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Model Description



Our model features hours and employment as inputs into production, (possibly) increasing returns to hours, multiple-workers …rms, search frictions in the labor market and quadratic price adjustment costs. A hat denotes the log deviation of a certain variable from its steady state level.



1.1



Households



There is a unit mass of households. A fraction nt of workers are employed in the market economy and receive the wage wit from …rm i 2 (0; 1) for providing hours hit . A fraction 1 nt of workers are unemployed; they are instead engaged in home production with productivity b. The representative household maximizes Z 1 1 P t E0 ln Ct nt g (hit ) di , (1) t=0



0



where 2 (0; 1) is the discount factor, Ct is household consumption and g (hit ) denotes individual labor disutility of working ht hours at …rm i to those nt household members that are employed. Each employed household member works for all …rms on the unit interval; therefore, we sum labor disutility across all …rms. As in Ravenna and Walsh (2012), consumption consists of …nal goods sold in the market and home-produced goods, Ct = Ctm + (1



nt ) b.



There exists an insurance technology guaranteeing complete consumption risk sharing between household members, such that Ct denotes consumption enjoyed by a member as well as overall household consumption. Labor disutility is given by 1+ h hit



g (hit ) =



1+



h



,



(2)



h



where h > 0 captures the weight on hours in labor disutility, while h 0 determines the degree of increasing marginal disutility of hours. The household maximizes utility (1) subject to a sequence of budget constraints, (1 +



c



) Ctm



R1 Bt 1 Bt = nt wit (hit ) di + + Dt + (1 + R t Pt Pt 0



nt ) T b + Tt ,



(3)



where Bt are one-period nominal bonds that cost 1=Rt units of currency in t and pay a safe return of one currency unit in period t + 1. Consumption expenditure Ctm and bond purchases Bt are …nanced through wage income by employed members, where wt is the real wage per worker, interest income on bond holdings, real pro…ts Dt , unemployment bene…ts (1 nt ) T b from the government and lump sum transfers Tt . Consumption expenses are taxed at rate c (subsidized if c < 0). Rewriting the household budget constraint in terms of total consumption gives (1 +



c



) Ct +



R1 Bt = nt wit (hit ) di + (1 R t Pt 0



nt ) (1 +



c



)b +



Bt 1 + Dt + (1 Pt



nt ) T b + Tt :



(4)



So far, we have described the representative household. Given that all households are identical in equilibrium and the mass of households is normalized to unity, Ct is household consumption as well as economy-wide consumption. Writing the Lagrangian conveniently as Z 1 1 P Bt Bt 1 t c max1 Lt = E0 ln Ct nt g (hit ) di ) Ct + ::: . t (1 + fCt ;Bt gt=0 R t Pt Pt t=0 0 3



We derive the …rst order conditions for consumption Ct and bonds Bt , =



t



t



Pt



1 c) C t



(1 +



,



(5)



t+1



= Rt Et



,



Pt+1



(6)



Combining the …rst order conditions (5) and (6), we derive the Euler equation for consumption, t;t+1



1 = Rt Et



,



(7)



t+1 t where t 1;t = is the growth of the marginal utility of consumption between t 1 and t, t 1 and t = Pt =Pt 1 is the gross in‡ation rate. Combining the last expression with the …rst order condition for consumption, the stochastic discount factor becomes



t 1;t



=



Ct 1 . Ct



(8)



Hours are not chosen by the household but are instead set by the …rm in a right-to-manage (RTM) fashion (see Section 1.4).



1.2



Final Goods Firms



Final output Yt is an aggregate of intermediate goods Yit bundled according to function R1



Yt =



" 1 "



Yit



" " 1



,



di



(9)



0



where " is the elasticity of substitution between the individual varieties. Given a price PRit for each 1 variety i, …nal good …rms choose optimally the inputs Yit to minimize total expenditure 0 Pit Yit di subject to the CES aggregator function (9). This yields the following demand functions, Yitd =



Pit Pt



"



Yt ,



(10)



where Pt is the price of the …nal good. We interpret Pt as the consumer price index.



1.3



Labor Market Search and Matching



Firms post vacancies and unemployed workers search for jobs. Let Mt denote the number of successful matches. The matching technology is assumed to be a Cobb-Douglas R 1 function of the unemployment rate ut = 1 nt and the aggregate number of vacancies vt = 0 vit di, Mt = M0 ut vt1 ,



where 2 (0; 1) and M0 > 0. The probability of a vacancy being …lled next period qt equals the number of matches divided by the number of vacancies posted, qt =



Mt = M0 vt 4



t



,



(11)



where the ratio of vacancies to unemployed workers, vt , ut



t



(12)



is a measure of labor market tightness. The job …nding rate equals the number of matches divided by the number of unemployed, Mt pt = = qt t (13) ut An alternative expression for the job …nding rate is the probability of …lling a vacancy multiplied by the degree of labor market tightness. A constant fraction of matches are destroyed each period, such that employment at …rm i evolves as nit+1 = (1



1.4 1.4.1



(14)



) nit + qt vit :



Intermediate Goods Firms Production Function



Intermediate …rms produce di¤erentiated goods under monopolistic competition, are located on the unit interval and are indexed by i 2 [0; 1].1 Output of an individual …rm Yit is produced according to the following production function Yit = At nit f (hit ) ,



(15)



where At is a technology index common to all …rms, nit is employment in …rm i, and the function f (:) allows for decreasing or increasing returns to hours in production. Production is thus linear in employment and (potentially) non-linear in hours per worker hit . We specify the function f (:) as h'it , such that (15) becomes Yit = At nit h'it . (16) A worker’s marginal product per hour, de…ned as mphit =



@(Yit =nit ) , @hit



is



mphit (hit ) = 'At hit' 1 .



