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This paper examines the dynamic pricing decisions of a monopolist seller when facing consumers that are forward-looking but have time-inconsistent preferences, which is modeled by quasi-hyperbolic discounting. We consider the cases where consumers can be sophisticated, naive or partially naive about their timeinconsistent preferences. We characterize the subgame perfect equilibrium for the full spectrum of consumers’ naivete. Our results show that cream skimming pricing strategies emerge as the robust pattern across different scenarios. The firm’s profits can be improved when consumers have time-inconsistent preferences. Given time inconsistency, consumers’ naivete affects the firm’s profit in a complex way. The firm’s profit is the highest when consumers are sophisticated. The change of profit in terms of degree of naivete is not always monotone, but a decreasing trend can be observed numerically. This suggests that if possible, the seller should educate the consumers to be aware of their time inconsistency problem. Our numerical experiments show that the pricing tactics are non-trivial as we vary the degrees of consumers’ time inconsistency and naivete, and the seller’s ignorance of consumers’ time inconsistent behaviors can lead to significant profit loss. Key words : dynamic pricing; time inconsistency; hyperbolic discounting; strategic consumers.



1



Gao, Chen, and Chen: Dynamic Pricing with Time-inconsistent Consumers Article submitted to ; manuscript no. (Please, provide the manuscript number!)



2



1. 1.1.



Introduction Background



Dynamic pricing has gained popularity in business, particularly because of the prevalent use of innovative online pricing strategies and the development of sophisticated information technologies. These advanced technologies have provided an almost costless way to dynamically adjust the prices using real-time data collected from consumers’ responses. At the same time, these dynamic pricing practices also educate consumers into more strategic ones. Anticipating that sales may be offered in the future, consumers may resist to purchase immediately even though they can obtain positive surplus. This strategic decision of waiting for sales has been a fixture of more recent literature on revenue management (as opposed to the classical treatment of simple-minded consumers); see Besanko and Winston (1990), Aviv and Amit (2008), Cachon and Swinney (2009), Liu and van Ryzin (2008), Su (2007), and Yin et al. (2009), among others. All the aforementioned papers assume that consumers are utility maximizers, who use exponential time discounting to transform future payoff into present value. Exponential time discounting method discounts the payoff received t periods later by δ t , where δ is called the discount factor. This standard way of discounting future payoff assumes that consumers make decisions in a time-consistent manner, i.e., consumers’ preferences do not change over time. However, human beings are well-known to have time-inconsistent preferences. Laboratory experiments and empirical evidences (See Thaler (1981), Ainslie (1992) and DellaVigna (2009)) suggest that an individual’s discounting is steeper in the immediate future than in the further future. For example, Thaler (1981) states that while some people may prefer one dollar today to two dollars tomorrow, no one would prefer one dollar in one year to two dollars in one year plus one day. The economists usually model time-inconsistent preferences via the “quasi-hyperbolic” discount function (Phelps and Pollak (1968), O’Donoghue and Rabin (1999), Laibson (1997)), because of its good fit to the experimental data and tractability. With quasi-hyperbolic discount function, an individual discounts his payoff occurring t periods later by βδ t , with β, δ ∈ (0, 1). The degree of time inconsistency is captured by β. A smaller β means a higher degree of time inconsistency.
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The time inconsistency also gives rise to an important new feature: individuals may have different naivete levels of their time-inconsistent preferences. A person is naive if he believes that his future selves’ preference will be the same as his current self’s. A person is sophisticated if he knows exactly what his future selves’ preferences will be. A person is partially naive if he is aware that he has the time-inconsistent preferences, but underestimates the magnitude of time inconsistency (overestimate β). 1.2.



Research Objectives and Findings



Since time inconsistency is a systematic and persistent bias in individuals’ decision making, it is natural and vital to ask how a rational firm should respond when consumers have this behavior bias and how this bias affects the firm’s profits. This paper intends to incorporate time inconsistency into a dynamic pricing model where the firm sets prices dynamically without commitment. We examine the seller’s decisions when facing consumers that are forward-looking but have time-inconsistent preferences. We have three main research questions. Given the complexity of time-inconsistent preferences combining with dynamic pricing, our first research question is: (1) Can we characterize the firm’s optimal dynamic pricing strategy when consumers are timeinconsistent? Is cream skimming (deceasing pricing path) still optimal for the firm? Then it is natural to ask how the firm’s profit gets affected when consumers are time-inconsistent. Specifically, we intend to answer: (2) How do consumers’ time-consistent preferences affect the firm’s profit? (3) How does the consumers’ sophistication affect the firm’s profit given that consumers are time-inconsistent? We study a dynamic pricing model, in which a seller (she) sells a durable product to a group of consumers (he) over multiple periods. The seller can charge different prices over time, and she dynamically optimizes these prices without committing to a pre-specified price trajectory. Consumers’ valuations of the product are heterogeneous, and for technical tractability we assume that they are uniformly distributed. Consumers, only purchasing at most one unit of the product,
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are strategic in deciding whether to buy or wait in each period, but they have time-inconsistent preferences, which is modeled via quasi-hyperbolic discount function with parameters β and δ. We consider the full spectrum of consumers’ naivete of their time-inconsistent preferences. The consumer’s naivete is parameterized by βˆ ∈ [β, 1], which represents his belief about his future degree of time inconsistency. Our paper provides an analytical solution to the optimal dynamic pricing path in the subgame perfect equilibrium when consumers are time-inconsistent. We show that despite the complexity of consumers’ time inconsistency and naivete, a dynamic program can be formulated to derive the seller’s optimal pricing path, and the consumers’ incentives to time their purchases can be incorporated in a succinct manner. We propose an algorithm that utilizes the concept of hypothetical waiting time, which captures how long a consumer expects to wait but is not necessarily the actual time he postpones the purchase. Our analytical solution allows us to show that the optimal price path is monotonically decreasing (cream skimming), irrespective of consumers’ time inconsistency issue or naivete. The underlying reason is intertemporal price discrimination: based on our dynamic programming formulation, the seller intends to induce consumers with higher valuations to purchase earlier than those with lower ones. This first-order effect prevails even if consumers are time-inconsistent and may not be fully aware of this issue. In terms of the relations between the seller’s profit and consumers’ degree of time inconsistency, our result shows that the seller can gain more profit when consumers are more time-inconsistent. More time-inconsistent consumers are more inclined to purchase early; this gives the seller some leeway to boost the price initially and thereby drives up the profits. Nevertheless, the equilibrium pricing path is not necessarily higher than that with time-consistent consumers. The price trajectory with time-inconsistent consumers, compared to the one with time-consistent consumers, starts with higher prices but ends with lower prices. This means that when the firm has a profit increase, not every consumer pays a higher price. In fact, the high valuation consumers indeed pay a higher price while the low valuation consumers pay a lower price.
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Furthermore, consumers’ naivete affects the firm’s profit in a complicated way. In a 3-period ˆ However, when there are more case 1 , the firm’s profit decreases monotonically with naivete β. than three periods, this monotonicity does not necessarily hold, though we show that the firm obtains the highest profit when consumers are sophisticated (βˆ = β). Through numerical studies we observe a decreasing trend of firm’s profit in consumers’ degree of naivete. Therefore, the firm has an incentive to educate the consumers into sophisticated ones. We also obtain some asymptotic results when the planning horizon goes to infinity as follows. First, the sales of the product are the same regardless of the consumers’ degree of time inconsistency or naivete. Second, the price in each period increases monotonically in time inconsistency. Third, in each period, sophisticated consumers pay a higher price than naive consumers. The remainder of this paper is organized as follows. Section 2 provides a literature review. Section 3 describes the model, presents examples of how hyperbolic consumers make purchasing decisions, and develops the dynamic programming formulation of the problem. Section 4 derives the main results. We characterize the subgame perfect Nash equilibrium and show the monotone property of the optimal price path. In Section 5 we examine how consumers’ degrees of time inconsistency and naivete affect the seller’s profit. We also show that the seller suffers profit loss when she ignores consumers’ time inconsistency. Concluding remarks are provided in Section 6. Technical details are relegated to the appendix.



2.



Literature Review



This paper is related to the literature on dynamic pricing of durable goods with strategic consumers. This research stream examines whether consumers’ strategic behavior hurts the seller’s profit, which stems from the famous work by Coase (1972). He shows that the seller’s lack of commitment forces the seller to surrender all of his profit because he has to compete against his future selves, and this inevitably reduces the selling price to the marginal cost level. Besanko and Winston (1990) characterize the subgame perfect optimal pricing path and prove that cream skimming emerges at the equilibrium when consumers are present at the beginning with uniformly distributed
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valuations and the seller has unlimited capacity of products. Su (2007) develops a continuous-time model where consumers are heterogenous in both valuation and patience level and shows that the optimal pricing path can be increasing, decreasing or non-monotone based on the consumers’ composition. Liu and van Ryzin (2008) consider a two-period model with limited capacity and find that it is sometimes optimal to create rationing risk. Aviv and Amit (2008) consider sequential arrivals of consumers according to a Poisson process and conduct a comprehensive numerical study about the impact of consumers’ strategic behavior on the seller’s pricing strategy and profit. Cachon and Swinney (2009) illustrate that quick response is significantly valuable to the firm in the presence of strategic consumers. Unlike the aforementioned papers, we incorporate consumers’ time inconsistency problems and their naivete. There are many economics studies adopting time-inconsistent discount functions. Phelps and Pollak (1968) introduce a mathematically convenient framework–quasi-hyperbolic discount function– to describe the time-inconsistent behaviors. As aforementioned, the experimental and empirical evidences supporting this functional form can be found in Ainslie (1992), DellaVigna (2009), Kirby and Herrnstein (1995), McClure et al. (2004), and Thaler (1981). The quasi-hyperbolic discount function is also used in a wide range of studies, such as consumption-saving choices (Laibson 1997), and procrastination (O’Donoghue and Rabin 1999). While most papers in the literature consider the two extreme cases–sophisticated and naive people, evidence from Frederick et al. (2002) shows that human beings are by and large partially naive, and O’Donoghue and Rabin (2001) therefore propose a model that introduces the full spectrum of consumer naivete. Our paper also covers all these cases of consumer naivete, illustrates the impact of consumer naivete in the dynamic pricing context. Among all the papers incorporating time-inconsistent agents, our work is especially related to those that investigate the interaction between time-consistent and time-inconsistent players. For instance, DellaVigna and Malmendier (2004) study the firm’s contract design when consumers have time-inconsistent preferences. Eliaz and Spiegler (2006) investigate a similar contract design
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problem, but with agents differing in degree of naivete. Heidhues and Koszegi (2010) analyze the model of a competitive credit market when borrowers are time-inconsistent. Plambeck and Wang (2009) show how consumers’ time-inconsistent behaviors and naivete affect the firm’s pricing and scheduling in a queuing model. All of the aforementioned papers come to the conclusion that the time-consistent player (firm) can extract a higher profit from naive time-inconsistent players (consumers), i.e., exploiting the naivete of consumers. However, our analysis shows that in the dynamic pricing setting the firm actually prefers more sophisticated time-inconsistent consumers most of the time. To the best of our knowledge, Sarafidis (2005) and Su (2009) are the only two papers in the literature considering a dynamic pricing setting where consumers exhibit time-inconsistent preferences. Sarafidis (2005) considers a similar setting as ours. In order to solve the game, he proposes two solution concepts: “equilibrium” and “naive backward induction”, and suggests that “equilibrium” is more appropriate in the dynamic pricing setting. Our analysis seeks the subgame perfect equilibrium of the game, which is the same as the “equilibrium” solution concept. In the modeling section we will have a more detailed discussion about the solution concept we have adopted. Sarafidis (2005) only considers the cases when consumers are naive or sophisticated, while we take into account the full spectrum of naivete and show that the firm’s profit is actually not monotone in terms of naivete. Under the “equilibrium” concept, he only characterizes the firm’s optimal pricing strategy when there are three periods, while we provide a full characterization for general finite horizon as well as infinite horizon cases. Su (2009) studies a model of consumer inertia and demonstrates that time-inconsistent preference is one of the possible reasons of inertia. His model is different from ours in various ways. In his paper a two-period model with capacity and random demand is considered and consumers are naive or sophisticated. Whenever a consumer makes a purchase, the payment is immediate but the consumption happens at the end of the planning horizon. In our model, however, the firm sells a durable product and the consumers’ payment and payoff happen at the same time.2 Su (2009)
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shows that time inconsistency increases the extant of inertia and thus hurts the firm’s profit, and sophistication can mitigate this effect. But our result shows that consumers’ time inconsistency boosts the firm’s profits and sophistication mostly likely increases the profits even further. Our work also contributes to the growing stream of research on bounded rationality in operations management. Exploring the effects of bounded rational behaviors in operations management field has drawn increasing attentions. See Bendoly et al. (2006) for an overview and potential research questions. Popescu and Wu (2007) and Nasiry and Popescu (2011) study the dynamic pricing problem with reference price effect, which models consumers’ bounded rationality on aggregated demand level. Based on prospect theory, the reference price effect indicates that the demand of a product depends on not only the present price, but also the historical prices. Chen et al. (2011) examine the reference price effect in a coordinated inventory control and pricing setting. Su (2008) builds a newsvendor model on the quantal choice model, in which the optimal decision is not always made, but better decisions are made with higher probability. Huang et al. (2013) apply ¨ this consumer choice model to examine the performance of service systems. Ozer et al. (2011) use an experimental approach to investigate the trust and trustworthiness in sharing forecasting information. Zhao et al. (2012) investigate an inventory system with time-inconsistent discounting rate. Our paper is different from the above papers in model settings and modeling framework.



