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At the 4-th All-USSR School on Finite Groups, lake Turgoyak near town of Miass in Ural mountains, 1984.
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At the 4-th All-USSR School on Finite Groups, lake Turgoyak near town of Miass in Ural mountains, 1984. Alexandre Borovik is second from the left. Evgeny Khukhro (Lincoln–Novosibirsk)
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At the 4-th All-USSR School on Finite Groups, lake Turgoyak near town of Miass in Ural mountains, 1984. Alexandre Borovik is second from the left. His talk was “Finite and uncountably categorical groups” (sic!). Evgeny Khukhro (Lincoln–Novosibirsk)
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Some old results Definition An element ϕ acting as an automorphism on a group G is called a splitting automorphism of prime order p if 2
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Some old results Definition An element ϕ acting as an automorphism on a group G is called a splitting automorphism of prime order p if 2
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xx ϕ x ϕ · · · x ϕ



= 1 for all x ∈ G .



This also implies ϕp = 1, easily; and hϕi may not act faithfully on G . If G is a finite p 0 -group, then CG (ϕ) = 1. If ϕ acts trivially on G , then x p = 1 for all x ∈ G .



Thompson–Hughes–Kegel If a finite group admits a splitting automorphism of prime order, then it is nilpotent. Hughes’ subgroup: finite group F 6= Hp (F ) := hx ∈ F | x p 6= 1i ⇔ ⇔ F = G o hϕi where ϕ is a splitting automorphism of G of order p. Evgeny Khukhro (Lincoln–Novosibirsk)
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Bounds for nilpotency class



Recall: If G is a p 0 -group, then ϕ is splitting of order p iff CG (ϕ) = 1.
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Bounds for nilpotency class



Recall: If G is a p 0 -group, then ϕ is splitting of order p iff CG (ϕ) = 1. For a fixed-point-free automorphism of prime order p, further to Thompson’s theorem on nilpotency, the Higman–Kreknin–Kostrikin theorem gives a bound h(p) for the nilpotency class.
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Bounds for nilpotency class



Recall: If G is a p 0 -group, then ϕ is splitting of order p iff CG (ϕ) = 1. For a fixed-point-free automorphism of prime order p, further to Thompson’s theorem on nilpotency, the Higman–Kreknin–Kostrikin theorem gives a bound h(p) for the nilpotency class. Another extreme case of a splitting automorphism is when G hϕi has exponent p (includes the case when ϕ acts trivially). Nilpotency class bounded by f (d , p), where d is the number of generators (Kostrikin’s solution of RBP for prime exponent).
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Soluble group with a splitting automorphism of prime order



EKh, 1980 If a finite group G admits a splitting automorphism of prime order p, then ps − 1 the nilpotency class of G is at most , where s is the derived length. p−1
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EKh, 1980 If a finite group G admits a splitting automorphism of prime order p, then ps − 1 the nilpotency class of G is at most , where s is the derived length. p−1 This extended the previous result for groups of prime exponent p, basically by P. J. Higgins, 1954, as well as on fixed-point-free automorphism of prime order.
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EKh, 1980 If a finite group G admits a splitting automorphism of prime order p, then ps − 1 the nilpotency class of G is at most , where s is the derived length. p−1 This extended the previous result for groups of prime exponent p, basically by P. J. Higgins, 1954, as well as on fixed-point-free automorphism of prime order. Proof is essentially about the case where G is a finite p-group; used the fact that G hϕi is also a finite p-group and therefore nilpotent.
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Operator groups Later a different proof by a general method of ‘elimination of operators’.
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Example 2