(17)



it =Yit The parameter ' measures the short run returns to hours (elasticity of output to hours), @Y = @hit =hit '. If ' > 1, we have short run increasing returns to hours. This means that increasing hours by 1% raises output by more than 1%. In response to an expansionary demand shock, …rms increase hours such that measured productivity (output per hour) increases. Note also that if 1 < ' < 2, the marginal product per hour (17) is increasing and concave in hours.



1.4.2



Pro…t Maximization



Once the …rm has set its price, it is demand-constrained and has to produce the amount of output demanded at that price. The …rm faces a demand function given by (10) and has production function technology given by (16). It therefore faces the following demand constraint Pit Pt 1



"



Yt = At nit h'it .



Ultimately, we may drop the subscript i, since all …rms are symmetric in this model.
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(18)



Since employment is predetermined, a …rm cannot raise output by increasing nit . Faced with higher demand, the …rm adjusts hours to satisfy demand in the short run. Formally, …rms choose the number of hours worked hit , the number of vacancies vit to post, the number of workers nit+1 to hire, and which price Pit to set, so as to maximize the present discounted stream of future pro…ts, 1 P f Pit d Y wit (hit ) nit pacit , (19) E0 1 v vit 0;t Pt it t=0



where f is a tax on …rm revenues, v is the cost of posting a vacancy (common to all …rms), vit is the number of vacancies posted by the i’th …rm, pacit are price adjustment costs to be speci…ed below and 0;t is the stochastic discount factor, de…ned recursively as 0;t = 0;1 1;2 : : : t 1;t . Firm revenues are taxed if f > 0 and subsidized if f < 0. Firms maximize (19) subject to the law of motion for employment at …rm i (14), the demand constraint (18), and price adjustment costs nit+1 = (1 ) nit + qt vit , "



Pit Pt pacit =



Yt = At nit h'it , p



2



Pit Pit 1



2



Yt .



1



Substituting demand (10) into the …rm’s objective function (19), we can write the …rm’s optimization problem as a Lagrangian problem, ( 1 " 2 1 P Pit Pit p f max E0 Yt wit (hit ) nit 1 Yt 1 v vit 0;t fhit ;vit ;nit+1 ;Pit g1 Pt 2 Pit 1 t=0 t=0 Pit Pt 'nt [nit+1



sit [



"



Yt (1



At nit h'it ] ) nit



qt vit ]g ,



where sit and 'nt are the Lagrange multipliers on the demand constraint and on the …rm’s employment dynamics, respectively. The multiplier on the demand constraint, sit , represents …rm i’s real marginal costs. Hours Worked The …rst order condition for hours worked is 0 = or expressed di¤erently and using (17), sit =



wit0 (hit ) . mphit (hit )



0;t f



nit wit0 (hit )+'sit At nit h'it 1 g, (20)



According to (20), real marginal costs are equal to the ratio of the real marginal wage and the marginal product of hours per worker. Since employment is predetermined, the …rm needs to raise hours per worker in order to increase production. This comes at a marginal cost of wit0 (hit ) per worker. See also Thomas (2011).



6



Job Creation Condition The …rst order condition for vacancies fvit g1 v + 'nt qt g, t=0 is 0 = 0;t f such that we can express the Lagrange multiplier on the employment law of motion 'nt as v



'nt =



qt



.



(21)



The …rst order condition for employment fnit+1 g1 t=0 is 0= Dividing by



0;t 'nt



0;t ,



+ Et



0;t+1



using the relation



'nt = Et



t;t+1



sit+1 At+1 h'it+1



t;t+1



0;t+1



=



0;t



wit+1 (hit+1 ) + (1



) 'nt+1



,



and rearranging, we obtain



sit+1 At+1 h'it+1



wit+1 (hit+1 ) + (1



) 'nt+1



.



(22)



Finally, using (21) to substitute out the Lagrange multiplier 'nt , the …rst order condition for employment becomes v



qt



= Et



t;t+1



sit+1 At+1 h'it+1



wit+1 (hit+1 ) + (1



)



v



qt+1



.



(23)



A …rm posts vacancies until the cost of hiring a worker equals the expected discounted future bene…ts from an extra worker. The costs of hiring a worker are given by the vacancy posting costs divided by the probability of …lling a vacancy, equivalent to vacancy posting costs multiplied by the average duration of a vacancy, 1=qt . The …rst two terms on the right hand side of (23) correspond to expected shadow value of a worker, i.e. the expected value of an additional worker (see Section 1.6 for details). Since we do not assume instantaneous hiring, the vacancy posting condition captures the expected shadow value of a worker tomorrow, rather than the current shadow value. Price Setting We assume quadratic price adjustment costs à la Rotemberg (1982). The parameter p captures the size of price adjustment costs. Iterating pacit one period, we see that pacit+1 also depends on Pit , 2 Pit+1 p 1 Yt+1 . pacit+1 = 2 Pit The derivatives of pacit and pacit+1 with respect to the …rm price Pit are, respectively, @pacit = @Pit @pacit+1 = @Pit The …rst order condition for prices is 0= Dividing by



1



0;t



0;t



f



(1



1 p



Pit



1



p



Pit+1 Pit2



P t Yt ") + "sit Pit Pt



Pit Pt



Pit Pit 1



1 Yt



(24)



Pit+1 Pit



1 Yt+1 .



(25)



" 0;t



@pacit @Pit



Et



0;t+1



@pacit+1 @Pit



and plugging in the derivatives (24) and (25), we have



0 =



f



1 1 p



Pit



1



(1



") + "



Pit Pit 1



Pt Yt sit Pit Pt



1 Yt +



p Et



Pit Pt



"



0;t+1 0;t
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Pit+1 Pit2



Pit+1 Pit



1 Yt+1 .



.