3.



Model



In this section, we first describe the model setup, and then derive the consumer’s purchasing behaviors. 3.1.



The setting



We consider a model wherein a seller intends to sell a durable product to a fixed population of consumers. The selling season of the product is divided into T consecutive periods indexed by t ∈ {1, 2, ..., T }, with t = 1 representing the first period. We allow for the possibility of infinitehorizon selling season, i.e., T = ∞. All consumers arrive at the beginning of the selling horizon, and each consumer has a unit demand of the product. A consumer’s valuation is privately observed
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by himself and is unknown to the seller. From the seller’s perspective, a consumer’s valuation is a random draw from a uniform distribution over [0, 1]. Since our focus is on the dynamic pricing problem, we assume that the seller has unlimited capacity. Thus, it is without loss of generality to normalize the consumer population to 1. In addition, we normalize the marginal production cost of the product to zero too.3 The seller is time-consistent with one period discount factor α ∈ (0, 1). Time inconsistency. Unlike the seller, the consumers in question have time-inconsistent preferences. In compliance with the literature, we adopt the following quasi-hyperbolic discount framework. For a consumer, the payoff t periods later is discounted by βδ t , where β, δ ∈ (0, 1]. Therefore, the overall consumer’s payoff at time τ , denoted by Uτ , is Uτ = uτ + βδuτ +1 + βδ 2 uτ +2 + ... + βδ T −τ uT ,



(1)



where uτ is the per-period payoff. In this function, β captures the degree of time inconsistency. A smaller β means a higher degree of time inconsistency. As a special case, if β = 1, the consumer’s behavior is time-consistent. Except this extreme, we will refer to the consumer whose payoff is modeled by quasi-hyperbolic discount function with β < 1 as a hyperbolic consumer. To see why an individual with quasi-hyperbolic discounting may have time-inconsistent preferences, consider the following simple example with parameters β = 0.5 and δ = 1. There are 3 periods, and the consumer has a valuation of 5 for a single product. He can either purchase the product in the second period at a price of 3 or buy in the third period at a price of 2. In period 1 he will plan to buy in period 3 because 0.5(5 − 3) < 0.5(5 − 2), while in period 2 he will choose to make the purchase right away because (5 − 3) > 0.5(5 − 2). Therefore, for a consumer with quasi-hyperbolic discount function, his current self’s preference can be different from his future self’s. Naivete and rationality. We investigate three cases of hyperbolic consumers based on their naivete degree of time inconsistency. A consumer is naive if he believes that his future selves’ behavior will be the same as his current self’s. A consumer is sophisticated if he knows exactly what his future selves’ preferences will be. A consumer is partially naive if he is aware that he
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has the time inconsistency problem, but underestimates the magnitude. The consumer’s naivete ˆ his belief about his future time inconsistency problem. A sophisticated is parameterized by β, consumer has belief βˆ = β as he is aware of this problem. At the other extreme, a naive consumer has belief βˆ = 1: he thought he were time-consistent (but in reality he certainly is not). In between, a partially naive consumer has belief βˆ ∈ (β, 1). From the above description, a larger βˆ represents a ˆ δ) model and was proposed by O’Donoghue higher degree of naivete. This is referred to as the (β, β, and Rabin (2001). Dynamic pricing. The seller’s goal is to determine the price dynamically in each period in order to maximize her total discounted profit. At the beginning of each period t, the seller announces a price pt , and the consumers decide whether to purchase or not. The game then proceeds to the next period t + 1. The same process repeats itself until the end of the selling season. We assume that the seller cannot make any committable announcements about her future prices. The seller is fully aware of consumers’ time inconsistency and naivete when setting the prices. When a consumer makes the decision in any period t, he compares the payoff from purchasing right now to the anticipated payoff from waiting. We assume that consumers are endowed with correct beliefs of future prices at the beginning of the planning horizon. Some may argue that since naive or partially naive consumers have incorrect beliefs about their own preferences, how can they have correct beliefs about the prices set by the firm? One possible alternative is to assume that naive or partially naive consumers predict future prices by solving a game between the seller and consumers with wrong discount factors. To ˆ δ) will solve a game in which consumers have be more specific, consumers with parameters (β, β, discount factors βˆ and δ. This solution concept is called “naive backward induction” in Sarafidis (2005). While it is intuitive, the “naive backward induction” solution concept suffers from several drawbacks. First of all, the prices predicted by the consumers are different from the prices set by the firm. After observing the difference, the consumers may start to learn that the seller and themselves are not playing the same game. This leads to a learning problem for consumers who
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suffer from their irrationality. To our knowledge, no prior paper provides a clear and universally acceptable answer to this learning issue.4 More importantly, “naive backward induction” requires consumers to actually solve a complicated game. It is very unlikely that consumers in the real life have either the information or the computing power to solve this type of complicated game. Instead, a more plausible assumption is that consumers form price expectations from prices in the past of this product or a similar different product. Websites such as CamelCamelCamel makes it very convenient for consumers to track prices. It is common to see that similar products have similar prices in the history. For instance, according to CamelCamelCamel, the Lenovo Thinkpad E540 and Lenovo T440p both start with prices around 800 dollars in August 2014, and then decrease to about 600 dollars in January 2015. Consumers nowadays are also able to obtain price predictions from online experts. For example, the websites Bing Travel and Kayak provide price predictions for flights and rental cars. The hotel booking site “TheSuitest” also publicizes its price forecasting. Decide.com serves its consumers by predicting prices and new release dates of electronics. Since in real life consumers are most likely to form price predictions from past experience or online experts, it is arguably the best to assume that they can obtain correct price predictions without actually solving the game. This solution concept we adopted has the appealing property of “selfconforming”, i.e., each time the consumers observe the price set by the firm, their beliefs are conformed. Therefore, our solution concept can capture the steady-state property of the system. 3.2.



Consumer’s purchasing behavior for given prices



A consumer in each period chooses his optimal action based on his current preference and his beliefs of his future preferences. This is called a perception-perfect strategy (O’Donoghue and Rabin 1999). We begin by introducing some notation to present this concept for naive and sophisticated consumers. We then provide examples related to our pricing models. Naive or Sophisticated Consumers. Let s ≡ (a1 , a2 , ..., aT ) denote a consumer’s strategy, where at ∈ {1, 0} is the action for each period t. Action at = 1 or 0 represents whether to purchase or not respectively in period t, given that the consumer enters period t. Let τ (s) denote the period
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in which the consumer purchases the product. By definition, τ (s) = min{t : at = 1}. If at = 0 for all t, then we defineτ (s) = T + 1, which means that the consumer never purchases the product. Define U t (τ ) as a consumer’s payoff from the perspective of period t of purchasing the product in period τ ≥ t. Following O’Donoghue and Rabin (1999), the definitions of perception-perfect strategy for naive and sophisticated hyperbolic consumers are given below. Definition 1 A perception-perfect strategy for a naive hyperbolic consumer is a strategy s ≡ (a1 , a2 , ..., aT ) such that for all t ≤ T , at = 1 if and only if U t (t) ≥ U t (τ ) for all τ ≥ t. Definition 2 A perception-perfect strategy for a sophisticated hyperbolic consumer is a strategy s ≡ (a1 , a2 , ..., aT ) such that for all t ≤ T , at = 1 if and only if U t (t) ≥ U t (τ 0 ) where τ 0 ≡ minτ >t {τ : aτ = 1}. Comparing Definitions 1 and 2, the only difference lies on the condition for a consumer to make the purchase. A naive consumer incorrectly believes that he will behave in a time-consistent manner in the future. Therefore, in each period t, a naive consumer will purchase if and only if purchasing right now yields a higher payoff than purchasing in all the following periods from the perspective of period t. A sophisticated consumer, however, is fully aware of his own time inconsistency problem and therefore can anticipate his future behaviors correctly. As a result, in each period t, a sophisticated consumer compares the payoff from purchasing now to the payoff if he were to wait (and in such a scenario he correctly anticipates when the purchase is made). He will make the purchase if and only if the former generates a larger payoff. To demonstrate how naive or sophisticated consumers make the purchasing decisions respectively, we hereby present an example with exogenously given prices. Example 1 Suppose there are T = 4 periods. The prices in each period are p1 = 4, p2 = 3, p3 = 2, and p4 = 1. The discount factors are β = 0.5 and δ = 0.9, and the consumer’s valuation is v = 5. For a naive consumer, we find that s = {0, 1, 1, 1}: • a4 = 1 because v − p4 ≥ 0;
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• a3 = 1 because v − p3 ≥ βδ(v − p4 ); • a2 = 1 because v − p2 ≥ βδ(v − p3 ) and v − p2 ≥ βδ 2 (v − p4 ); • a1 = 0 because v − p1 < βδ 2 (v − p3 ).



Therefore, τ = 2, i.e., a naive consumer buys in period 2. On the other hand, for a sophisticated consumer, the perception-perfect strategy is s = {1, 1, 1, 1}: • a4 = 1 because v − p4 ≥ 0; • a3 = 1 because τ 0 = 4, v − p3 ≥ βδ(v − p4 ); • a2 = 1 because τ 0 = 3, v − p2 ≥ βδ(v − p3 ); • a1 = 1 because τ 0 = 2, v − p1 ≥ βδ(v − p2 ).