The projection of the hϕi-law xx ϕ x ϕ · · · x ϕ Evgeny Khukhro (Lincoln–Novosibirsk)
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Elimination of operators: nilpotency theorem EKh, 1991: Suppose that V is a variety of groups with operators Ω such that the projection variety V is nilpotent of class c.
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Elimination of operators: nilpotency theorem EKh, 1991: Suppose that V is a variety of groups with operators Ω such that the projection variety V is nilpotent of class c. If G ∈ V is such that G o Ω is locally nilpotent, then G is nilpotent of class c. Notes: Nilpotency class is the same. The hypothesis “G o Ω is locally nilpotent” is automatically satisfied if both G and Ω are locally nilpotent p-groups (for the same p). Ideas behind proof: later in the proof of a recent result.
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Applications of the nilpotency theorem EKh, 1991: Suppose that V is a variety of groups with operators Ω such that the projection variety V is nilpotent of class c. If G ∈ V is such that G o Ω is locally nilpotent, then G is nilpotent of class c.
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Applications of the nilpotency theorem EKh, 1991: Suppose that V is a variety of groups with operators Ω such that the projection variety V is nilpotent of class c. If G ∈ V is such that G o Ω is locally nilpotent, then G is nilpotent of class c. Apply to splitting automorphism of order p: by setting ϕ = 1 in the law 2 p−1 xx ϕ x ϕ · · · x ϕ = 1 we obtain the law x p = 1. For G hϕi being a finite p-group, apply the theorem and known fact about groups of exponent p.
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Corollary Suppose that a finite p-group P admits a finite p-group of operators Ω such that for some ω1 , ω2 , . . . , ωp ∈ Ω x ω1 x ω2 · · · x ωp = 1



for all x ∈ P.



If P has derived length s, then the nilpotency class of P is at most Evgeny Khukhro (Lincoln–Novosibirsk)
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Locally nilpotent groups with a splitting automorphism of prime order EKh, 1987 If a finite group G admits a splitting automorphism of prime order p, then it is nilpotent of class at most f (d , p), where d is the number of generators.
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Locally nilpotent groups with a splitting automorphism of prime order EKh, 1987 If a finite group G admits a splitting automorphism of prime order p, then it is nilpotent of class at most f (d , p), where d is the number of generators. Analogue of the positive solution of the Restricted Burnside Problem for groups of prime exponent. (Proof uses Kostrikin’s theorem.)
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Locally nilpotent groups with a splitting automorphism of prime order EKh, 1987 If a finite group G admits a splitting automorphism of prime order p, then it is nilpotent of class at most f (d , p), where d is the number of generators. Analogue of the positive solution of the Restricted Burnside Problem for groups of prime exponent. (Proof uses Kostrikin’s theorem.) Application: positive solution of the Hughes problem for ‘almost all’ finite p-groups (in spite of existence of counterexamples):



Corollary Suppose that a finite p-group P is ‘anti-Hughes’, that is, 1 6= Hp (P) := hx ∈ P | x p 6= 1i has index greater than p. Then |P| 6 f (d , p), where d is the number of generators. Evgeny Khukhro (Lincoln–Novosibirsk)
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Anti-Hughes monsters exist ...
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... but they are caged (bounded)
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Elimination of operators: local nilpotency theorem EKh, 1993: Suppose that V is a variety of groups with operators Ω such that the projection variety V is locally nilpotent, in a certain ‘multilinear way’, with a bound for the nilpotency class f (d ), where d is the number of generators.
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Elimination of operators: local nilpotency theorem EKh, 1993: Suppose that V is a variety of groups with operators Ω such that the projection variety V is locally nilpotent, in a certain ‘multilinear way’, with a bound for the nilpotency class f (d ), where d is the number of generators. If G ∈ V is such that G o Ω is locally nilpotent, then G satisfies the same local nilpotency laws, with the same bounds for the nilpotency class f (d ), where d is the number of generators.



Evgeny Khukhro (Lincoln–Novosibirsk)



Elimination of operators



12 / 32



Elimination of operators: local nilpotency theorem EKh, 1993: Suppose that V is a variety of groups with operators Ω such that the projection variety V is locally nilpotent, in a certain ‘multilinear way’, with a bound for the nilpotency class f (d ), where d is the number of generators. If G ∈ V is such that G o Ω is locally nilpotent, then G satisfies the same local nilpotency laws, with the same bounds for the nilpotency class f (d ), where d is the number of generators. Again, the hypothesis “G o Ω is locally nilpotent” is automatically satisfied if both G and Ω are locally nilpotent p-groups (for the same p).



