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Analyzing Infinite Three-Dimensional Problems with an Alternative Non-Homogeneous BEM Technique D.B. Ribeiro and J.B. Paiva Engineering Structures Department São Carlos Engineering School University of São Paulo, São Carlos SP, Brazil



Abstract In the literature, the classical way of simulating infinite layered solids with the boundary element method (BEM) is by imposing equilibrium and displacements compatibility along the contacts. There is, however, an alternative technique which is more accurate because it does not impose these conditions along the interfaces. In this alternative technique, the regions displacement fundamental solutions are related and for each equation all domains are considered as a unique solid. The objective of this work is to employ this alternative formulation in a 3D non-homogeneous infinite domain problem, comparing results with the classical technique and with other studies from the literature. Keywords: infinite domains, boundary elements, non-homogeneous, alternative technique, 3D, numerical methods.
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Introduction



Considering specifically infinite non-homogeneous domain models, many options are available in the literature and each one of them implies on advantages and disadvantages. However, depending on the problem to be solved, one technique may become more attractive then the others. When it is possible, good choice is to employ analytical solutions. When correctly programmed, they give trustful results in little processing time. In reference [1], for example, an analytical expression is deduced for a two layer infinite domain, and in reference [2] this solution is extended to three layers. The main disadvantage of these solutions is that they suit only specific situations, so many researches keep developing new ones to embrace a larger variety of problems [3, 4]. 1



If analytical solutions can not be used, then a numerical approach may be employed. The finite element method (FEM) is still popular [5, 6, 7, 8], however has some disadvantages when compared to other options such as the boundary element method (BEM). The FEM require the discretization of the infinite domain, implying on a high number of elements and leading to a large and sometimes impracticable processing time. To reduce these inconveniences, some authors use infinite elements together with finite elements [9, 10]. It becomes more viable to solve these problems with BEM, once only the boundary of the domains evolved is discretized. This allows reducing the problem dimension, implying on less processing time. This advantage is explored in several works [11, 12, 13, 14], and more developments are turning BEM even more attractive to future applications. One of them is using infinite boundary elements [15, 16]. The classical way to consider domains in contact with the BEM, which is described in details in reference [17], is based on imposing equilibrium and compatibility conditions for all interface points between every pair of domains in contact. These impositions may cause inaccuracies, and numerous blocks of zeros are generated at the final system of equations. However, it is presented in reference [18] an alternative non-homogeneous BEM technique, which does not require equilibrium nor compatibility conditions along the interfaces. Each region is modeled as an isotropic, homogeneous and linear-elastic domain and Kelvin fundamental solutions for displacements and tractions are employed. Establishing relations between the displacement fundamental solutions, all subdomains are analyzed as one unique solid, not requiring equilibrium or compatibility equations. In such a way, a better continuity between domains in contact is guaranteed and therefore the result accuracy is improved. In addition to that, no blocks of zeros are present at the final system of equation, which is reduced. Consequently, the better results may be obtained in less time processing. The aim of this work is to apply the alternative non-homogeneous BEM technique, presented in reference [18], in a 3D infinite domain problem. Although the elasticity module of the domains may be considered different, one disadvantage of this formulation is that the Poisson ratio must be the same for all of them. In Section 2 a brief explanation on the boundary element method is presented. The alternative multi-region BEM formulation is described in Section 3, presenting the displacement fundamental solutions relation and ending with the integral equation valid for the coupled problem. Then, in Section 4, two non-homogeneous problems are studied. The conclusions of this work may be read in Section 5, followed by the acknowledgments.
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Boundary Element Method



The equilibrium of a solid body can be represented by a boundary integral equation called Somigliana Identity, which for homogeneous, isotropic and linear-elastic do2



mains is: cij (y) uj (y) +



Z



p∗ij



(x, y) uj (x) dS (x) =



S



Z



u∗ij (x, y) pj (x) dS (x)



(1)