Thus, a sophisticated consumer buys in period 1 (τ = 1). Partially Naive Consumers. The thinking process of a partially naive consumer is similar to that of a sophisticated consumer: he also tries to predict his future behaviors before making the decision (see O’Donoghue and Rabin 2001). However, the beliefs of the future behaviors formed by a partially naive consumer may be different from his actual behaviors due to insufficient awareness of his time inconsistency problem. This subsequently complicates the analysis for the dynamic decision making, as we elaborate below. Let a ˆtτ represent the consumer’s belief in period t of his action in period τ > t if he were to enter period τ . Define ˆst ≡ (ˆ att+1 , a ˆtt+2 , ...ˆ atT ) as the consumer’s beliefs in period t of his behaviors ˆ δ) denote the consumer’s anticipated payoff in period τ > t over after period t. Let V τ (a, ˆst , β, action a given his belief ˆst from the perspective of period t. Then we are ready to define the perception-perfect strategy for a partially naive consumer. ˆ δ) Definition 3 A perception-perfect strategy for a partially naive consumer with parameters (β, β, is a strategy s ≡ (a1 , a2 , ..., aT ) such that for all t ≤ T , at = 1 if and only if U t (t) ≥ U t (τ 0 ) where ˆ δ) for all τ > t. τ 0 ≡ minτ >t {τ : a ˆtτ = 1}. Moreover, a ˆtτ = arg maxa∈{0,1} V τ (a, ˆst , β, In Definition 3, we assume that partially naive consumers purchase immediately when indifferent to guarantee the uniqueness of perception-perfect strategy. The primary difference from the
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sophisticated consumer’s case is that a partially naive consumer calculates the payoff of waiting by using the anticipated subsequent purchasing period τ 0 ≡ minτ >t {τ : a ˆtτ = 1}, which can be different from his real subsequent purchasing period. We use the following example to demonstrate the purchasing behaviors of a partially naive consumer by applying the above definition. Example 2 Consider the selling season in Example 1 but now there is a partially naive consumer with βˆ = 0.8. In this case, • In period 1, the consumer forms a belief ˆs1 = (ˆ a12 , a ˆ13 , a ˆ14 ) about his future actions.



If he were to enter period 4, since v − p4 ≥ 0, a ˆ14 = 1. If he were to enter period 3, we find that ˆ δ) = βδ(v ˆ V 3 (a = 0, ˆs1 , β, − p4 ) = 2.88, ˆ δ) = v − p3 = 3. V 3 (a = 1, ˆs1 , β, Therefore, a ˆ13 = 1. If he were to enter period 2, ˆ δ) = βδ(v ˆ V 2 (a = 0, ˆs1 , β, − p3 ) = 2.16, ˆ δ) = v − p2 = 2. V 2 (a = 1, ˆs1 , β, Thus, a ˆ12 = 0. Collectively, the consumer’s period 1 belief is ˆs1 = (ˆ a12 = 0, a ˆ13 = 1, a ˆ14 = 1). This means that if he chooses not to purchase in period 1, he believes that he would buy in period 3. Therefore τ 0 = 3 in period 1. Given this anticipation, the consumer compares between U t (τ 0 ) = βδ 2 (v − p3 ) = 1.215, and U t (t) = v − p1 = 1. Therefore, a1 = 0, i.e., the consumer decides not to buy in period 1. • Now he enters period 2 and has to form a belief ˆs2 = (ˆ a23 , a ˆ24 ) about his future actions. Notice



that he will calculate the future inferred preferences in exactly the same way as he did in period 1. Therefore, a ˆ23 = a ˆ13 and a ˆ24 = a ˆ14 . However, a2 and a ˆ12 are not necessarily the same. In this particular case, τ 0 = 3 for period 2 and U t (τ 0 ) = βδ(v − p3 ) = 1.35, and U t (t) = v − p2 = 2. Hence a2 = 1 6= a ˆ12 . This suggests that he will purchase the product in period 2.
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For completeness, we can also work out the purchasing decisions in periods 3 and 4. Collectively the perception-perfect strategy is s = {0, 1, 1, 1}. As can be seen in Example 2 the consumer’s beliefs are consistent over time, but his beliefs are inconsistent with his own behaviors. Notably, Definition 3 is slightly different from the definition given by O’Donoghue and Rabin (2001), but they are equivalent in our setting. O’Donoghue and Rabin (2001) require a consumer’s beliefs to be both internally consistent and externally consistent. Internal consistency means that a consumer’s believed action in each period is optimal if he sticks to this behavior path. External consistency requires the beliefs to be consistent across periods. In our definition, a consumer’s beliefs are determined by the internal consistency. This is because in our pricing model the external consistency is automatically satisfied given the internal consistency, which is also confirmed by the above example. In the appendix we show the details of internal consistency and external consistency, and prove that our definition is equivalent to that given by O’Donoghue and Rabin (2001) in the setting considered in this paper. Due to external consistency, a consumer’s beliefs can be represented by ˆ s ≡ (ˆ a2 , a ˆ3 ..., a ˆT ) such that his belief from the perspective of each period t is given by ˆst = (ˆ at+1 , a ˆt+2 , ..., a ˆT ). This simplifies our analysis for the seller’s problem too. In the sequel, we suppress the superscript for consumer beliefs. 3.3.



Seller’s problem formulation



We now formulate the seller’s optimization problem. It is naturally a dynamic program and we shall specify the “state” of this dynamic system. To this end, we first establish the following proposition regarding the consumer’s behavior facing the dynamic prices. ˆ δ).If a consumer Proposition 1 Suppose that the consumers are hyperbolic with parameters (β, β, with valuation v purchases in a given period, then a consumer with valuation v˜ > v who has not yet purchased will also purchase in the same period. Moreover, if a consumer with valuation v has belief a ˆτ (v) = 1, 1 < τ ≤ T , then a consumer with valuation v˜ > v has belief a ˆτ (˜ v ) = 1 as well. Proposition 1 establishes the existence of marginal consumer that distinguishes between those who purchase in a period and those who opt to wait. In other words, if we let vt−1 denote the lowest
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valuation of a consumer who purchased before period t, it represents the market state in period t of this dynamic system. After observing the price set by the seller in period t, a consumer who has not purchased yet decides whether to buy or not, taking the future prices into consideration. The marginal consumer’s valuation in period t is denoted as vt∗ (pt , vt−1 ), which depends on the price pt and market state vt−1 . The demand in period t is vt−1 − vt∗ (pt , vt−1 ), since all consumers with valuations greater than or equal to vt∗ (pt , vt−1 ) should prefer purchasing in period t than purchasing in all the following periods. The seller maximizes her total discounted profit by choosing p∗t (vt−1 ) dynamically. Therefore, our goal is to find the subgame perfect equilibrium such that for any t ∈ {1, 2, ..., T } and for any vt−1 ∈ [0, 1], p∗t (vt−1 ) is the optimal solution for pt in the following dynamic program: ∗ Ht∗ (vt−1 ) = max (vt−1 − vt )pt + αHt+1 (vt ), pt



s.t.



0 ≤ pt ≤ vt ≤ vt−1 , vt = vt∗ (pt , vt−1 ).



(2)



In the next section, we characterize the equilibrium in detail.



4.



Characterizing the Subgame Perfect Equilibrium



In the following we focus the analysis on partially naive consumers and treat naive and sophisticated consumers as extreme cases. We start by guessing that in equilibrium, the marginal consumer in each period t is indifferent between purchasing in period t and purchasing in a “future” period t+rt . We call rt the hypothetical waiting time. Clearly, rT −1 = 1 because period T is the last period, and for completeness we define rT = 0. Given the definition of marginal consumer’s valuation, vt∗ (pt , vt−1 ) satisfies the equation vt − pt = βδ rt (vt − p∗t+r (vt )). Instead of solving problem (2) directly, we first solve a closely related dynamic programming problem, denoted by P ({rt }Tt=1 ): ∗ Ht∗ (vt−1 ) = max (vt−1 − vt )pt + αHt+1 (vt ), pt ,vt



s.t.



0 ≤ pt ≤ vt ≤ vt−1 , vt − pt = βδ rt (vt − p∗t+rt (vt )),



(3)
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where pt is the price and vt is the marginal consumer’s valuation in period t. We solve P ({rt }Tt=1 ) analytically to obtain p∗t (vt−1 ), vt∗ (vt−1 ), and vt∗ (pt , vt−1 ). Then we show that there exists a sequence {rt }Tt=1 such that given the solution generated by P ({rt }Tt=1 ), the set of consumers purchasing in



period t is indeed given by [vt∗ (pt , vt−1 ), vt−1 ]. When consumers are partially naive, they form beliefs about their future behaviors. Let ˆs(vt ) ≡ (ˆ at+1 (vt ), a ˆt+2 (vt ), ...ˆ aT (vt )) denote the marginal consumer’s belief in period t (whose valuation is vt by construction), where a ˆτ (vt ) is the period-t marginal consumer’s believed action in period τ > t. Notice that we suppress the superscript due to the discussions in the previous section. Given any {rt }Tt=1 , we need to check the consumer’s incentive compatibility constraints: for any 1 ≤ t ≤ T , vt−1 and pt , we must have rt = minτ {τ : a ˆτ (vt (pt , vt−1 )) = 1} − t. The main result in this section is presented in the following proposition, which characterizes a subgame perfect equilibrium when the planning horizon is finite. ˆ δ), a subgame perfect Proposition 2 When consumers are partially naive with parameters (β, β, Nash equilibrium exists and can be described by the solution of problem P ({rt }Tt=1 ): p∗t (vt−1 ) = 2At vt−1 , vt∗ (pt , vt−1 ) =



pt , Et



vt∗ (vt−1 ) = Bt vt−1 , 2 Ht (vt−1 ) = At vt−1 ,



(4)



where {At }Tt=1 , {Bt }Tt=1 , and {Et }Tt=1 are defined by the following recursions: AT = 1/4, BT = 1/2, ET = 1, Et = 1 + βδ rt (2At+rt Bt+rt −1 ...Bt+1 − 1), Et , t = 1, 2, ..., T − 1, 2(Et − αAt+1 ) B t Et At = , t = 1, 2, ..., T − 1. 2



t = 1, 2, ..., T,



Bt =



(5)
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Furthermore, we have rT = 0, rT −1 = 1, and when 1 ≤ t ≤ T − 2, rt is defined by the following algorithm: Algorithm 1 (To obtain rt in time period 1 ≤ t ≤ T − 2) Initialization: a ˆT (vt ) = 1. Iteration: For t0 = (T − 1) : −1 : (t + 1), τ (t0 ) = minτ {τ > t0 : a ˆτ (vt ) = 1}. ˆ τ (t0 )−t0 (1 − 2Aτ (t0 ) Bτ (t0 )−1 ...Bt+1 ), then a If (1 − 2At0 Bt0 −1 ...Bt+1 ) ≥ βδ ˆt0 (vt ) = 1, otherwise a ˆt0 (vt ) = 0. Set rt ≡ minτ {τ : a ˆτ (vt ) = 1} − t. Proposition 2 shows that both the optimal price and the marginal consumer’s valuation in period t are linear functions of the market state vt−1 , and the seller’s profit-to-go from period t is a quadratic function of vt−1 . Based on Definition 3, Algorithm 1 gives rise to the hypothetical waiting time. In Algorithm 1, the marginal consumer in any period t with valuation vt forms beliefs of his future actions. For any period t0 , the believed action a ˆt0 (vt ) is determined by comparing the payoffs of purchasing and waiting in period t0 . Accordingly, τ (t0 ) denotes the period in which the marginal consumer would purchase if he were to wait in period t0 . Therefore, the payoff of purchasing is ˆ τ (t0 )−t0 (vt (pt , vt−1 ) − pτ ). After substituting given by vt (pt , vt−1 ) − pt0 and the payoff of waiting is βδ solution (4) into the payoff function we can obtain the inequality ˆ τ (t0 )−t0 (1 − 2Aτ (t0 ) Bτ (t0 )−1 ...Bt+1 ) (1 − 2At0 Bt0 −1 ...Bt+1 ) ≥ βδ in Algorithm 1. When consumers are time-consistent, Besanko and Winston (1990) have shown that rt = 1 for all t = 1, 2, ..., T − 1. But when consumers are time-inconsistent, the hypothetical waiting time is not necessarily equal to 1 in each period. When consumers are naive or sophisticated, the above results can be significantly simplified as we illustrate in the following corollary.
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Corollary 1 When consumers are naive (βˆ = 1), the hypothetical waiting time rt is determined by rt = arg max δ u (1 − 2At+u Bt+u−1 ...Bt+1 ),



(6)