Evgeny Khukhro (Lincoln–Novosibirsk)



Elimination of operators



12 / 32



Elimination of operators: local nilpotency theorem EKh, 1993: Suppose that V is a variety of groups with operators Ω such that the projection variety V is locally nilpotent, in a certain ‘multilinear way’, with a bound for the nilpotency class f (d ), where d is the number of generators. If G ∈ V is such that G o Ω is locally nilpotent, then G satisfies the same local nilpotency laws, with the same bounds for the nilpotency class f (d ), where d is the number of generators. Again, the hypothesis “G o Ω is locally nilpotent” is automatically satisfied if both G and Ω are locally nilpotent p-groups (for the same p). Apply to splitting automorphism of order p: by setting ϕ = 1 in the law 2 p−1 xx ϕ x ϕ · · · x ϕ = 1 we obtain the law x p = 1. Here the ‘multilinear’ condition is satisfied. Use Kostrikin’s RBP.
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Elimination of operators: local nilpotency theorem EKh, 1993: Suppose that V is a variety of groups with operators Ω such that the projection variety V is locally nilpotent, in a certain ‘multilinear way’, with a bound for the nilpotency class f (d ), where d is the number of generators. If G ∈ V is such that G o Ω is locally nilpotent, then G satisfies the same local nilpotency laws, with the same bounds for the nilpotency class f (d ), where d is the number of generators. Again, the hypothesis “G o Ω is locally nilpotent” is automatically satisfied if both G and Ω are locally nilpotent p-groups (for the same p). Apply to splitting automorphism of order p: by setting ϕ = 1 in the law 2 p−1 xx ϕ x ϕ · · · x ϕ = 1 we obtain the law x p = 1. Here the ‘multilinear’ condition is satisfied. Use Kostrikin’s RBP. (Improves the original bounds for the class.) ...Or similarly, to x ω1 x ω2 · · · x ωp = 1... Evgeny Khukhro (Lincoln–Novosibirsk)
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Importance of splitting automorphisms for profinite groups. Let G be a periodic profinite group (which is the same as torsion Hausdorff compact group).
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By the Baire category theorem, one of these sets must contain a non-empty open subset.
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By the Baire category theorem, one of these sets must contain a non-empty open subset. The latter means that there is an open (normal) subgroup (of finite index) H and a coset tH such that tH ⊆ En for some n.
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By the Baire category theorem, one of these sets must contain a non-empty open subset. The latter means that there is an open (normal) subgroup (of finite index) H and a coset tH such that tH ⊆ En for some n. (th)n = 1 for all h ∈ H 2



⇔ hht ht · · · ht



n−1



= 1 for all h ∈ H,



that is, t induces on H is a splitting automorphism of order n. Evgeny Khukhro (Lincoln–Novosibirsk)
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E. Zelmanov’s theorem



E. Zelmanov, 1992 A periodic profinite group is locally finite.



Evgeny Khukhro (Lincoln–Novosibirsk)



Elimination of operators



14 / 32



E. Zelmanov’s theorem



E. Zelmanov, 1992 A periodic profinite group is locally finite. E. Zelmanov’s proof was about pro-p-groups and was based on his Lie algebra technique and his deep results on Restricted Burnside Problem, including results on Lie algebras with ad -nilpotent commutators in generators.
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E. Zelmanov’s theorem



E. Zelmanov, 1992 A periodic profinite group is locally finite. E. Zelmanov’s proof was about pro-p-groups and was based on his Lie algebra technique and his deep results on Restricted Burnside Problem, including results on Lie algebras with ad -nilpotent commutators in generators. The reduction to pro-p-groups was obtained by J. Wilson in 1983 using Hall–Higman–type theorems and the classification of finite simple groups.
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Open problems Problem Does every periodic profinite group have finite exponent?
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Open problems Problem Does every periodic profinite group have finite exponent? By Wilson’s reduction it is sufficient to consider pro-p-groups.