Dividing by Yt =Pit , collecting terms and rewriting the stochastic discount factor as becomes 1 " Pt Pit f (" 1) + " sit + p it , 0= 1 Pit Pt where it



=



Pit Pit 1



Pit Pit 1



1



Et



t;t+1



Pit+1 Pit



Pit+1 Pit



1



Yt+1 Yt



t;t+1 ,



this



.



Thus, the optimal price satis…es Pit = Pt (1



"sit f ) ("



1) +



p



,



it



(Pit =Pt )1



"



Imposing symmetry (Pit = Pt , sit = st , and Yit = Yt ), this simpli…es to p



1.5



t



(



t



1) = "st



f



1



("



1) +



p Et



t;t+1



t+1



(



1)



t+1



Yt+1 Yt



.



(26)



Wage Determination



In our model, wages are determined through Nash bargaining. To understand how bargaining a¤ects wages, we …rst derive the e¢ cient wage setting (Walrasian wages) and we compare it with bargained wages. 1.5.1



E¢ cient Wage Setting



Walrarian wages are set such that the demand for hours the …rm equals the supply of hours by the household. If the household can choose hours optimally, it will set hit to maximize utility (1) subject to the budget constraint (4). The Lagrangian problem is Lt = E0 max 1



fhit gt=0



1 P



t



t=0



ln Ct



nt



Z



1



g (hit ) di



t



(1 +



0



c



) Ct : : :



R1 nt wit (hit ) di



,



0



and the associated …rst order condition states that the real marginal wage must equal the marginal rate of substitution between hours and consumption, wit0 (hit ) =



g 0 (hit )



Plugging in the marginal utility of consumption c h ) Ct . h hit (1 + 1.5.2



= mrsit .



(27)



t t,



the real marginal wage becomes wit0 (hit ) =



Wage Bargaining



In the model, workers and …rms bargain bilaterally over the real wage wit and split the surplus according to their respective bargaining weight given by and (1 ), respectively.
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Firm The value of …rm i in period t is Vif



(wit ) = 1



f



Pit d Y wit (hit ) nit Pt it



p



v vit



2



2



Pit Pit 1



1



Yt +Et



n



f t;t+1 Vi



o (wit+1 ) . (28)



For the …rm, the surplus from employing a marginal worker is computed by maximizing (28) with respect to nit , subject to the demand constraint ( PPitt ) " Yt = At nit h'it . The surplus from employing a marginal worker, de…ned as Sif (wit ) Sif



(wit ) =



sit At h'it



@Vif (wit ) , @nit



is given by



wit (hit ) + (1



) Et



n



f t;t+1 Si



o (wit+1 ) ,



(29)



A vacancy is …lled with probability qt and remains open otherwise. The per-period cost of posting a vacancy is v . The value of posting a vacancy (in terms of consumption) is n h io f v Viv (wit ) = q S (w ) + (1 q ) V (w ) . v + Et t it+1 t it+1 t;t+1 i i The …rm posts vacancies as long as the value of a vacancy is greater than zero. In equilibrium, Viv (wit ) = 0 and so the vacancy posting condition is n o v = Et t;t+1 Sif (wit+1 ) . (30) qt



Worker Denote the value of being employed by the ith …rm Wi (wit ) and the value of being unemployed Ut . In period t, an employed worker receives the wage wit and su¤ers the disutility g (hit ) given by (2). In the next period, he is either still employed by …rm i with probability 1 , in which case he has an expected value of Et t;t+1 Wi (wit+1 ) , or the employment relation is dissolved with probability , then his expected value is Et t;t+1 Ut+1 . The worker’s asset value of being matched to …rm i is Wi (wit ) = wit



g (hit ) t



+ Et



t;t+1



[(1



) Wi (wit+1 ) + Ut+1 ] ,



where we divide labor disutility g (hit ) by the marginal utility of consumption into consumption units. The value of being unemployed Ut is in turn given by Z 1 vjt c Wj (wjt+1 ) dj + (1 Ut = b + Et t qt ) Ut+1 t qt t;t+1 0 vt



(31)



t



to convert utils



,



(32)



where bc = (1 + c ) b+T b . An unemployed worker produces (1 + c ) b units of market consumption goods in period t and receives transfer T b from the government. In the next period, he faces a v probability ujtt qt of …nding a new job with …rm j and a probability 1 t qt of remaining unemployed. De…ning the worker’s surplus as Sitw (wit ) = Wi (wit ) Ut , we can subtract (32) from (31) to write Z 1 vjt w g (hit ) w c w Sit (wit ) = wit b + Et ) Sit+1 S dj . (33) t qt t;t+1 (1 vt jt+1 t 0
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Wage Bargaining Under Nash bargaining, the equilibrium wage satis…es wit = arg max (Sitw (wit )) (Sif (wit ))1 , wit



such that the surplus-sharing rule implies Sitw (wit ) =



Sif (wit ) .



1



(34)



w w Using the surplus-sharing rule (34) to replace Sitw , Sit+1 and Sjt+1 , this becomes



1



Sif



(wit ) = wit



g (hit )



c



b+



t



Et



1



) Sif



(1



t;t+1



Z



(wit+1 )



1



vjt f S (wit+1 ) dj vt i



t qt



0



Substituting out Sif (wit ) using the …rm’s surplus (29), we obtain h n oi ' f sit At hit wit (hit ) + (1 ) Et t;t+1 Si (wit+1 ) 1 g (hit ) bc + Et ) Sif (wit+1 ) = wit (hit ) t;t+1 (1 1 t



Z



1 t qt



0



vjt f S (wit+1 ) dj vt i



.



.



Finally, using the vacancy-posting rule (30) to replace Sif (wit+1 ) and Sif (wit+1 ), the equilibrium wage satis…es 1



sit At h'it



wit (hit ) + (1



)



v



qt



g (hit )



= wit



bc +



t



v



1



qt



(1



t qt ) ,



or, after rearranging, wit (hit ) =



(sit At h'it +



v t)



+ (1



)



g (hit )



+ bc .



t



Substituting out sit using (20) gives wit (hit ) =



1 hit wit0 (hit ) + '



v t



+ (1



)



g (hit )



+ bc .



