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Abstract This paper considers a pure exchange stochastic overlapping generations model in which agents live for two periods. At each date, either a young or an old agent has larger endowments than the other, which is stochastically determined. In addition to the uncertainty, commitment cannot be externally enforced in this economy. In this environment, I suggest a transfer rule from a young agent to an old agent, and investigate a condition under which an equilibrium allocations are interim Pareto efficient subject to the self-enforcement constraint. The main finding is the characterization of the cut-off transfer level above (resp. below) which the allocation induced by the transfer rule is (resp. not) interim Pareto efficient.
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1 Introduction A seminal paper in welfare economics, Samuelson (1958), analyzes a deterministic overlapping generations model, and shows important implications. There might be several extensions, and one of natural and important extensions is the existence of uncertainties. In Samuelson (1958), one important implication is that the first fundamental welfare theorem does not always hold, that is, competitive equilibrium allocations are not necessarily Pareto efficient. This paper also questions whether or not an equilibrium allocation is “efficient.” In a stochastic setting, however, I need to define “efficiency” carefully, because the timing at which agents’ welfare is evaluated matters.1 There are two candidates for an efficiency concept; one is ex ante Pareto efficiency and the other is interim Pareto efficiency. The difference between them is the timing at which an agent’s expected utility is calculated into welfare. Ex ante Pareto efficiency uses an agent’s expected utility calculated at the initial date of the economy, and interim Pareto efficiency uses an agent’s expected utility at each agent’s birth date given histories at that moment. Under ex ante Pareto efficiency, “the” agent who lives in a particular date is considered as one individual, whereas, under interim Pareto efficiency, even if an agent has the same name, if the history is different, he/she is considered as different individuals. In this paper, I use interim Pareto efficiency as an efficiency concept. One more observation about the efficiency concept in this paper is that the efficiency concept must take into account one constraint, “no-commitment constraint,” because this paper considers a situation in which commitment cannot be externally enforced. Roughly speaking, an agent can walk away from the system at any point of time if he/she lives and wants to do so. Hence, one important constraint in an equilibrium is “self-enforcement” constraint. In addition to the timing, the efficiency concept needs to care about the self-enforcement constraint. This paper will shed light on the importance of no-commitment constraint and interim Pareto efficiency in intergenerational transfer schemes. If the social planner ignores the no-commitment constraint and aims to achieve ex ante Pareto efficient allocations, then the social planner will try to smooth con1 Dutta



and Polemarchakis (1990) give a discussion about the efficiency under uncertainties.
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sumption and equalize it between generations. This might require the transfer from old generations to young generations. Such a policy, however, is difficult to be implemented from the political economy point of view. The pay-as-you-go retired pension system in the U.S. is a good example of this situation. Although each generation in the paper consists of a single agent, we can consider a well-organized and influential interest group as a single agent. Consider, for example, “American Association of Retired Persons (AARP)” in the U.S. This interest group is one of the largest interest groups, and spend a huge amount of money every year and influence the policy about health care issues for people over 50 years old.2 Moreover, according to the data,3 the turnout of the old is higher than that of the young. If politicians, who are policy-makers, care about the winning in elections, they avoid to implement policies that are not beneficial to the old.4 From these aspects, figuring out which allocations are interim Pareto efficient with no-commitment constraint is useful when the social security policy is implemented in the real world. The model of this paper is a pure exchange stochastic overlapping generations model. The economy continues forever, but agents live only for two periods, young and old. At each date, a single new generation is born. At each date, this economy has constant social endowments, but agents face a distributional shock that determines the distribution of the social endowments. In one state, a young agent has larger endowments than an old agent, and in the other state, an old agent has larger endowments than a young agent. Endowments are perishable and there is no saving technology. At each date, every agent can transfer some part of his/her endowments to the other agent. Commitment, however, cannot be externally enforced in this economy. Hence, the transfers must be self-enforced in an equilibrium. In this environment, I focus on the following transfer rule: When a young agent has larger endowments than an old agent, the young agent transfers a part of his/her endowments, say γ to the old agent, and when an old agent has larger endowments than a young agent, no transfer takes place. The reason 2 According to the web site,



“OpenSecrets.org”, in 2008, they spent $27,900,000 and it was the 3rd largest amount of money



spending. 3 For example, see the web site of U.S. Census Bureau and “Political Arithmetik” written by Professor Charles H. Franklin at University of Wisconsin. 4 For more political economy explanations, see, for example, section 2.4 in Feldstein and Liebman (2002).
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why I focus on this transfer rule is that this transfer rule seems natural and simple, and it is close to the unfunded pay-as-you-go social security system in the real life. This transfer rule is called γ -transfer rule. The main question of this paper is whether or not an allocation induced by γ -transfer rule is interim Pareto efficient subject to the self-enforcement constraint. To answer this question, first, I need to find an equilibrium that satisfies the self-enforcement constraint and the equilibrium allocation is the allocation induced by γ -transfer rule. In this setting, an equilibrium is a subgame perfect equilibrium. I suggest a trigger strategy, in which once a young agent does not transfer γ when he/she has larger endowments, this agent will not receive the transfer γ when he/she is old, and the later generations will not, either. That is, once a deviation takes place, the economy will go to the autarky. It is not difficult to check whether this trigger strategy is a subgame perfect equilibrium or not and the equilibrium allocation is the same as that induced by γ -transfer rule. I also find an upper bound of γ , say γ ∗ , whose trigger strategy is a subgame perfect equilibrium, given parameters such as the discount factors and the probability distribution over aggregate shocks. The main finding is that there exists a cut-off transfer, say γˆ, such that if γ is less than γˆ, the allocation induced by γ -transfer rule is not interim Pareto efficient subject to the self-enforcement constraint and if γ is greater than or equal to γˆ, the allocation induced by γ -transfer rule is interim Pareto efficient subject to the self-enforcement constraint. Furthermore, a trigger strategy for γ greater than γ ∗ is not a subgame perfect equilibrium. This cut-off, γˆ, equalizes the sum of the inter-temporal marginal rate of substitutions when today’s and tomorrow’s aggregate shocks are the same to 1. Recall that, in a deterministic overlapping generations model, a necessary and sufficient condition for the allocation to be Pareto efficient is the inter-temporal marginal rate of substitution is greater than or equal to 1. Since there are two states and the welfare is evaluated by interim expected life-time utility, the condition changes to the sum of marginal rate of substitutions. One interesting observation is that even though γ -transfer rule maximizes the young agent’s life-time expected utility, the allocation induced by this γ -transfer rule is not interim Pareto efficient subject to the self-enforcement constraint. This is different from the deterministic environment, because as long as the young agent’s life-time utility is maximized, that allocation is Pareto efficient. 4



One of other findings is that interim Pareto efficient allocations induced by γ -transfer rule subject to the self-enforcement constraint is also interim Pareto efficient in the set of technically feasible allocations. If I adopt ex ante Pareto efficiency as an efficiency concept instead of interim Pareto efficiency, this result will not hold, because the constant and equal consumption between generations in each state at every date will ex ante Pareto dominates the interim Pareto efficient allocations. The other finding is that the allocation in which the young and the old agents consume the same amount when the young agent has larger endowments is always interim Pareto efficient in the set of all feasible allocations in the sense that the result does not depend on the details of the model such as the discount factor, the probability distribution of aggregate shocks and so on. The transfer that equates the young agent’s consumption and the old agent’s consumption when the young agent has larger endowments than the old agent induces the interim Pareto efficiency, and hence, the only problem will be whether such a transfer rule satisfies the self-enforcement constraint or not. That will be satisfied when agents have a high enough discount factor and the state in which the young agent has larger endowments occurs more likely. Before presenting the formal model, let me discuss some of the related literature. This paper considers efficiency in a stochastic overlapping generations model. In a deterministic overlapping generations model, several papers, for example, Balasko and Shell (1980) and Okuno and Zilcha (1980), propose a clear necessary and sufficient condition for a competitive equilibrium allocation to be Pareto efficient by using the idea of Cass (1972) and Benveniste (1976).5 In a stochastic overlapping generations model, Chattopadhyay and Gottardi (1999) characterize interim Pareto efficient allocations in a wide range of stochastic pure exchange economies with sequentially complete markets. By using a weight function to combine several nodes into one node, they apply Cass’ criterion to the stochastic overlapping generations model. Their characterization result is helpful, and I apply their result in this paper. For the paper related with social security systems, Krueger and Kubler (2002, 2006) investigate under which conditions an unfunded pay-as-you-go social security system can interim Pareto improve competitive equilibrium allocations when the asset markets are incomplete by numerical exercises. Their 5 Geanakoplos



and Polemarchakis (1991) is a good survey of the research in this area.
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incompleteness of the markets is given “exogenously,” while this paper’s incompleteness comes from lack of commitment, which is “endogenous.”6 Another strand will be to investigate which allocations are implementable by subgame prefect equilibria. Hammond (1975) considers a similar model without uncertainty, and shows that Pareto efficient allocation is implemented by a trigger strategy subgame perfect equilibrium. Kandori (1992) shows the sufficient conditions for any individual rational utilities being implemented by some subgame perfect equilibrium, known as Folk theorem, in the overlapping generations model. This paper’s main purpose, however, is not to show Folk theorem in the environment with uncertainty, but to focus on some natural transfer rule and investigate properties of the rule. The paper is organized as follows. Section 2 sets up the model. Section 3 investigates the implementability of transfer rules. Section 4 defines interim Pareto efficiency and shows conditions under which the allocation is interim Pareto efficient. Section 5 gives discussions of the model.