EKh, 1990 If a periodic profinite group contains an open set of elements of prime order p, then it is a group of bounded exponent. Based on ‘uniform’ RBP result for splitting automorphism of prime order.
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Open problems Problem Does every periodic profinite group have finite exponent? By Wilson’s reduction it is sufficient to consider pro-p-groups.



EKh, 1990 If a periodic profinite group contains an open set of elements of prime order p, then it is a group of bounded exponent. Based on ‘uniform’ RBP result for splitting automorphism of prime order. The general problem remains open. One of possible ways to tackle it:



Problem Suppose that a finite p-group G admits a splitting automorphism of order p k . Is the derived length of G bounded in terms of p k and the number of generators? Evgeny Khukhro (Lincoln–Novosibirsk)
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More on splitting automorphisms of finite groups



K. Ersoy, 2016 A finite group with a splitting automorphism of odd order is soluble.
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K. Ersoy, 2016 A finite group with a splitting automorphism of odd order is soluble. There are examples of non-soluble finite groups with splitting automorphisms.
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More on splitting automorphisms of finite groups



K. Ersoy, 2016 A finite group with a splitting automorphism of odd order is soluble. There are examples of non-soluble finite groups with splitting automorphisms.



A. Espuelas, 1992 The p-length of a finite p-soluble group with a splitting automorphism of order p n is bounded in terms of n.
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Frobenius group of automorphisms



Recall:



Definition A finite Frobenius group FA with kernel F and complement A is a semidirect product F o A such that CF (a) = 1 for every a ∈ A \ {1}.
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Frobenius group of automorphisms



Recall:



Definition A finite Frobenius group FA with kernel F and complement A is a semidirect product F o A such that CF (a) = 1 for every a ∈ A \ {1}. Suppose a finite group G admits a Frobenius group of automorphisms FA such that CG (F ) = 1.
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Definition A finite Frobenius group FA with kernel F and complement A is a semidirect product F o A such that CF (a) = 1 for every a ∈ A \ {1}. Suppose a finite group G admits a Frobenius group of automorphisms FA such that CG (F ) = 1. The condition CG (F ) = 1 alone implies that G is soluble (Belyaev–Hartley + CFSG), bounds for the Fitting height, ....
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New direction: ... proving that properties of G are close to those of CG (A) (possibly ‘times |A|’).
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New direction: ... proving that properties of G are close to those of CG (A) (possibly ‘times |A|’). For a Frobenius group FA 6 Aut G such that CG (F ) = 1 papers of EKh, N. Makarenko, P. Shumyatsky (2010— ) give bounds for order, rank, Fitting height, nilpotency class (when FA is metacyclic), exponent (when FA is metacyclic) of G in terms of the same parameters of CG (A) (and sometimes A, and for exponent also F ).
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New direction: ... proving that properties of G are close to those of CG (A) (possibly ‘times |A|’). For a Frobenius group FA 6 Aut G such that CG (F ) = 1 papers of EKh, N. Makarenko, P. Shumyatsky (2010— ) give bounds for order, rank, Fitting height, nilpotency class (when FA is metacyclic), exponent (when FA is metacyclic) of G in terms of the same parameters of CG (A) (and sometimes A, and for exponent also F ). Further results (G. Collins, G. Ercan, E. de Melo, P. Flavell, İ. Güloğlu, E. Khukhro, N. Makarenko, et al.) aim at easing the strong hypothesis CG (F ) = 1 (although even in this case some problems remain open). Evgeny Khukhro (Lincoln–Novosibirsk)
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Frobenius group with splitting kernel of prime order In the following theorem CG (F ) = 1 is replaced by being splitting of prime order.
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Frobenius group with splitting kernel of prime order In the following theorem CG (F ) = 1 is replaced by being splitting of prime order.