Equilibrium Wage Rearranging (35), and replacing g (hit ) using (2) and condition for consumption (5), we obtain wit (hit ) =



v t



) bc +



+ (1



(35)



t



'



hit wit0 (hit ) + (1



)



t



using the …rst order



g (hit )



.



(36)



t



Using the method of undetermined coe¢ cients, we guess that the solution to (36) takes the form wit (hit ) =



v t



where {



) bc + {



+ (1 1 1+ '



1 10



h



.



g (hit )



,



(37)



t



(38)



Under bargaining, the real marginal wage is wit0 (hit ) = {



g 0 (hit )



=



t



wt



mrsit (hit ) ,



(39)



where wt = { represents a wage markup. Alternatively, using (20), we can relate the real marginal wage to the marginal product of hours as follows, mphit (hit )



wit0 (hit ) =



.



(40)



pt



where pt = 1=sit represents a price markup. See Gali, Gertler and Lopez-Salido (2007). To ensure that the real marginal wage is positive, such that the wage is increasing in hours worked, we impose the following parameter restriction: 1+ '



1



h



(41)



> 0,



such that { > 0. Furthermore, in a typical calibration we have 1+' h > 1 and therefore { > 1, such that the real marginal wage under bargaining lies above the marginal rate of substitution. This means that, under Nash bargaining, wages rise faster with hours than is e¢ cient. Comparing the e¢ cient real marginal wage (27) with the real marginal wage under bargaining (39), we note that the parameter { encapsulates the distortion imposed by the bargaining process. Given a certain value for the curvature of labor disutility h , the bargaining distortion is increasing both in the degree of returns to hours ' and in the bargaining power of workers . For future reference, note that the parameter governing the curvature of the labor disutility function, h , is also the elasticity of the real marginal wage to hours, i.e. h



= hit



wit00 (hit ) . wit0 (hit )



(42)



Rearranging (35), and replacing g (hit ) using (2) and t using the …rst order condition for consumption (5), we obtain an alternative expression for the equilibrium wage, wit (hit ) =



1.6



v



) bc + {



t + (1



1+ h hit



1+



h



(1 +



c



) Ct .



h



Worker Shadow Value



We de…ne the total reduction in the wage bill wit (hit ) nit induced by an additional worker, the shadow value of a marginal worker, as it



@wit (hit (nit )) nit . @nit



(43)



The wage is a function of hours, wit (hit ), as shown in (37) above. In turn, hours are a function of the number of workers, hit (nit ). To see this, we rewrite the production function (16) in terms of a labor requirement (in terms of hours) for a given level of output Yit , i.e. 1='



hit = Yit



(At nit )
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1='



.



We can derive the derivative of hours to employment as @hit = @nit



1 hit , ' nit



For a given amount of output, hiring an additional worker thus allows the …rm to reduce the number of hours of all other workers. The …rm e¤ectively reduces the intensive margin and raises the extensive margin of production. The shadow value of a worker becomes it



=



wit0 (hit )



wit (hit )



@hit nit = @nit



wit (hit ) + wit0 (hit )



hit . '



(44)



The shadow value of the marginal worker has two components. The …rst is the wage payment going to the worker, the second represents the reduction in the wage bill due to the additional hire. Hiring an extra worker allows the …rm to lower hours per worker for all its workers and, through the wage curve (37), to lower the wage of all its workers. Substituting out the derivative wit0 (hit ) from (20) yields hit sit mphit . (45) wit (hit ) + it = ' Finally, using the bargaining wage (37), we can express the shadow value as it



=



v t



(1



) bc + {



1+ '



h



1



g (hit )



.



t



Notice that we can rewrite the vacancy posting condition (23) as v



qt



= Et



t;t+1



it+1



+ (1



)



v



qt+1



.



(46)



Let’s analyze how the shadow value is related to hours worked. Di¤erentiating (44) yields 0 it



(hit ) =



0 it



(hit ) = wit0 (hit )



wit0 (hit ) +



1 0 (w (hit ) + wit00 (hit ) hit ) . ' it



Rearranging, we get 1+



1 '



1+



wit00 (hit ) hit wit0 (hit )



.



Using again the elasticity of the wage to hours in (42), this becomes 0 it



(hit ) = wit0 (hit )



1+ '



h



1 .



If condition (41) is satis…ed and 1+' h > 1, the worker’s marginal value increases with hours per worker. When computing the steady state, we verify that these conditions are satis…ed.
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1.7



Real Marginal Costs



Alternatively to (20), we can express real marginal costs in terms of the worker’s shadow value by rearranging (45), wit (hit ) + it' . (47) sit = At h'it At hit In (47), both the wage and the shadow value are divided by endogenous labor productivity, i.e. the marginal product of labor in terms of employment, @Yit = At h'it . @nit Since the production function is linear in the number of workers, the marginal product of employment is equal to the average product (output per worker). The …rst component of real marginal costs in (47) represents unit labor costs, witYitnit . Let’s compare expression (47) for real marginal costs with the standard New Keynesian model, sit =



wit nit and sit = Yit



wit nit Y | {zit }



+



unit labor costs



nit v Yit qt |



Et



t;t+1 t



(1



{z



)



= net hiring costs



v



qt+1



. }



In the New Keynesian model, real marginal costs are given unit labor costs. In the search-andmatching framework, real marginal costs have an additional component: net hiring costs. Net hiring costs are today’s hiring costs (vacancy posting costs times the duration of a vacancy) less the saving of tomorrow’s expected hiring costs in case the employment relationship continues. Under the assumption of instantaneous hiring, this term represents the current shadow value of a worker. See Krause and Lubik (2007) and Faia (2009). Replacing the derivative wit0 (hit ) in the …rst order condition for hours (20) using (39), and rearranging, real marginal costs become sit = {



mrsit g 0 (hit ) = t ' 1 = { mphit 'At hit



(48)



Using the real marginal cost expression (48), we may rewrite the shadow value (45) as it



=



) bc + 1



(1



v t



' 1+



h



At h'it sit ,



(49)



and the bargaining wage (37) becomes wit =



v t



+ (1



) bc +



' 1+



h



At h'it sit .