6 Kocherlakota



(1996) and Thomas and Worrall (1988) consider the endogenous incompleteness of markets caused by lack



of commitment in different environments.
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2 The Model Time is discrete and infinite, t = 1, 2, . . . . At each date t, a single agent is born. Call an agent born at date t generation-t agent and the initial old agent generation-0 agent. Agents live for two periods, and it is identified by their age, a ∈ A := {0, 1}. I also call an agent whose age is 0 and 1, a young agent and an old agent, respectively. At each date t, the economy faces a distributional shock that determines the distribution of endowments among two generations. Let Ω := {ω (1), ω (2)} denote a set of distributional shocks with generic element ω . Let µ : Ω → [0, 1] be a probability distribution over Ω. I assume that µ (ω ) > 0 for all ω ∈ Ω. A history of distributional shocks at date t is denoted by ω t := (ω1 , ω2 , . . . , ωt ) ∈ Ωt . I assume that the stochastic process {ωt } is i.i.d. across time. At each date t, if ω ∈ Ω is realized, the endowment of an agent whose age is a ∈ A is θ a (ω ), which satisfies 0 < θ 0 (ω (1)) < θ 1 (ω (1)) and θ 0 (ω (2)) > θ 1 (ω (2)) > 0. I assume that the total amount of endowments is the same across two shocks, that is, for all ω ∈ Ω, ∑a∈A θ a (ω ) := θˆ for some positive constant θˆ < ∞. Therefore, when ω (1) (resp. ω (2)) occurs, the old (resp. young) agent is richer than the young (resp. old) agent. In this economy, the endowments are perishable and there is no storage technology, and agents can transfer their own endowments to the other. At date t, the young agent transfers γt0 to the old agent and the old agent transfers γt1 to the young agent, and transfers at any date t satisfy γt0 ∈ [0, θ 0 (ωt )] and



γt1 ∈ [0, θ 1 (ωt )] for any ωt ∈ Ωt . At date t, if the distributional shock is ω ∈ Ω, the young and the old agents’ consumptions after the transfer will be θ 0 (ω ) − γt0 + γt1 and θ 1 (ω ) − γt1 + γt0 . Every agent derives utilities from the consumption. A utility function is denoted by u : R+ → R that is strictly concave, strictly increasing and twice-continuously differentiable. Notice that the utility function is identical across agents and time. At any date t, when the distributional shock is ωt ∈ Ω, the young’s transfer is γt0 and the old’s transfer is γt1 , the young and the old agent’s instantaneous utility is given by u(θ 0 (ωt ) − γt0 + γt1 ) and u(θ 1 (ωt ) − γt1 + γt0 ), 7



respectively. The young agent discounts the future utility at the rate of β ∈ (0, 1]. Notice that β is also identical across agents and time. Now I define an agent’s strategy. For any t ≥ 2 and any given ω t−1 ∈ Ωt−1 , let  ¯  ¯ 1 1 (ω )], γ 0 ∈ [0, θ 0 (ω )] for all τ = 1, 2, . . . ,t − 1  ¡ ¯ ¢ γ ∈ [0, θ τ τ τ τ H t−1 (ω t−1 ) := (γ 1 , γ 0 )t−2 , γ 1 ¯  τ τ +1 τ =0 t−1 ¯¯  and γ 1 ∈ [0, θ 1 (ω )] 0
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denote a set of all possible histories of transfers before date t. Given ω t−1 ∈ Ωt−1 , a mapping, σt0 (·, ·|ω t−1 ), is defined by



σt0 (·, ·|ω t−1 ) : H t−1 (ω t−1 ) × Ω → [0, θ 0 (ω )], 1 (·, ·|ω t ), is defined by and, given ω t ∈ Ωt , a mapping, σt+1 1 σt+1 (·, ·|ω t ) : H t (ω t ) × Ω → [0, θ 0 (ω )].



Then, a strategy of generation-t(≥ 2) agent is defined by ¡ ¢ 1 σt := (σt0 (·, ·|ω t−1 ))ω t−1 ∈Ωt−1 , (σt+1 (·, ·|ω t ))ω t ∈Ωt . Let H 0 := 0. / A strategy of generation-1 agent is ¡ ¢ σ1 := σ10 (·, ·), (σ21 (·, ·|ω 1 ))ω 1 ∈Ω1 , where σ10 (·, ·) : H 0 × Ω → [0, θ 0 (ω )] and σ21 (·, ·|ω 1 ) : H 1 (ω 1 ) × Ω → [0, θ 1 (ω )]. For later convenience,



σ10 (·, ·|ω 0 ) is equivalent to σ10 (·, ·). A strategy of generation-0 agent is σ0 := σ11 (·, ·), where σ11 (·, ·) : H 0 × Ω → [0, θ 1 (ω )]. For convenience, I will use σ11 (h0 , ω1 |ω 0 ) as σ11 (h0 , ω1 ) for any ∞ be a strategy profile. For any t ≥ 2, any a ∈ A and any ω t−1 ∈ Ωt−1 , let ω ∈ Ω. Let σ := (σt )t=0



Σta (ω t−1 ) := { f | f (·, ·|ω t−1 ) : H t−1 (ω t−1 ) × Ω → [0, θ a (ω )]}



8



be a set of all mappings, f (·, ·|ω t−1 ), for each a ∈ A. Let Σta := ∏ω t−1 ∈Ωt−1 Σta (ω t−1 ). Then, a set of 1 . For t = 1, let strategies of generation-t(≥ 2) agent is denoted by Σt := Σt0 × Σt+1



Σa1 := {g|g : H 0 × Ω → [0, θ a (ω )]} be a set of mappings, g, for each a ∈ A. Then, a set of strategies of generation-1 agent is defined by Σ1 := Σ10 × Σ12 . A set of strategies of generation-0 agent is denoted by Σ0 := Σ11 . Next, I define an agent’s utility in the game. For any date t ≥ 1, given a strategy profile, σ , a history of distributional shocks ω t ∈ Ωt , and a history of transfers, ht−1 ∈ H t−1 (ω t−1 ), the expected life-time utility of the young in generation t ≥ 1 is V (σ |ht−1 , ω t ) := u(θ 0 (ωt ) − σt0 (ht−1 , ωt |ω t−1 ) + σt1 (ht−1 , ωt |ω t−1 )) " +β



#



1 0 (ht , ωˆ |ω t ) + σt+1 (ht , ωˆ |ω t )) ∑ µ (ωˆ )u(θ 1 (ωˆ ) − σt+1



,



(1)



ωˆ ∈Ω



where ht = (ht−1 , (σt0 (ht−1 , ωt |ω t−1 ), σt1 (ht−1 , ωt |ω t−1 ))), and the utility of the old in generation t ≥ 1 is 1 0 u(θ 1 (ωt+1 ) − σt+1 (ht , ωt+1 |ω t ) + σt+1 (ht , ωt+1 |ω t )),



where ht ∈ H t (ω t ). Throughout this paper, I assume that every young agent cannot commit his amount of transfer at his old age and hence, every agent decides how many amounts he transfers at each age. I use a subgame perfect equilibrium of this commitment structure as an equilibrium concept. In a subgame perfect equilibrium, at any point of time and history, each agent chooses the amount of transfers at that date optimally. Formally, a strategy profile σ ∗ is a subgame perfect equilibrium (hereafter, SPE) if for all t ≥ 1, all ω t ∈ Ωt , and all ht−1 ∈ H t−1 (ω t−1 ), u(θ 1 (ωt ) − σt1∗ (ht−1 , ωt |ω t−1 ) + σt0∗ (ht−1 , ωt |ω t−1 )) ≥ u(θ 1 (ωt ) − σt1 (ht−1 , ωt |ω t−1 ) + σt0∗ (ht−1 , ωt |ω t−1 )) holds for all σt1 (·, ·|ω t−1 ) ∈ Σt1 (ω t−1 ), and for all t ≥ 1, all ω t ∈ Ωt , and all ht−1 ∈ H t−1 (ω t−1 ), ∗ )|ht−1 , ω t ) V (σ ∗ |ht−1 , ω t ) ≥ V ((σt , σ−t



holds for all σt ∈ Σt . 9



3 Implementation of Transfer Rules In this section, I consider a certain type of endowment-transfer rule. For convenience, let



γ :=



θ 0 (ω (2)) − θ 1 (ω (2)) . 2



Call the following transfer rule γ -transfer rule; for given γ ∈ [0, γ ], for any t ≥ 1, • if ω (1) ∈ Ω is realized, then no transfer occurs and each agent in each generation consumes his endowment, and • if ω (2) ∈ Ω is realized, then a transfer, γ , from the young to the old occurs, and the young consume



θ 0 (ω (2)) − γ and the old consume θ 1 (ω (2)) + γ . Especially, when γ = 0, the allocation after transfers is autarky, and when γ = γ , both young and old agents consume the same amount of consumption, denoted by θ (ω (2)) :=