Theorem (EKh, 2012) Suppose that a finite group G admits a Frobenius group of automorphisms FA with complement A and with cyclic kernel F = hϕi of prime order p 2 p−1 such that ϕ is a splitting automorphism, that is, xx ϕ x ϕ · · · x ϕ = 1 for all x ∈ G .
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Theorem (EKh, 2012) Suppose that a finite group G admits a Frobenius group of automorphisms FA with complement A and with cyclic kernel F = hϕi of prime order p 2 p−1 such that ϕ is a splitting automorphism, that is, xx ϕ x ϕ · · · x ϕ = 1 for all x ∈ G . If CG (A) is soluble of derived length k, then G is nilpotent of (p, k)-bounded class.
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Frobenius group with splitting kernel of prime order In the following theorem CG (F ) = 1 is replaced by being splitting of prime order.



Theorem (EKh, 2012) Suppose that a finite group G admits a Frobenius group of automorphisms FA with complement A and with cyclic kernel F = hϕi of prime order p 2 p−1 such that ϕ is a splitting automorphism, that is, xx ϕ x ϕ · · · x ϕ = 1 for all x ∈ G . If CG (A) is soluble of derived length k, then G is nilpotent of (p, k)-bounded class. Proof by the method of elimination of operators (although the above-mentioned results of 1991, 1993 do not apply directly).
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When the splitting kernel acts trivially



Elimination of ϕ is based on the situation when ϕ acts trivially: then G hϕi is of prime exponent p admitting a group of automorphisms A of coprime order.



EKh–P. Shumyatsky, 1995 If a finite group G of prime exponent p admits a soluble group of automorphisms A of coprime order such that the fixed-point subgroup CG (A) is soluble of derived length k, then G is nilpotent of (p, k, |A|)-bounded class.
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Scheme of proof



Recall: G is a finite group with a Frobenius group FA 6 Aut G such that p−1 F = hϕi with xx ϕ · · · x ϕ = 1 for all x ∈ G . We need a bound for the nilpotency class of G in terms of p, k, and |A|, where k is the derived length of CG (A).
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Recall: G is a finite group with a Frobenius group FA 6 Aut G such that p−1 F = hϕi with xx ϕ · · · x ϕ = 1 for all x ∈ G . We need a bound for the nilpotency class of G in terms of p, k, and |A|, where k is the derived length of CG (A). G is nilpotent by Thompson–Hughes–Kegel: G = Gp × Gp0 .
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Recall: G is a finite group with a Frobenius group FA 6 Aut G such that p−1 F = hϕi with xx ϕ · · · x ϕ = 1 for all x ∈ G . We need a bound for the nilpotency class of G in terms of p, k, and |A|, where k is the derived length of CG (A). G is nilpotent by Thompson–Hughes–Kegel: G = Gp × Gp0 . Gp0 is nilpotent of class h(p) by Higman, since ϕ is fixed-point-free on Gp0 .
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Scheme of proof



Recall: G is a finite group with a Frobenius group FA 6 Aut G such that p−1 F = hϕi with xx ϕ · · · x ϕ = 1 for all x ∈ G . We need a bound for the nilpotency class of G in terms of p, k, and |A|, where k is the derived length of CG (A). G is nilpotent by Thompson–Hughes–Kegel: G = Gp × Gp0 . Gp0 is nilpotent of class h(p) by Higman, since ϕ is fixed-point-free on Gp0 . So we can assume G is a finite p-group, say, of exponent p m and of nilpotency class n. (Of course, we need a bound for the class independent of m, n.)
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Using free groups



Advantageous to consider, instead of G , a (relatively) free FA-group X of exponent p m and nilpotent of class n, on free generators x1 . . . , xc+1 .
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Using free groups