(50)



Under e¢ cient wage setting, real marginal costs would instead be given by the marginal rate of substitution divided by the marginal product of hours, sit =



g 0 (hit ) = t mrsit . ' 1 = mphit 'At hit
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(51)



1.8



Government



The government budget constraint equates current income (bond issues and tax revenues) with current expenditure (government spending, lump-sum transfers, and maturing government bonds), Bt + R t Pt



1.9



c



Ctm +



f



Yt = Gt + (1



Bt 1 . Pt



(52)



nt ) T b + Tt .



(53)



nt ) T b + Tt +



Aggregate Accounting



Aggregating the budget constraint (3) across households yields (1 +



c



) Ctm +



Bt 1 Bt = wt nt + + Dt + (1 R t Pt Pt



We assume that the costs of posting vacancies are distributed to households; they are included in …rm pro…ts Dt . Price adjustment costs are also subsumed in Dt , such that aggregate (after-tax) pro…ts are p f Dt = 1 ( t 1)2 Yt . (54) Yt wt nt v vt 2 We combine the aggregate household budget constraint (53) with the government budget constraint (52) and the aggregate pro…t equation (54) to obtain the aggregate accounting identity, Yt + (1



1.10



nt ) b = Ct + Gt +



v vt



+



p



2



(



1)2 Yt .



t



(55)



Exogenous Shocks



Technology and government spending follow autoregressive processes in logs,



2



log(At ) = (1



a ) log(A)



+



a



log(At 1 ) + "at ,



"at



N (0;



a) ;



log(Gt ) = (1



g ) log(G)



+



g



log(Gt 1 ) + "gt ,



"gt



N (0;



g) :



Steady State



The following equations summarize the zero-in‡ation ( Unemployment: u=1 n



= 1) steady state. (56)



Number of matches: M = M0 u v 1



(57)



Job …nding rate: p=



M u



(58)



q=



M v



(59)



v u



(60)



Vacancy …lling rate:



Labor market tightness = 14



Production function: Y = Anh'



(61)



Vacancy posting: v



q



=



1



(1



(62)



)



Worker’s shadow value: =



' 1+



) bc + 1



(1



v



Ah' s



(63)



h



Price setting: f



1)



(64)



(1 + c ) C 'Ah' 1



(65)



"s = 1 Real marginal costs: s={



hh



("



h



where { is a positive constant determined by { (1 )= 1 Aggregate accounting: Y + bu = C + G + v v



1+ '



h



. (66)



Finally, the bargaining wage w can be computed residually using w=



v



) bc +



+ (1



We will see in Section 6.1 that we set T b =



3



c



' 1+



Ah' s.



(67)



h



b.



Summary



3.1



Recursive Steady State



We can rewrite the model’s steady state recursively such that A = s = v



= =



b = C = h



=



Y , nh' 1



f



("



1) "



;



cv Y , (1 n) (1 ) v 1 , q 1 ' 1 Ah' s (1 ) 1+ h Y G v + (1 n) b, "v 1+ h 1 ' ' (1 + h ) 1 1 + h h1+



v



h



As ' (1 +



15



,



c) C



under the assumption T b = #



.



c



b



3.2



Nonlinear Model



Endogenous variables: t 1;t , ht , t , t , nt , st , t , Yt , Ct , Rt , vt , ut , wt , At , Gt . Exogenous variables: "at , "gt . We replace nt+1 with nt and nt with nt 1 to be consistent with the timing convention in Dynare. Yt = At nt 1 h't (68) t;t+1



1 = Rt Et



(69)



t+1



t 1;t v t



M0 t



= Et



=



t;t+1



nt = (1 p



t



(



t



1) = "st



) nt f



1



1



("



t+1



+ (1



t



h ht



3.3



c



(1 + 'At ht' h



=



M0



t+1



(71)



At h't st



(72)



' 1+



h



(1



nt 1 ) t;t+1



(73)



t+1



(



t+1



1)



) Ct



v vt



+



Yt+1 Yt



(74) (75)



p



2



(



1)2 Yt



t



(76) (77)



1



nt



(78)



1



) bc +



+ (1



v



1



vt 1 nt



ut = 1 v t



)



p Et



nt 1 ) b = Ct + Gt +



wt =



(70)



1 t



+ M0 1) +



st = { Yt + (1



Ct 1 Ct



) bc + 1



(1



v t



=



' 1+



h



At h't st



(79)



Linearized Model



Endogenous variables: ^ t variables: "at , "gt .



1;t ,



^ t , ^t , ^ , n ^ t , v^t , u^t , w^t , A^t , G ^ t . Exogenous h ^t , ^ t , Y^t , C^t , R t ^t, s ^t Y^t = A^t + n ^ t 1 + 'h ^ t + Et f ^ t;t+1 ^ t+1 g 0=R



^t = Et ^t =



n



^t ^



t;t+1



v



n ^ t = (1



1;t



(C^t



=



+ [1



(1 ' 1+



^t + 1



q )n ^t p



16



(81)



C^t 1 ) )] ^ t+1 + (1



(82) )



^t+1



^ t + s^t Ah' s A^t + 'h



o



(83) (84)



h



+



1



n



q (1 n ^ t = "s s^t + Et f ^ t+1 g 1



(80)



) ^t



(85) (86)



^ t + C^t A^t s^t = (1 + h ') h ^ t + v v^ Y Y^t bn^ nt 1 = C C^t + GG vt n ^t = v^t + n ^t 1 1 n n n ^t 1 u^t = 1 n ' ^ t + s^t ww^t = v ^t + Ah' s A^t + h 1+ h
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(87) (88) (89) (90) (91)



E¢ cient Allocation



In this section, we consider the planner problem of choosing consumption, employment, vacancies and hours in the absence of price setting frictions.