S



This Equation is written for a source point y at the boundary, where the displacement is uj (y). The constant cij depends on the Poisson ratio and the boundary geometry at y. The field point x goes through all boundary S, where displacements are uj (x) and tractions are pj (x). The integrals kernels u∗ij (x, y) and p∗ij (x, y) are Kelvin 3D fundamental solutions for displacements and tractions, respectively. Kernel u∗ij (x, y) has order 1r and kernel p∗ij (x, y) order r12 with r = |x − y|, therefore the integrals have singularity problems when x approaches y. As a result the stronger singular integral, over the traction kernel, has to be defined in the sense of a Cauchy Principal Value (CPV). To solve Equation (1) numerically the boundary is divided into sub-regions called boundary elements (BE), where displacements and tractions are approximated by known shape functions. The contribution of every element must than be added as follows to completely integrate the boundary:       Z Z ne ne X X  p∗ij ΦdSe  uj  =  u∗ij ΦdSe  pj  cij uj + (2) e=1



e=1



Se



Se



where Φ represents the shape functions adopted, ne is the number of BEs and uj and pj are the displacements and tractions, respectively, at the element nodes. When the field point does not belong to the element integrated the integral is non-singular and may be calculated numerically. Otherwise, it is recommended to employ more advanced integration techniques to maintain the formulation accuracy. One option is to subdivide singular elements into smaller domains called subelements, as done in reference [18], or evaluate the CPV analytically. The free term cij may be determined indirectly by rigid body motions. If a direct calculation is needed, reference [19] presents a formulation valid for a completely arbitrary boundary geometry. Writing Equation (2) for all boundary nodes, as described in reference [17], one obtains the following system of equations: Hu = Gp



(3)



The p∗ij kernel element contributions, including the free term cij , are assembled to matrix H and matrix G receives the element kernel u∗ij contributions. Vectors u and p contain all boundary displacements and tractions, respectively. For each direction of every node one boundary value is prescribed and the other one is unknown. To find the unknowns, the system must be reorganized in order to separate them from the prescribed ones. This proceeding is described with more details in reference [17], and consists on an exchange of columns between matrices H and G. In the end all unknowns are at the left side of the Equation and on the right side remains only a 3



Figure 1: Problem with two regions



vector calculated by multiplying the known values by their correspondent terms of H or G. This linear system of equations is presented below: Ax = f



(4)



where A is the matrix obtained exchanging columns of H and G, vector x contain all the unknown boundary values and f is the vector calculated using the prescribed ones. After solving system (4) all boundary values become known.
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Alternative Subregion Formulation



In Figure 1 a problem with two regions and submitted to arbitrary boundary conditions is presented. The regions have the same Poisson ratio ν and different elasticity modules, E1 for region Ω1 and E2 for region Ω2 . The boundary Γ1 of region Ω1 is divided in two parts, ¯ 1 . The part of Γ1 which is in contact with region Ω2 is denoted by Γ12 and Γ12 and Γ ¯ 1 . Analogously, region Ω2 boundary Γ2 is divided into Γ21 for the rest of it is named Γ ¯ 2 for the free surface. Consequently: the contact and Γ ¯ 1 + Γ12 , Γ1 = Γ



¯ 2 + Γ21 Γ2 = Γ



(5)



Kelvin displacement fundamental solutions for regions Ω1 and Ω2 may be written as: u∗ij1 =



1 [(3ν − 4) δij + r,i r,j ] 16πµ1 (1 − ν) r 4



(6)



u∗ij2 =



1 [(3ν − 4) δij + r,i r,j ] 16πµ2 (1 − ν) r



where



(7)



µ1 =



E1 2 (1 + ν)



(8)



µ2 =



E2 2 (1 + ν)



(9)



In such a way, the fundamental solutions may be related as follows: u∗ij2 =



E1 ∗ u E2 ij1



(10)



Equation (10) may be rewritten as: u∗ij2 = u∗ij1 +



∆E12 ∗ u E1 ij2



(11)



where: ∆Eij = Ei − Ej



(12)



