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Abstract



We investigate in this letter different dynamical states in the ring of four mutually coupled self-sustained electrical systems with time periodic coupling. The transition boundaries that can occur between instability and complete synchronization states when the coupling strength varies are derived using the Floquet theory and the Whittaker method. The effects of the amplitude of the periodic parametric perturbations of the coupling parameter on the stability boundaries are analyzed. Numerical simulations are then performed and complemented the analytical results. Keywords: Stability; synchronization; self-sustained electrical system.
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Introduction Recently, various investigations on the synchronization dynam-



ics of rings and networks of mutually coupled non-linear oscillators have been carried out [Umberger et al., 1989; Heagy et al. 1994, 1995; Belykh et al. 2001; Chembo Kouomou and Woafo, 2002, 2003; Woafo and Enjieu Kadji, 2004] and various dynamical behaviors have been found, such as instability and the three possible dynamical states (spatiotemporal chaos, clusters synchronization, complete synchronization) when the coupling strength varied. Two types of coupling parameters are used. In the first type, the coupling parameter of the mutually coupled non-linear oscillators is constant and can be done practically through an inductor (low-pass oscillators), but can also be realized with a capacitor (high-pass oscillators). In this case, some interesting results have been observed recently, using analytical and numerical investigations. Chembo and Woafo [2002] studied the spatiotemporal dynamics of a ring of diffusely coupled single-well Duffing oscillators with a positive non-linear stiffness coefficient. They used the Floquet theory to investigate various dynamical states of the ring as well as the hopf bifurcations between them and applied the local injection method to recover the chaotic dynamics. Recently, Woafo and Enjieu Kadji [2004] investigated different dynamical states of synchronization in a ring of mutually self-sustained electrical oscillators described by the mutually coupled Van der Pol equations. The good coupling parameters leading to complete synchronization and partial synchronization or disordered states are calculated using the properties of the variational equations of stability. A stability map showing domains of synchronization to an external excitation locally injected in the ring is also obtained. In both cases, numerical simulations validate and complement the results of the analytical investigations. 2



In the second type, the coupling parameter is not a constant and in general knowing by the time periodic perturbations of the coupling element. The idea of using the parametric perturbations for synchronizing coupled chaotic oscillators and a ring of mutually coupled oscillators is based on a familiar classical problem of the pendulum with oscillated suspension (the suspension point of the pendulum moves harmonically) [Kapica, 1951]. In this work, we will studied the possibility of synchronization of a ring of mutually coupled self-sustained electrical systems by means of the periodic parameter perturbations of the coupling element, described by the mutually coupled Rayleigh-Duffing equations. The application of periodic parametric perturbations for modification of the chaotic dynamics has been considered in [Lima and Pottimi, 1990; Cicagna and Fronzoni, 1990; Fronzoni et al., 1991; Chason, 1995] where it has been shown both theoretically and experimentally that resonant parametric perturbations can suppress chaotic behavior. Recently, Astakhov et al. showed that the synchronization of coupled chaotic oscillators can be achieved by means of periodic parametric perturbations of the coupling element. The possibility of synchronization is demonstrated for the simple case of two identical nonautonomous oscillators with piecewise linear characteristics both analytically and numerically. The aim of the letter is to consider the synchronization of a ring of mutually coupled self-sustained electrical systems described by mutually coupled Rayleigh-Duffing equations. We analyze the stability of the synchronization of the ring using analytical and numerical investigations. We also analyze the effects of the amplitude of the coupling term perturbations on the stability boundaries. After describing the ring in the next section, we analyze in section 3, the stability of the synchronization process in the ring using the Floquet theory [Nayfeh and Mook, 1964; Hayashi, 1964] and the whittaker method [Hayashi, 1964]. Section 4 devoted to the conclusion. 3
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Description of the ring The electrical model shown in Figure 1 is a ring of four mutually



coupled identical self-excited electrical systems. Each self-excited system consists of a capacitor C, an inductor L and a nonlinear resistor NLR, all connected in series. Two types of nonlinear components are considered: the voltage of the condenser is a nonlinear function of the instantaneous electrical charge qν for the νth unit is expressed by