4.1



Planner Optimization Program



The planner problem reads max



fCt ;nt+1 ;vt ;ht g



E0



1 P



t



[ln Ct



1+ h ht



nt



1+



t=0



h



], h



subject to the employment dynamics equation and the resource constraint, nt+1 = (1 At nt h't + (1



) nt + M0 (1



nt ) vt1 ,



(92)



v vt .



(93)



nt ) b = Ct + Gt +



The optimal policy problem can be speci…ed as max



fCt ;nt+1 ;vt ;ht g



E0



1 P



t



ln Ct



nt



1+ h ht



h



+ 'n;t [nt+1



(1



) nt



nt ) b



Ct



Gt



1+ h + 'C;t [At nt h't + (1



t=0



M0 (1 v vt ]



nt ) vt1 ]



.



The …rst order conditions for Ct , nt+1 , vt and ht are, respectively, 0= 0 = 'n;t + Et f



1+ h h ht+1



1+



h



'n;t M0 (1 0=



Dividing by



t



, replacing



vt 1 nt



with



h ht t,



'C;t ,



) + M0 (1



+ 'n;t+1 [ (1 0=



1 Ct



) (1 h



nt +



1+ h h ht+1



1+



h



n t ) vt



1



1 ] + 'C;t+1 At+1 h't+1 vt+1



'C;t



b g,



v,



''C;t At nt h't 1 .



and rearranging, the …rst order conditions become 'C;t =



'n;t = Et f



nt+1 )



+ 'n;t+1 [ (1



1 , Ct



'C;t 'At h't



+ 'C;t+1 At+1 h't+1



1 t+1 ]



) + M0



'n;t = 'C;t



(94)



v



M0 (1 1
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) h ht



h



.



t,



'C;t+1 bg,



(95) (96) (97)



4.2



E¢ cient Choice of Hours



The optimal choice of hours is obtained by combining (94) and (97), 'At ht'



4.3



1



=



h ht



h



Ct ,



(98)



E¢ cient Job Creation Condition



Plugging (97) into (95) to eliminate 'C;t+1 At+1 h't+1 , we obtain 'n;t = Et f( 1+' h



1)



1+ h h ht+1



1+



'n;t+1 [(1



h



1 t+1 ]



M0



)



Substituting out the Lagrange multipliers on employment dynamics, (96), we obtain 'C;t M0 (1v



) t



= Et f( 1+' h



1)



1+ h h ht+1



1+



Dividing by 'C;t and using (11) to replace v



qt (1



)



= Et f



Multiplying by (1 v



= Et f



qt



v



qt



1)



h



t



M0



'C;t+1



1 'C;t+1



h



t+1 [(1



)



M0



'n;t+1 , using



1 t+1 ]



'C;t+1 bg.



, the vacancy posting condition becomes



1+ h h ht+1



1+



)



'n;t and



+



v



qt+1 (1



)



[(1



)



qt+1



t+1 ]



b]g.



) and rearranging, we obtain



'C;t+1 [(1 'C;t



'C;t+1 'C;t



with



= Et f



t;t+1 [



Replacing



'C;t+1 1+ [( ' 'C;t



v



M0 (1



h



'C;t+1 bg:



) ( 1+' h



t;t+1 ,



1)



1



1+ h h ht+1



1+



h



'C;t+1



+ (1



)



v v t+1



qt+1



(1



) b]g.



and 1='C;t+1 with Ct+1 , we obtain (1



v t+1



) ( 1+' h



) b + (1



1+ h h ht+1



1)



1+



h



Ct+1 + (1



)



v



qt+1



]g.



Thus, the job creation condition in the e¢ cient allocation is v



qt



= Et f



t;t+1 [ t+1



+ (1



)



v



qt+1



where t



=



v t



(1



) b + (1



)



1+ '



h



(99)



]g.



1



1+ h ht



1+



h



Ct h



is the e¢ cient shadow value of a worker. Using (98), the shadow value can be expressed more simply as ' (1 ) b + (1 ) 1 At h't . (100) v t t = 1+ h
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4.4



Steady State



The 12 parameters u, M, p, q, , n, Y , v, , h, s, C are determined by the following 12 equations in the e¢ cient steady state. 0 = u (1 n) 0 = M M0 u v 1 M 0 = p u M 0 = q v v 0 = u qv 0 = n Anh'



0 = Y 0 =



v



q



0 =



1 +



v



(1



)



+ (1



)b



h 0 = 'Ah' 1 hh C 0 = s 1 0 = Y + ub C G



where {



5



1 1



1+ h '



' 1+



1



(1



) Ah'



h



vv



.



Steady State Distortions



In this section, we compare the e¢ cient allocation with the competitive one. Because our model has two labor margins, hours and employment, we have to distinguish between two labor wedges, one at the intensive margin and one at the extensive margin. As shown here, the competitive and the e¢ cient allocations di¤er only by two equations, i.e. the hours and the vacancy decisions.



5.1



Hours Margin



We show how the optimal choice of hours in the competitive equilibrium di¤ers from the e¢ cient one. Following Gali et al (2007), we de…ne the ‘ine¢ ciency gap’as the ratio of the marginal rate of substitution between leisure and consumption, to the marginal product of labor, where labor is measured in terms of hours per worker, gapt We can replace g 0 (ht ) and



t



g 0 (ht ) = mrst = mpht 'At ht'



t 1



.