θ 0 (ω (2))+θ 1 (ω (2)) . 2



Since there



is no commitment device in this economy, any transfer rule has to be self-enforced. Thus, a γ -transfer rule is implemented by a strategy profile σ if σ is an SPE and the allocation implemented by σ is the same as that induced by a γ -transfer rule. γ Furthermore, for any given γ ∈ [0, γ ], let σˆ t be a trigger strategy such that for all t ≥ 2, all ω t ∈ Ωt



and all ht−1 ∈ H t−1 (ω t−1 ),    γ if all young agents at date τ < t transfer γ to the old agents when ωτ = ω (2)   0,γ σˆ t (ht−1 , ωt |ω t−1 ) = and no transfer takes place when ωτ = ω (1), and old agents do not transfer at all     0 otherwise, and 1,γ σˆ t+1 (ht , ωt+1 |ω t ) = 0



for all ht ∈ H t (ω t ) and all ωt+1 ∈ Ω. For generation-1 agent,   γ if ω1 = ω (2) 0,γ σˆ 1 (h0 , ω1 ) =  0 if ω = ω (1), 1
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and 1,γ σˆ 2 (h1 , ω2 |ω 1 ) = 0



for all h1 ∈ H 1 (ω 1 ) and all ω2 ∈ Ω. For the initial old, 1,γ σˆ 1 (h0 , ω1 ) = 0



for all ω1 ∈ Ω and all h0 ∈ H 0 . In this section, I use this trigger strategy to implement a transfer rule. First, I show that the autarkic allocation is always implemented by σˆ 0 and it gives less utility to the agent than any other SPE outcomes. Lemma 3.1. For any β and µ , σˆ 0 is an SPE and provides less utility to every agent than any other SPE. Proof. See the Appendix.



Q.E.D.



Here, I define a function, D. For γ ∈ (0, γ ], let D(γ ) :=



u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ) u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2)))



(2)



and at γ = 0, D(0) = lim D(γ ) = γ →0+



u0 (θ 0 (ω (2))) . u0 (θ 1 (ω (2)))



(3)



Next lemma shows the properties of the function D and it is useful for later results. Lemma 3.2. The function D is differentiable and strictly increasing in γ ∈ (0, γ ) and D(γ ) ∈ (0, 1) for all γ ∈ (0, γ ). Proof. See the Appendix.



Q.E.D.



Next, I derive a necessary and sufficient condition for σˆ γ being an SPE for arbitrary γ ∈ (0, γ ]. Lemma 3.3. For any γ ∈ (0, γ ], γ -transfer rule is implemented by σˆ γ if and only if



β µ (ω (2)) ≥ D(γ ) holds. 11



(4)



Proof. See the Appendix.



Q.E.D.



If the only distributional shock is ω (2), then the above necessary and sufficient condition only depends on β . However, in this model, the probability that ω (2) occurs is important for the deviation, because in state ω (1), the agent does not have an incentive to deviate at all. Hence, the necessary and sufficient condition also depends on ω (2). The next interesting question is how much the young agent can transfer to the old agent. To answer this question, first, I define γ ∗ . Fix any β µ (ω (2)). Let  ³ 0 0 i 0  D−1 (β µ (ω (2))) if β µ (ω (2)) ∈ u0 (θ 1 (ω (2))) , u(θ (ω (2)))−u(θ1 (ω (2)) , ³ u (θ0 (ω0(2))) u(iθ (ω (2)))−u(θ (ω (2))) γ∗ = (2)))  0 if β µ (ω (2)) ∈ 0, uu0 ((θθ 1 ((ω . ω (2)))



(5)



Notice that D−1 is well-defined on the above interval, because D is strictly increasing on (0, γ ]. First result shows that, given β and µ , a trigger strategy can implement at most γ ∗ -transfer rule. Proposition 3.1. γ ∗ is the largest amount of transfer that can be implemented by a trigger strategy SPE. ³ Proof. First, prove the case in which β µ (ω (2)) ∈



u0 (θ 0 (ω (2))) u(θ 0 (ω (2)))−u(θ (ω (2)) , u0 (θ 1 (ω (2))) u(θ (ω (2)))−u(θ 1 (ω (2)))



i . By the definition



∗



of γ ∗ , D(γ ∗ ) = β µ (ω (2)). Hence, γ ∗ -transfer rule is implemented by σˆ γ . For any γ > γ ∗ , D(γ ) >



β µ (ω (2)) holds. This implies that σˆ γ cannot be an SPE, because a young agent does not want to transfer γ to the old. Therefore, γ ∗ is the largest amount of transfer that can be implemented by a trigger ³ 0 0 i (2))) u(θ 0 (ω (2)))−u(θ (ω (2)) , strategy SPE when β µ (ω (2)) ∈ uu0 ((θθ 1 ((ω . 1 ω (2))) u(θ (³ ω (2)))−u(θ (ω (2))) i u0 (θ 0 (ω (2))) Second, prove the case in which β µ (ω (2)) ∈ 0, u0 (θ 1 (ω (2))) . Then, β µ (ω (2)) ≤ D(0) holds. Since D is strictly increasing in γ , for any γ > 0, β µ (ω (2)) < D(γ ) holds. By the similar argument before, σˆ γ cannot be an SPE. It is clear that 0-transfer rule, that is, autarky, is implemented by σˆ 0 , because positive transfer by any agent just lowers his own utility.



Q.E.D.



Up to here, I only consider a trigger strategy. One might guess that there are other SPE that can implement more amount of transfers. However, next result guarantees that I can focus on the trigger strategy SPE without loss of generality. 12



Proposition 3.2. Fix γ 0 > γ ∗ arbitrarily. There exists no SPE that implements γ 0 -transfer rule. Proof. Suppose there exists an SPE, σ˜ , that implements γ 0 -transfer rule. Suppose for some date t, the distributional shock is ωt = ω (2) and the young agent does not transfer γ 0 to the old agent. Since σ˜ is an SPE, V (σ˜ |ht−1 , ω t ) ≥ u(θ 0 (ω (2))) + β · punishment must hold.7 Equivalently,



β



£©



ª ¤ µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) + γ 0 ) − punishment



≥ u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ 0 ). Notice that the value of punishment cannot be less than autarky, because every agent can achieve autarky by himself. Hence, punishment ≥ µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2))) will hold. Then, the above equation implies



β µ (ω (2)) ≥ D(γ 0 ). Since D is strictly increasing in γ and D(γ ∗ ) = β µ (ω (2)), D(γ ∗ ) ≥ D(γ 0 ) > D(γ ∗ ) must hold. This is a contradiction.



Q.E.D.



In this section, I consider the implementability of γ -transfer rule. I characterize the maximum amount of implementable transfer in each case of β and µ . In the next section, I investigate whether or not the allocation induced by transfer rules is interim (Pareto) efficient. 7 “punishment”



corresponds to the value in the bracket of equation (1).
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4 Interim Pareto Efficiency of Transfer Rules In this section, we consider whether the allocation implemented by a transfer rule is interim Pareto efficient or not.



4.1 Definition of Interim Pareto Efficiency First, I define interim Pareto efficiency here.8 To define interim Pareto efficiency, I give some notations. 1 ), where For any t ≥ 1, an allocation for generation-t is denoted by a pair of mapping, ct := (ct0 , ct+1 1 : Ωt+1 → R . The initial old’s allocation is denoted by c := c1 . Let c := (c )∞ ct0 : Ωt → R+ and ct+1 + 0 t t=0 1



denote an allocation. An allocation, c, is feasible if for all t ≥ 1, ct0 (ω t ) + ct1 (ω t ) ≤ θˆ holds for all



ω t ∈ Ωt . Given ct and ω t , the life-time expected utility of generation-t(≥ 1) agent is " # U(ct |ω t ) := u(ct0 (ω t )) + β



1 (ω t , ωˆ )) ∑ µ (ωˆ )u(ct+1



.



ωˆ ∈Ω



Let C be a set of arbitrary allocations. An allocations, c ∈ C , is interim Pareto efficient in C if there does not exist another allocation, c˜ ∈ C , such that U(c˜t |ω t ) ≥ U(ct |ω t )



(6)



u(c˜11 (ω 1 )) ≥ u(c11 (ω 1 ))



(7)



holds for all t ≥ 1 and all ω t ∈ Ωt , and



holds for all ω 1 ∈ Ω, and either (6) holds with strict inequality for some t ≥ 1 and some ω t ∈ Ωt or (7) holds with strict inequality for some ω 1 ∈ Ω. In particular, let C I := {c|there exists an SPE whose outcome is c}



(8)



denote a set of all implementable allocations and C F := {c|c is feasible}



(9)



8 Chattopadhyay and Gottardi (1999) use “conditional Pareto optimal” and Krueger and Kubler (2002) use “ex interim Pareto



efficiency” instead of “interim Pareto efficiency.”
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denote a set of all feasible allocations.