1 qν + a3 qν3 , (1) C0 where C0 is the linear value of C and a3 is a nonlinear coefficient Vcν =



depending on the type of the capacitor in use. This is typical of nonlinear reactance components such as varactor diodes widely used in many areas of electrical engineering to design for instance parametric amplifiers, up-converters, mixers, low-power microwave oscillators, etc [Oksasoglu and Vavriv, 1994]. The current-voltage characteristics of a resistor for the νth unit is also defined as 



VRν0



Ã



!



Ã



iν iν + = R0 i0 − i0 i0



!3  ,



(2)



where R0 and i0 are respectively, the normalization resistance and current, iν the value of current corresponding for the limit resistor voltage. In this case, the model has the property to exhibit self-excited oscillations. This is due to the fact that the model incorporate through its nonlinear resistance a dissipative mechanism to damp oscillations that grow too large and a source of energy to pump up those that become too small. Because of this particular behavior, we can qualify our physical system with nonlinear resistor as a self-sustained oscillator. These two types of nonlinear components have been used recently in Ref. [Yamapi and Woafo, 2005] for the dynamics and synchronization of self-sustained electromechanical devices. The coupling between the four identical self-sustained electrical model is realized through a turning capacitor Cm (high4



pass oscillators) with variable characteristics. The variation of a turning capacitor is induced by the external rotational motor M 1 and we assume that the quantity changes with time by the Cm torsional motor M such as [Rocard, 1971] 1 1 = 0 (1 + ε sin 2ωa τ1 ) Cm C0



(3)



where ε and ωa are respectively, the amplitude and frequency of the external rotational motor M . This type of turning variable capacitor have been used recently (see Ref. [Rocard, 1971]) in an electrical circuit to induce low frequency oscillations. But in this paper, the turning variable capacitor is used for the possibility of synchronization in a ring of four mutually identical self-sustained electrical systems by means of the periodic parameter perturbations of the coupling element. When the four self-sustained electrical systems are interconnected as in Figure 1, the Kirchhoff law of the voltage and the current enables to find that the kth self-sustained electrical system is described by the following equations Vk − Vk+1 = Vself , Ik−1 − Ik = Iself = Cm



(4) dVk , dτ



(5)



which leads to



1 (qk+1 − qk ) Cm Substituting equation (6) into equation (4) yields to Vk =



Vself =



1 1 (qk−1 − qk ) − (qk − qk+1 ) Cm Cm



(6)



(7)



and taking into account equation (3), it is found that the ring is described by 



Ã



! 



1 dqν 2  dqν qν d2 q ν  + + a3 qν3 L 2 − R0 1 − dτ1 i0 dτ1 dτ1 C0 1 = 0 (1 + ε sin 2ω1 τ1 )(qν+1 − 2qν + qν−1 ), ν = 1, 2, 3, 4 C0 5



(8)