1≤u≤T −t,u∈N



where N represents the set of natural numbers. When consumers are sophisticated (βˆ = β), rt = 1 for all 1 ≤ t ≤ T − 1. We provide some explanations for the solutions of hypothetical waiting time rt when consumers are naive or sophisticated. According to Definition 1, a naive consumer buys in period t if and only if purchasing in period t generates a higher payoff than the highest payoff he can obtain from purchasing later. From the perspective of period t, the equilibrium price u periods later is given by p∗t+u = 2vt At+u Bt+u−1 ...Bt+1 according to (4). Hence, the period-t marginal consumer with valuation vt can obtain payoff βδ u (vt − p∗t+u ) if he were to buy in period t + u from the perspective of period t. It is clear that t + rt , where rt is given by (6), is the period in which purchasing generates the highest payoff from the perspective of period t. Therefore, in equilibrium the marginal consumer in period t should be indifferent between purchasing in periods t and t + rt . When consumers are sophisticated, Corollary 1 suggests that the marginal consumer in each period is always indifferent between purchasing in the current period and purchasing in the next period. To see this, let us consider a three-period problem, and similar arguments can be established for a general T -period problem inductively. The marginal consumer in the first period believes that he would purchase in the last period if he were to wait in the second period because there would be only one period left at that time. From the perspective of period 2, this first-period marginal consumer then compares the payoff of purchasing in the second period, which is v1 − p2 , to the payoff of purchasing in the last period, which is βδ(v1 − p3 ). In this case p2 and p3 can be easily computed as a linear function of v1 from Proposition 2, and straightforward algebra shows that v1 − p2 > βδ(v1 − p3 ). Therefore, the first-period marginal consumer should be indifferent between purchasing in the first and second period.
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It is worth highlighting that when consumers are not sophisticated, the hypothetical waiting time for the first-period marginal consumer may not equal one. To explain this phenomenon, we take the above three-period example and consider instead partially naive consumers with βˆ > β. For the first-period marginal consumer, his believed payoff of purchasing in the last period from ˆ 1 − p3 ), which is greater than the believed payoff of the perspective of the second period is βδ(v a sophisticated consumer. Thus, when consumers are not sophisticated, the marginal consumer in the first period will overestimate the payoff from purchasing in the third period. As a result, he may incorrectly believe that he would not purchase in the second period even though he will in reality. In this case, the first-period marginal consumer may have a hypothetical waiting time greater than one period. Given the subgame perfect equilibrium characterized by Proposition 2, we observe that the optimal price path is decreasing. Besanko and Winston (1990) establish that this “cream skimming” strategy arises when consumers are time-consistent. Here we show that this pricing pattern is preserved in the presence of consumers’ time inconsistency.



Proposition 3 In the subgame perfect equilibrium, with hyperbolic consumers, the price decreases monotonically over time. Mathematically, for all 1 ≤ t ≤ T , p∗t+1 < p∗t . Facing consumers with heterogeneous valuations, the seller intends to use the purchasing time to differentiate them. Since high-valuation consumers incur more utility losses from waiting, they are more inclined to purchase earlier. In accordance, the seller should set higher prices initially to target these high-valuation consumers. As time goes by, the remaining consumers have lower willingness to pay on average; therefore, the seller reduces the price to serve these leftover demands. The above argument does not hinge on whether consumers have present bias or not; it only speaks to the seller’s intention to exploit the consumers’ heterogeneous valuations. In order to gain more insights into the subgame perfect equilibrium, we study the cases with naive or sophisticated consumers when the planning horizon goes to infinity. The following proposition
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characterizes the subgame perfect equilibrium for the infinite-horizon problem when consumers are sophisticated or naive. For ease of exposition, we define √ 1− 1−α B= , α B(1 − βδ r ) . A(r) = 2(1 − βδ r B r )



(7)



Moreover, we define r0 ≡ arg minr∈N A(r).5 Proposition 4 In the infinite-horizon case when consumers are sophisticated or naive, a subgame perfect equilibrium exists and can be described as follows: p∗t (vt−1 ) = 2A(r)vt−1 , vt∗ (pt , vt−1 ) =



1 − βδ r



pt , + βδ r (2A(r))B r−1



vt∗ (vt−1 ) = Bvt−1 , 2 Ht∗ (vt−1 ) = A(r)vt−1 .



(8)



When consumers are sophisticated, we have r = 1. When consumers are naive, we have r = r0 . Proposition 4 shows that the results become much simpler when the planning horizon goes to infinity. Recall that sophisticated consumers’ hypothetical waiting time is 1. Thus, in the infinitehorizon case the resulting pricing strategy can be easily calculated. When consumers are naive, Proposition 4 demonstrates that in the infinite-horizon case the hypothetical waiting time becomes time independent. Moreover, we only need to solve one optimization problem to obtain the hypothetical waiting time. Note that in Proposition 2, the sequences {At }Tt=1 and {Bt }Tt=1 depend on each other recursively. However, in Proposition 4 we observe that B does not depend on A(r) any more. Consequently, both the market size and price decrease exponentially at the constant rate B. Moreover, we observe that the rate B only depends on the seller’s discount factor but not on the consumers. Given Proposition 4, one would naturally conjecture that the time invariant property of the infinite-horizon hypothetical waiting time should hold for partially naive consumers. This extrapolation turns out to be invalid, as highlighted in the next proposition.
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Proposition 5 For the infinite-horizon case with partially naive consumers, the hypothetical waiting time may not be time-invariant. Proposition 5 suggests that there may not always exist a “steady state” when the seller faces partially naive consumers. In the appendix we present a counter example by letting b = 0.5, α = δ = 0.9, ˆb = 0.8. To explore the property of the infinite-horizon hypothetical waiting time, we conduct a numerical study by letting the planning horizon become large.6 We observe that in this case the hypothetical waiting times form a cycle with cycle length 2. To be more specific, the sequence of rt is 1, 2, 1, 2, ... The above example demonstrates the inherent complication of this problem. In generic cases, when consumers are partially aware of their time inconsistency issue, we suspect that the hypothetical waiting times always form a cycle when the planning horizon goes to infinity. mathematically appears to be very difficult. Therefore, we conduct comparative statics analysis numerically when consumers are partially naive.



5.



Comparative Statics and Numerical Studies



In this section, we examine the impact of consumer’s time inconsistency on the seller’s price and profit. Analytical comparisons for the infinite-horizon case. We first present some analytical results for the infinite-horizon case. The following analytical sensitivity analysis is based on Proposition 4. Proposition 6 When the planning horizon T = ∞ and consumers are either naive (βˆ = 1) or sophisticated (βˆ = β): • The total profit and price in each period decrease monotonically in β, i.e., increase monoton-



ically in consumers’ degree of time inconsistency. • The sales in each period is invariant with β. • The total profit and price in each period are higher when consumers are sophisticated than



they are when consumers are naive.



Gao, Chen, and Chen: Dynamic Pricing with Time-inconsistent Consumers Article submitted to ; manuscript no. (Please, provide the manuscript number!)



23



Notice that for myopic consumers, β = 0, while for time-consistent consumers, β = 1. In the infinite-horizon case, the seller facing hyperbolic consumers gains more profits than she does facing time-consistent consumers. Consumers’ time inconsistency enables the seller to charge higher prices while maintaining the same sales in each period. Surprisingly, although the seller benefits from consumers’ time inconsistency, she does not benefit from consumers’ naivete of time inconsistency. Naive consumers have a longer hypothetical waiting time r than sophisticated consumers in any period, which exacerbates the strategic waiting effect and causes profit loss for the seller. Analytical comparisons for the finite-horizon case. Next, we examine the finite-horizon case.



Proposition 7 When the planning horizon T is finite, we have: • The firm’s profit is the highest when the consumers are sophisticated (βˆ = β).



ˆ • When there are T = 3 periods, the firm’s profit decreases monotonically in naivete β. ˆ • When T ≥ 4 the firm’s profit is not necessarily monotone in terms of naivete β. The above proposition shows how consumers’ naivete affects the firm’s profits. When consumers are sophisticated with βˆ = β, it is most profitable for the firm. This is because the hypothetical waiting time for the marginal consumer in each period is the smallest when consumers are sophisticated. This minimizes consumers’ strategic waiting effect, and enables the firm to charge higher prices at the beginning of the planning horizon. When there are only three periods, the firm’s profit is monotone in terms of naivete. However, the monotonicity may not hold when there are more than three periods. In what follows, we present a counterexample as follows:



Example 3 The planning horizon is T = 4. The firm’s discount factor is α = 0.92. The consumers’ valuations are uniformly distributed on [0, 1]. Consumers’ quasi-hyperbolic discount factors are β = 0.5, δ = 0.94. We use pt , vt and rt to denote the equilibrium price, marginal consumer’s valuation and marginal consumer’s hypothetical waiting time respectively in period t.
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Case 1: when consumers’ naivete level is βˆ = 0.75, in equilibrium we have p1 = 0.5763, p2 = 0.4531, p3 = 0.3148, p4 = 0.2058; v1 = 0.7832, v2 = 0.5756, v3 = 0.4115, v4 = 0.2058; r1 = 2, r2 = 1, r3 = 1, r4 = 0. The profit is π = 0.2881. Case 2: when consumers’ naivete level is βˆ = 0.76, in equilibrium we have p1 = 0.5819, p2 = 0.4046, p3 = 0.3107, p4 = 0.2031; v1 = 0.7371, v2 = 0.5681, v3 = 0.4062, v4 = 0.2031; r1 = 1, r2 = 2, r3 = 1, r4 = 0. The profit is π = 0.2901. ˆ The hypothetical waiting time is In the above example, the firm’s profit is not decreasing in β. the key to understand this. When βˆ increases from 0.75 to 0.76, the hypothetical waiting time in period 2 increases from 1 to 2, which makes the firm charge a lower price in the second period. Because of this low price in the second period, consumers in the first period are likely to expect themselves to wait until the second period (r1 = 1). However, without the low price in the second period, consumers may choose to wait until the third period in case 1 (r1 = 2). Therefore, the firstperiod price in case 2 is higher than that in case 1, even though all the subsequent prices in case 2 are lower than those in case 1. In conclusion, the change in naivete has complicated influences on the hypothetical waiting times and the equilibrium prices.



6.



Comparative Statics and Numerical Studies



In this section, we examine the impact of consumer’s time inconsistency on the seller’s price and profit. Analytical comparisons for the infinite-horizon case. We first present some analytical results for the infinite-horizon case. The following analytical sensitivity analysis is based on Proposition 4. Proposition 8 When the planning horizon goes to infinity and consumers are either naive (βˆ = 1) or sophisticated (βˆ = β): • The total profit and price in each period decrease monotonically in β, i.e., increase monoton-



ically in consumers’ degree of time inconsistency.
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• The sales in each period is invariant with β. • The total profit and price in each period are higher when consumers are sophisticated than



they are when consumers are naive. Notice that for myopic consumers, β = 0, while for time-consistent consumers, β = 1. In the infinite-horizon case, the seller facing hyperbolic consumers gains more profits than she does facing time-consistent consumers. Consumers’ time inconsistency enables the seller to charge higher prices while maintaining the same sales in each period. Surprisingly, although the seller benefits from consumers’ time inconsistency, she does not benefit from consumers’ naivete of time inconsistency. Naive consumers have a longer hypothetical waiting time r than sophisticated consumers in any period, which exacerbates the strategic waiting effect and causes profit loss for the seller. Analytical comparisons for the finite-horizon case. Next, we examine the finite-horizon case. Proposition 9 When the planning horizon T is finite, we have: • The firm’s profit is the highest when the consumers are sophisticated (βˆ = β).