Kelvin traction fundamental solution may be represented by the subsequent Equation:   −1 ∂r ∗ pij = [(1 − 2ν) δij + 3r,i r,j ] + (1 − 2ν) (ηi r,j − ηj r,i ) (13) 8π (1 − ν) r2 ∂η One may observe that Equation (13) do not depend on the elasticity module, than it is the same for domains Ω1 and Ω2 . Thus, Kelvin traction fundamental solution may be represented as p∗ij for both domains. Considering region Ω1 as a reference, the deduction is started writing the Somigliana identity, represented in Equation (1). That is: Z Z ∗ cij1 uj + pij uj dΓ1 = u∗ij1 pj dΓ1 (14) Γ1



Γ1



Note that if the point is outside Ω1 than the free term cij1 is zero, if it is inside cij1 = 1 and if it is on the boundary than cij1 is calculated as described in Section 2. Considering the relations (5), the integrals of Equation (14) may be divided in two parts as shown below: Z Z Z Z ∗ ∗ ∗ ¯ ¯ cij1 uj + pij uj dΓ1 + pij uj dΓ12 = uij1 pj dΓ1 + u∗ij1 pj dΓ12 (15) ¯1 Γ



¯1 Γ



Γ12



Γ12



An analogous equation may be written for region Ω2 : Z Z Z Z ∗ ∗ ∗ ¯ 2 + pij uj dΓ21 = uij2 pj dΓ ¯ 2 + u∗ij2 pj dΓ21 cij2 uj + pij uj dΓ ¯2 Γ



¯2 Γ



Γ21
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Γ21



(16)



When Equations (15) and (16) are added, a single Equation which considers both regions is obtained for the point: R R R R ¯ 1 + p∗ij uj dΓ12 + p∗ij uj dΓ ¯ 2 + p∗ij uj dΓ21 (cij1 + cij2 ) uj + p∗ij uj dΓ ¯1 Γ R ∗ R ∗ Γ12 R ∗ Γ¯ 2 R ∗ Γ21 (17) ¯ ¯ = uij1 pj dΓ1 + uij1 pj dΓ12 + uij2 pj dΓ2 + uij2 pj dΓ21 ¯1 Γ



¯2 Γ



Γ12



Γ21



Some terms of Equation (17) may be related. Starting with the left side, the integral over Γ12 is equal to the one over Γ21 with an inverted signal. This occurs because the exactly same functions are being integrated only inverting the integration direction. Thus: Z Z ∗ pij uj dΓ12 + p∗ij uj dΓ21 = 0 (18) Γ12



Γ21



Analyzing now the right side of Equation (17) and considering Equation (11), the following simplification is made:  R ∗ R ∗ R ∗ R  ∗ ∆E12 ∗ uij1 pj dΓ12 + uij2 pj dΓ21 = uij1 pj dΓ12 + uij1 + E1 uij2 pj dΓ21 Γ12 Γ21 Γ! Γ21 12 R ∗ R R ∗ R ∗ 12 12 = uij1 pj dΓ12 + u∗ij1 pj dΓ21 + ∆E uij2 pj dΓ21 = ∆E uij2 pj dΓ21 E1 E1 Γ12



Γ21



Γ21



Γ21



(19) The two integrals added inside the parenthesis are equal to zero for the same reason that Equation (18) is zero. One more simplification is possible on the right side of Equation (17) by substituting Equation (11) in one more term, as shown below:  Z Z  Z Z ∆E ∆E 12 12 ∗ ∗ ∗ ∗ ¯2 = ¯ 2 = uij1 pj dΓ ¯2 + ¯2 uij2 pj dΓ uij1 + u pj dΓ u∗ij2 pj dΓ E1 ij2 E1 ¯2 Γ



¯2 Γ



¯2 Γ



¯2 Γ



(20) After these deductions, Equations (18), (19) and (20) are substituted in Equation (17). The result is: R R R ¯ 1 + p∗ij uj dΓ ¯ 2 = u∗ij1 pj dΓ ¯ 1+ (cij1 + cij2 ) uj + p∗ij uj dΓ ¯ ¯ ¯ Γ1 Γ2 R RΓ1 ∗ R (21) ¯ 2 + ∆E12 ¯ 2 + ∆E12 u∗ pj dΓ uij2 pj dΓ21 + u∗ij1 pj dΓ ij2 E1 E1 ¯2 Γ



