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UNIT - IV Motion in a plane: Introduction to polar coordinates



So far we have discussed equilibrium of bodies i.e. we have concentrated only on statics. From this lecture onwards we learn about the motion of particles and composite bodies and how it is affected by the forces applied on the system. Thus we are now starting study of dynamics. When we describe the motion of a particle, we specify it by giving its position and velocity as a function of time. How the motion changes with time is given by the application of Newton's II nd Law. One such particle at position



moving with velocity



and acted upon by a force



is



shown in figure 1. The force gives rise to an acceleration . Notice that in general the position, the velocity and the acceleration are not in the same direction.
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Each of these vectors is specified by giving its component along a set of conveniently chosen axes. For a particle moving in a plane, if we choose the Cartesian coordinate system (x-y axes) then the position is given by specifying the coordinates (x, y), velocity by its components and acceleration by its components relationship
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. These are related by the
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and



These expressions are easily generalized to three dimensions by including the z-component of the motion also. However, in this lecture we will be focusing on motion in a plane only. With these components the equations of motion to be solved are



Coupled with the initial conditions solutions of these equations provide the velocity and position of a particle uniquely. However, the Cartesian system of coordinates is only one way of describing the motion of a particle. There arise many situations where describing the motion in some other coordinate system i.e., taking components along some other directions is move convenient. One such coordinate system is polar coordinates. In this lecture we discuss the use of this system to describe the motion of a particle. To introduce you to polar coordinates and how their use may make things easy, we start with the discussion of a particle in a circle.
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Consider a particle is moving with a constant angular speed ω in a circle of radius R centered at the origin (see figure 2). Its x and y coordinates are given as



with both x and y being functions of time (see figure 2).
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On the other hand, if we choose to give the position of the particle by giving its distance r from the origin and the angle Φ that the line from the origin to the particle makes with x-axis in the counter-clockwise direction, then the position is given as



In this coordinate system, r is a constant and Φ a linear function of time. Thus there is only one variable that varies with time whereas the other one remains constant. The motion description thus is simpler. These co-ordinates are known as the planar polar coordinates. As expected, these coordinates are most useful in describing motion when there is some sort of a rotational motion. We will therefore find them useful, for example, in discussing motion of planets around the sun rotating bodies and motion of rotating objects.
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So to start with let us set up the unit vectors is polar co-ordinates ( r, Φ ) . Given a point , the unit vector is in outward radial direction and has magnitude of unity. The Φ unit vector is also of magnitude unity and is perpendicular to and in the direction of increasing Φ (see figure 3). Obviously the dot product given as



. In term of the unit vectors in x and y direction these are



As is clear from these expression the direction of and Φ is not fixed but depends on the angle Φ. On the other hand, it does not depend on r. If we go along a radius, and Φ remain unchanged as we move (recall that two parallel vectors of same magnitude are equal). But that is not the case if Φ is changed. The position a of a particle in polar co-ordinates to given by writing



As particle moves about,
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changes. Does the mean that the velocity
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The answer is no. As already discussed is a function of Φ, the angle from the x-axis. Thus as a particle moves such that the angle Φ changes with time, the unit vector also changes. Its derivative with respect to time is therefore not zero. Thus the correct expression for is



Let us now calculate . As already stated, does not change as one moves radically in or out. Thus changes only if Φ changes. Let us now calculate this change (figure 4)
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As is clear from the figure



where the dot on top of a quantity denotes its time derivative. The expression above can also be derived mathematically as follows:
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Thus the velocity of a particle is given as



We note that the unit vectors in polar coordinates keep changing as the particle moves because they are given by the particles current position. Thus even if a particle were moving with a constant velocity, the components of velocity along the radial and the directions will change. Let us calculate the velocity of a particle moving in a circle with a constant angular speed. For such a particle



so the velocity is given as
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This is a well known result: the velocity of a particle moving in a circle with a constant angular speed is in the tangential direction and its magnitude is Rω. How about the acceleration in polar coordinates? This is the derivative of with respect to time. Thus



As was the case with the unit vector , the unit vector also is a function of the polar angle Φ and as such changes as the particle moves about. Thus in calculating the acceleration, time derivative of



also should be taken into account. From figure 4 it is clear that



This can also be derived mathematically as



Smartzworld.com



6



jntuworldupdates.org



Smartworld.asia



Specworld.in



Using this derivative and the chain rule for differentiation, we get



You can see that the expression is a little complicated. The complexity of the expression arises because the unit vectors are changing as the particle moves. You can check for yourself that for a particle moving with a constant velocity, the expression above will give zero acceleration. Despite little complicated expressions for the acceleration, employing polar coordinates becomes really useful in situations where motion is circular-like as we will see in two standard examples later. Let us first go to one familiar example of a particle moving in a circle for which r = R ,
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. This gives



which is the correct answer for the centripetal acceleration. For this reason is known as the centripetal term. Let us now solve an example of mechanics using polar co-ordinates. Example 1: A bead of mass m can slide without friction on a straight thin wire moving with constant angular speed in a horizontal plane (figure 5). If we leave the bead with zero initial radial velocity at , we wish to describe its subsequent motion and also find the horizontal force applied by the wire on the bead.
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To see the usefulness of polar coordinates, try to write equations of motion for the bead in the Cartesian coordinates. This I leave for you to do. We solve the problem using polar co-ordinates. Thus at any instant the acceleration is given by the formula