ˆ • When there are T = 3 periods, the firm’s profit decreases monotonically in naivete β. ˆ • When T ≥ 4 the firm’s profit is not necessarily monotone in terms of naivete β. The above proposition shows how consumers’ naivete affects the firm’s profits. When consumers are sophisticated with βˆ = β, it is most profitable for the firm. This is because the hypothetical waiting time for the marginal consumer in each period is the smallest when consumers are sophisticated. This minimizes consumers’ strategic waiting effect, and enables the firm to charge higher prices at the beginning of the planning horizon. When there are only three periods, the firm’s profit is monotone in terms of naivete. However, the monotonicity may not hold when there are more than three periods. In what follows, we present a counterexample as follows: Example 4 The planning horizon is T = 4. The firm’s discount factor is α = 0.92. The consumers’ valuations are uniformly distributed on [0, 1]. Consumers’ quasi-hyperbolic discount factors are β =
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0.5, δ = 0.94. We use pt , vt and rt to denote the equilibrium price, marginal consumer’s valuation and marginal consumer’s hypothetical waiting time respectively in period t. Case 1: when consumers’ naivete level is βˆ = 0.75, in equilibrium we have p1 = 0.5763, p2 = 0.4531, p3 = 0.3148, p4 = 0.2058; v1 = 0.7832, v2 = 0.5756, v3 = 0.4115, v4 = 0.2058; r1 = 2, r2 = 1, r3 = 1, r4 = 0. The profit is π = 0.2881. Case 2: when consumers’ naivete level is βˆ = 0.76, in equilibrium we have p1 = 0.5819, p2 = 0.4046, p3 = 0.3107, p4 = 0.2031; v1 = 0.7371, v2 = 0.5681, v3 = 0.4062, v4 = 0.2031; r1 = 1, r2 = 2, r3 = 1, r4 = 0. The profit is π = 0.2901. ˆ The hypothetical waiting time is In the above example, the firm’s profit is not decreasing in β. the key to understand this. When βˆ increases from 0.75 to 0.76, the hypothetical waiting time in period 2 increases from 1 to 2, which makes the firm charge a lower price in the second period. Because of this low price in the second period, consumers in the first period are likely to expect themselves to wait until the second period (r1 = 1). However, without the low price in the second period, consumers may choose to wait until the third period in case 1 (r1 = 2). Therefore, the firstperiod price in case 2 is higher than that in case 1, even though all the subsequent prices in case 2 are lower than those in case 1. In conclusion, the change in naivete has complicated influences on the hypothetical waiting times and the equilibrium prices. Numerical investigations for the finite-horizon case. Figure 1 shows an example of the price path when consumers are myopic, sophisticated, partially naive, naive, or perfectly rational (time-consistent), respectively. In this example, we set T = 5, α = 0.9, δ = 0.9, β = 0.5, and δˆ = 0.8. It is worth mentioning that the first-period price is always proportional to the total profit no matter what types the consumers are. Hence, a higher first-period price means a higher total profit. We first compare the hyperbolic consumers with the two benchmark cases, namely myopic and perfectly rational, studied in the literature. Observation 1 In the finite-horizon case, the seller’s profit with hyperbolic consumers is lower than that with myopic consumers, and is higher than that with perfectly rational consumers. Nevertheless, no such dominance result exists in terms of the price trajectories.
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Observation 1 suggests a clear-cut prediction in terms of the seller’s profitability. However, the tactical strategies go beyond this simple relationship. Specifically, the price in any period after the first period is not necessarily monotone in β. As we can see in this example, any two price paths cross each other, and a price trajectory starting with a higher price than others ends with a lower price than others. This means that when the firm has a profit increase, not every consumer pays a higher price. In fact, the high valuation consumers indeed pay a higher price while the low valuation consumers pay a lower price. This is radically different from the results of the infinite-horizon case in Proposition 8. Thus, the planning horizon is crucial when we devise the tactical strategies to serve time-inconsistent consumers. Figure 1



Price Path with Various Types of Consumers. (T=5)
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Time inconsistency. Next, we consider the case in which the seller faces hyperbolic consumers and examine the impact of consumers’ time inconsistency. We numerically study the instances with the full range of parameter combinations {α, δ, β, T }: α ∈ {0.85, 0.9, 0.95}, δ ∈ {0.85, 0.9, 0.95}, T ∈ {5, 10}, β ∈ {0, 0.01, 0.02, ..., 1}. It turns out that when facing naive or sophisticated hyperbolic consumers, the seller’s total profit indeed decreases monotonically in β. Figure 2 demonstrates an example of the sensitivity of total profit to β when consumer are naive or sophisticated. In this
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example we set α = 0.9, δ = 0.9 and T = 5. We observe that, when facing hyperbolic consumers, the seller’s profit is the highest with sophisticated consumers, and is the lowest with naive consumers. This observation is in line with the infinite-horizon case. Observation 2 In the finite-horizon case, the seller’s profit decreases monotonically in β, or equivalently, increases monotonically in the degree of consumers’ time inconsistency. Figure 2



Sensitivity of Profit to Time Inconsistency.
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Consumers’ naivete. In the following we illustrate the impact of consumers’ naivete βˆ on the seller’s profit. We study all the combinations of parameters where α ∈ {0.85, 0.9, 0.95}, δ ∈ {0.85, 0.9, 0.95}, T ∈ {5, 10, 100, 1000}, β ∈ {0.4, 0.5, 0.6}, and βˆ ∈ {β, β + (1 − β)/100, β + 2(1 −



β)/100, ..., 1}. Figure 3 is an example when we set α = 0.95, δ = 0.95, β = 0.5, T = 5 or 1000. Notice that βˆ only affects the hypothetical waiting time {rt }, which has a finite number of combinations. ˆ As this example shows, the total profit has a decreasing Therefore the profit is a step function of β. trend when βˆ gets bigger but the change may not be monotone. There may be some jumps when βˆ is between β and 1. Notice that these jumps still exist and their sizes do not get significantly smaller even when the planning horizon T is as big as 1000. Therefore, we suspect that these jumps prevail even when we let the planning horizon go to infinity.
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Sensitivity of Profit to Naivete: T = 5 for the left panel, and T = 1000 for the right panel.



ˆ but the change is Observation 3 There is a trend that the firm’s profit decreases in naivete β, not strictly monotone. The price of ignorance. We also explore what would happen when the seller ignores the fact that consumers are time-inconsistent. In this case, the seller incorrectly believes that consumers are time-consistent. Since the marginal time-consistent consumer in any period t is indifferent between purchasing in the period t and t + 1, the seller only takes the discount factor between t and t + 1 into consideration. In the following numerical analysis, we assume that consumers are naive hyperbolic consumers with parameters β and δ. The seller knows the consumers’ discount factor between the current period and next period, which is βδ, but incorrectly believes that consumers have the same discount factor βδ between later periods. The seller computes the suboptimal pricing path based on her wrong belief. The consumers can anticipate the suboptimal pricing path and make the purchasing decision accordingly, which gives us the demand in each period. We use the demand and the suboptimal pricing path to calculate the total profit π ˆ . We then compare π ˆ to the optimal total profit π ∗ when the seller correctly knows that consumers are hyperbolic. Table 1 presents the percentage of profit loss, which is defined as (π ∗ − π ˆ ) ∗ 100%/π ∗ , for various choices of parameters. From Table 1, we find that in our numerical experiments the ignorance can result in up to 49% profit loss. We highlight the observation below:
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Percentage of Profit Loss When Time Inconsistency is Ignored (In All Instances α = 0.9)



δ (%) β



0.9



0.95



0.99



T=10 0.5 10.59 19.84 29.33 0.7 11.18 23.15 32.53 0.9 4.39



14.17 26.46



T=20 0.5 10.80 20.82 37.34 0.7 12.40 27.18 49.41 0.9 5.41



18.49 47.40



Observation 4 Ignoring consumers’ time inconsistency can be quite costly: in our experiments it can result in 49% profit loss. Furthermore, we find that the profit loss is the most significant when δ is close to 1. Because in this case, hyperbolic consumers almost do not discount their valuations from the next period to the future, which makes them wait for the sales at the end of the selling horizon. If the seller ignores consumers’ time-inconsistent behaviors, she will set very low prices at the end of the selling horizon leading to a substantial profit loss.



7.



Conclusions



In this paper, we examine how a seller should dynamically set her prices when facing consumers that are strategic and time-inconsistent. We capture the time inconsistency via hyperbolic discounting, develop a game-theoretical model, and characterize the subgame perfect equilibrium. We find that the optimal prices should decrease over time; this cream skimming strategy is robust against consumers’ time inconsistency issue and their naivete. The seller’s profit with time-inconsistent consumers is higher than that with strategic consumers, and is lower than that with myopic consumers. While facing hyperbolic consumers, the seller’s profit monotonically increases when consumers become more time-inconsistent. Interestingly, the seller does not benefit from consumers’ naivete
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of their time-inconsistent preferences. In fact, the seller’s profit is the highest when consumers are sophisticated. Although the profit is not always monotone in consumers’ naivete, we observe a decreasing trend numerically. Therefore, the seller should inform her consumers of their time inconsistency. Our paper serves as an initial attempt to understand the interplay between consumers’ strategic purchasing behavior and time inconsistency issues. To analytically solve the optimal dynamic pricing problem, we restricted consumers’ valuations to be uniformly distributed. A natural future direction is to explore whether the managerial insights stay the same for general distributions. Second, we assumed that consumers are homogeneous in terms of their degrees of time inconsistency and naivete. While this homogeneity admits analytical investigations, it would be important to examine a model in which consumers are heterogeneous in their time-inconsistent levels or naivete. We suspect that when consumers with multiple degrees of heterogeneity coexist in the market, nonmonotone price paths may emerge. Third, we also assumed that the seller has unlimited capacity so as to focus on the dynamic pricing problem. If instead the seller is bound by her limited inventory, the rationing risk will further affect consumers’ behaviors. Fourth, we considered a market with a monopolistic seller. A research direction would be to consider pricing competition when firms offer vertically differentiated products (see Liu and Zhang 2013), and to study how consumers’ timeinconsistent behaviors affect each firm’s pricing strategy and profit. Finally, it would be interesting to investigate how the seller’s commitment power will affect the pricing strategy.



Endnotes 1. A 3-period case is the simplest one we can consider, since the time-inconsistent preference does not matter in a 2-period model. 2. For a durable product, a consumer’s consumption happens in every period after the purchase. Without loss of generality, we can discount the payoff of all future consumptions to the period that the consumer makes the purchase. 3. Our analysis extends trivially to the case in which N consumers participate, the valuation is uniformly distributed on the interval [0, v0 ], and the marginal production cost is c in each period.
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4. Eliaz and Spiegler (2006) face this problem too. In their simplified two-period model, the irrational consumers refuse to update their beliefs and incorrectly believe that it is the firm that is irrational. 5. We show that r0 is guaranteed to exist in the appendix. 6. Numerically we let T = 100, 200, 500, 1000, and observe the same pattern.
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In this appendix, we first demonstrate the equivalence between different notions of consistency of beliefs in Appendix A. We then provide the proofs of our main results in Appendix B. Proofs of the technical lemmas are relegated to Appendix C.