4.2 Interim Pareto Efficient Allocations implemented by σˆ γ in C I In this section, I investigate whether the allocation implemented by σˆ γ is interim Pareto efficient allocations in C I or not. Before presenting the main result, I will show some results and definitions using in the main result. Lemma 4.1. A function, u0 (θ 0 (ω (2)) − x) , u0 (θ 1 (ω (2)) + x) is continuous and strictly increasing in x ∈ [0, γ ]. Proof. Since u is twice-continuously differentiable, the function is continuous. Since u is strictly concave, u0 (θ 0 (ω (2)) − x) is strictly increasing in x and u0 (θ 1 (ω (2)) + x) is strictly decreasing in x. Thus, the function is strictly increasing in x ∈ [0, γ ].



Q.E.D.



Lemma 4.2. Suppose γ ∗ = D−1 (β µ (ω (2))) > 0. Then, there exists a unique γ˜ ∈ (0, γ ∗ ) that satisfies u0 (θ 0 (ω (2)) − γ˜) = β µ (ω (2)). u0 (θ 1 (ω (2)) + γ˜) Proof. See the Appendix.



Q.E.D.



Let G(x) :=



β µ (ω (1))u0 (θ 1 (ω (1))) β µ (ω (2))u0 (θ 1 (ω (2)) + x) + . u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − x)



This function, G(x), is used in the proof of the main theorem, i.e., Theorem 4.1. The next lemma gives an important property of G(x). Lemma 4.3. The function G(x) is continuous and strictly decreasing in x ∈ [0, γ ]. If γ ∗ > 0, then there exists a unique γˆ ∈ (γ˜, γ ) such that, for all γ ∈ [0, γˆ), G(γ ) > 1, and, for all γ ∈ [γˆ, γ ], G(γ ) ≤ 1. Proof. See the Appendix.



Q.E.D.
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Here is the main result of this section. Theorem 4.1. For γ ∗ = D−1 (β µ (ω (2))) > 0, 1. if γ ∗ < γˆ, for any γ ∈ [0, γ ∗ ], the allocation implemented by σˆ γ is not interim Pareto efficient in C I ; 2. if γ ∗ ≥ γˆ, (a) for any γ ∈ [0, γˆ), the allocation implemented by σˆ γ is not interim Pareto efficient in C I ; (b) for any γ ∈ [γˆ, γ ∗ ], the allocation implemented by σˆ γ is interim Pareto efficient in C I ; 3. for any γ > γ ∗ , σˆ γ is not an SPE. Proof. For part 1, and 2, first, I show that σˆ γ is an SPE for any γ ∈ [0, γ ∗ ]. By Lemma 3.3, σˆ γ is an SPE if and only if



β µ (ω (2)) ≥



u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ) = D(γ ) u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2)))



holds. Since β µ (ω (2)) = D(γ ∗ ) and D is strictly increasing in γ , for any γ ∈ (0, γ ∗ ], σˆ γ is an SPE. By Lemma 3.2, σˆ 0 is an SPE. Therefore, σˆ γ is an SPE for any γ ∈ [0, γ ∗ ]. For part 1 and 2(a), what I need to do is to find another SPE whose allocation interim Pareto dominates the allocation implemented by σˆ γ . I prove them by separating two cases with respect to γ . First, I show that the allocation implemented by σˆ γ˜ interim Pareto dominates that implemented by σˆ γ for all γ ∈ [0, γ˜). For generation-t(≥ 1), if the distributional shock, ωt , is ω (1), he prefers the allocation implemented by σˆ γ˜ to that implemented by σˆ γ , because he will receive more transfer when he is old and the distributional shock, ωt+1 , is ω (2). For the initial old, when the distributional shock is ω (1), his utility is the same, and when it is ω (2), he strictly prefers the allocation implemented by σˆ γ˜ to that implemented by σˆ γ . All I need to show is, for any generation-t, when the distributional shock, ωt , is



ω (2), V (σˆ γ˜ |ht−1 (σˆ γ˜ , ω t−1 ), (ω t−1 , ω (2))) ≥ V (σˆ γ |ht−1 (σˆ γ , ω t−1 ), (ω t−1 , ω (2)))
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holds, which is equivalent to u(θ 0 (ω (2)) − γ˜) + β µ (ω (2))u(θ 1 (ω (2)) + γ˜) ≥ u(θ 0 (ω (2)) − γ ) + β µ (ω (2))u(θ 1 (ω (2)) + γ ). (10) Let F(γ ) := u(θ 0 (ω (2)) − γ ) + β µ (ω (2))u(θ 1 (ω (2)) + γ ). The derivative of F with respect to γ is dF (γ ) = −u0 (θ 0 (ω (2)) − γ ) + β µ (ω (2))u0 (θ 1 (ω (2)) + γ ). dγ By the definition of γ˜ and β µ (ω (2)) = D(γ ∗ ),     > 0 if γ ∈ [0, γ˜)  dF (γ ) = 0 if γ = γ˜  dγ    < 0 if γ ∈ (γ˜, γ ∗ ]



(11)



holds. Hence, (10) holds for all γ ∈ [0, γ˜). That is, the allocation implemented by σˆ γ for γ ∈ [0, γ˜) is not interim Pareto efficient in C I . Next, consider cases for γ ∈ [γ˜, γˆ). Pick arbitrary γ ∈ [γ˜, γˆ). First, I am going to show the allocation induced by the following transfer rule interim Pareto dominates the allocation implemented by σˆ γ ; let ˆ ∈ R2++ be a pair of positive numbers whose existence I will show later. For any date t ≥ 1, if (∆, ∆)



ωt = ω (1), the young agent transfers ∆ to the old agent and if ωt = ω (2), the young agent transfers γ + ∆ˆ ˆ ∈ (0, θ 0 (ω (1))) × (0, θ 0 (ω (2)) − γ ) such that to the old agent. Now, I show that there exists (∆, ∆) £ ¤ ˆ u(θ 0 (ω (1)) − ∆) + β µ (ω (1))u(θ 1 (ω (1)) + ∆) + µ (ω (2))u(θ 1 (ω (2)) + γ + ∆) £ ¤ ≥ u(θ 0 (ω (1))) + β µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) + γ )



(12)



and £ ¤ ˆ + β µ (ω (1))u(θ 1 (ω (1)) + ∆) + µ (ω (2))u(θ 1 (ω (2)) + γ + ∆) ˆ u(θ 0 (ω (2)) − γ − ∆) £ ¤ ≥ u(θ 0 (ω (2)) − γ ) + β µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) + γ ) (13) ˆ ∈ (0, θ 0 (ω (1)))×(0, θ 0 (ω (2))− γ ) that satisfies (12) with equality In particular, I am going to find (∆, ∆) and (13) with inequality. 17



From (12), ∆ˆ = H(∆)    u(θ 0 (ω (1))) − u(θ 0 (ω (1)) − ∆) + β £µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) + γ )¤      1 (ω (1)) + ∆)   − β µ ( ω (1))u( θ   := u−1     β µ (ω (2))     −θ 1 (ω (2)) − γ



(14)



is well-defined, because u is strictly increasing. Notice that when ∆ = 0, ∆ˆ = H(0) = 0 and H is continuous, because u is continuous. Taking the derivative of H, I get · 0 0 ¸ dH u (θ (ω (1)) − ∆) − β µ (ω (1))u0 (θ 1 (ω (1)) + ∆) 1 (∆) = . ˆ d∆ β µ (ω (2)) u0 (θ 1 (ω (2)) + γ + ∆)



(15)



At ∆ = 0, (15) is · 0 0 ¸ dH 1 u (θ (ω (1))) − β µ (ω (1))u0 (θ 1 (ω (1))) (0) = 0 1 > 0, d∆ u (θ (ω (2)) + γ ) β µ (ω (2))



(16)



because u is strictly concave and θ 1 (ω (1)) > θ 0 (ω (1)). Since (12) holds with equality, £ ¤ ˆ − u(θ 1 (ω (2)) + γ )) β µ (ω (1))(u(θ 1 (ω (1)) + ∆) − u(θ 1 (ω (1)))) + µ (ω (2))(u(θ 1 (ω (2)) + γ + ∆) = u(θ 0 (ω (1))) − u(θ 0 (ω (1)) − ∆) holds. Hence, if I show ˆ u(θ 0 (ω (1)) − u(θ 0 (ω (1)) − ∆) ≥ u(θ 0 (ω (2)) − γ ) − u(θ 0 (ω (2) − γ − ∆),



(17)



then (13) holds with strict inequality. When ∆ changes slightly, the LHS of (17) changes u0 (θ 0 (ω (1)) − ∆)
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(18)



and the RHS of (17) changes ˆ ˆ · d∆ . u0 (θ 0 (ω (2)) − γ − ∆) d∆



(19)



At ∆ = 0, (18) is u0 (θ 0 (ω (1))) and (19) is ¯ d∆ˆ ¯¯ u (θ (ω (2)) − γ ) · d∆ ¯∆=0 0



0



= u0 (θ 0 (ω (2)) − γ ) ·



u0 (θ 0 (ω (1))) − β µ (ω (1))u0 (θ 1 (ω (1))) . β µ (ω (2))u0 (θ 1 (ω (2)) + γ )