¯2 Γ



Γ21



Reorganizing the terms, the following Equation is obtained: R R R ¯ 1 + p∗ uj dΓ ¯ 2 = u∗ pj dΓ ¯ 1+ (cij1 + cij2 ) uj + p∗ij uj dΓ ij ij1 ¯ ¯ ¯ Γ1 Γ2 Γ1 ! R ∗ R R ¯ 2 + ∆E12 ¯ 2 + u∗ij2 pj dΓ21 + uij1 pj dΓ u∗ij2 pj dΓ ¯2 Γ



E1



¯2 Γ



(22)



Γ21



The terms inside the parenthesis are functions of the boundary tractions however it is necessary to transform them into functions of the boundary displacements. This 6



transformation is possible using Equation (16), isolating one of its integrals for further substitution in Equation (22). In such a way: Z Z Z Z ∗ ∗ ∗ ¯ ¯ uij2 pj dΓ2 = cij2 uj + pij uj dΓ2 + pij uj dΓ21 − u∗ij2 pj dΓ21 (23) ¯2 Γ



¯2 Γ



Γ21



Γ21



Substituting Equation (23) into Equation (22) and combining the integrals inside the parenthesis, the subsequent Equation is obtained: R R R ¯ 1 + p∗ij uj dΓ ¯ 2 = u∗ij1 pj dΓ ¯ 1+ (cij1 + cij2 ) uj + p∗ij uj dΓ ¯ ¯ ¯ Γ1 Γ2 Γ1 ! (24) R R R ∗ ¯ 2 + p∗ij uj dΓ21 ¯ 2 + ∆E12 cij2 uj + p∗ij uj dΓ + uij1 pj dΓ E1



¯2 Γ



h



¯2 Γ



Γ21



 i R ∗ R ∗ ∆E12 12 ¯ cij1 + cij2 1 − ∆E u − p u d Γ + pij uj dΓ21 j j 2 ij E1 E1 ¯2 Γ21 Γ R R R R ¯ 1 + p∗ij uj dΓ ¯ 2 = u∗ij1 pj dΓ ¯ 1 + u∗ij1 pj dΓ ¯2 + p∗ij uj dΓ ¯1 Γ



¯2 Γ



¯1 Γ



!



+ (25)



¯2 Γ



Note that two integrals on the left side can still be combined as follows:  Z Z Z Z ∆E ∆E E2 12 12 ∗ ∗ ∗ ¯ ¯ ¯ ¯2 pij uj dΓ2 − pij uj dΓ2 = 1 − pij uj dΓ2 = p∗ij uj dΓ E1 E1 E1



¯2 Γ



¯2 Γ



¯2 Γ



¯2 Γ



(26) The result of Equation (26) substitution into Equation (25) is: i h R ∗ R ∗ R ∗ E2 ∆E12 2 ¯ ¯ c u + p u d Γ + p u d Γ − pij uj dΓ21 cij1 + E ij2 j j 1 j 2 ij ij E1 E1 E1 ¯1 ¯2 Γ 21 Γ Γ R R ¯ 1 + u∗ pj dΓ ¯2 = u∗ij1 pj dΓ ij1 ¯1 Γ



(27)



¯2 Γ



Equation (27) is only valid for two domains. Extending it to an arbitrary number of domains, it becomes: " # " #  nd h i ne nc R R P Es P P Ee ∆Emn ¯e + c uj + p∗ij uj dΓ p∗ij uj dΓmn = E1 ijs E1 E1 s=1 e=1 c=1 ¯e Γmn Γ " # (28) ne P R ∗ ¯ = uij1 pj dΓe e=1 Γ ¯e