Appendix A:



Consistency of beliefs



We now introduce two definitions from O’Donoghue and Rabin (2001). Definition 4 is about internal and external consistency of beliefs. Definition 4 Given βˆ ≤ 1 and δ, a set of beliefs {ˆ s1 ,ˆ s2 , ...} is dynamically consistent if ˆ δ) for all τ > t, and (i) (Internally Consistent) for all ˆ st , a ˆtτ = arg maxa∈{0,1} V τ (a, ˆst , β, 0



0



(ii) (Externally Consistent) for all ˆ st and ˆ st with t < t0 , a ˆtτ = a ˆtτ for all τ > t0 . Part (i) of Definition 4 corresponds to the internal consistency, which means that a consumer’s believed action in each period is optimal if he were to stick to this behavior path. Part (ii) of Definition 4 is the external consistency, which requires the beliefs to be consistent across periods. Next, Definition 5 characterizes the perception-perfect strategy for partially naive consumers. ˆ δ), a strategy s ≡ (a1 , a2 , ..., aT ) is Definition 5 For a partially naive consumer with parameters (β, β, perception-perfect if there exist dynamically consistent beliefs {ˆ s1 ,ˆ s2 , ...,ˆ sT −1 } such that for all t ≤ T , at = 1 if and only if U t (t) ≥ U t (τ 0 ), where τ 0 ≡ minτ >t {τ : a ˆtτ = 1}. In the following, we show that Definition 3 and Definition 5 are equivalent in the setting considered in this paper. Recall that v denotes a consumer’s valuation, and pt is the price of the product in period t. The belief in Definition 3 is uniquely determined by internal consistency. Hence, we only need to prove that the external consistency is satisfied as long as internal consistency holds. 0



We prove this by mathematical induction. To start with, for any t < t0 , we have a ˆtT = a ˆtT . Suppose that 0



0



a ˆti = a ˆti for all i > τ . We then need to prove that a ˆtτ = a ˆtτ . Let n ≡ min{x > τ : a ˆtx = 1}, then min{x > τ : 0



0



ˆ δ) = V τ (a = 1, sˆt , β, ˆ δ) = v − pτ , a ˆtx = 1} = n by inductive assumption. Therefore, we have V τ (a = 1, sˆt , β, 0



0



ˆ δ) = V τ (a = 0, sˆt , β, ˆ δ) = βδ ˆ n−τ (v − pn ). It follows that a ˆtτ = a V τ (a = 0, sˆt , β, ˆtτ . The above proof establishes the equivalence for the general setting with partially naive consumers. Note that sophisticated and naive consumers are two special cases of partially naive consumers. Indeed, it is easy to see that Definition 2 is a special case of Definition 3 when βˆ = β, since the beliefs are the same as real
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actions in this case. However, it may not be trivial why Definition 1 is a special case of Definition 3 when βˆ = 1. We hereby provide a proof that leads to a more transparent observation. First of all, we define τ ∗ = arg maxτ >t U t (τ ) for the case with naive consumers. To establish the equivalence we only need to prove that τ ∗ = τ 0 . Notice that τ ∗ is the period in the future that generates the highest payoff from the perspective of period t according to Definition 1, while τ 0 is the expected period to buy if the consumer waits in period t given by Definition 3. To see why τ ∗ = τ 0 , it suffices to show that a ˆtτ ∗ = 1 and a ˆtτ = 0 for all t < τ < τ ∗ . ∗



Define x = min{τ > τ ∗ : a ˆtτ = 1}. We observe that V τ (a = 1,ˆ st , βˆ = 1, δ) = U t (x) βδ x−t



∗



δ x−τ =



U t (x) ∗ βδ τ −t



U t (τ ∗ ) ∗ βδ τ −t



∗



, V τ (a = 0,ˆ st , βˆ = 1, δ) =



∗ ∗ . Since U t (τ ∗ ) ≥ U t (x), we have V τ (a = 1,ˆ st , βˆ = 1, δ) ≥ V τ (a = 0,ˆ st , βˆ = 1, δ). Similarly,



we can show that V τ (a = 1,ˆ st , βˆ = 1, δ) ≤ V τ (a = 0,ˆ st , βˆ = 1, δ) for all t < τ < τ ∗ . Therefore, a ˆtτ ∗ = 1 and a ˆtτ = 0 for all t < τ < τ ∗ . This completes the proof.



Appendix B:



Proofs of main results



We now prove the main results of this paper. Proof of Proposition 1. Since the sophisticated consumer can be treated as a special case of partially naive consumer with βˆ = β, the proposition applies immediately to the sophisticated consumer’s case. For the naive consumer, the proof is straightforward. If v − pt ≥ βδ τ −t (v − pt ) for all τ > t, then v˜ − pt ≥ βδ τ −t (˜ v − pt ) for all τ > t and v˜ > v. In the following we prove this proposition for partially naive consumers by induction. When T = 1, if v − p1 ≥ 0, then v˜ − p1 ≥ 0 for any v˜ > v. No beliefs are formed, and hence the second part automatically holds. When T = 2, if p2 ≥ p1 , no consumer will buy in period 2. Hence, this case can be reduced to the case when T = 1. If p2 < p1 , then a consumer with valuation v will buy in period 1 if and only if v − p1 ≥ βδ(v − p2 ). Clearly, v˜ − p1 ≥ βδ(˜ v − p2 ) for any v˜ > v. In terms of beliefs, the consumer with valuation v has a ˆ2 (v) = 1 when v > p2 . The consumer with valuation v˜ also has a ˆ2 (˜ v ) = 1 since v˜ > v > p2 . In the following, we will extend to T periods by mathematical induction. Suppose that the statement of the proposition is true for T = 1, 2, 3, ..., N − 1. When T = N , in periods t = 2, 3, ..., N the proposition holds due to inductive hypothesis; hence, we only need to show that the proposition holds in the first period. In terms of beliefs, we need to prove that if a consumer with valuation v in the first period has belief a ˆτ (v) = 1 for 1 < τ ≤ T , then a consumer with valuation v˜ in the first period also has belief a ˆτ (˜ v ) = 1. Notice that this
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is the same as the following situation. When the planning horizon is N − τ + 1, if a consumer with valuation ˆ β, ˆ δ) purchases in the first period, then a consumer with valuation v˜ and parameters v and parameters (β, ˆ β, ˆ δ) will also purchase in the first period, which is true based on the inductive hypothesis. (β, Therefore, we only need to prove that when T = N , if a consumer with valuation v purchases in the first period, a consumer with valuation v˜ > v will also purchase in the first period. Define  ˆ j−i pj   pi −βδ if i > 1, ˆ j−i , 1−βδ bi,j ≡   pi −βδj−i pj , if i = 1. 1−βδ j−i



(9)



We make the following observation:



Lemma 1 For any i, k, j such that i < k < j, if bk,j ≥ bi,j and pj < pi , then bi,j ≥ bi,k . Without loss of generality, suppose that the consumer with valuation v has the following belief of his future behaviors: j ↓ ˆs(v) ≡ (ˆ a2 (v), a ˆ3 (v), ...ˆ aT (v)) = (0, 0, ..., 0, 1, ...), where j = minτ >1 {τ : a ˆτ (v) = 1} is the position of the first non-zero component (“1”) in the sequence of beliefs. Let i = 1. Then we have v ≥ bi,j and v ≤ bi+1,j , v ≤ bi+2,j , ..., v ≤ bj−1,j .



(10)



For any consumer with v˜ > v, his belief of future behaviors satisfies a ˆj (˜ v ) = 1 due to the inductive hypothesis. Notice that the inequalities in (10) imply that pj < pk for all i < k < j. Because if pj ≥ pk for any i < k < j, ˆ j−k (v − pj ), which is a contradiction. then v − pk ≥ v − pj > βδ As we increase v to v˜, if all the inequalities in (10) still hold, then it is obvious that the consumer with valuation v˜ also purchases in the first period. If some of the inequalities in (10) no longer hold, then inside the sequence of beliefs of the consumer with valuation v˜, some “0” before position j will switch to “1”. Therefore, the consumer with valuation v˜ has belief: k



j



↓



↓



ˆs(˜ v ) = (0, ..., 0, 1, ..., 1, ...),
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where k = minτ >1 {τ : a ˆτ (˜ v ) = 1} is the position of first non-zero component in ˆs(˜ v ). Clearly, from the definition of bi,j in (9), i < k < j and bk,j ≥ v ≥ bi,j . When pj < pi , we have bi,j ≥ bi,k by Lemma 1, and therefore v˜ ≥ bi,k . When pj ≥ pi , we have pi < pk due to pj < pk for all i < k < j; hence, v˜ − pi ≥ v˜ − pk > βδ k−i (˜ v − pk ). In either case, consumers with v˜ also purchase in period 1. This completes the proof.



Q.E.D.



Proof of Proposition 2. Firstly we show that (4) is the explicit solution of dynamic programming problem P ({rt }Tt=1 ) when {rt }Tt=1 is chosen by Algorithm 1. We then verify the consumer’s incentive compatibility conditions. (1) Solution of the dynamic programming problem. In the last period T , the seller solves HT∗ (vT −1 ) = max (vT −1 − vT )pT , pT ,vT



s.t.



0 ≤ pT = vT ≤ vT −1 ,



The optimal solution is vT∗ (vT −1 ) = p∗T (vT −1 ) = vT −1 /2, which has the form given by (4). Now let us assume that for any arbitrary t < T , (4) holds for period t + 1. Then we need to show that (4) holds for period t as well. In period t, the optimization problem becomes: Ht∗ (vt−1 ) = max(vt−1 − vt )pt + αHt∗+1 (vt ), pt ,vt



s.t. 0 ≤ pt ≤ vt ≤ vt−1 , vt − pt = βδ rt (vt − p∗t+rt (vt )). Substituting the solution of pt+rt , vt+rt −1 ,...,vt+1 we obtain p∗t+rt (vt ) = 2At+rt Bt+rt −1 Bt+rt −2 ...Bt+1 vt . Hence, the prices can be expressed as pt = vt − βδ rt (vt − p∗t+rt (vt )) = Et vt . Define the profit function Gt (vt ) as Gt (vt ) = (vt−1 − vt )pt + αHt∗+1 (vt ) = (vt−1 − vt )Et vt + αAt+1 vt2 . Note that Gt (vt ) is a quadratic function and its second-order derivative is ∂ 2 Gt = 2(αAt+1 − Et ). ∂vt2



Gao, Chen, and Chen: Dynamic Pricing with Time-inconsistent Consumers Article submitted to ; manuscript no. (Please, provide the manuscript number!)



39



2 ∗ Solving the first-order condition yields vt∗ = Bt vt−1 , and Ht = At vt− 1 . To solve for vt (pt , vt−1 ), we use



vt∗ (pt , vt−1 ) − pt = βδ rt [vt∗ (pt , vt−1 ) − p∗t+rt (vt∗ (pt , vt−1 ))] and the expression for p∗t+rt to get vt (pt , vt−1 ) =



pt Et



.