Advantageous to consider, instead of G , a (relatively) free FA-group X of exponent p m and nilpotent of class n, on free generators x1 . . . , xc+1 . (As an abstract group, X is free in the variety of nilpotent groups of class n and of exponent p m on the free generators xiy , where y ∈ FA, which FA permutes naturally: (xih )z = xiyz for y , z ∈ FA.)
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Using free groups



Advantageous to consider, instead of G , a (relatively) free FA-group X of exponent p m and nilpotent of class n, on free generators x1 . . . , xc+1 . (As an abstract group, X is free in the variety of nilpotent groups of class n and of exponent p m on the free generators xiy , where y ∈ FA, which FA permutes naturally: (xih )z = xiyz for y , z ∈ FA.) Note that X is a finite p-group, being a finitely generated nilpotent group of exponent p m . Hence the semidirect product XF is also a finite p-group and is therefore nilpotent of some class.
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Verbal subgroups XFA i be the FA-invariant normal closure of the d th Let C = h (CX (A))(d) (d) term (CX (A)) of the derived series of CX (A).
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Verbal subgroups XFA i be the FA-invariant normal closure of the d th Let C = h (CX (A))(d) (d) term (CX (A)) of the derived series of CX (A). Let



2



p−1



S := h{xx ϕ x ϕ · · · x ϕ



| x ∈ X }XFA i,



be the FA-invariant normal closure.
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be the FA-invariant normal closure. It is sufficient to prove that [x1 , . . . , xc+1 ] ∈ CS.
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be the FA-invariant normal closure. It is sufficient to prove that [x1 , . . . , xc+1 ] ∈ CS. Indeed, there are natural homomorphisms X → G , and both C and S are in the kernel.
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Verbal subgroups XFA i be the FA-invariant normal closure of the d th Let C = h (CX (A))(d) (d) term (CX (A)) of the derived series of CX (A). Let



2



p−1



S := h{xx ϕ x ϕ · · · x ϕ



| x ∈ X }XFA i,



be the FA-invariant normal closure. It is sufficient to prove that [x1 , . . . , xc+1 ] ∈ CS. Indeed, there are natural homomorphisms X → G , and both C and S are in the kernel. The subgroups C and S are invariant under any FA-endomorphism of X (are verbal FA-subgroups). For S this is clear, and for C this is due to the coprimeness of the action of A on X .
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Trivializing F Let T = [X , F ]F be the normal closure of F in XF , which is also FA-invariant.
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Trivializing F Let T = [X , F ]F be the normal closure of F in XF , which is also FA-invariant. Factorization by T amounts to “trivialization” of ϕ: in the quotient (XFA)/(CST ) the image of ϕ becomes trivial.
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Trivializing F Let T = [X , F ]F be the normal closure of F in XF , which is also FA-invariant. Factorization by T amounts to “trivialization” of ϕ: in the quotient (XFA)/(CST ) the image of ϕ becomes trivial. Hence the image of X in (XFA)/(CST ) is of exponent p, since this image also satisfies the identity 2



p−1



x¯p = x¯x¯ϕ¯ x¯ϕ¯ · · · x¯ϕ¯



Evgeny Khukhro (Lincoln–Novosibirsk)



= 1,



x¯ ∈ (XCST )/(CST ).



Elimination of operators



24 / 32



Trivializing F Let T = [X , F ]F be the normal closure of F in XF , which is also FA-invariant. Factorization by T amounts to “trivialization” of ϕ: in the quotient (XFA)/(CST ) the image of ϕ becomes trivial. Hence the image of X in (XFA)/(CST ) is of exponent p, since this image also satisfies the identity 2



p−1



x¯p = x¯x¯ϕ¯ x¯ϕ¯ · · · x¯ϕ¯



= 1,



x¯ ∈ (XCST )/(CST ).



By coprimeness of action, C(XCST )/(CST ) (A) is also soluble of derived length d .
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x¯p = x¯x¯ϕ¯ x¯ϕ¯ · · · x¯ϕ¯



= 1,



x¯ ∈ (XCST )/(CST ).