I can show that u0 (θ 0 (ω (1))) > u0 (θ 0 (ω (2)) − γ ) ·



u0 (θ 0 (ω (1))) − β µ (ω (1))u0 (θ 1 (ω (1))) , β µ (ω (2))u0 (θ 1 (ω (2)) + γ )



because the equation is equivalent to



β µ (ω (2))u0 (θ 1 (ω (2)) + γ ) u0 (θ 0 (ω (2)) − γ )



u0 (θ 0 (ω (1)) − β µ (ω (1))u0 (θ 1 (ω (1))) u0 (θ 0 (ω (1))) β µ (ω (1))u0 (θ 1 (ω (1))) = 1− u0 (θ 0 (ω (1))) >



and for γ ≤ γˆ, by Lemma 4.2,



β µ (ω (2))u0 (θ 1 (ω (2)) + γ ) β µ (ω (1))u0 (θ 1 (ω (1))) + >1 u0 (θ 0 (ω (2)) − γ ) u0 (θ 0 (ω (1))) ˆ ∈ (0, θ 0 (ω (1)))× holds. Therefore, for ∆ sufficiently close to 0, (17) holds. Therefore, there exists (∆, ∆) (0, θ 0 (ω (2)) − γ ) such that (12) and (13) hold. Since the initial old receives strictly more than before, the allocation induced by the new transfer rule interim Pareto dominates the allocation induced by γ -transfer rule.
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What I need to show is the above transfer rule can be implemented by some SPE. Consider the following strategy profile, σ ; for all t ≥ 2, all ω t ∈ Ωt and all ht−1 ∈ H t−1 (ω t−1 ),   γ + ∆ˆ if all young agents before date t transfer γ + ∆ˆ to the old        whenever the distributional shock is ω (2)   0,γ t−1 t−1 σˆ t (h , ωt |ω ) = ∆ if all young agents before date t transfer ∆ to the old      whenever the distributional shock is ω (1)      0 otherwise, and 1,γ σˆ t+1 (ht , ωt+1 |ω t ) = 0



for all ht ∈ H t (ω t ) and all ωt+1 ∈ Ω. For generation-1 agent,    γ + ∆ˆ if ω1 = ω (2)   0,γ σˆ 1 (h0 , ω1 ) = ∆ if ω1 = ω (1)     0 if ω = ω (1), 1



and 1,γ σˆ 2 (h1 , ω2 |ω 1 ) = 0



for all h1 ∈ H 1 (ω 1 ) and all ω2 ∈ Ω. For the initial old, 1,γ σˆ 1 (h0 , ω1 ) = 0



for all ω1 ∈ Ω and all h0 ∈ H 0 . The initial old does not have an incentive to deviate from σ0 . Since all old agents do not transfer anything, the old agents do not have any incentive to deviate. If the young agent does not transfer anything to the old agent, the agent’s life-time expected utility is u(θ 0 (ωt )) + β [µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)))]. Since V (σˆ γ |ht−1 , ω t ) ≥ u(θ 0 (ωt )) + β [µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)))] 20



holds, because σˆ γ is an SPE, by (12) and (13), the young agent does not have an incentive to deviate. Therefore, the strategy profile, σ , is an SPE. This completes the proof of part 1 and part 2(a). The following lemma specializes the result proved by Chattopadhyay and Gottardi (1999), and it is useful to show part 2 (b). Lemma 4.4. For any γ ∈ [0, γ ], if G(γ ) ≤ 1, then the allocation implemented by σˆ γ is interim Pareto efficient in C F . Proof. See the Appendix.



Q.E.D.



By Lemma 4.3 and C I ⊂ C F , part 2(b) are proved by Lemma 4.4. For part 3, Proposition 3.2 proves the statement.



Q.E.D.



4.3 Interim Pareto Efficient Allocations induced by γ -transfer rule in C F In this section, I focus on a larger set, C F . The interesting result is that the allocation which is (resp. not) interim Pareto efficient in C I is (resp. not) also interim Pareto efficient in C F . The formal statement is the following. Theorem 4.2. For given any β and µ , 1. if γˆ > 0, then, (a) for all γ ∈ [0, γˆ), the allocation induced by γ -transfer rule is not interim Pareto efficient in C F ; (b) for all γ ∈ [γˆ, γ ], the allocation induced by γ -transfer rule is interim Pareto efficient in C F . 2. If γˆ = 0, then, for all γ ∈ [0, γ ], the allocation induced by γ -transfer rule is interim Pareto efficient in C F . Proof. By Theorem 4.1, for any γ < γˆ, the allocation implemented by σˆ γ is not interim Pareto efficient in C I . Since C I ⊂ C F , the allocation induced by γ -transfer rule is not interim Pareto efficient in C F . By Lemma 4.3 and Lemma 4.4, the allocation induced by γ -transfer rule is interim Pareto efficient in C F for all γ ∈ [γˆ, γ ].



Q.E.D. 21



The cut-off transfer, γˆ, in Theorem 4.1 and Theorem 4.2 depends on β , µ and the shape of u. If β or



µ (ω (2)) increases, γˆ also increases. However, for γ , the result does not depend on β , µ and the shape of u. Furthermore, the following Theorem is proved in another way of Theorem 4.1. Theorem 4.3. The allocation induced by γ -transfer rule, c, ¯ is always interim Pareto efficient in C F . Proof. Let c be an allocation induced by γ -transfer rule, that is, ct0 (ω t ) = ct1 (ω t ) =



θ 0 (ω (2)) + θ 1 (ω (2)) θˆ = 2 2



for any t and any ω t ∈ Ωt−1 × {ω (2)}, and ct0 (ω t ) = θ 0 (ω (1)), ct1 (ω t ) = θ 1 (ω (1)) for any t and any ω t ∈ Ωt−1 × {ω (1)}. Fix β ∈ (0, 1) and µ arbitrarily. Suppose c¯ is not interim Pareto efficient in C F . Then, there exists another feasible allocation, c, such that U(ct |ω t ) ≥ U(c¯t |ω t ) holds for all t ≥ 1 and all ω t ∈ Ωt , and U(c0 |ω 1 ) ≥ U(c¯0 |ω 1 ) holds for all ω 1 ∈ Ω, and either for some t ≥ 1 and some ω t ∈ Ωt , U(ct |ω t ) > U(c¯t |ω t ) holds or, for some ω 1 ∈ Ω, U(c0 |ω 1 ) > U(c¯0 |ω 1 ) holds. Let T ≥ 1 and ω˜ T ∈ ΩT be the first date and the public history at which the generation-T strictly prefers cT to c¯T .9 9 When



T = 0, set Tˆ = 1 in Lemma 4.5.
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Lemma 4.5. There exist Tˆ ≥ T and ωˆ ∞ ∈ Ω∞ such that for all t ≥ Tˆ , 1 1 ct0 (ωˆ t ) < c¯t0 (ωˆ t ) and ct+1 (ωˆ t+1 ) > c¯t+1 (ωˆ t+1 )



hold, where ωˆ t and ωˆ t+1 are the first t and t + 1 elements of ωˆ ∞ . Proof. Suppose c0T (ω˜ T ) ≤ c¯0T (ω˜ T ) holds. Since U(cT |ω˜ T ) > U(c¯T |ω˜ T ) holds, there exist ωˆ 0 ∈ Ω such that u(c1T +1 (ω˜ T , ωˆ 0 )) > u(c¯1T +1 (ω˜ T , ωˆ 0 )) holds. Then, set ωˆ T +1 := (ω˜ T , ωˆ 0 ). Note that c1T +1 (ω˜ T , ωˆ 0 ) > c¯1T +1 (ω˜ T , ωˆ 0 ) holds, because u is strictly increasing. By the allocation feasibility, c0T +1 (ωˆ T +1 ) < c¯0T +1 (ωˆ T +1 ). Again, since U(cT +1 |ωˆ T +1 ) ≥ U(c¯T +1 |ωˆ T +1 ) holds, there exists ωˆ 00 ∈ Ω such that u(c1T +2 (ωˆ T +1 , ωˆ 00 )) > ˜ T ) holds and u(c¯1T +2 (ωˆ T +1 , ωˆ 00 )) holds. Set ωˆ T +2 := (ωˆ T +1 , ωˆ 00 ). If we set Tˆ = T when c0T (ω˜ T ) < c0∗ T (ω Tˆ = T + 1 when c0T (ω˜ T ) = c¯0T (ω˜ T ), by the induction argument, we can find ωˆ ∞ ∈ Ω∞ such that the statement holds. Suppose c0T (ω˜ T ) > c¯0T (ω˜ T ) holds. By the resource feasibility, c1T (ω˜ T ) < c¯1T (ω˜ T ) holds. Note that U(ct |ω t ) = U(c¯t |ω t ) holds for all t ≤ T − 1 and all ω t ∈ Ωt . If



µ (ω˜ T )u(c1T (ω˜ T )) + µ (ω˜ T0 )u(c1T (ω˜ T −1 , ω˜ T0 )) ≥ µ (ω˜ T )u(c¯1T (ω˜ T )) + µ (ω˜ T0 )u(c¯1T (ω˜ T −1 , ω˜ T0 )) holds, where ω˜ T0 6= ω˜ T , then c1T (ω˜ T −1 , ω˜ T0 ) > c¯1T (ω˜ T −1 , ω˜ T0 ) holds. Set ωˆ T := (ω˜ T −1 , ω˜ T0 ). By the allocation feasibility, c0T (ωˆ T ) < c¯0T (ωˆ T ) holds. After this, the same argument as in the first case holds. Therefore, we can find ωˆ ∞ ∈ Ω∞ such that the statement is true. On the other hand, if



µ (ω˜ T )u(c1T (ω˜ T )) + µ (ω˜ T0 )u(c1T (ω˜ T −1 , ω˜ T0 )) < µ (ω˜ T )u(c¯1T (ω˜ T )) + µ (ω˜ T0 )u(c¯1T (ω˜ T −1 , ω˜ T0 )) holds, where ω˜ T0 6= ω˜ T , then, by the definition of T , u(c0T −1 (ω˜ T −1 )) > u(c¯0T −1 (ω˜ T −1 )) holds. Then, c0T −1 (ω˜ T −1 ) > c¯0T −1 (ω˜ T −1 ) holds, since u is strictly increasing. By the allocation feasibility, c1T −1 (ω˜ T −1 ) < c¯1T −1 (ω˜ T −1 ) holds. At this point, if the previous argument holds, then we can find ωˆ ∞ such that the statement holds. If not, by the same argument of this case, c1T −2 (ω˜ T −2 ) < c¯1T −2 (ω˜ T −2 ) holds. This process 23



must stop by some point of time, because U(c0 |ω˜ 1 ) < U(c¯0 |ω˜ 1 ) holds and this is a contradiction. This means that at some point of time, we can see the previous case and find ωˆ ∞ .