Next, we verify that the second-order optimality condition Et > αAt+1 and the constraints 0 ≤ pt ≤ vt ≤ vt−1 for problem (3) are satisfied for any 1 ≤ t ≤ T − 1 when the solution is given by (4). In the following we will prove by mathematical induction that for all 1 ≤ t ≤ T − 1, we have Et > 2At+1 (therefore Et > αAt+1 ), 0 < Et < 1, 1/2 < Bt < 1, 0 < At < 1/2, and 0 ≤ pt ≤ vt ≤ vt−1 . Notice that we will use Et > 2At+1 to prove the decreasing price path later. Clearly, rt−1 = 1. This implies that ET −1 = 1 + βδ(2AT − 1). Therefore, ET −1 − 2AT = (1 − βδ)(1 − 2AT ) = (1 − βδ)/2 > 0. Straightforward algebra shows that 0 < ET −1 < 1, 1/2 < BT −1 < 1, 0 < AT −1 < 1/2. Hence, we obtain 0 ≤ pT −1 ≤ vT −1 ≤ vT −2 . Now let us assume that for arbitrary t ≤ T − 1 and n ≥ t + 1, En > An+1 , 0 < En < 1, 1/2 < Bn < 1, 0 < An < 1/2 and 0 ≤ pn ≤ vn ≤ vn−1 hold. We will then show that Et > 2At+1 , 0 < Et < 1, 1/2 < Bt < 1, 0 < At < 1/2 and 0 ≤ pt ≤ vt ≤ vt−1 as well. For ease of notation, we let Rt = t + rt . By construction, we have Rt ≤ Rt+1 . To see why this is true, suppose by contradiction that Rt+1 < Rt . In this case, the consumer with valuation vt+1 has belief a ˆRt+1 (vt+1 ) = 1, while the consumer with valuation vt has belief a ˆRt+1 (vt ) = 0 and a ˆRt (vt ) = 1 according to Algorithm 1. By the inductive assumption, we have vt ≥ vt+1 , and hence a ˆRt+1 (vt ) = 1 due to Proposition 1. This is a contradiction to the fact that a ˆRt+1 (vt ) = 0. Based on the fact that Rt ≤ Rt+1 , we divide the following analysis into three cases, i.e., rt = 1; Rt = Rt+1 ; Rt < Rt+1 while rt ≥ 2. Case 1 : When rt = 1, we haveEt − 2At+1 = 1 + βδ(Bt+1 Et+1 − 1) − Bt+1 Et+1 = (1 − βδ)(1 − Bt+1 Et+1 ) > 0. Case 2 : When Rt = Rt+1 , which is equivalent to rt = rt+1 + 1, we have Et − 2At+1 = 1 + βδ rt (Bt+1 Bt+2 ...BRt ERt − 1) − Bt+1 (1 + βδ rt+1 (Bt+2 Bt+3 ...BRt ERt ) − 1) = 1 − Bt+1 + βδ rt+1 ((δ − 1)Bt+1 Bt+2 ...BRt ERt − δ + Bt+1 ) = 1 − Bt+1 + βδ rt+1 ((δ − 1)(1 − Bt+1 Bt+2 ...BRt ERt ) + Bt+1 − 1) = (1 − Bt+1 )(1 − βδ rt+1 ) + βδ rt+1 (1 − Bt+1 Bt+2 ...BRt ERt ) > 0.
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Case 3: When Rt < Rt+1 and rt ≥ 2, the marginal consumer in period t + 1 has beliefs a ˆRt+1 (vt+1 ) = 1 and a ˆRt (vt+1 ) = 0. By Algorithm 1 and the fact that 2At = Bt Et for any t, we obtain 1 − Bt+2 Bt+3 ...BRt ERt ≤ ˆ Rt+1 −Rt (1 − Bt+2 Bt+3 ...BR ER ). Hence, βδ t+1 t+1 Et − 2At+1 = Et − Bt+1 Et+1 = 1 + βδ rt (Bt+1 Bt+2 ...BRt ERt − 1) − Bt+1 (1 + βδ rt+1 (Bt+2 Bt+3 ...BRt+1 ERt+1 − 1)) ≥ 1 − βδ rt + βδ rt Bt+1 Bt+2 ...BRt ERt − Bt+1 +



βδ rt −1 Bt+1 (1 − Bt+2 ...BRt ERt ). βˆ



Notice that the last line is a linear function of Bt+1 , which we denote as f (Bt+1 ). Sincef (0) = 1 − βδ rt > 0, andf (1) = βδ rt −1 (1/βˆ − δ)(1 − Bt+2 ...BRt ERt ) > 0, it follows that Et − 2At+1 > 0. By simple algebra, we can obtain 0 < Et < 1, 1/2 < Bt < 1, 0 < At < 1/2. Hence 0 ≤ pt ≤ vt ≤ vt−1 . Therefore we have proved that (4) is the solution of dynamic problem P ({rt }Tt=1 ). (2) Verification of Consumers’ Incentive Compatibility Constraints. At any time period t, the marginal consumer with valuation vt has a belief about his action at period t0 > t, which is denoted as a ˆt0 (vt ). Define τ (t0 ) = minτ {τ > t0 : a ˆtτ = 1}, which means that if he were to enter period t0 and not buy, the consumer would buy in period τ (t0 ). Hence, a ˆt0 (vt ) = 1 if 0



0



ˆ τ (t )−t (vt (pt , vt−1 ) − pτ ), and a vt (pt , vt−1 ) − pt0 ≥ βδ ˆt0 (vt ) = 0 otherwise. After substituting (4), we obtain ˆ τ (t0 )−t0 (1 − 2Aτ (t0 ) Bτ (t0 )−1 ...Bt+1 ). Therefore, the marginal consumer’s belief is (1 − 2At0 Bt0 −1 ...Bt+1 ) ≥ βδ exactly what is given by Algorithm 1. As a result, the consumer’s incentive compatibility constraint holds. Q.E.D. Proof of Corollary 1. When consumers are naive, i.e., when βˆ = 1, we will show that rt determined by Algorithm 1 can be reduced to (6). To see this, when rt satisfies (6), we have δ rt (1 − 2At+rt Bt+rt −1 ...Bt+1 ) ≥ δ u (1 − 2At+u Bt+u−1 ...Bt+1 ) for any 1 ≤ u ≤ T − t. Let Rt ≡ t + rt . For any u such that t + u > Rt , we have (1 − 2At+rt Bt+rt −1 ...Bt+1 ) ≥ δ t+u−Rt (1 − 2At+u Bt+u−1 ...Bt+1 ), and hence a ˆRt = 1. For any u such that t + u < Rt , we obtain (1 − 2At+u Bt+u−1 ...Bt+1 ) ≤ δ Rt −(t+u) (1 − 2At+rt Bt+rt −1 ...Bt+1 ),
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and hence a ˆx = 0 for any t < x < Rt . Therefore, we conclude that rt = minτ {τ : a ˆτ = 1} − t. When consumers are sophisticated, i.e., when βˆ = β, we will show that rt determined by Algorithm 1 satisfies rt = 1 for t ≤ T − 1. It is trivial that rT −1 = 1. We prove the rest by mathematical induction. Suppose that rτ = 1 for all t < τ < T . Then we have a ˆt+2 (vt+1 ) = a ˆt+3 (vt+2 ) = ... = a ˆT (vT −1 ) = 1. Since vt > vt+1 > vt+2 > ... > vT −1 , together with Proposition 1, we have a ˆt+2 (vt ) = a ˆt+3 (vt ) = ... = a ˆT (vt ) = 1. In order to prove that rt = 1 (or equivalently a ˆt+1 (vt ) = 1), we need to establish that (1 − 2At+1 ) > βδ(1 − 2At+2 Bt+1 ),



(11)



according to Algorithm 1. After substituting rτ = 1 for t < τ ≤ T into (4) and (5), we have At+1 =



(1 − βδ + 2βδAt+2 )2 , 4(1 − βδ + 2βδAt+2 − αAt+2 )



(12)



Bt+1 =



1 − βδ + 2βδAt+2 . 2(1 − βδ + 2βδAt+2 − αAt+2 )



(13)



and



Substituting (12) and (13) into (11) we obtain(1 − 2At+1 ) − βδ(1 − 2At+2 Bt+1 ) = (1 − βδ) + Bt+1 (2βδAt+2 − (1 − βδ + 2βδAt+2 )) = (1 − βδ)(1 − Bt+1 ) > 0. This completes the proof.



Q.E.D.



Proof of Proposition 3. We observe that p∗t+1 (vt∗ (vt−1 )) − p∗t (vt−1 ) = 2At+1 Bt vt−1 − 2At vt−1 = vt−1 (2At+1 Bt − 2At ) = vt−1 Bt (2At+1 − Et ) < 0. Notice that in the last inequality we use the facts that Et > 2At+1 and 0 < Bt < 1, which follow from the proof of Proposition 2.



Q.E.D.



Proof of Proposition 4. For the sophisticated-consumer case, the result follows from Proposition 2 when we let the hypothetical waiting time rt equal one for all t and let T go to infinity. Thus, in the following we focus on the naiveconsumer case. To characterize the equilibrium for the infinite-horizon case with naive consumers, we begin by guessing that in equilibrium the marginal consumer in each period t is indifferent between purchasing in period t and purchasing in t + r, where r is the common hypothetical waiting time that does not depend on t. For r = 1, 2, 3, ..., we obtain a series of new dynamic programming problems, denoted by P (r). We solve P (r) analytically to generate p∗t (vt−1 ), vt∗ (vt−1 ), and vt∗ (pt , vt−1 ). Then we show that there exists r0 such
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that given the solution generated by P (r0 ), the set of consumers purchasing in period t is indeed given by [vt∗ (pt , vt−1 ), vt−1 ]. To be more specific, we assume vt − pt = βδ r (vt − p∗t+r (vt )) to generate problem P (r). Then we need to confirm the consumers’ incentive compatibility conditions: vt∗ (pt , vt−1 ) − pt ≥ βδ[vt∗ (pt , vt−1 ) − p∗t+1 (vt∗ (pt , vt−1 ))], vt∗ (pt , vt−1 ) − pt ≥ βδ 2 [vt∗ (pt , vt−1 ) − p∗t+2 (vt∗+1 (vt∗ (pt , vt−1 )))], ... vt∗ (pt , vt−1 ) − pt ≥ βδ r−1 [vt∗ (pt , vt−1 ) − p∗t+r−1 (vt∗+r−2 (...(vt∗+1 (vt∗ (pt , vt−1 )))...))], vt∗ (pt , vt+1 ) − pt ≥ βδ r+1 [vt∗ (pt , vt−1 ) − p∗t+r+1 (vt∗+r (...(vt∗+1 (vt∗ (pt , vt−1 )))...))]. ...



(14)



The new problem P (r) is formulated as follows: Ht∗ (vt−1 ) = max (vt−1 − vt )pt + αHt∗+1 (vt ), pt ,vt



s.t. 0 ≤ pt ≤ vt ≤ vt−1 , vt − pt = βδ r (vt − p∗t+r (vt )). Below we prove that (8) is indeed the solution of problem P (r). We then demonstrate that when r0 is defined as arg minr A(r), which exists, the solution of P (r0 ) satisfies the consumers’ incentive compatibility constraint (14). Recall the definitions of A and B in (7). The following lemma is useful for establishing our results.



Lemma 2 1/2 < B < 1 and 0 < A < B/2. It is easy to see that the inequalities p∗t > 0, p∗t ≤ vt∗ and vt∗ ≤ vt−1 hold according to Lemma 2. Substituting the solution into the equality constraint, we obtain pt = vt (1 − βδ r + βδ r (2A)B r−1 ). The seller’s profit expression is Gt (vt ) ≡ (vt−1 −vt )pt +αAvt2 . After substituting pt into Gt , we can observe that Gt is a quadratic function of vt . Taking the second derivative, we obtain d



2



Gt (vt ) dvt2



= 2(αA − 1 + βδ r − βδ r (2A)B r−1 ). Substituting 2



α = (2B − 1)/B 2 and A = (B(1 − βδ r ))/(2(1 − βδ r B r )) yields d



Gt (vt ) dvt2



r



−βδ = − 2B(11−βδ r B r ) < 0. Hence, Gt (vt ) is



strictly concave. By solving the first-order condition, we obtain vt∗ = Bvt−1 . Substituting vt∗ into the profit 2 2 2 2 function yields the optimal profit H ∗ = (1 − B)2Avt− 1 + αAB vt−1 = Avt−1 .
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Notice that when δ = 1, r0 = ∞. In this case, there is no discounting between future periods. Since the prices decrease over time, the consumers’ discounted payoffs increase over time. Hence the consumers are always better off when they wait a bit longer. In the following analysis, we show that r0 = arg minr∈N A(r) when 0 < δ < 1. After solving problem P (r), we need to confirm that in any period t, consumers with valuations greater than vt∗ (pt , vt−1 ) will indeed prefer purchasing in period t than buying in t + 1, t + 2, ..., t + r − 1, t + r + 1, t + r + 2, .... After substituting vt∗ (pt , vt−1 ) = (pt )/(1 − βδ r + βδ r (2A)B r−1 ) into inequality (14), the condition to be checked can be simplified as βδ r (1 − 2AB r−1 ) ≥ βδ(1 − 2A), βδ r (1 − 2AB r−1 ) ≥ βδ 2 (1 − 2AB), ... (15) r



βδ (1 − 2AB



r−1



) ≥ βδ



r−1



(1 − (2A)B



r−2



),



βδ r (1 − 2AB r−1 ) ≥ βδ r+1 (1 − (2A)B r ), ... Notice that (15) does not depend on t any more. From the definitions of A and B in (7), we observe that: Lemma 3 There exists r∗ = arg minr∈N A(r) when 0 < δ < 1. Define g(u; r) = βδ u (B − (2A(r))B u ). Then for all r = 1, 2, 3, ..., g(r∗ ; r∗ ) ≥ g(r; r∗ ). We can choose r0 = arg minr∈N A(r), which is guaranteed to exist by the first part of Lemma 3. Then according to the second part of Lemma 3, we have g(r0 : r0 ) ≥ g(r; r0 ) for all r = 1, 2, ..., which is equivalent to condition (15).