We emphasize that the expression above gives the components of the acceleration along the radial and the f directions which are not fixed in space but are changing continuously. It is given
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that (a constant) which also means that therefore



. The acceleration of the bead on the wire is



Since there is no friction, the wire does not apply any radial force on the bead. Therefore



You can check by substitution that the solution for the equation above is



where A and B are two constants to be determined from the initial conditions. Differentiating the equation above gives



Thus acceleration perpendicular to wire is
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So the horizontal force applied by wire is



Of course because the unit vectors employed change direction continuously, the force above is also in different directions at different times with the magnitude given by the expression above. To determinate A and B, we substitute t = 0 in the expressions derived for the radius and the radial speed and equate them to their vales given at that time. This gives



This leads to the answer



smartworlD.asia Example 2: A particle, tied to a string, is moving on a smooth frictionless table in a circle of radius r0with an angular speed ω0. The string is pulled in slowly through a hole in the middle of the table with constant speed V. We want to find the change in its speed as a function of time and also the force required for the string to be pulled (figure 6).
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The mass, when pulled in, is moving under the influence of an inwardly directed radial force . Although the force keeps changing its direction depending upon where the particle is, it always remains radial. The expression for the acceleration of the particle in the polar coordinates is



Since it is given
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, and the force is only in



direction, we have



Since there is no force component in the Φ direction, we have



Multiply both sides of this equation by r to get



Since
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The force
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pulling the string in is therefore



In solving this example, we see that for forces in radial direction , which is nothing by a statement of the conservation of angular momentum. We will discuss it more later when we study angular momentum. After introducing the planar polar coordinates, we nor briefly describe what are the other coordinate systems in three dimensions. A natural extension of planar coordinates in the cylindrical coordinate system. This arises when we add the third-z direction to planar polar coordinates. See figure 7.
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The position of a particle is described by . In this case the co-ordinates so that
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with the corresponding unit vectors being



unit vector is a constant and
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are given as in the planar polar
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Thus the expressions for all the quantities are similar to those for planar polar co-ordinates except that



direction is also added. As a result,



We now introduce another set of coordinates, the spherical polar coordinates, in three dimensions. A point in these coordinates is specifically by its distance from the centrer , the angle θ that the line joining the point to origin makes with the z-axis and the angle Φ that the projection of this line on the (xy) plane makes with the x-axis. Thus a point is specified by (see figure 8).
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Thus
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co-ordinates for a point



are
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The unit vectors are given as



with



unit vector points in a direction below the (xy) plane making an angle So it is given as



And



from the (xy) plane.



is in the (xy) plane and is given as



which is the same as for planar polar coordinates. As is clear, the unit vectors in this case are also position dependent and change as the particle position changes. This affects the expression for velocities and acceleration when they are expressed in spherical coordinates. Let us evaluate the time derivatives of depend on r but changes with θ . This gives



geometrically. The unit vector
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does not



Similarly when θ is fixed and Φ changes, we get



When we combine the two results we get



which gives



Thus the expression for velocity in spherical coordinates is
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We leave the calculation of and the acceleration as an exercise. We end this brief introduction to spherical coordinates by noting that spherical polar coordinates can be those of as two plane polar coordinates systems : one the plane of radius vector and the z-axis with planar coordinates and the other the (xy) plane with



as



as the planar polar coordinates.



Motion with constraints



In this lecture we are going to deal with motion of particles when they move under constraints applied on their motion. Of course the motion is determined by Newton 's second law i.e., by solving the equation of motion



where is the total force – which is the sum of the externally applied and those arising from other particles as well as the constraints in the system - acting on a body of mass m and is



smartworlD.asia



producing an acceleration . Recall from lecture 9 that constraints are the restrictions applied on the movement of a body by various means and are brought about by constraint forces . For example, I may restrict the body to move along a straight wire (see figure 1). In that case the component of only along the wire will affect the motion of the mass (if there is no friction) and its perpendicular component will be nullified by the normal reaction of the wire, which is the constraint force in this case. As another common example of constrained motion take the motion of two masses at the end of a rope going over a frictionless pulley (Atwood's machine) also shown in figure 1.
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In this case also, the motion of one mass is determined by not only by the gravitational force on it alone but also by the weight of the other mass. Thus the two masses are not fully free to move under their own weight and the motion is constrained. The constrained is brought about through tension in the rope, which is then the constraint force. We have seen two simple examples of constrained motion. We make an observation that constraints can be caused either by restricting the motion externally, as was the case for a mass on a wire, or by the presence of other bodies that are themselves moving, as in the example of two masses over a pulley. In lecture 9 we had introduced these concepts and stopped at that. However, for obtaining the positions and velocities of particles under constraints, we wish to express these constraints mathematically and account for them while solving the equations of motion. This is what this lecture is going to be about. Let us start with the example of a mass on a straight wire (say in x direction). The constraint that the mass moves only in the x-direction is equivalent to saying that