Q.E.D.



Since the allocation c interim Pareto dominates c, ˆ



ˆ



U(cTˆ |ωˆ T ) ≥ U(cTˆ |ωˆ T ) holds. Equivalently, 



µ (ω (1)) 



+β



 + µ (ω (2)) 



ˆ ˆ u(c0Tˆ (ωˆ T )) − u(c0Tˆ (ωˆ T )) n o ˆ ˆ u(c1Tˆ +1 (ωˆ T , ω (1))) − u(c1Tˆ +1 (ωˆ T , ω (1))) ˆ



ˆ



u(c0Tˆ (ωˆ T )) − u(c0Tˆ (ωˆ T ))



  



n o ≥0 ˆ ˆ +β u(c1Tˆ +1 (ωˆ T , ω (2))) − u(c1Tˆ +1 (ωˆ T , ω (2)))



holds. To satisfy the above inequality, either n o ˆ ˆ ˆ ˆ u(c0Tˆ (ωˆ T )) − u(c0Tˆ (ωˆ T )) + β u(c1Tˆ +1 (ωˆ T , ω (1))) − u(c1Tˆ +1 (ωˆ T , ω (1))) ≥ 0



(20)



n o ˆ ˆ ˆ ˆ u(c0Tˆ (ωˆ T )) − u(c0Tˆ (ωˆ T )) + β u(c1Tˆ +1 (ωˆ T , ω (2))) − u(c1Tˆ +1 (ωˆ T , ω (2))) ≥ 0



(21)



or



holds. ˆ



ˆ



ˆ



ˆ



ˆ



Let εTˆ (ωˆ T ) := c0Tˆ (ωˆ T ) − c0Tˆ (ωˆ T ) > 0. When (20) holds, let εTˆ +1 (ωˆ T , ω (1)) := c1Tˆ +1 (ωˆ T , ω (1)) − ˆ



c1Tˆ +1 (ωˆ T , ω (1)) > 0. Then, by the strict concavity of u, ˆ



ˆ



ˆ



−u0 (c0Tˆ (ωˆ T ))εTˆ (ωˆ T ) + β u0 (θ 1 (ω (1)))εTˆ +1 (ωˆ T , ω (1)) > 0 ˆ



⇒ εTˆ +1 (ωˆ T , ω (1)) >



0 0 Tˆ 1 u (cTˆ (ωˆ )) ˆ ε ˆ (ωˆ T ) β u0 (θ 1 (ω (1))) T



holds. This equation will be Tˆ



εTˆ +1 (ωˆ , ω (1)) >



  



1 u0 (θ 0 (ω (1))) ˆ Tˆ β u0 (θ 1 (ω (1))) εTˆ (ω ) 1 u0 (θ (ω (2))) ˆ Tˆ β u0 (θ 1 (ω (1))) εTˆ (ω )
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if ωˆ Tˆ = ω (1) if ωˆ Tˆ = ω (2)



(22)



Notice that u0 (θ 0 (ω (1))) >1 u0 (θ 1 (ω (1))) and u0 (θ (ω (2))) >1 u0 (θ 1 (ω (1))) hold, because θ 0 (ω (1)) < θ 1 (ω (1)) and θ (ω (2)) < θ 1 (ω (1)) hold. ˆ



ˆ



ˆ



Suppose (21) holds. Let εTˆ +1 (ωˆ T , ω (2)) := c1Tˆ +1 (ωˆ T , ω (2)) − c1Tˆ +1 (ωˆ T , ω (2)) > 0. Suppose also that ωˆ Tˆ = ω (1). In this case, by the concavity of u, ˆ



ˆ



ˆ



ˆ



−u0 (c0Tˆ (ωˆ T ))εTˆ (ωˆ T ) + β u0 (c1Tˆ +1 (ωˆ T , ω (2)))εTˆ +1 (ωˆ T , ω (2)) > 0 ˆ



u0 (c0Tˆ (ωˆ T )) 1 ˆ ⇒ εTˆ +1 (ωˆ , ω (2)) > εTˆ (ωˆ T ) ˆ 1 0 T β u (c ˆ (ωˆ , ω (2))) T +1 Tˆ



holds. This equation will be Tˆ



 



εTˆ +1 (ωˆ , ω (1)) >







1 u0 (θ 0 (ω (1))) ˆ Tˆ β u0 (θ (ω (2))) εTˆ (ω ) 1 u0 (θ (ω (2))) 1 ˆ Tˆ ˆ Tˆ β u0 (θ (ω (2))) εTˆ (ω ) = β εTˆ (ω )



if ωˆ Tˆ = ω (1) if ωˆ Tˆ = ω (2)



(23)



Since θ 0 (ω (1)) < θ (ω (2)) and β ∈ (0, 1), u0 (θ 0 (ω (1))) >1 u0 (θ (ω (2))) and 1 >1 β hold. ˆ



From these arguments, there exist ω ∞ ∈ Ω∞ such that the first Tˆ elements are ωˆ T and scalars k(ω S ) > 1 for all S ≥ Tˆ such that " S



εS+1 (ω , ωS+1 ) >



S



∏ k(ω



τ =Tˆ
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# τ



ˆ



) εTˆ (ωˆ T )



(24)



holds for all S ≥ Tˆ . From the above arguments, (24) satisfies "



#



· ½ 0 0 ¾¸S−Tˆ 1 u (θ (ω (1))) 1 u0 (θ (ω (2))) 1 u0 (θ 0 (ω (1))) 1 ˆ , , εTˆ (ωˆ T ). εS+1 (ω , ωS+1 ) > ∏ k(ω ) εTˆ (ωˆ ) ≥ min , 0 1 0 1 0 β u (θ (ω (1))) β u (θ (ω (1))) β u (θ (ω (2))) β τ =Tˆ S



S



τ



Tˆ



As S goes to infinity, εS+1 (ω S , ωS+1 ) diverges to infinity, because ½ ¾ 1 u0 (θ 0 (ω (1))) 1 u0 (θ (ω (2))) 1 u0 (θ 0 (ω (1))) 1 min , , , > 1. β u0 (θ 1 (ω (1))) β u0 (θ 1 (ω (1))) β u0 (θ (ω (2))) β Therefore, this transfer cannot be feasible at some point of time in the future. This is a contradiction. When β = 1,



µ (ω (1))u0 (θ 1 (ω (1))) µ (ω (2))u0 (θ 1 (ω (2)) + γ ) + u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − γ ) µ (ω (1))u0 (θ 1 (ω (1))) = + µ (ω (2)) u0 (θ 0 (ω (1))) < µ (ω (1)) + µ (ω (2)) = 1



G(γ ) =



holds, because u0 (θ 1 (ω (1)))/u0 (θ 0 (ω (1))) < 1. Then, by Lemma 4.4, the allocation c is interim Pareto efficient in C F .