By coprimeness of action, C(XCST )/(CST ) (A) is also soluble of derived length d . Apply the Khukhro–Shumyatsky Theorem to (XCST )/(CST ) and A:
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Trivializing F Let T = [X , F ]F be the normal closure of F in XF , which is also FA-invariant. Factorization by T amounts to “trivialization” of ϕ: in the quotient (XFA)/(CST ) the image of ϕ becomes trivial. Hence the image of X in (XFA)/(CST ) is of exponent p, since this image also satisfies the identity 2



p−1



x¯p = x¯x¯ϕ¯ x¯ϕ¯ · · · x¯ϕ¯



= 1,



x¯ ∈ (XCST )/(CST ).



By coprimeness of action, C(XCST )/(CST ) (A) is also soluble of derived length d . Apply the Khukhro–Shumyatsky Theorem to (XCST )/(CST ) and A: [x1 , . . . , xc+1 ] ∈ CST .



(1)



All we need is to eliminate T from inclusion (1). Evgeny Khukhro (Lincoln–Novosibirsk)
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Some collecting processes Rewrite (1) as a congruence modulo CS: [x1 , . . . , xc+1 ] ≡ t (mod CS),



(2)



where t ∈ T .
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Some collecting processes Rewrite (1) as a congruence modulo CS: [x1 , . . . , xc+1 ] ≡ t (mod CS),



(2)



where t ∈ T . As an abstract group, T = [X , F ]F is generated by the elements ϕ and [ϕ, w ], where w are words in xia∗ , where a∗ ∈ A denote various elements of A.



Evgeny Khukhro (Lincoln–Novosibirsk)



Elimination of operators



25 / 32



Some collecting processes Rewrite (1) as a congruence modulo CS: [x1 , . . . , xc+1 ] ≡ t (mod CS),



(2)



where t ∈ T . As an abstract group, T = [X , F ]F is generated by the elements ϕ and [ϕ, w ], where w are words in xia∗ , where a∗ ∈ A denote various elements of A. The semidirect product XF is nilpotent, so by a standard collecting process we can rewrite (2) as [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS), where the ci are commutators in ϕ and xia∗ each involving at least one occurrence of ϕ. Evgeny Khukhro (Lincoln–Novosibirsk)
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Higman’s lemma



We can assume that each commutator cs in our congruence [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS), depends on ϕ and on all the xi , i = 1, . . . , c + 1.
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Higman’s lemma



We can assume that each commutator cs in our congruence [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS), depends on ϕ and on all the xi , i = 1, . . . , c + 1. This is proved similarly to the so-called Higman’s lemma, by applying the FA-endomorphisms ϑi of X extending the mapping xi → 1, xj → xj for j 6= i.......
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More collecting process



Then each commutator cs in our congruence [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS), can be assumed to have the form ∗ , . . .]], cs = [[xia1∗ , . . .], [xia2∗ , . . .], . . . [xiac+1



where {i1 , i2 , . . . , ic+1 } = {1, 2, . . . , c + 1}, the dots in each simple subcommutator [xias ∗ , . . .] denote (possibly absent) elements ϕ or xia∗ in any combination and any order, and there is at least one occurrence of ϕ in cs .
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Self-amplification Recall: [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS).
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Self-amplification Recall: [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS).



(3)



Consider one of ci on the right: ∗ ci = [[xia1∗ , . . .], [xia2∗ , . . .], . . . [xiac+1 , . . .]],
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Self-amplification Recall: [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS).