This is how we mathematically express the constraint that the mass moves only along the x-axis. As pointed out earlier, to keep the y and the z coordinates of the mass unchanged, the wire applied a normal force on the mass to cancel the perpendicular (to the wire) component of the applied force so that the net force is along the wire. This normal reaction is the constraint force (figure 2). Notice that all that the wire does to the mass, as far as its motion is concerned, is represented by this force.
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To study the motion of the mass all I need to look at are only the forces – external and constraint forces - acting on the mass. In this case the wire is represented by the normal force that it applies. Recall from lecture 4 that such a diagram is called a free-body diagram . The advantage of drawing a free-body diagram is that it identifies the relevant quantities to write the equation of motion. In the present case the free-body diagram of the mass is given in figure 3.
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Let us now write the equations of motion for the body in terms of its x, y and z -components :



Let us count how many unknown are there? The unknowns are x ,y , z , Ny , and Nz, numbering five ( is given). But there are only three equations. How do we find the other two equations? For this recall that the two of the unknowns, Nxand Ny, arise because of the constraints. And it is these constraints that provide the two more equations needed for a solution. The constraints that y = constant and z = constant imply that



With these two additional equations, we now have five equations and five unknowns. Thus and we can solve for x ,y , z and Nxand Nyin terms of given parameters of the problem. Let us now look at the other problem of two masses hanging on the sides of a frictionless pulley (see figure 1), a special case of Atwood's Machine. For simplicity we take the pulley and the rope to be massless. Let the masses be m1 &m2. In this problem also the motion is in only one direction i.e. the vertical direction so we are going to ignore the other two dimensions. In this problem the constraint is that the two masses move together and it is effected by the rope. As
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noted above, the force of constraint therefore is the tension T in the rope. Let us now make their free-body diagrams for the two moving masses m1 and m2. We measure all distances from the ground and let the distance of m1be y1and that of m2 is y2. Please see figure 4.



smartworlD.asia Equation of motion for m1and m2are



The tension T is the same on both sides because rope and pulley both are massless and the pulley is also frictionless. These are two equations and there are three unknowns: y1,y2and T . The tension T arises because of constraint so the constraint itself provides the desired third equation. In this case the constraint is that the length of the rope is constant. This can be expressed mathematically as (see figure 4 for meaning of symbols)



whereR is the radius of the pulley. Differentiating this equation twice with respect to time gives



We now have three equations for three unknowns:
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Solving these equations gives



a result that you already know. Thus if m2>m1, m1 accelerates up. Through these two simple examples, I have identified sequential steps that we take in solving a problem involving constraints I now summarize these steps:



1. Identify the constraints and forces of constraints in the given problem; 2. Make free body diagrams of different bodies taking part in the motion. Let me remind you in making free body diagram take the body and show all the forces - applied and those of constraints - on the body; 3. Write equations of motion for each subsystem/body. At this stage the number of equations will be less than the number of variables in the problem; 4. Write the constraint equations. They will provide the missing equations (This happens because each constraint introduces a constraint force which becomes the additional unknown); 5. Solve the equations.
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Let us now apply the procedure outlined above to slightly more difficult examples.



Example 1: There are three massless and frictionless pulleys P1, P2 and P3. P1 and P2 are fixed and P3 can move up and down, as shown in figure 5. A massless rope R1 passes over the pulleys as shown and two masses m1and m2attached at its ends. A third mass m3 is hanging from P3 by a rope R2 of fixed length. Find the acceleration of the three masses.
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smartworlD.asia In figure 5 we have also shown the distances of different pulleys and masses from the ground, with the vertically up direction taken to be positive. The heights h1 and h2 of pulleys P1 and P2, respectively, are fixed whereas height yp of pulley P3 can change. We go about solving the problem according to the steps given above. Step 1: We identify two constraints and the forces of constraints as: rope R1 has fixed length with the force of constraint being tension T1 in the rope. The other constraint is that rope R2 has fixed length with the tension T2in the rope as the constraint force. Because of massless pulleys and ropes and frictionless surfaces T1 is the same throughout rope R1. Step 2 : Make free-body diagrams of the subsystems. We consider only those subsystems that can move. Thus we make free-body diagram of each mass and the pulley P3 as shown in figure 6.
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Step 3 : By looking at the free-body diagrams, write equations of motion for each subsystem. In terms of the distances shown in figure 5, we get



and because the pulley is massless



Thus equations of motion give four equations. However there are six unknowns viz. . Their number exceeds the number of equations obtained so far by two. Step 4 : The additional two equations are provided by the constraint equations. The constraint that rope R1 is of fixed length is expressed as (see figure 5 for the variables used)



Differentiating this equation twice with respect to time gives



Smartzworld.com



20



jntuworldupdates.org



Smartworld.asia



Specworld.in



The second constraint that rope R2 is of fixed is equivalent to



which upon differentiating gives



Thus the equations that describe the motion of the system fully are:



I will leave Step 5 – that is solving the equations - for you to do but give you partial answer. It is
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I would now like you to try a similar problem but with slight difference. Let us attach the centre of the third pulley to a spring of spring constant k (see figure 7). Then find the equations of motion for the two masses and solve them.
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smartworlD.asia Example 2 :As another example of constrained motion we take a small block of mass m sliding down on a cylindrical surface from its top (figure 8). The question we ask is at what angle from the horizontal would the mass slide off the surface of the cylinder.
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Since this problem involves motion along a circular path I would use planar polar coordinates. I take the origin at the centre of the cylinder and let the x-axis be along the horizontal and y-axis along the vertical. Assume that the radius of the cylinder is R . The constraint in this problem is that r = constant = R. The corresponding constraint force is the normal reaction N of the cylindrical surface on the block. The free-body diagram of the mass on the cylinder is shown in figure 9.
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and in the



direction



We again have three variables by the equation of constraint i.e.



but only two equations. The third equation is provided



r = constant = R which gives
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With this the equations to be solved are



To solve these we use



Substituting this in the equation for



above gives
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This when substituted in the equation for



leads to



The point when the mass slips off the cylinder is where N becomes zero. So the corresponding is given by



Example 3: Let us take one more example of constrained motion when two bodies are involved. I put a block of mass m on a wedge of mass M with wedge angle θ (see figure 10). The wedge is free to move on a frictionless plane. There is no friction also between m and M . We wish to find the resulting motion.
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There are clearly two subsystems, the masses m and M . There are two constraints in the system. Constraint one is that the mass m moves along the edge of the wedge so its x and y components are not independent. The other constraint is that the wedge moves only in the x direction. The constraint forces are obviously the normal reaction N1on mass m by the wedge and the normal reaction N2on the wedge by the ground. The free-body diagrams for the two subsystems are as shown in figure 11.
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Notice that in the free-body diagram of the wedge, there is no mg of block. It is all accounted for by N1. To set up the equations of motion, let us choose our co-ordinates system a follows (see figure 12): Let the coordinate of the right-hand side lower corner of the wedge be given the coordinates (x1y1 ) and let the co-ordinates of the block be (x2 y2 ).
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The equations of motion in terms of these coordinates are:



For the six variables - of the system, we need two more equations, which are provided by the constraints equations. These are
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and



which gives



Thus the equations to be solved are



These equations can now be solved to get all the variables as a function of time. That task is left for you. I'll leave you with answers for N1:
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Motion with friction and drag



We have been looking at the constrained motion of particles and found that in solving the problems we make free-body diagrams and look at the motion of each subsystem independently. Then the motion of individual subsystem is linked through constraints that they impose on each other. The example that we took were Atwood's machine and a mass sliding on a wedge. However, in these examples we neglected a ubiquitous force which is the force of friction. In this lecture we take this into account and solve problems involving the friction We would take into account two kinds of frictional forces - one that arises when two solid bodies are in contact and the other that arises when a body is moving through a liquid, the viscous force. Let us first consider the case when two solid bodies are moving against each other. A detailed discussion about the nature of frictional force and its relationship with the normal reaction has already been presented in lecture 6. We start with a review of the main points discussed there. If there is a tendency between two bodies to slide against each other, or if one body is sliding over a surface, the friction between the two bodies resists this motion. Question is whether this is a constant force or adjusts itself. It is experimentally observed that the maximum frictional force
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that a surface can apply on an object is



whereN is the normal reaction of the surface on the body and µ is the coefficient of friction; its value is different for the static and dynamic case. Thus there are two coefficients of friction between two surfaces: static coefficient of static friction µsand the coefficient of dynamic friction µk, with the latter being smaller than the former. Further, µsis always observed to be less than 1. And the direction of frictional force is such that it opposes the motion or the tendency to move. Let us now take a couple of standard examples involving friction similar to those solved in lecture 6.



Example 1: We put a block of 5kg on top a 10kg block. They are then attached through a massless and frictionless pulley to a mass M as shown in figure 1. The coefficient of friction between all surfaces for both static and dynamic friction is 0.5. What is the acceleration for (a) M = 20kg and (b) M = 40kg ( g = 9.8m/s2)?



Smartzworld.com



27



jntuworldupdates.org



Smartworld.asia



Specworld.in



What we should see in solution of this problem is the maximum possible acceleration that the 5kg block can have, and then solve for the mass M0that will give this acceleration for both the 5kg and the 10kg blocks. If M is less than M0, both the blocks will move together. On the other hand, if M exceeds M0, the blocks will slip on each other.
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To start the calculations I show in figure 2 the free body diagrams of all the masses with maximum possible friction
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Looking at the 5kg block, we see that



The maximum possible acceleration for the 5kg mass is



Let me now calculate M0corresponding to this acceleration. The corresponding equations for the 10kg block are



The equation of motion for the mass M then gives M0as follows



Now I answer the question asked in the problem.
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(a) For 20 kg mass, let the friction between the blocks be f. Then we have



These equations lead to the acceleration of the system as follows



(b) M = 40kg. Although I have already shown you that in this case the two blocks will slide on each other. Let me show this to you again in another way. Assume that the blocks move together. In that case the acceleration of the assembly will be



But this is larger than the maximum possible acceleration for the 5kg block, so the assembly cannot move together. Under these conditions the equations for the 10kg block and the mass M are



which gives
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The 5kg mass of course moves with acceleration of only 4.9ms- 2 .