with the following dimensionless variables xν = and



q02 we2 α0 = , C02 K=



C0 0 , C0



qν , q0



t = ωe τ1 ,



ωe2



1 = , LC0



R0 µ= , Lωe



E0 =



v0 , Lq0 ωe2



ω=



a3 i20 , α= Lωe4



Ω wa ; w1 = ωe we



equation (8) yields to the following set of coupled non-dimensional differential equations x¨1 − µ(1 − α0 x˙ 1 )x˙ 1 + x1 + αx31 = K(1 + ε sin 2ω1 t)(x2 − 2x1 + x4 ) x¨2 − µ(1 − α0 x˙ 2 )x˙ 2 + x2 + αx32 = K(1 + ε sin 2ω1 t)(x3 − 2x2 + x1 ) x¨3 − µ(1 − α0 x˙ 3 )x˙ 3 + x3 + αx33 = K(1 + ε sin 2ω1 t)(x4 − 2x3 + x2 ) x¨4 − µ(1 − α0 x˙ 4 )x˙ 4 + x4 + αx34 = K(1 + ε sin 2ω1 t)(x1 − 2x4 + x3 ) (9) where xν described the components of the kth self-sustained system. K and ε are the amplitudes of the coupling parameter and the parametric modulation respectively (0 ≤ ε < 0.9). We fix α0 = 1 and the equations (9) are described by a set of four mutually coupled identical Rayleigh-Duffing equations. Thus, a ring of four mutually coupled self-sustained electrical systems. The great interest devoted to the model shown in Figure 1 and described by equations (9) is due to the fact that this model can be used to model several phenomena and have applications in namely area. For example, in electronics engineering, this model is used as a model of parallel operating system of microwave oscillators [Fukui and Nogi, 1980, 1986 ]. A computer study of the mutual synchronization of a large number of these oscillators can be used to model intestinal signal [Robertson-Dunn and Likens, 1974] or colorectal myoelectrical activity in human [Linkens et al., 1976]. This model can also modelled the control pattern generator that controls the rhythmic activity in invertebrates. It can be used to 6



investigate the stability of both non-degenerate modes (standing waves) and degenerate modes (travelling waves) and in particular, the existence of an irregular degenerate mode that appears when the number N of oscillators is multiple of four [Endo and Mori, 1978].
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Synchronization dynamics in the ring Since the Rayleigh-Duffing oscillator has the similar behavior



such as the Van der Pol-Duffing oscillator, a particular characteristic in the Rayleigh-Duffing equation is that its phase depends on initial conditions. Consequently, if four identical Rayleigh-Duffing equations, mutually connected as in Figure 1, are launched with different initial conditions, they trajectory will circulate on the same limit cycle but with four different or identical phases depending on the value of the various dynamical states which appears in the systems and analyze the effects of the amplitude ε on the stability boundaries. The model is physically interesting if the resulting dynamical state is stable. This requires that all the perturbed trajectories return to the original limit cycle. In the literature, several different tools to investigate the stability of the synchronization dynamics are proposed, such as (among other) that developing by Butcher and Sinha [1998]. But we prefer the Floquet theory [Nayfeh and Mook, 1979; Hayashi, 1964] and the whittaker method [Hayashi, 1964] which are more indicated to investigate the synchronization dynamics and also to identify the stability boundaries in the ring. To analyze the stability of the dynamical states, let us find the linear variational equations of equations (9) around the unperturbed
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limit cycle x0 as follows z¨1 − µ(1 − 3x˙ 20 )z˙1 + (1 + 3αx20 )z1 = K(1 + ε sin 2ω1 t)(z2 − 2z1 + z0 ) z¨2 − µ(1 − 3x˙ 20 )z˙2 + (1 + 3αx20 )z2 = K(1 + ε sin 2ω1 t)(z3 − 2z2 + z1 ) z¨3 − µ(1 − 3x˙ 20 )z˙3 + (1 + 3αx20 )z3 = K(1 + ε sin 2ω1 t)(z4 − 2z3 + z2 ) z¨4 − µ(1 − 3x˙ 20 )z˙4 + (1 + 3αx20 )z4 = K(1 + ε sin 2ω1 t)(z1 − 2z4 + z2 ) (10) where zk is the perturbations of the limit cycle x0 of the uncoupled system and which can (for a low value of the coefficient µ) be described by a sinusoidal trajectory of the form x0 = a cos ω0 t



(11)



2√ where a = 3 and the limit cycle frequency corresponding to 3 3 ω02 = 1+ αa2 (obtained for instance by the averaging method) with 8 the parameters µ = 0.1 and α = 0.1. As reported in Ref. [Yamapi and Woafo, 2004] dealing with the synchronization of two RayleighDuffing systems, this first-order approximation gives fairly agreement between the analytical and numerical results. With this first approximation (11) and the following diagonal variables, a Fourier modes Pk defined as P1 = z1 + z2 + z3 + z4 , P2 = z 4 − z 2 ,



(12)



P3 = z 3 − z 1 , P4 = z 4 − z 3 + z 2 − z 1 ,



and



τ = ωo t,



the variational equations (10) yield to P¨k + [2λ + F (τ )]P˙k + [G0 + Gk (τ )]Pk = 0, where Ã



!