In Equation (28), the second summation signal is positive because the integration direction was changed from Γnm to Γmn . The total number of domains is nd, the number of contact boundaries is nc and the number of external boundaries is ne. The first summation represents the coefficient cij (y) of Equation (1), which contributes in the matrix H of Equation (3). Before calculating it all coefficients cijs , one for 7



cij1 0 1 0



POINT POSITION Outside Ω1 and Ω2 Inside Ω1 ¯2 Over boundary Γ Over boundary Γ12



1 2



cij2 0 0



cij 0 1



1 2 1 2



1 2E1



1 2



+



1 2E1



Table 1: Examples for coefficient cij calculation



each domain, must be known. Considering all boundaries smooth in Figure 1, Table 1 presents some examples for this summation calculation. In Section 2, Equation (1) was used as a starting point to obtain the BEM system of equations which solution are the unknown boundary values. If the same steps are repeated for Equation (28), valid for multi-regions, a similar system of equations is obtained. The unknowns of this new system are the non-prescribed boundary values plus the interface displacements. The total number of unknowns is reduced when compared to the classic multi-region technique described in reference [17], once the interface tractions are not included in this case. This justifies why the alternative formulation leads to less time processing. A better interface continuity is also guaranteed, once all regions are modeled as a unique solid.



4



Results



4.1 Solid composed by four materials The objective of this first example is to compare the classical non-homogeneous BEM formulation with the alternative technique in a general 3D problem. In such a way, it is considered a solid composed by four materials, as presented in Figure 2. Domain Ω1 has an elasticity module of 105 kN /m2 and a Poisson ratio of 0, 3. The same Poisson ratio is adopted for the other domains, however their elasticity modules are different. In domain Ω2 it is 2E1 , in Ω3 it is 3E1 and in Ω4 it is 4E1 . All interfaces are considered perfectly adhesive. The displacements are restrained on the right side of the solid and a resultant force of 2 kN is applied on the other edge. This force is considered uniformly distributed on the edge cross-section. The longitudinal dimension of each domain is 1 m and a constant squared cross-section with a 0, 5 m dimension is considered. The value that is used to compare the different formulations is the displacement at the force direction, considering the central node of the edge cross-section. To obtain a reference value, this problem is initially solved using the commercial software AN SY S10.0 employing a fine mesh of 3D finite elements type SOLID45. This mesh is composed by 64000 elements and 71001 nodes, and may be observed in Figure 3. 8



Figure 2: First example



Figure 3: FEM mesh employed
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Figure 4: First BEM mesh employed



In the Figure is presented three views of the same mesh. In Figure 3a a 3D view is presented, 3b contains a detail of the mesh employed for the edges and 3c illustrates the top and lateral views. To simulate the problem with the BEM, two types of formulations are employed. The first one is the classical multi-region formulation, which may be consulted in reference [17], and the second is the alternative technique presented in this work. In order to compare the two BEM techniques, three different meshes are employed. The first one, represented in Figure 4, is latter identified as mesh 1. It has 138 nodes and 272 elements and may be considered course. In Figure 4a is presented a 3D view of the mesh, 4b represents a detail of the edges and 4c presents the top and lateral views. For each contact, it must be inserted an additional mesh as illustrated in Figure 4b. The second mesh, which may be visualized in Figure 5, is latter identified as mesh 2. This one is intermediate, with 546 nodes and 1088 elements. Figure 5 is analogous to Figure 4, being the same views represented. Each interface considered in the examples is modeled with the mesh of Figure 5b. The third and final mesh is latter identified as mesh 3, and is represented in Figure 6 with the same views of Figures 4 and 5. This mesh may be considered fine, with 2178 nodes and 4352 elements. The contacts between materials are discretized with the mesh of Figure 6. The results obtained with the numerical simulations are organized in Table 2. The value calculated with AN SY S10.0, of 6, 2550 × 10−2 m, is used as a reference for the error calculation. 10



Figure 5: Second BEM mesh employed



Figure 6: Third BEM mesh employed
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Numerical technique Classical mesh 1 Classical mesh 2 Classical mesh 3 Alternative mesh 1 Alternative mesh 2 Alternative mesh 3