Example 2: As the second example let me take a hollow cylinder that is rotating about its axis with a constant angular speed ω . Because of this rotation a mass m on the wall of the cylinder does not slip down (see figure 3). If the coefficient of friction between the cylinder wall and the mass is µ, what is the minimum value of w for this to happen?



smartworlD.asia For the mass not to slip, the maximum possible friction on it should be greater than the actual frictional force that holds it against its weight. Since the problem involves rotation we will use cylindrical coordinates. The free body diagram of the mass is as given in figure 3. The mass m experiences three forces when it is stuck to the wall of the cylinder. These forces are its weight mg, the normal reaction N of the cylinder and the frictional force f . In cylindrical coordinates the acceleration of the mass is



so that



Now
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which gives



From this minimum angular speed ωmin is calculated as follows.



Thus



.



So far we have discussed one kind of frictional force where two solid bodies are in contact. We now learn to deal with the drag force which is experienced when a body is moving through gas or a liquid. This force arises due to viscosity of the fluid. To the lowest order in the velocity of the moving body, the drag force is approximated by
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that is, it is a force in the direction opposite to the velocity and its magnitude is proportional to the speed. So the equation of motion in presence of drag force will read



If we write it in its component form we have



These formulae are valid when the speed of the object is not very large; at large speeds the drag force becomes proportional to the square of the velocity. The simplest example of the effect of
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drag is the falling raindrops. Although falling from great heights, they do not hit us with very large speed because of the drag force on them. As an object falls vertically through a liquid/gas, the drag force on it increases with its speed. At a certain speed - when the drag force equals the weight of the object - it stops accelerating further and therefore moves with a constant speed. This speed is known as the terminal speed or terminal velocity. Assuming drag force to be linearly dependent on velocity, let us estimate the terminal speed of an object when it falls through a liquid of viscosity η. Let the vertically downward direction be y, then



But the object will stop accelerating, i.e.



, after attaining the terminal speed. Thus at the



terminal speed



which gives
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That is the terminal speed of the object. To estimate the terminal speed we need to know what k is. For a spherical object of radius a moving with low speeds, stokes formula gives the drag force to be



If the object is made of a material of density ρ, the terminal speed comes out to be



Let us estimate what will be the terminal speed of a rain drop of 2mm radius. With the viscosity of air



, we get



This is too high compared to the observed speeds of about 20 kmphto 5 kmph. Obviously the dependence of drag force on raindrops has higher power dependence on their speeds. In this
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lecture we will however restrict ourselves to those cases where the drag force depends linearly on the speed i.e.



. We now solve examples involving such drag force.



Example 3 :An object is thrown in a fluid with initial speed v0. Find its speed and the distance traveled by it as a function of time. Assuming the motion to be in x direction, the equation of motion is



You can easily check that the solution is



So that the speed initially is v0 and it decreases exponentially with time. The plot of speed versus time looks like that given below
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What about the distance traveled by the object? That is obtained by integrating the speed with respect to time and is
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So that the distance traveled looks like



Thus as



Of course as
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, the body will stop after traveling a distance of



, the distance becomes larger and larger.



Example 4 :We now consider one-dimensional motion of a particle which is moving under the influence of a constant applied force in a medium applying a drag force. Motion of a particle thrown up or falling down is one such example. The equation of motion in this case is



Let us take the force to be F and the initial speed of the particle to be zero. Without the term on the right-hand side, the solution of the equation above was which is, in the language of differential equations, the solution of the homogeneous equation i.e., equation with 0 on the right-hand side. To get the general solution, we add to the homogeneous solution the particular solution corresponding to . The particular solution is
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So that the general solution for the velocity is



Here v0 is some constant (not the initial velocity, which is given to be 0). If we start with we get



which gives



The plot of velocity versus time looks as follows
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with the terminal speed being solution
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. The next question we ask if the solution goes to the standard



of particle moving with a constant acceleration when k=0. From
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we get an answer of 0/0 so we have to be careful in taking k = 0 . Recall that the solution was obtained by assuming k ≠ 0 because we have been dividing by k . Thus for the k=0 case we should take the limit of k → 0 . Doing that we find



Now k → 0 gives which is the correct answer. We now calculate the distance x(t) traveled by the object as a function of time.
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You can see that t → ∞ the distance is given as



so at large times it increases linearly with the terminal speed. For t → 0 it is



This is easily understood as initially there is no drag due to small initial speed and the distance is given by the formula for uniform acceleration. Combining the two limiting cases we see that the plot of x(t) versus time looks like
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I'll leave it as an exercise that as k → 0 , we recover the familiar result Also I would like you to solve for the velocity and height of a ball thrown up with an initial speed v 0 when drag of air is taken into account. Next we analyze the effect of drag on the projectile motion in the gravitational field. In this case, we have a projectile shot with initial speed v0 at an angle θ0 from the horizontal and we want to find to subsequent motion. The equations of motion are (taking vertically up direction as the ydirection)



We have already solved these equations above, so the speed and distance in the x-direction is given as



The equation of motion in the y-direction is
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Its solution with the initial condition



is



I give you an exercise now: find at what time s



? Show that this time correctly goes to



when k = 0 . Integrating the speed, we get the height y(t) as a function of time. It is given as



Now to get the trajectory one calculates x(t) and y(t) separately and plots y versus x . I give you
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some of these for a given but varying k. We take v0 = 100m/s and θ0 = 45º . For no drag situation we get the range R = 1010m and the highest point of the projectile to be at h = 254m . When a drag coefficient of k = 0.1 is introduced we get R = 495m and h = 175m , a reduction of about 50% in the range and 30% in the height. For k = 0.2 we get R = 313m and h = 135m, giving a further reduction of about 40% in the range and 20% in the height from the corresponding k = 0.1 values. Notice when drag force is introduced, the range gets affected much more than the height. The corresponding trajectories are shown below.