Q.E.D.
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5 Discussion 5.1 Markov Process I assume that a stochastic process {ωt } is i.i.d. across time. This assumption sometimes is strong and does not match to the real world. Hence, I weaken this assumption and replace it with a first-order Markov process. For any t ≥ 1, a probability that ω t ∈ Ωt occurs is denoted by µ (ω t ) > 0. I assume that a stochastic process {ωt } is a Markov process, that is, µ (ωt+1 |ω t ) = µ (ωt+1 |ωt ) > 0 for all ωt+1 ∈ Ω. In this setting, all results in Section 3 still holds by replacing β µ (ω (2)) with β µ (ω (2)|ω (2)). However, results in Section 4 demands more discussions. In the proof, I use a dominant root of Q(c) to judge whether the allocation is interim Pareto efficient or not.10 The dominant root will be a positive solution to µ



¶ β µ (ω (1)|ω (1))u0 (θ 1 (ω (1))) β µ (ω (2)|ω (2))u0 (θ 1 (ω (2)) + γ ) J(λ ; γ ) := λ − + λ u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − γ ) β µ (ω (1)|ω (1))u0 (θ 1 (ω (1))) β µ (ω (2)|ω (2))u0 (θ 1 (ω (2)) + γ ) + u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − γ ) β µ (ω (2)|ω (1))u0 (θ 1 (ω (2)) + γ ) β µ (ω (1)|ω (2))u0 (θ 1 (ω (1))) − =0 u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − γ ) 2



with respect to λ . The cut-off transfer level, γˆ, will satisfy µ ¶ 1 β µ (ω (1)|ω (1))u0 (θ 1 (ω (1))) β µ (ω (2)|ω (2))u0 (θ 1 (ω (2)) + γˆ) + 


the dominant root, see, e.g., Aiyagari and Peled (1991) and Chattopadhyay and Gottardi (1999).
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5.2 Trigger Strategy In this paper, I construct a trigger strategy when I consider the implementability of γ -transfer rules. Under a trigger strategy profile, whenever agents are in a “cooperative” state, the young agent transfers γ to the old agent when the young agent is richer than the old agent, but once some agent deviates, agents are in a “non-cooperative” state and there are no transfers across generations, i.e., agents consume autarkic allocations. As suggested in Bhaskar (1998), a trigger strategy profile is not a unique “Markovian” strategy that implements γ -transfer rule. Thus, I suggest the following “Tit-for-tat” strategy profile whose SPE outcome is the same as a trigger strategy SPE outcome. Let us call the initial old “good” agent. For any generation after date t ≥ 1, an old agent in generationt(≥ 1) is “bad” if an old agent in generation-(t − 1) is good, but a young agent in generation-t did ³ 0 i 1 not transfer anything, otherwise, an old agent in generation-t is “good”. Fix γ ∈ 0, θ (ω (2))−2 θ (ω (2)) γ



arbitrarily. Define a strategy, σ˜ t as follows; for all t ≥ 1, all ω t ∈ Ωt and all ht−1 ∈ H t−1 (ω t−1 ),   γ if ωt = ω (2) and the old in date t is good 0,γ σ˜ t (ht−1 , ωt |ω t−1 ) :=  0 otherwise, and 1,γ σ˜ t+1 (ht , ωt+1 |ω t ) := 0



for all ωt+1 ∈ Ω and all ht ∈ H t (ω t ). For the initial old, 1,γ σ˜ 1 (h0 , ω1 ) := 0



γ



0,γ



1,γ



γ



1,γ



γ



∞ for all ω1 ∈ Ω and all h0 ∈ H 0 . Let σ˜ t := (σ˜ t , σ˜ t+1 ) for all t ≥ 1 and σ˜ 0 := σ˜ 1 . Let σ˜ γ := (σ˜ t )t=0



denote a strategy profile. Proposition 5.1. A strategy profile σ˜ γ is an SPE if and only if



β µ (ω (2)) ≥



u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ) u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2)))



holds. 28



(25)



Proof. See the Appendix.



Q.E.D.



As we see in Theorem 4.1, (25) is the same condition for a trigger strategy σˆ γ being an SPE. Remark 5.1. Suppose (25) holds. Then, SPE outcomes by σˆ γ and σ˜ γ are equivalent. If agents play σ˜ γ , then, on SPE, the young agent transfers γ to the old whenever ω (2) occurs and, otherwise, agents do not transfer anything to the other agent. This outcome is equivalent to that induced by a trigger strategy profile, σˆ γ . Thus, even if agents are constrained to imperfect recall, the same allocation can be achievable.
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A Appendix A.1 Proof of Lemma 3.1 Proof. It is not difficult to show that σˆ 0 is an SPE, because no agent wants to transfer positive amounts of endowments. Suppose there exists another SPE, σ , that gives less life-time expected utility to some agent at date t ≥ 1 and some ht−1 and ω t than σˆ 0 . Since the old agent does not give any to the young in SPE, I can focus on the life-time expected utility here. That is, £ ¤ u(θ 0 (ωt )) + β µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) > V (σ |ht−1 , ω t ) holds. Suppose the agent deviates from σ by not transferring any amount to the old. Since σ is an SPE, 1 V (σ |ht−1 , ω t ) ≥ u(θ 0 (ωt )) + β E[u(ct+1 )|σ ],



where E[·|σ ] is the expectation operator with respect to ωt+1 conditional on a strategy profile σ . Then, £ ¤ 1 β µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) > β E[u(ct+1 )|σ ] must hold. However, this implies that the old transfers some amount to the young in an SPE, σ , and this is a contradiction.



Q.E.D.



A.2 Proof of Lemma 3.2 Proof. Since u is differentiable, D is also differentiable on (0, γ ) with respect to γ . The derivative of D is dD dγ



=



=



u0 (θ 0 (ω (2)) − γ ) u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ) 0 1 − u (θ (ω (2)) + γ ) u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2))) [u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2)))]2    u0 (θ 0 (ω (2)) − γ )[u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2)))]   −u0 (θ 1 (ω (2)) + γ )[u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ )]  . [u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2)))]2
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Since the denominator is positive, what I need to show is the numerator is also positive. By the meanvalue theorem, there exist a ∈ (θ 1 (ω (2)), θ 1 (ω (2)) + γ ) and a ∈ (θ 0 (ω (2)) − γ , θ 0 (ω (2))) such that u0 (a) · γ = u(θ 1 (ω (2)) + γ ) − u(θ 1 (ω (2))) and u0 (a) · γ = u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ) hold, respectively. Thus, what I need to show is u0 (θ 0 (ω (2)) − γ ) · u0 (a) · γ > u0 (θ 1 (ω (2)) + γ ) · u0 (a) · γ .



(26)



Since u is strictly concave, u0 (a) > u0 (θ 1 (ω (2)) + γ ) and u0 (a) < u0 (θ 0 (ω (2)) − γ ) hold. Also since



γ > 0 and u is strictly increasing, (26) is true. Since u is continuous, D is also continuous. Therefore, D is strictly increasing on (0, γ ). Since both denominator and numerator are positive for γ ∈ (0, γ ), D(γ ) > 0. Since u(θ 0 (ω (2))) > u(θ 1 (ω (2)) + γ ), u(θ 0 (ω (2)) > u(θ 1 (ω (2))) and u is strictly concave, D(γ ) < 1 for all γ ∈ (0, γ ). Q.E.D.



A.3 Proof of Lemma 3.3 Proof. First, prove the necessity. Since γ -transfer rule is implemented by σˆ γ , the expected utility of the young when ωt = ω (2) is £ ¤ u(θ 0 (ω (2)) − γ ) + β µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) + γ ) .



(27)



Suppose (4) does not hold. Consider the following deviation done by the young at date t when the distributional shock is ω (2). If he does not transfer γ to the old, his life-time expected utility will be " # u(θ 0 (ω (2))) + β



∑ µ (ω )u(θ 1 (ω ))



.



ω ∈Ω



Subtracting (27) from (28), we will get u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ) + β µ (ω (2))[u(θ 1 (ω (2))) − u(θ 1 (ω (2)) + γ )]. 31



(28)



If (4) does not hold, u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ) + β µ (ω (2))[u(θ 1 (ω (2))) − u(θ 1 (ω (2)) + γ )] > 0 holds, because of the definition of D(γ ). This contradicts to the fact that γ -transfer rule is implemented by σˆ γ . Next, prove the sufficiency. It is obvious that the outcome of σˆ γ is the same as γ -transfer rule. What I need to show is that if (4) holds, σˆ γ is an SPE. Since the available maximum deviation is that the young does not transfer to the old at all when ω (2) is realized, by the previous argument, σˆ γ is an SPE. Q.E.D.



A.4 Proof of Lemma 4.2 Proof. By Lemma 4.1,



u0 (θ 0 (ω (2))−x) u0 (θ 1 (ω (2))+x)



is strictly increasing in x ∈ (0, γ ∗ ). Since



β µ (ω (2)) =



u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ∗ ) , u(θ 1 (ω (2)) + γ ∗ ) − u(θ 1 (ω (2)))



γ˜ will be a unique solution to u0 (θ 0 (ω (2)) − x) u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ∗ ) = u0 (θ 1 (ω (2)) + x) u(θ 1 (ω (2)) + γ ∗ ) − u(θ 1 (ω (2)))



(29)



with respect to x. Note that, at x = 0, u0 (θ 0 (ω (2))) u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ∗ ) < u0 (θ 1 (ω (2))) u(θ 1 (ω (2)) + γ ∗ ) − u(θ 1 (ω (2))) holds and, at x = γ ∗ , u0 (θ 0 (ω (2)) − γ ∗ ) u(θ 0 (ω (2))) − u(θ 0 (ω (2)) − γ ∗ ) > u0 (θ 1 (ω (2)) + γ ∗ ) u(θ 1 (ω (2)) + γ ∗ ) − u(θ 1 (ω (2))) holds, because u is strictly concave. Therefore, there exists a unique solution to (29), γ˜ ∈ (0, γ ∗ ). Q.E.D.