(101)



by their expressions in (2) and (5), to obtain gapt =



h ht



(1 + 'At h't h
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c 1



)Ct



:



(102)



One can easily see from (20) and (39) that the ine¢ ciency gap is a function of the real marginal cost, st (103) gapt = . { If the …rm has all the bargaining power ( = 0) such that { = 1, the ine¢ ciency gap coincides with the real marginal cost. Considering the e¢ cient allocation, we can deduce from (98) that ine¢ ciency gap in the e¢ cient allocation is given by the gross tax on consumption, c



gapt = 1 +



5.2



.



(104)



Employment Margin



The job creation condition in the e¢ cient allocation (99) di¤er from the one in the competitive market (46) only through the expression of the shadow value of a worker. In the competitive allocation, the shadow value is given by (49): t



=



(1



v t



' 1+



) bc + 1



h



At h't st .



(105)



In the e¢ cient allocation, the shadow value is given by (100): t



=



v t



(1



) b + (1



) 1



' 1+



h



At h't :



(106)



As in Krause and Lubik 2007, we now derive two steady state equations in unemployment (u) and vacancies (v). The two equations are the employment dynamics relation (the Beveridge curve) and the job creation condition. We derive the two steady state equations for the competitive equilibrium and for the e¢ cient allocation. The Beveridge curve is the same in the two allocations. We analyze the tradeo¤ between n and h. Below, we set the matching e¢ ciency M0 and compute the steady state vacancy …lling rate as q = M0 (1 n) v . 5.2.1



Beveridge Curve



Under symmetry, the law of motion for employment (14) is nt = (1 steady state becomes n = qv or: n . v= q Substituting out n = 1



u and q =



M v



=



v=



M0 u v



v 1 u



(1 u) M0 u



) nt



1



+ qt vt , which in



, we get 1 1



u.



(107)



The law of motion for employment is an equation in four unknowns: n, , q and v. So, we can …x the vacancy …lling rate q and the separation rate and compute vacancies v for any given employment level n. Alternatively, we can view the same equation as a Beveridge Curve, see (107), which is a relation in v, M0 , and u. Using (107), we can …x the matching e¢ ciency M0 and the separation rate and then trace out the number of vacancies v as a function of unemployment u. 20



We can show that v is a downward-sloping function of u, 1



@v = @u



1



1



M0



1



=



1



=



1



1



1



1 1



1



1 u+ u2 1



u u



1



1



1



1



1



(1 u) M0 u



1



1



1 u



(1 u) M0 u



u



1



(1 u) M0 u



1 + u



1



; 1



(1 u) M0 u



1



1



;



1



< 0:



The Beveridge Curve is downward-sloping: in steady state, a higher number of vacancies is associated with a higher level of employment (and hence lower unemployment). 5.2.2



Job Creation Condition



In the competitive equilibrium, we can express the steady state job creation condition by combining the vacancy posting condition (62) with the shadow value (63): v



q



=



1



(1



(1



v



)



) bc + 1



' 1+



Ah' s .



(108)



h



Substituting out the vacancy …lling rate q using q = M0 u v and labor market tightness this becomes ' v v = (1 ) bc + 1 Ah' s . v M0 u v 1 (1 ) u 1+ h



= uv ,



Substituting out the real marginal cost s using the price setting equation (??) and the production function (61) to replace Ah' , we can write v



M0



v u



=



1



(1



)



v v u



) bc + 1



(1



' 1+



Y h



f



1



1



.



u



(109)



What determines the slope of the job creation condition (109)? There are three (partial equilibrium) e¤ects of higher unemployment on the number of vacancies. First, for a given matching e¢ ciency M0 , the vacancy …lling rate q increases when unemployment rises, which lowers during of a vacancy 1q and encourages hiring. Second, higher unemployment lowers labor market tightness , which has a dampening e¤ect on the bargained wage and thereby boosts hiring. Third, the …rm can in‡uence the number of hours per worker, and therefore wage bargaining, through its hiring decision. More speci…cally, when the …rm hires a new worker, all other workers have to work fewer hours to produce a given amount of output. The bargained wage falls and this has the e¤ect of raising the shadow value of a worker and hence the number of vacancies posted. A …rm that hires a worker is creating an externality by reducing the bargained wage for other …rms as well, raising their incentive to hire. In the e¢ cient allocation, the steady state job creation condition is v



q



=



1



(1



)



(1



v



) b + (1



Substituting out the vacancy …lling rate q using q = M0 u v Ah' with Y =n, this becomes v



M0



v u



=



1



(1



)



v



v u



(1



) b + (1
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) 1



' 1+



Ah' h



, and tightness



) 1



' 1+



= uv , and replacing Y



h



1



u



(110)



5.3



Employment Dynamics



Let’s study in more detail the linearized hiring condition in the competitive allocation and in the e¢ cient allocation. We combine the linearized vacancy posting condition (83) and the shadow value (84) to obtain, ^t =



r^t + $



Ah'



^ t+1 + s^t+1 g + [(1 sEt fA^t+1 + 'h



^t Et f ^ t;t+1 g = R



where the term r^t =



$=



1



)



p] Et f^t+1 g,



(111)



Et f ^ t+1 g is the real interest rate and we de…ne (1



)



1



' 1+



. h



As in Monacelli, Perotti and Trigari (2010), we can use (111) to analyze how hiring responds to government spending shocks. There are two channels at work.2 The …rst channel is the real interest rate channel, which is the same as in Monacelli et al (2010). A rise in government spending leads to higher taxes, which tightens the household budget constraint and leads to a rise shadow value of wealth, t . As a result, the real interest rate r^t increases. This reduces the shadow value of an additional worker and thus discourages hiring. The second channel is the marginal value of employment channel. We use a slightly di¤erent term than Monacelli et al (2010), who call this the ‘marginal value of work’channel, because in our model, there are two margins of work: employment and hours. In the e¢ cient allocation, vacancy posting is also given by (83). Then, linearizing the e¢ cient shadow value (100) and combining it with (83), we obtain the e¢ cient hiring condition, ^t =



r^t + $



Ah



'



(1



^ t+1 g + [(1 ) Et fA^t+1 + 'h



)



p] Et f^t+1 g.