One interesting question we may ask is: for zero drag the maximum range is obtained for θ = 45º. If we include drag, should the angle be larger than or less than 45º for obtaining maximum range? Since x-component of the velocity is now decreasing one intuitively feels that the projectile should be given larger speed in the x-direction for maximum range. Thus the projectile should be fired at an angle less than 45º. This is easily understood from the calculations presented above. As we saw in those calculations, for k ≠ 0 the motion in y direction does not get affected as much as it does in the x-direction. This also suggests that for maximum range we fire the projectile at an angle slightly less than 45º giving it a lager velocity in x-direction. One can also think of it slightly differently. When the particle is shot up drag force is large (because of the initial speed) and also both the gravitational force and drag are working in the same direction. So the partial takes longer to move up the same height than it does in coming down. Since xvelocity is larger in the beginning, the projectile should cover as much distance as possible while ascending than when it is coming down (the x-component may well vanish by that time) This implies that θ0 should be smaller than 45º.
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What we have done so far is to include the simplest form of drag force in solving for the trajectories of motion. However, as the speed increases drag force may also include higher powers of velocity i.e. it may take the form



where is the unit vector in the direction of the velocity. This is written here to show that force is opposite to the velocity vector. In such cases the corresponding differential equation become non-linear in v and getting the solution becomes difficult, necessitating the use of numerical methods. Some problems though do allow analytic solutions. I end this lecture by giving you one such problem to solve. Exercise :Throw a ball up will initial velocity final speed



and let the force of drag be



. Find the



of the ball when it hits the ground. Also find the height that it goes up to. Momentum



So far we have dealt with motion of single particles. Now we are going to make the situation slightly more difficult by letting two or more particles apply forces on one another either by coming in contact or from a distance, and see how we can describe their motion. In such a situation the motion become much more interesting. Let us take an example of only two particles interacting through a spring connected to them, as shown below.
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During their motion any of the following could take place: the distance between them may change,



or their orientation may change,
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or a combination of both these may occur. Now we wish to develop methods of dealing with such situations. We do this gradually by taking one step at a time. In this regard, we start by introducing the quantity momentum that plays a very important role in describing motion when more than one point particle are involved in the motion. To understand the importance of momentum, let us do the following experiment. Take a cart moving on a frictionless horizontal plane and start putting mass into it; it may be dropped vertically in it (see figure 1 below).
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You will see that the cart starts slowing down. If we wish to keep it moving with the same velocity, we find that we have to apply a force on it



Compare this with the standard form of Newton's II nd law where we put



So we see that whether the mass is changed and the velocity kept constant, or the velocity is changed and the mass is kept constant, we have to apply a force to a body. Thus in general



(We have ignored the second-order term velocity are varying continuously). Therefore
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and this defines for us a quality called the momentum denoted above by



. By definition



The force applied on a body or a system of particles is then the rate of change of their total momentum, i.e.



where now refers to the momentum of the system made up of a collection of particles. In the example taken above, we have to apply a force to keep the cart moving with a constant velocity because as the mass falls in the cart and starts moving with same velocity as the cart, the total momentum of the system - the cart and the mass in it - increases. In writing the definition of the momentum above, we have implicitly assumed that all the particles of the system, with total mass M, are moving with the same velocity. However, if the system is made up of N particles,
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each one being of different mass mi(i = 1 to N) and also moving with a different velocity total momentum of the system will be given as



, the



A fundamental property of momentum is now follows from the definition of force in terms of momentum. If the total force acting on a system of particles is zero, the total momentum of the system does not change with time. To see it clearly let us go back to the two particles connected by a spring (see figure 2 below). There we have



for particle 1 and



for particle 2. Here is the force on particle 1 applied by particle 2. Similarly on particle 2 applied by particle 1. By Newton 's third law
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This immediately results in



So no matter how these particles move - their individual velocities or may change - but as long as there is no other force on the system and Newton's third law is obeyed we are going to have



The equation above expresses the principle of momentum conservation - which is a fundamental principle of physics - in its simplest form. Let us understand this result. If we consider both the particles together as one system, indicated by the dashed line enclosing them in the figure above, there is no force on this system. This is because although each particle is acted upon by a force applied by the other particle, on the system as a whole these two forces act in opposite directions and cancel each other, resulting in a zero net force on the system. As such the momentum of the system does not change. Thus we conclude: If the net force acting upon a system of two particles vanishes, their total momentum does not change with time . Let us now see what happens when we apply forces on each particle also. In that case we have



