t lð12tÞþt



lð12tÞ 3" 1 lð12tÞþt



t lð12tÞþt



lð12tÞ lð12tÞþt



2 ¼4



5



2 lt0 ð1 2 tt0 þ1 Þ lt0 ð1 2 tt0 þ1 Þ



tt0 þ1



t lð12tÞþt



lð12tÞ 3" 1 lð12tÞþt



t lð12tÞþt



lð12tÞ lð12tÞþt



5



#



1 2 tt0 þ1



2 lt0 ð1 2 tt0 þ1 Þ



£



lt0 ð1 2 tt0 þ1 Þ



tt0 þ1



1 2 tt0 þ1



1 2 lt0



!



0



# £



lt 0



!



1



where



lt0 ¼



1þ



1 X



j Y



!21 ðb



ð1=sÞ



ðrð1 2 ts ÞÞÞ



ð12s=sÞ



j¼t0 þ1 s¼t0 þ1



with tax sequence {tt0 ; tt0 þ1 ; 0; 0; . . . }, and



lt ¼



1þ



1 X



j Y



!21 ðb



ð1=sÞ



ðrð1 2 tÞÞÞ



j¼t0 þ2 s¼t0 þ2



with tax sequence {tt0 þ1 ; t; t; . . . }.



ð12s=sÞ



¼ 1 2 b ð1=sÞ ðrð1 2 ts ÞÞð12s=sÞ
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We now consider the redistribution scheme {tt0 ; tt0 þ1 ; 0; 0; . . . } for the special case of logarithmic utility for which l ¼ ð1 2 bÞ. Using the results above we compute: Að1Þ tt0 þ1 ð1 2 lÞ ¼ Bð1Þ 1 2 ð1 2 lÞtt0 þ1       1 2 ð1 2 lÞtt0 þ1 2 l ð1 2 lÞð1 2 tt0 þ1 Þ b 2 btt0 þ1 gtþ1 ¼ r ¼r ¼r ,r 1 2 ð1 2 lÞtt0 þ1 1 2 ð1 2 lÞtt0 þ1 1 2 btt0 þ1 !  n 21 ltt0 þ1 ð1 2 ð1 2 lÞtt0 þ1 Þ  i   , n 21 vt0 þ1 ¼ ð1 2 tt0 Þvit þ tt0 n 21 2 ð1 2 tt0 þ1 Þ 1 2 tt0 þ1
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xt0 þ1 ¼



and, for vit0 , n 21,



›vit0 þ1 ¼ ›ttt0 þ1







   l ð1 2 tt0 Þvit þ tt0 n 21 2 n 21 , 0 2 ð1 2 tt0 þ1 Þ



which again implies that vit0 þ1 is maximized at {t; 0; 0 . . . }. Maximizing the growth rate gtþ1 requires setting ttt0 þ1 ¼ 0, as expected. If the object is to maximize vit0 þ2 , where after t0 þ 1 taxes are set to zero and shares remain invariant, we must consider     n 21 ltt0 þ1 ð1 2 ð1 2 lÞtt0 þ1 Þ  vit0 þ2 ¼ ð1 2 tt0 Þ ð1 2 tt0 Þvit þ tt0 n 21 2 þ tt0 n 21 ð1 2 tt0 þ1 Þ ð1 2 tt0 þ1 Þ However we can show that for vit0 þ1 , n 21 we have ðdvitþ2 =dtt0 Þ . 0 and ðdvitþ2 =dtt0 þ1 Þ , 0, so that {t; 0; 0:::} maximizes vit0 þ2 . It follows from the above analysis then that in this simple case, maybe counter-intuitively, when the object is to minimize the inequality of shares, it is best to reduce inequality as much as possible in the first period by setting tt0 ¼ t, and then to set redistributive taxes to zero. Therefore, there is no there is no tradeoff between equality and growth. There is however a tradeoff between growth and the welfare of the i0 th agent (maybe the median voter) with vit0 , n 21 . The standard bang – bang optimal tax policy that would maximize the discounted utility of the i0 th agent under this redistributive scheme requires setting the maximal tax t , 1 in the initial period t0 and a positive rather than zero tax at t0 þ 1, before reverting to zero redistributive taxes sometime in the future, and in particular, for certain parametrizations, reverting to zero at t0 þ 2. (see Bassetto and Benhabib (2006), Theorem 4.) As noted, however, the share of the i0 th agent (with vit0 , n 21 ) may be further increased by setting tt0 þ1 ¼ 0.
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A Appendix 1



Proof of Theorem 1. The recurrence relation for the solution of continued fractions is standard (see [8], p. 8-9) and can be written as a first order system as "
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with Að1Þ ¼ a1 ; Að0Þ ¼ 0; Að21Þ ¼ 1; Bð1Þ ¼ b1 ; Bð0Þ ¼ 1; Bð21Þ ¼ 0 We note that the product of stochastic matrices is stochastic. Then "
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This establishes that in fact the continued fraction assigns the correct solution xt ¼ 0 if ts ¼ 0 for s $ t, consistent with (5). We have to show that limn!1 ðAð2n þ 1Þ=Bð2n þ 1ÞÞ exists, that is that the product of the stochastic matrices in equation (17) converges. Consider first the case where lims!1 sup ttþs . 0. Since " # 1 2 ltþs ð1 2 ttþs Þ ltþs ð1 2 ttþs Þ J tþs ¼ ttþs 1 2 ttþs
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is a stochastic matrix, either Theorem 4 or its Corollary in Ref. [9] guarantees that lim ðJ n J n21 . . . J tþ1 Þ



n!1
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P1 converges to a stochastic matrix G1 , if k¼1 1k ¼ 1 where 1k ¼ mini; j J tþk ði; jÞ and J tþk ði; jÞ is the element ði; jÞ of J tþk . This condition holds since lims!1 sup ttþs . 0. Then " # 1 2 lt lim Að2n þ 1Þ ¼ lim ½1 0½G1  $0 n!1 n!1 0 For xtþ1 ¼ limn!1 ðAð2n þ 1Þ=Bð2n þ 1ÞÞ , 1, we need limn!1 Bð2n þ 1Þ . 0. Since lt . 0, and G1 is a non-negative stochastic matrix with row sums of unity, and the product of stochastic matrices is stochastic,. " # lt lim Bð2n þ 1Þ ¼ ½1 0½G1  . 0: n!1 1 By construction we had gsþ1 ¼ ðxsþ1 ðrð1 2 tsþ1 ÞÞ=ðxsþ2 þ tsþ1 ÞÞ $ 0 and gsþ1 ¼ rð1 2 ls 2 ls xsþ1 Þ , r; so 0 # gs , r for all s $ t. Now consider the case where lims!1 sup ttþs ¼ 0. Thus " # 12l l lim J tþs ¼ s!1 0 1 since l ¼ ð1 2 b ð1=sÞ r ð12s=sÞ Þ if ts ¼ 0. But the product lim ðJ n J n21 . . . J tþ1 Þ
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converges since the tail of the product converges to limn!1 l . 1§.
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§More generally, see also Seneta, Theorem 4.14, page 150, and Exercise 4.38, p. 158, and in particular Chatterjee and Seneta, " # Corollary of Theorem 5, p. 93. Note in particular that the index 2 is the single essential class of indices of 0 1 , which is aperiodic. 0 1
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