µ 3 2 2 ω a −1 , λ = 2ω0 2 0 3 F (τ ) = − µω0 a2 cos 2τ, 2 8



k = 1, 2, 3, 4



(13)



G0 (τ ) = G1 (τ ) = G2 (τ ) = G4 (τ ) =



2 + 3αa2 + 3αa2 cos 2τ , 2ω02 G0 (τ ), Ã ! ω1 2K G3 (τ ) = G0 (τ ) + 2 1 + ε sin 2 τ , ω0 ω0 Ã ! 4K ω1 G0 (τ ) + 2 1 + ε sin 2 τ ω0 ω0



We find through the expressions G2 (τ ) and G3 (τ ) that in the region of K defined as K ∈] − ∞, −0.599[, P2 and P3 will grow indefinitely leading to the instability in the ring. The same phenomenon also occurs for P4 from the expression of G4 (τ ) when K ∈]−∞, −0.2995[. From this above analysis, it appears that any perturbed trajectory in the region of K ∈] − ∞, −0.599[ leads the Rayleigh-Duffing system to continuously drift away to their original limit cycles because the restoring force turns out to be repelling and the cycle loses its attraction character of the disturbed trajectory. The standard form of equations (13) can be obtained by using the following transformation



(



)



1Zτ F (τ )dτ (14) Pk = Qk exp(−λτ )exp − 2 0 This yields that Qk satisfies the following set of independent Hill



equations [Nayfeh and Mook, 1979; Hayashi, 1964]. #



"



¨ k + b0k + 2bk1/2s sin 2 ω1 τ + 2b1s sin 2τ + 2b1c cos 2τ + 2b2c cos τ Qk = 0, Q ω0 (15) where 9 2 + 3αa2 2K − λ2 − ω02 µa4 , b01 = b02 = b03 = b01 + 2 , 2 2ω0 32 ω0 4K Kε 2Kε (1) (2) (3) (4) b04 = b01 + 2 , b1/2s = 0, b1/2s = b1/2s = 2 , b1/2s = 2 , ω0 ω0 ω0 2 3 9 3 3αa b1s = − ω0 µa2 , b2c = − ω02 µ2 aψ , + µω0 λa2 b1c = 2 4 64 4ω0 4 Assuming that the frequency of the external rotational motor M has the same frequency as the unperturbed limit cycle solution (ω0 ≡ ω1 ), this is know as the resonant periodic parametric perturbation 9



on the coupling element. Then, the equations (15) can be rewritten as h



i



¨ k + a0k + 2ak1s sin 2τ + 2a1c cos 2τ + 2a2c cos τ Qk = 0, Q



(16)



with a0k = b0k ,



ak1s = bk1/2s + b1s ,



a2c = b2c



The Floquet theory [Nayfeh and Mook, 1979] states that the solutions of equations (16) may either stable or unstable and their stability boundaries are found around the two main parametric resonances defined at bok = n2 with n = 1, 2. Our recent investigations [Yamapi and Woafo, 2005] show that the stability conditions of the synchronization dynamics in the ring is given by Hn(k) = (a0k − n2 )2 + 2λ2 (a0k + n2 ) + λ4 − a2nk > 0,



n = 1, 2 (17)



where a2nk = (akns )2 + a2nc . From the theory of Hill equation, one may expect that, if the conditions (17) are satisfied for all values of n and k simultaneously, the variations Qk (τ ) tend to zero with increasing time, resulting in the stability in the ring, on the other hand, the ring is unstable. It is noted that if the stability conditions (17) is not satisfied, the variations of Qk (τ ) does not tend to zero, but gives rise to various types of behavior in the ring.
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The analytical and numerical results In this section, we aim to verify through equations (17) the sta-