Smartzworld.com



42



jntuworldupdates.org



Smartworld.asia



Specworld.in



which gives



Again we see that no matter how the individual velocities change, the total momentum changes according to the equation



Let us now generalize this result to a system of many particles (say N ). Then we have for the ith particle
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Where is the external force on the ith particle and th to j particle. Summing it over igives



is the force applied on ith particle due



Now we can write



But by Newton 's third law
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i.e., the total momentum of a system of particles changes due to only the net outside force applied on the system; the interaction between particles does not affect their total momentum. And if



i.e., there is no external force on the system,



which means that the total momentum of the system is a constant. That is the statement of conservation of momentum. We will see later that when combined with the principle of conservation of energy, it becomes a powerful tool for solving problem in mechanics. For the time being let us use this principle to develop some intuitive feeling about motion of a collection of particles; looking at it as a single mass. We now introduce you to the concept of the centre of mass (CM). To do this, let us look at the equation of motion
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which is equivalent to



Since total mass of a collection of particles remains the same, we can divide and multiply the left-hand side of the equation above by the total mass to rewrite it as



Since as
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, where



is the position of the ith particle, the above equation can also be written
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Now we introduce the position vector



for the centre of mass by writing



so that the equation of motion looks as follows



Now we interpret this equation: It says that irrespective of the interaction between the particles and their relative motion, the centre of mass of a collection of particles would always move as if it were a point particle of total mass M moving under the influence of the sum of externally applied forces on each particle, i.e., the total external force. I caution you that the equation above does not imply that all the particles are moving the same way. All it says is that they move in such a way that the motion of their CM is described as if the CM was a particle of mass M. Let us take an example. Example 1: Suppose a bomb dropping vertically down explodes in mid air and breaks into three
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parts. Let the mass of the bomb be m and those of three pieces , respectively. If the heaviest piece falls 10m to the east and the lightest piece 12m south of where the unexploded bomb would have dropped, where does the third piece fall?



Since the CM keeps on moving - even after the bomb breaks - vertically down as if it were a point mass of mass M falling under gravity. Thus the CM hits the ground where the unexploded bomb would have fallen. Let us take this point to be the origin with east side being the positive x-axis and the north side the positive y-axis. Then after the bomb pieces having moved for equal times. By definition of the centre of mass we have



With



, this gives



Relative positions of the three pieces are shown in figure 3 below, with the centre of mass at the origin.
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You see that having the knowledge about the position of the other two pieces, we have got the position of the third piece without the knowing anything about the forces generated during the explosion and therefore without solving any equation of motion. That is the power of the momentum conservation principle. I will leave it for you to think which component of momentum is conserved in this case. Would that component be conserved if drag force were included? Other familiar examples of momentum conservation are a gun recoiling when fired, two persons on roller seats pushing each other and consequently moving away from each other. Look around and you will find many such examples of momentum conservation. I now discuss a little about calculation of the centre of mass of a mass distribution. Calculation of the centre of mass is similar to calculating the centroid of an area (lecture 7), except that the area is now replaced by mass. For finite masses at given positions, the definition of centre of mass given above is used directly. For a mass distribution in three-dimensions, we calculate all three components of the poison of the centre of mass. These are given as



wheredmis a small mass element at the position (x,y,z) in the mass distribution (see figure 4 below).
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We are now going to change the topic a bit and ask how we describe a system where a large force acts for very short durations. A cricket bat striking a ball, a hammer hitting a nail, a person jumping on a floor and coming to sudden stop and a carom striker hitting a coin, or collisions in general, are examples of such forces in operation. In these cases it is not meaningful to talk about the force as a function of time because the time span over which the force acts is very-very short. Further, the force varies a great deal over this short time-interval, as I show in an example below. It is therefore better to describe the overall impact of the force in terms of the momentum change it causes to the system. This is given by the integral of the force over the time that it operates.
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Thus describes the effect of the force on the system. The integral is known as the impulse and denoted by the symbol J. Obviously the momentum change of a system equals the impulse given to it. We now discuss these ideas with the help of an example, that of a ball hitting a wall or any other hard surface. Let us ask what happens when a ball hits a wall or we jump on the floor. If the ball hitting the wall reflects back, that means that the wall has applied a force on the ball so that



If the time of contact between the ball and the wall is
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But the real force varies greatly from the average force. We show that now. Take the model of the ball as following Hooke's law so that if it is compressed by x by the wall, it applies a force kxon the wall and consequently experiences an equal force in the opposite direction (see figure 5 below).
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Since the force on the ball follows Hooke's law, the ball performs a simple harmonic motion, its compression is given by



, where A is the maximum compression and



From time t = 0 , when the ball comes in and touches the wall, it takes before leaving the wall. The force during this time is given as



.



time (half a cycle)



Since for a hard ball k is very large, . So by the time the ball comes back, the force varies with time as shown in the figure 6 below. Here the maximum force Fmax is given by kA and



. In the figure we show both Fmax and Faverage . The latter is calculated as



or
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So you see that over this short period force varies a great deal and is hardly ever near the average force that we calculated. The discussion above has been in terms of a model of the force; the exact force will be different this model and so the variation could be even larger than that shown. It is in such situations, when a strong force is applied over a very short time period, that it is much more meaningful to talk of the total momentum change of a particle than the force . Further, in such cases, we generally observe only the initial & final momentum and are hardly concerned about the finer details. It is this change