Displacement (m) Error (%) 1, 1490 × 10−1 83, 7 −2 8, 0267 × 10 28, 3 6, 7629 × 10−2 8, 1 −2 6, 7883 × 10 8, 5 6, 6781 × 10−2 6, 8 −2 6, 4193 × 10 2, 6



Table 2: Transversally loaded solid with four materials



The second line of the Table contains the displacement obtained employing the commercial program AN SY S10.0 with the mesh presented in Figure 3. The following three lines show the results of the classical formulation and the three last lines present the values obtained employing the alternative technique presented in this work. For both multi-region BEM techniques three different meshes were employed, which may be visualized in Figures 4, 5 and 6. It may be observed that, even with mesh 3, the error of the classical formulation is high. On the other hand, the displacement calculated with the alternative technique was much more accurate. It is important to notice that the error of the alternative technique employing mesh 1 was close to the error of the classical formulation with mesh 3. This means that, for this example, the classical formulation needed a mesh of 2178 nodes to overcome the accuracy obtained with the alternative technique employing a mesh with only 138 nodes.



4.2 Infinite domain with two layers This example aims to analyze an infinite non-homogeneous domain problem with the alternative BEM technique. The domain considered is composed by two layers of different elasticity module, as illustrated in Figure 7. Layer 1 has a 9000 kN /m2 elasticity module, a 0, 5 Poisson ratio and 15 m of thickness. Layer 2 has a 900 kN /m2 elasticity module, a 0, 5 Poisson ratio and infinite thickness. Both layers are infinite in radial directions. A vertical circular 2 kN /m2 uniform loading with a 7, 5 m diameter is applied at the top layer surface. This problem was simulated using a 153 node and 288 boundary element mesh, which may be visualized in Figure 8. It is composed by triangular elements with linear shape functions. Figure 8a presents a general view of the mesh and Figure 8b presents a detail of the central area. This mesh is employed at the surface and at the layers contact, extending to a distance from which the displacements and tractions could be considered negligible. For the nodes positioned at this limits, the boundary values are imposed to be zero to better simulate their far field behavior. Hence, it was considered not necessary to close the boundary at the limits. 12



Figure 7: Second example



Figure 8: Mesh employed
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Using the values adopted in this example and applying the solution given in reference [1], a 2, 5000 × 10−3 m vertical displacement is obtained for the central point of the circle. Considering this same point, a 2, 5010×10−3 m displacement was obtained using the classical formulation with the mesh of Figure 8. Employing the alternative technique and the same mesh, a 2, 5033 × 10−3 m vertical displacement was obtained. Both values numerically calculated may be considered very close to the analytical one, leading to the conclusion that both formulations achieved accurate results in this example.
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Conclusions



In this work, an alternative BEM formulation for multi-zoned 3D problems was applied in an infinite domain problem. Electing one domain as a reference and establishing relations between its displacement fundamental solution and the ones of the other regions allows integrating all domains as a unique solid. This approach eliminates the need of equilibrium and compatibility relations between the different media. One advantage of the alternative formulation on the classic one is that no blocks of zeros are present at the final system of equations and the interface tractions are not included among the unknowns. A reduced number of unknowns lead to a smaller system of equations and consequently less time processing. Another advantage is that a better continuity along the interfaces is guaranteed. This reduces possible inaccuracies that may occur when using the classic technique in problems with numerous interface meshes. The disadvantage is that only the elasticity module of the regions may be different, the Poisson ratio must be the same for all of them. To test the present technique, two numerical examples were considered. The first was solved employing three mesh types for the classical and the alternative multiregion BEM formulations. All results were compared with a 3D FEM simulation employing the commercial program AN SY S10.0. The accurate results obtained with the alternative technique employing mesh 3 proved that it guarantees good continuity between domains. In addition to that, the classical formulation presented inaccuracies that may not be ignored. This example proved that, depending on the problem complexity and the number of contacts, the classical technique may become not reliable. On the second example a two layer half space was simulated employing both formulations, and the values obtained were compared with an analytical expression. The numerical results were very close to the analytical one, meaning that both techniques were accurate. These low errors were expected, once the problem analyzed may be considered simple.
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