bility boundaries of the synchronization dynamics and therefore different dynamical states in the ring where the coupling parameter K and the amplitude ε of the periodic parameter perturbations vary. We note that in the second main parametric resonances, (n = 2), the conditions (17) are satisfied for all value of k and ε when K varies. Thus, the stability boundaries and the synchro10



nization domains are found around the first main parametric resonances (n = 1) through H1k . We analyze now what appears in the ring when the coupling strength K increases from −0.599 to infinity for a fixed ε, and when ε vary for a fixed K chosen in the synchronization domain. When K = 0, the systems are uncoupled and the Fourier modes Pk (k = 2, 3, 4) degenerate into P1 which is stable since it remains bounded as the time goes up. From our analytical investigations, the following results are observed in the ring with and without the periodic parametric perturbations in the coupling parameter. 4.1



The case of constant coupling (ε = 0)



When ε = 0, our analytical investigations show that the boundaries of the stability analysis of the Fourier modes Pk for possible bifurcation mechanisms correspond to the following values of K as K1 = −0.599, K2 = −0.261, K3 = −0.13, K4 = 0.059 and K5 = 0.118 since H1k (k = 2, 3, 4) vanish for these values of K. As K increases, we find that both H12 and H13 are negative for K ∈ ] − 0.261; 0.118[ and positive in the region K ∈] − 0.599; −0.261[∪ ]0.118; +∞[, while H14 is positive for the range of K defined as K ∈ ]−0.599; −0.13[∪]0.059; +∞[ and negative for K ∈]−0.13; 0[∪]0; 0.059[. The following bifurcation mechanisms are observed. When K ∈ ] − ∞; −0.599]∪] − 0.13; 0[∪]0; 0.059[, the Fourier modes P2 , P3 and P4 are into the instability region (there is no synchronization in the ring) and the ring satisfies the following constraint x1 6= x3 ,



x2 6= x4



(18)



and x4 − x3 + x2 − x1 6= 0



(19)



For K ∈] − 0.599; −0.261[∪]0.118; +∞[, the Fourier modes P2 , P3 and P4 tend all to zero as the time increases and therefore are 11



together in the stability domain. The ring is in the complete synchronization state (x1 = x2 = x3 = x4 ) and all the four oscillators display the same dynamics (phase-locked). In the last domain K ∈] − 0.261; −0.13[∪]0.059; 0.118[, only the latest mode P4 reaches into the stability domain, since P2 and P3 remain in the unstable domain. In this case, the ring satisfies the constraint x4 − x3 + x2 − x1 = 0



(20)



and x1 6= x3 ,



x2 6= x4



(21)



This corresponds to what can be called a standard correlated states. To confirm the above bifurcation mechanisms, we have solved numerically equations (9) using the stable fourth-other Runge-Kutta algorithm with a time step ∆t = 0.01 and the following initial conditions (x1 (0), x˙ 1 (0)) = (1.0, 1.0),



(x2 (0), x˙ 2 (0)) = (1.5, 1.5),



(x3 (0), x˙ 3 (0)) = (2.0, 2.0),



(x4 (0), x˙ 4 (0)) = (3.0, 3.0).



The set of parameters used is the one defined before. With the numerical procedure, let us evaluate the final states of the Fourier modes Pk and indicate various bifurcation mechanisms which appear in the ring.



Thus, the ring is considered synchronized if



each Fourier mode Pk vanishes with the 10−9 precision and we find that the stability boundaries in the ring of four mutually coupled Rayleigh-Duffing equations are defined as K1n = −5.77, K2n = −0.495, K3n = −0.115, and K4n = 0.025. Although the first value is not predicted by the analytical investigations, the agreement between the analytical and numerical results is quite acceptable. For a fixed value of the coupling coefficient K in each domain, one can view synchronization or no synchronization phenomena in the ring after plotting the temporal variation of the Fourier modes Pk in Figures 3, 4, 5. From the numerical simulations of equations 12