In the momentum that is known as the impulse. So in the ball rebounding from a hard surface with the same speed as it comes in with, the impulse is , where is the initial momentum of the ball. So instead of talking of the force applied by the ball on the surface, we say that the ball has imparted momentum to the surface it hit. The amount of momentum transferred is equal to the impulse. This has interesting application in calculating the force on a surface when there are many-many particles continuously hitting a surface, for example molecules in a vessel hitting its walls from inside. We show two situations in figure 7 below. The upper figure shows the variation of force on a wall when particles hit a surface at some time interval. The lower one, on the other hand, shows
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the situation when particles hit continuously. In the first case the force on the surface due to the particles hitting it varies pretty much like the force due to each particle itself. In the second case, however, the force at any instant is given as the sum of the forces applied by each particle at that time. This gives an almost constant force Fmany as shown in the figure. The value of this force is calculated as follows. Let each particle hitting the surface impart an impulse J to it. If on an average there are n particles per second hitting the surface, then in time Δt the momentum transferred to the surface will be (nΔt)J. The force Fmany will then be given as



Since



, the force above can also be written as



Thus when a stream of particles hits a surface, the force applied by them to the surface equals the number of particles striking in time Δt times the average force applied by each one of them, a result that you could have anticipated. This is precisely what happens when a jet of water or flowing mass hits another object.
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As an example let us calculate the pressure of a gas filled in a container. Let the mass of each molecule be m and let their average speed be v . The number density of the molecules in the gas is taken to be n . Now consider a surface of the container perpendicular to the x-axis. (see figure 8).
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Each molecule, when reflected from the wall imparts a momentum equal to 2mvxto the wall. The average number of molecules hitting are A of the wall per unit time will be half of those contained in a cylinder of base area A and height vx (the other half will be moving in the other
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direction). This comes out to be wall applied by these molecules is



. Thus from the formula derived above the force on the



which gives the pressure



This is a result you are already familiar with kinetic theory of gases. But now you know how it comes out. Having done this problem we now deal with another very interesting application of the momentum-force relationship, known as the variable mass problem. So far we have been dealing with particles of fixed masses. Let us now apply the equation to a problem when the mass of the system under consideration varies with time. The most famous example of this is the rocket propulsion.
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Let a rocket with mass M at time tbe moving with velocity . A small mass Δm with velocity comes and gets stuck with it so that the rocket now has mass M + Δmand moves with a velocity (see figure 9 below) after a time interval of Δt. We want to find at what rate does the velocity of the rocket increase? We point out that the word rocket has been used here to represent any system with variable mass .
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Let us write the momentum change in time interval Δtand equate this to the total external force on the system (that is the sum of external forces acting on M and Δm) times Δt. That gives



is nothing but the relative velocity



of the mass Δm with respect to the rocket.



Dividing both sides of the equation above by Δt then leads to



We now let Δt → 0 . In this limit



also goes to zero for continuously varying mass.



Further, , the rate of change of the mass of the rocket. Thus the equation for the velocity of a rocket is
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Note that both the mass and velocity are now functions of time. For a rocket so that . It is this term that provides the thrust to the rocket. As pointed out above, although this equation has been derived keeping rocket in mind, it is true for any system with variable mass .



Example: We now solve a simple problem involving the rocket equation. A rocket is fired vertically up in a gravitational field. What is its final velocity assuming that the rate of exhaust and its relative velocity remain unchanged during the lift off? The motion of rocket is one-dimensional. We take the vertically up direction to be positive. Then we have



where u is a positive number. Therefore the rocket equation takes the form



which gives



smartworlD.asia Here we have taken the initial time and initial velocity both to be zero. Even after the fuel has all been burnt, we see if we observe the rocket time t after being fired, its velocity will be given by the formula



assumingg to be a constant. Finally, although the momentum-force equation can provide answers for the velocities, I would like to urge you to always think about how the internal forces that generate momenta in opposite directions are generated. That helps in understanding the underlying physics better. For example in the rocket problems, we say that provides the thrust to make the rocket move forward. But think about what generates this force? The answer is as follows. In a closed container, gas pressure applies force in all directions and these forces cancel each other. But
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when a hole is made from where the gas can escape, the force in the opposite direction is unbalanced; and that is what makes the rocket move. If you understand this, you should e able to answer the following question. If we take a closed box with vacuum inside and punch a hole in it. Which way will it move? We conclude this lecture by summarizing what we have learnt. We studied the conservation of momentum and a related concept of the centre of mass. Using momentum, we then calculated the force on a surface being hit by a stream of particles, or jet of water. Finally we learnt about the variable mass problem and applied it to a rocket taking off. In the coming lecture we will use the conservation of momentum principle along with the conservation of energy and see how this combination becomes a powerful tool in solving mechanics problems.
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Engineering 

The first book on engineering design of adsorption apparatus in Japan, written by Professor Kunitaro Kawazoe (1957), was ...... Conference, Butternorth, London (1984). Purl, B R (ed ). Roceedrngs of the 5th ...... Anderssen and White (1970) introduce
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