(3)



Consider one of ci on the right: ∗ ci = [[xia1∗ , . . .], [xia2∗ , . . .], . . . [xiac+1 , . . .]],



(4)



Consider the FA-endomorphism ϑ of X extending the mapping xj → [xiaj ∗ , . . .],



j = 1, . . . , c + 1



(5)



(because the xi are free generators!).
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Consider one of ci on the right: ∗ ci = [[xia1∗ , . . .], [xia2∗ , . . .], . . . [xiac+1 , . . .]],



(4)



Consider the FA-endomorphism ϑ of X extending the mapping xj → [xiaj ∗ , . . .],



j = 1, . . . , c + 1



(5)



(because the xi are free generators!). Both C and S are ϑ-invariant. Therefore, when ϑ is applied to (3) we obtain again a congruence modulo CS.
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Self-amplification Recall: [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS).
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Consider one of ci on the right: ∗ ci = [[xia1∗ , . . .], [xia2∗ , . . .], . . . [xiac+1 , . . .]],



(4)



Consider the FA-endomorphism ϑ of X extending the mapping xj → [xiaj ∗ , . . .],



j = 1, . . . , c + 1



(5)



(because the xi are free generators!). Both C and S are ϑ-invariant. Therefore, when ϑ is applied to (3) we obtain again a congruence modulo CS. As a result, the commutator ci as the image of the left-hand side of (3) is expressed as the image under ϑ of the right-hand side of (3): ϑ [x1 , . . . , xc+1 ]ϑ = ci ≡ c1ϑ · · · cm (mod CS). Evgeny Khukhro (Lincoln–Novosibirsk)
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Self-amplification



Recall: ϑ [x1 , . . . , xc+1 ]ϑ = ci ≡ c1ϑ · · · cm (mod CS).
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Self-amplification



Recall: ϑ [x1 , . . . , xc+1 ]ϑ = ci ≡ c1ϑ · · · cm (mod CS).



Note that each cjϑ has at least two occurrences of ϕ — at least one was already there originally,
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Self-amplification



Recall: ϑ [x1 , . . . , xc+1 ]ϑ = ci ≡ c1ϑ · · · cm (mod CS).



Note that each cjϑ has at least two occurrences of ϕ — at least one was already there originally, and at least another one appears in the image of one of the xk (all of which occurred in ci ) under ϑ, since ci of the form (4) also contains an occurrence of ϕ.
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Self-amplification



After expressing in this way each commutator ci on the right in (3) (of the form (4)), we substitute their expressions into the right-hand side of the original congruence (3). Apply collection process......... obtain [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS),
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Self-amplification



After expressing in this way each commutator ci on the right in (3) (of the form (4)), we substitute their expressions into the right-hand side of the original congruence (3). Apply collection process......... obtain [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS),



(3)



where each ci has the form ∗ , . . .]], ci = [[xia1∗ , . . .], [xia2∗ , . . .], . . . [xiac+1



but now each of them involves at least two occurrences of ϕ.
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Self-amplification Then we repeat this procedure bearing in mind that in the new congruence [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS),



(3)



each ci has at least two occurrences of ϕ.
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Self-amplification Then we repeat this procedure bearing in mind that in the new congruence [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS),



(3)



each ci has at least two occurrences of ϕ. As a result, for the same reasons, we obtain a new congruence (3) in which each ci has at least four occurrences of ϕ.
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Self-amplification Then we repeat this procedure bearing in mind that in the new congruence [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS),



(3)



each ci has at least two occurrences of ϕ. As a result, for the same reasons, we obtain a new congruence (3) in which each ci has at least four occurrences of ϕ. We continue this “auto-amplification” process, doubling the number of occurrences of ϕ at each step.
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Self-amplification Then we repeat this procedure bearing in mind that in the new congruence [x1 , . . . , xc+1 ] ≡ c1 · · · cm (mod CS),



(3)



each ci has at least two occurrences of ϕ. As a result, for the same reasons, we obtain a new congruence (3) in which each ci has at least four occurrences of ϕ. We continue this “auto-amplification” process, doubling the number of occurrences of ϕ at each step. Since the group XF is nilpotent of some class, being a finite p-group, in the end the right-hand side of (3) becomes trivial due to unbounded accumulation of occurrences of ϕ.
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