Q.E.D.



Proof of Proposition 5. To establish the proposition, it suffices to provide a counter example. To this end, we consider the following example: b = 0.5, α = δ = 0.9, ˆb = 0.8, and we prove this result by contradiction. Suppose on the contrary there is an equilibrium such that the hypothetical waiting time is independent of time, which is denoted by r. According to (5), we can obtain stationary A, B, E by solving the following system of equations:E = 1 + βδ r (2AB r−1 − 1), B = B (1−βδ r ) , 2(1−βδ r B r )



E



2(E−αA)



,A =



which is the same as (7).



BE



2



√ . Solving the above equations we obtain:B = (1 − 1 − α)/α, A =
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Notice that for any r, we can calculate A and B. Given A and B, Algorithm 1 generates a “real” hypothetical waiting time, denoted by r0 (r). If there exists a stationary point r, then we must have r0 (r) = r. When rt is independent of t, in each period the marginal consumer’s belief is independent of t too. Let a ˆx denote the marginal consumer’s believed action x periods later. Suppose a ˆx+1 = 1. Then a ˆx = 1 if and only ˆ if 1 − 2AB x−1 ≥ βδ(1 − 2AB x ) due to Algorithm 1. ˆ − 2AB x ), where A ∈ (0, 1/2) and x ∈ N. Notice that f (A, x) is monotoniLet f (A, x) ≡ 1 − 2AB x−1 − βδ(1 cally increasing in x, and f (A, x) > 0 when x goes to infinity. Hence, there exists a smallest x, denoted by x∗ , such that f (A, x) ≥ 0 for all x ≥ x∗ and f (A, x) < 0 for all x < x∗ , where x is a natural number. This means that for the marginal consumer’s belief ˆ s = {ˆ a1 , a ˆ2 , ...}, there exists a x∗ such that a ˆx = 1 for all x ≥ x∗ and a ˆx∗ −1 = 0 if x∗ ≥ 2. In other words, there exists a smallest cutoff value x∗ such that all the believed actions at least x∗ periods from now are to purchase. If r is a stationary point, then we must have x∗ ≥ r, and x∗ = r when x∗ = 2. Given any r, we can numerically calculate A, B and find x∗ for the example. It is easy to show the following: when r = 1, x∗ = 2; when r = 2, x∗ = 1; and when r = 3, x∗ = 1. Notice that all the three cases lead to contradictions. In the first case, x∗ = 2, but r 6= 2. In the latter two cases, r > x∗ . For any r ≥ 4, we will prove that x∗ ≤ 2. First, observe that f (A, x) is monotonically decreasing in A. It is verifiable that in this specific case, A(r) is monotonically increasing in r when r ≥ 4. Let g(r) = f (A(r), x). The function g(r) is monotonically decreasing in r when r ≥ 4. When r goes to infinity, A approaches B/2. ˆ ˆ Hence, g(r) > (1 − B x ) − βδ(1 − B x+1 ). Thus, for any x > 2 we have f (A, x) > (1 − B x ) − βδ(1 − B x+1 ) > ˆ (1 − B 2 ) − βδ(1 − B 3 ) > 0 Therefore, for any r ≥ 4, x∗ ≤ 2, which is a contradiction. In conclusion, for this specific case, there does not exist a stationary point r. This completes the proof.



Q.E.D.



Proof of Proposition 8. We prove the case when consumers are naive first. Notice that B is invariant with β; hence, the sales in each period is invariant with β. Applying the implicit function theorem to Proposition 4, we obtain dA dh/dβ Bδ r (2AB r−1 − 1) =− =− < 0. dβ dh/dA 2βδ r B r − 2 Hence for any β1 , β2 with β1 < β2 , we have A(r, β2 ) < A(r, β1 ) given any r. Therefore, A(r∗ (β1 ), β2 ) < A(r∗ (β1 ), β1 ). Since A(r∗ (β2 ), β2 ) = minr∈N A(r, β2 ), we also have A(r∗ (β2 ), β2 ) < A(r∗ (β1 ), β2 ). It follows that A(r∗ (β2 ), β2 ) < A(r∗ (β1 ), β1 ), which means that A∗ decreases monotonically with β. Then it is straightforward to see that the price in each period and the total profit decrease monotonically in β.
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When consumers are sophisticated, straightforward calculations show that B is invariant with β and dA/dβ < 0. According to Proposition 4, A achieves its minimum value at r = r0 when consumers are naive. When consumers are sophisticated, we have r = 1. Clearly A(r0 ) ≤ A(1).



Q.E.D.



Proof of Proposition 9. (1) First part of the proposition. In the proof we use the superscript s to denote the case when consumers are sophisticated, p to denote the case when consumers are partially naive (including naive). We prove by induction. Suppose when there are T periods, we have Ast ≥ Apt for any 1 ≤ t ≤ T . Then when there are T + 1 periods, we have Ast ≥ Apt for any 2 ≤ t ≤ T + 1 by induction. We only need to prove As1 ≥ Ap1 . Notice that r1s = 1. In terms of r1p there are two cases. The first case is r1p = 1. Then E1s = 1 + βδ(2As2 − 1), E1p = 1 + βδ(2Ap2 − 1), As1 = (E1p )2 4(E1p −αAp 2)



. We can write A1 as a function of A2 : A1 (A2 ) =



to A2 we obtain



dA1 dA2



=



E1 (2βδE1 +α(E1 −2A2 )) 4(E1 −αA2 )2



2



(E1 (A2 )) . 4(E1 (A2 )−αA2 )



(E1s )2 , Ap1 4(E1s −αAs 2)



=



After taking derivative with respect



> 0. Since As2 ≥ Ap2 , we have As1 ≥ Ap1 in this case.



The second case is r1p > 1. Use r to denote r1p for simplicity. Then we have E1s = 1 + βδ(2As2 − 1), E1p = ˆ r−1 (1 − 2Ap1+r B p ...B2p ) − (1 − 2Ap2 ) > 0, 1 + βδ r−1 (2Ap1+r Brp ...B2p − 1). According to Algorithm 1 we have βδ r hence δ r−1 (1 − 2Ap1+r Brp ...B2p ) − (1 − 2As2 ) > 0. Therefore, we have E1s > E1p . Then we have Ap1 = (E1s )2 4(E1s −αAp 2)



≤



(E1s )2 4(E1s −αAs 2)



E1 : A1 (E1 ) =



(E1p )2 4(E1p −αAp 2)







= As1 . Notice that in order to prove the first inequality, we treat A1 as a function of



2 E1



4(E1 −αA2 )



. After taking the derivative we have



dA1 dE1



p



=



E1 (E1 −2αA2 ) 2 4(E1 −αAp 2)



> 0, when E1 ≥ E1p .



(2) Second part of the proposition. According to Proposition 2, the analytic solution for 3-period case is as follows: H1 = A1 , p1 = 2A1 , v1 = B1 , p2 = 2A2 v1 , v2 = B2 v2 , where B2 = 1/2, A2 = 1/4, E1 = 1 + βδ(2A2 − 1) if r1 = 1, E1 = 1 + βδ 2 (2A3 B2 − 1) if r1 = 2, B1 =



E1



2(E1 −αA2 )



, A1 =



B1 E1



2



, the marginal consumer in period 1 is indifferent between purchasing



ˆ in period t and t + r1 . And we have r1 = 1 if 1 − 2A2 ≥ βδ(1 − 2A3 B2 ), otherwise r1 = 2. Based on whether changing βˆ will change r1 , we consider the following two cases: Case 1: no matter what βˆ is, r1 = 1. Case 2: there exists a cutoff value βˆ0 such that r1 = 1 if βˆ  βˆ0 . We only need to consider the second case in order to prove that the total profit H1 increases monotonically ˆ In case 2, r1 = 2 when βˆ = 1. Hence 1 − 2A2 < δ(1 − 2A3 B2 ). A1 = with β.



2 E1



. ∂A1 =



4(E1 −αA2 ) ∂E1



E1 (E1 −2αA2 ) 4(E1 −αA2 )2



> 0.



Therefore, A1 is increasing in E1 . Now we only need to show that E1 (r1 = 1) > E1 (r1 = 2), where E1 (r1 = 1) = 1 − βδ(1 − 2A2 ) and E1 (r1 = 2) = 1 − βδ 2 (1 − 2A3 B2 ). E1 (r1 = 1) − E1 (r1 = 2) = βδ(−(1 − 2A2 ) + δ(1 − 2A3 B2 )) > 0. This completes the proof.



Q.E.D.
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Appendix C:



Proofs of auxiliary lemmas



Proof of Lemma 1. ˆ j−i )/(1 − β βδ ˆ j−i ), since We first prove the case when i = 1. First of all we have bi,j > (pi − β βδ ˆ j−i ) − (pi − β βδ ˆ j−i pj )(1 − βδ j−i ) = βδ j−i (1 − β)(p ˆ i − pj ) > 0. (pi − βδ j−i pj )(1 − β βδ Notice that ˆ j−i pj ˆ j−k pj pi − β βδ pk − βδ pi − βδ k−i pk + (1 − λ) =λ , ˆ j−i ˆ j−k 1 − βδ k−i 1 − β βδ 1 − βδ where λ =



1−βδ k−i ˆ j−i . 1−β βδ



This suggests that



ˆ j−i pj pi −β βδ ˆ j−i 1−β βδ



is a convex combination of bk,j and bi,k . Therefore, when



bk,j ≥ bi,j , we mush have bi,j ≥ bi,k . The same procedure can be used to analyze the case when i > 1. The proof is similar and easier, and we omit it for brevity.



Q.E.D.



Proof of Lemma 2. √ √ Let φ(B) = αB 2 − 2B + 1. The roots of φ(B) = 0 are (1 − 1 − α)/α and (1 + 1 − α)/α. Since φ(1/2) > 0 and φ(1) < 0, we have 1/2 < (1 −



√



1 − α)/α < 1.



Let h(A) = B(1 − βδ r + βδ r (2A)B r−1 ) − 2A, which is a decreasing linear function of A. Notice that (B(1 − βδ r ))/(2(1 − βδB r )) is the root of h(A) = 0. We have h(0) = B(1 − βδ r ) > 0, h(B/2) = Bβδ r (B r − 1) < 0. Hence 0 < A < B/2.



Q.E.D.



Proof of Lemma 3. We note that h(A; r) = B(1 − βδ r + βδ r (2A)B r−1 ) − 2A = 0. Hence Bβδ r (− ln δ +(2A)B r−1 (ln B +ln δ )) 2(1−βδ r B r )



dA(r ) dr



dh/dr = − dh/dA =



. When r is large enough and 0 < δ < 1, both the numerator and the denominator



are positive. Therefore, there exists a r such that A(r) is increasing in r when r ≥ r. It follows that there exists a minimum value of A(r). Define A∗ = minr∈N A(r). By definition, we have h(A∗ ; r∗ ) = 0 and h(A(r), r) = 0. Notice that h(A; r) is decreasing monotonically in A given any r, and A∗ ≤ A(r). Therefore, h(A∗ ; r) ≥ h(A(r); r) = 0. After ∗



some algebraic simplifications, we obtain δ r (1 − (2A∗ )B r g(r∗ ; r∗ ) ≥ g(r; r∗ ).



Q.E.D.



∗



−1



) ≥ δ r (1 − (2A∗ )B r−1 ), which is equivalent to
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