(112)



Comparing the linearized hiring condition in the competitive equilibrium (111) with its e¢ cient counterpart (112), we notice two di¤erences. First, price stickiness induces ine¢ cient ‡uctuations in employment through variations in the real marginal cost, s^t . Suppose that after a government spending expansion, prices do not adjust upwards in the same proportion. Then real marginal costs rise. From (111) we see that the shadow value of a worker rises, because it becomes more expensive to expand hours in order to satisfy the higher demand. This e¤ect vanishes under ‡exible prices because real marginal costs are constant f at s = 1 = , and so s^t = 0. ' Second, the coe¢ cient on the marginal value of work is $ multiplied by Ah s in the competitive allocation and



Ah



'



(1



) in the e¢ cient allocation. Therefore, to the extent that



Y =n



s di¤ers



Y =n



(1 ), there are ine¢ cient employment ‡uctuations even under ‡exible prices, owing from to the steady state distortions explained above. If the ratio of the output per worker to the shadow value, Y =n , is higher than is e¢ cient, hiring responds too strongly to shocks. We saw that, in isolation, there is overhiring in the case where the steady state real marginal cost exceeds the elasticity of the matching function to vacancies, s > (1 ). The above analysis shows that the same condition makes employment respond too much to shocks. 2



Since we do not consider investment in this model, Monacelli et al’s (2010) capital accumulation channel is absent here.
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6



Optimal Policy



We investigate the optimal policy which allows to correct the discrepancy between the e¢ cient and the competitive allocation.



6.1



Optimal Steady State Policy



We then characterize the tax policies that make the two steady states equal to each other. In the competitive equilibrium, the choice of hours (103) and the shadow value of a worker (105) are given at the steady state by =



v



' 1+



) bc + 1



(1



gap =



Ah'



1



f



,



(113)



h



f



1



.



{



(114) f



where s has been replaced with its expression (??): s = 1 . In the e¢ cient steady state, the choice of hours (104) and the shadow value of a worker (106) are ' = (1 ) b + (1 ) 1 Ah' , (115) v 1+ h c



gap = 1 +



.



(116)



First, equalizing the ine¢ ciency gap (114) with its e¢ cient counterpart (116), we can express the optimal consumption tax as: f 1 . (117) 1+ c = { All else equal, the consumption tax c is increasing in the returns to hours parameter '. Second, we compare the shadow value in the decentralized economy (113) with its e¢ cient counterpart (115). A consumption tax or subsidy ( c 6= 1), distorts the choice of market production relative to home production, and hence the worker’s outside option. To remove this e¤ect, we assume that transfers to unemployed workers is such that Tb =



c



b:



We can see from (113) and (115) that the Hosios condition is not su¢ cient to remove the ine¢ ciencies in vacancies. Assuming = , the term in hours is identical only if we impose a constant revenue subsidy equal to f 1 = (1 ). (118) Without revenue taxes, real marginal costs in the decentralized ‡exible-price allocation are constant and equal to the inverse markup. Thus, e¢ ciency requires that the inverse markup be aligned with the weight on vacancies in the matching function. When = 0, we have the standard result from the New Keynesian model stating that the optimal revenue subsidy equals the markup . Notice that in the special case where the Hosios condition holds ( = ) and the optimal revenue tax (118) is imposed, the optimal consumption tax simpli…es to c



=



1+ ' 23



h



.



6.2



Optimal Cyclical Policy



6.2.1



Implementability Conditions



We condense the optimality conditions of households and …rms into two implementability conditions given by the (modi…ed) vacancy posting and price setting equations. Plugging the worker’s shadow value in t+1 (72) into the vacancy posting condition (71) yields the competitive (i.e. decentralized) evolution of labor market tightness, v
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and rearrange the equation to obtain v
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Rearranging the price setting equation (26), we have "st
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. (120) Real marginal costs represent the third implementability constraint for the Ramsey planner, p



(



t



1)



t



+ 1



("



1)



st = {



h ht



=



p



Et (



t+1



1)



Ct ' 1. 'At ht h



(121)



In addition, the Ramsey planner must respect the evolution of employment and the resource constraint. Replacing qt with M0 t = M0 [vt = (1 nt )] in the equation determining employment dynamics (73), we get nt+1 = (1 ) nt + M0 (1 nt ) vt1 (122) The resource constraint reads 1
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where we have plugged in the production function to substitute for Yt . 6.2.2



Ramsey Problem



De…nition: Let f 1;t , 2;t , 3;t , 4;t , 5;t g1 t=0 denote sequences of Lagrange multipliers on the constraints (119) to (123), respectively. For given stochastic processes fAt ,Gt g1 t=0 and for a given n0 , 1 plans for the control variables fCt ,nt ,vt ,ht ,st , t gt=0 and for the co-state variables f 1;t , 2;t , 3;t , 4;t , 5;t g1 t=0 represent a …rst best constrained allocation if they solve the following optimization problem. Note that we adopt the Dynare timing convention here, i.e. we lag all the nt ’s. f
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Noticing that the …rst two constraints have forward-looking components, we rewrite the problem in a recursive way as proposed by Marcet and Marimon (2011), such that #1;t = 1;t 1 and #2;t = 2;t 1 . We impose the additional initial conditions #1;0 = #2;0 = 0.
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