(9), we find that complete synchronization appears for K ∈] − 0.495; −0.115]∪]0.025; +∞[, since the three Fourier modes P2 , P3 , P4 are together in the stability domain and thus tend all to zero as the time increases (see Figure 3), and we have x4 − x3 + x2 − x1 = 0 and x1 = x3 , x2 = x4 . There is no synchronization in the ring for K ∈] − ∞; −0.495[∪] − 0.115; 0[∪]0; 0.025[, because the three Fourier modes P2 , P3 and P4 are in the instability region and we have P2 6= 0, P3 6= 0 and P4 6= 0 as it appears in Figure 4. As we have mentioned before, we find that in the region of K defined by K ∈] − ∞; −5.77], all the Fourier modes grow indefinitely when the time increases. 4.2



Effects of the parametric coupling ε on the stability



boundaries As we have note in the introduction, when the coupling parameter ε is taking into account, the possibility of synchronizing the ring by periodic perturbations on the coupling element is considered. Our aim in this subsection is to identify and analyzed the effects of ε to the stability boundaries and on different bifurcation mechanisms which appears in the ring. Several values of ε are considered and the following results are observed. For example, when ε = 0.3, we find through analytical investigations that in the region of K defined as K ∈] − 0.599; −0.309]∪]0.104; +∞[, H12 , H13 and H14 are positive, this means that all the Fourier modes P2 , P3 , P4 are together in the stability domain, thus complete synchronization appears in this domain. The region of K ∈ [−0.154; 0[∪]0; 0.052], corresponds to the unstable region since H12 , H13 and H14 are negative. The standard correlated states also appear here in the region of K defined as K ∈] − 0.309; −0.154[∪]0.052; 0.104[, since both H12 and H13 are negative and H14 positive.



From the nu-



merical simulations of the equations of motion, we find that com13



plete synchronization phenomena appears in the ring when K ∈ [−7.25; −0.36]∪[−0.33; −0.11]∪[0.02; +∞] as it appears in Figure 5 while the region of K defined as K ∈]−0.36; −0.33[∪]−0.11; 0.02[∪[ corresponds to the unstable area (see Figure 6). We note that the standard correlated states only appear from analytical investigations and not numerically. For other values of ε, the same scenario is observed and the effects of the amplitude ε is shown in Figure 7 where depending to the parameter ε, different bifurcation mechanisms which appear in the ring are provided through the stability map. Analyzing the effects of the amplitude ε on the stability boundaries of different bifurcations mechanism, the following results are observed. The presence of the parametric perturbations on the coupling coefficient only affects the stability boundary between the unstable area and the region of the complete synchronization as it appears in the stability map (K < 0 region). This result appears only through the numerical simulations and not numerically.



5



Conclusion We have studied in this latter the dynamics and different bifur-



cation behavior in the ring of four mutually coupled self-sustained electrical systems with time periodic coupling. Each self-sustained electrical system is described by the Rayleigh-Duffing equation. The transition boundaries amongst different dynamical states (instability and complete synchronization) in the ring have been derived using the Floquet theory and the Whittaker method. The agreement between analytical and numerical results are quite acceptable. The effects of the amplitude of the parametric perturbations on these stability boundaries have been derived and provided in the stability map in the (ε, K) plane.
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Figure 1: Schematic of a ring of four mutually coupled self-sustained electrical systems
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Figure 2: Each self-sustained electrical system
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Figure 3: Temporal variations of the Fourier modes Pk versus t showing the complete synchronization phenomena with the parameters µ = 0.1; α = 0.1; ε = 0.
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Figure 4: Temporal variations of the Fourier modes Pk versus t showing the instability synchronization dynamics with the parameters of Figure 3.



19



K=-2 7 P2 P3 P4



6 5 4



Pk



3 2 1 0 -1 0



2



4



6



8



10



t K=2 3 P2 P3 P4



2.5 2 1.5 1 0.5



Pk



0 -0.5 -1 -1.5 -2 -2.5 0



5



10



15



20



25



30



35



40



45



50



t Figure 5: Idem as in Figure 3 with ε = 0.3.
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Figure 7: Stability map in the (ε, K) plane showing different stability boundaries which appear in the Ring.
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