A.5 Proof of Lemma 4.3 Proof. By Lemma 4.1, the inverse of the second term is continuous and strictly increasing in x ∈ [0, γ ]. Hence, G(x) is continuous and strictly decreasing in x ∈ [0, γ ]. Now, define γˆ. At x = γ , θ 1 (ω (2)) + γ = 32



θ 0 (ω (2)) − γ holds. Hence, β µ (ω (1))u0 (θ 1 (ω (1))) β µ (ω (2))u0 (θ 1 (ω (2)) + γ ) + u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − γ ) β µ (ω (1))u0 (θ 1 (ω (1))) = + β µ (ω (2)) u0 (θ 0 (ω (1))) < β µ (ω (1)) + β µ (ω (2)) = β ≤ 1



G(γ ) =



holds, because u0 (θ 1 (ω (1)))/u0 (θ 0 (ω (1))) < 1. At x = γ˜, G(γ˜) = holds by Lemma 4.2 and



β µ (ω (1))u0 (θ 1 (ω (1))) β µ (ω (2))u0 (θ 1 (ω (2)) + γ˜) + >1 u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − γ˜) β µ (ω (1))u0 (θ 1 (ω (1))) u0 (θ 0 (ω (1)))



> 0. Since G is continuous and strictly decreasing, there



exists a unique γˆ ∈ (γ˜, γ ) such that G(γˆ) = 1. Because G is strictly decreasing, for all γ ∈ [0, γˆ), G(γ ) > 1, and, for all γ ∈ [γˆ, γ ], G(γ ) ≤ 1.



Q.E.D.



A.6 Proof of Lemma 4.4 Proof. To apply Theorem 4 in Chattopadhyay and Gottardi (1999), temporarily, I assume that there exist sequentially complete markets.11 ∞ be a state-contingent price. Let pt : Ωt → R+ be a state-contingent price at date t. Let p := (pt )t=1



Given arbitrary feasible allocation, c∗ , a state-contingent price, p, is a support price for c∗ if for all t ≥ 1, ct∗ is a solution to max(ct (ω t ),(ct+1 (ω t ,ωˆ ))ωˆ ∈Ω )∈R3+ s.t.



£ 1 ¤ (ω t , ωˆ )) u(ct0 (ω t )) + β Eωˆ u(ct+1 pt (ω t )ct0 (ω t ) + ≤ pt (ω



t



∑



1 (ω t , ωˆ ) pt+1 (ω t , ωˆ )ct+1



ωˆ ∈Ω 0∗ t 1∗ )ct (ω ) + pt+1 (ω t , ωˆ )ct+1 (ω t , ωˆ ), ωˆ ∈Ω



∑



where Eωˆ [·] is the expectation operator with respect to the distributional shock at date t + 1. 11 For



the definition of “sequentially complete markets,” see, for example, Dutta and Polemarchakis (1990) and Chattopad-



hyay and Gottardi (1999).
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A feasible allocation, c, is said to be stationary if for all t ≥ 1, all ω ∈ Ω and all a ∈ A, cta (ωˆ t−1 , ω ) = cta (ω˜ t−1 , ω ) holds for all ωˆ t−1 6= ω˜ t−1 ∈ Ωt−1 . Notice that the allocation implemented by σˆ γ is stationary. Lemma A.1. For any allocation implemented by σˆ γ , there exists a support price, p, and it satisfies  β µ (ω (1))u0 (θ 1 (ω (1)))  if ωt = ωt+1 = ω (1)   u0 (θ 0 (ω (1)))   0 1  β µ (ω (1))u (θ (ω (1))) if ωt = ω (2) and ωt+1 = ω (1) pt+1 (ω t , ωt+1 )  u0 (θ 0 (ω (2))−γ ) (30) = 0 1 t β µ (ω (2))u (θ (ω (2))+γ )  pt (ω )  if ω = ω (1) and ω = ω (2) t t+1  u0 (θ 0 (ω (1)))     β µ (ω (2))u0 (θ 1 (ω (2))+γ ) if ω = ω = ω (2) t



u0 (θ 0 (ω (2))−γ )



t+1



for all t ≥ 1. Proof. Since u is strictly concave, the life-time expected utility function is also strictly concave. Furthermore, the set of allocations satisfying constraints is convex, and, hence, the first-order conditions are necessary and sufficient. Hence, the support price, p, for an allocation implemented by σˆ γ satisfies u0 (θ 0 (ω (1))) − νt (ω t )pt (ω t ) = 0 if ωt = ω (1)



(31)



u0 (θ 0 (ω (2)) − γ ) − νt (ω t )pt (ω t ) = 0 if ωt = ω (2)



(32)



β µ (ω (1))u0 (θ 1 (ω (1))) − νt (ω t )pt+1 (ω t , ω (1)) = 0



(33)



β µ (ω (2))u0 (θ 1 (ω (2)) + γ ) − νt (ω t )pt+1 (ω t , ω (2)) = 0



(34)



νt (ω t ) ≥ 0,



(35)



where νt (ω t ) is the Lagrange multiplier for the budget constraint. Set p1 (ω ) = 1 for all ω ∈ Ω. From (31) and (32),



ν1 (ω (1)) = u0 (θ 0 (ω (1))) > 0 ν1 (ω (2)) = u0 (θ 0 (ω (2)) − γ ) > 0
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hold. From these, (33) and (34), p2 (ω (1), ω (1)) = p2 (ω (1), ω (2)) = p2 (ω (2), ω (1)) = p2 (ω (2), ω (2)) =



β µ (ω (1))u0 (θ 1 (ω (1))) u0 (θ 0 (ω (1))) β µ (ω (2))u0 (θ 1 (ω (2)) + γ ) u0 (θ 0 (ω (1))) β µ (ω (1))u0 (θ 1 (ω (1))) u0 (θ 0 (ω (2)) − γ ) β µ (ω (2))u0 (θ 1 (ω (2)) + γ ) u0 (θ 0 (ω (2)) − γ )



After this, by (31) and (32), calculate ν2 (ω 2 ) for all ω 2 ∈ Ω2 , and using them, the support price at date 2, p2 , will be derived. Notice that u0 (θ 0 (ω (1))) ∈ (0, ∞), u0 (θ 0 (ω (2)) − γ ) ∈ (0, ∞), u0 (θ 1 (ω (1))) ∈ (0, ∞), and u0 (θ 1 (ω (2)) + γ ) ∈ (0, ∞) hold. Therefore, repeating the procedure, we will find the support price for the allocation implemented by σˆ γ . From the first-order conditions, (30) holds, because the allocation implemented by σˆ γ is stationary.



Q.E.D.



Let qi j :=



for i, j = 1, 2. For given c, let



pt+1 (ω t−1 , ω (i), ω ( j)) pt (ω t−1 , ω (i)) p2 (ω (i), ω ( j)) = p1 (ω (i))



  q11 q12 . Q(c) :=  q21 q22



Let λ (Q(c)) denote a dominant root of matrix Q(c). Then, the following result holds. Lemma A.2. A feasible stationary allocation c is interim Pareto efficient in C F if and only if λ (Q(c)) ≤ 1. Proof. See Theorem 4 in Chattopadhyay and Gottardi (1999).
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Q.E.D.



Fix arbitrary γ ∈ [0, γ ]. Let c be an allocation induced by γ -transfer rule. Then, Q(c) is written as   0 1 0 1 



β µ (ω (1))u (θ (ω (1))) u0 (θ 0 (ω (1))) β µ (ω (1))u0 (θ 1 (ω (1))) u0 (θ 0 (ω (2))−γ )



β µ (ω (2))u (θ (ω (2))+γ ) u0 (θ 0 (ω (1)))  β µ (ω (2))u0 (θ 1 (ω (2))+γ ) u0 (θ 0 (ω (2))−γ )



by the first-order conditions of the agent’s utility maximization problem. From this, the dominant root of Q(c) is



λ (Q(c)) =



β µ (ω (1))u0 (θ 1 (ω (1))) β µ (ω (2))u0 (θ 1 (ω (2)) + γ ) + . u0 (θ 0 (ω (1))) u0 (θ 0 (ω (2)) − γ )



By Lemma 4.3, for any γ ∈ [0, γˆ), λ (Q(c)) > 1 and for any γ ∈ [γˆ, γ ], λ (Q(c)) ≤ 1.



Q.E.D.



A.7 Proof of Proposition 5.1 Proof. First, show the necessity. Suppose (25) does not hold. Suppose, at some date t, when ωt = ω (2), a young agent does not transfer to the old. Then, his life-time expected utility is " # u(θ 0 (ω (2))) + β



∑ µ (ωˆ )u(θ 1 (ωˆ ))



.



ωˆ ∈Ω



Following a strategy profile σ˜ γ , his life-time expected utility is £ ¤ u(θ 0 (ω (2)) − γ ) + β µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) + γ ) . If (25) does not hold, " 0



u(θ (ω (2))) + β



#



∑ µ (ωˆ )u(θ



1



(ωˆ ))



ωˆ ∈Ω



£ ¤ > u(θ 0 (ω (2)) − γ ) + β µ (ω (1))u(θ 1 (ω (1))) + µ (ω (2))u(θ 1 (ω (2)) + γ ) holds. This is a contradiction. Next, show the sufficiency. Since the only possible profitable deviation is that the young does not transfer anything to the old when the distributional shock is ω (2). However, this deviation is not profitable by the previous argument. Hence, (25) is a sufficient condition for σ˜ γ begin an SPE.
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Q.E.D.
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