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Equation of State for Lennard-Jones Chains J. Karl Johnson' Complex Systems Theory Branch, Naval Research Laboratory. Washington, D.C. 20375-5345 Erich A. Miillert and Keith E. Gubbins School of Chemical Engineering, Cornel1 University, Ithaca, New York 14853 Received: January 13, 1994; In Final Form: April 8, 19940



An equation of state for chains composed of tangent, freely jointed Lennard-Jones spheres is presented. The equation is based on a statistical mechanical description of polymerization that is based on Wertheim's theory of associating fluids. The Helmholtz free energy of a fluid of chains is expressed as the contribution from a monomeric reference fluid, which in this case is a fluid of Lennard-Jones spheres, plus a contribution due to bonding. The bonding term depends upon the number of monomers in a chain and the cavity correlation function of the reference fluid. We have performed molecular dynamics simulations of chain fluids composed of 2, 4, 12, 16, 18, 20, 50, and 100 spheres over the entire fluid density range at several temperatures and compared the results to the theory. The equation of state is found to be in good agreement with the simulation results, predicting pressures that are slightly too large overall. Internal energies are predicted well, except in the low-density region where the equation of state does not give the correct limiting value due to neglect of chain self-interaction.



Introduction In recent years there has been considerableinterest in molecular based theories for the thermodynamic properties of long-chain molecules. Industrial interest springs from the need to have accurate models of the thermophysical properties of chainlike molecules (e.g. polymers, alkanes, surfactants, etc.) for use in process design calculations. From a scientificstandpoint, we are interested in understanding how molecular interactionsin complex fluidsinfluence macroscopicproperties. Specifically,our objective is to develop an accurate statistical mechanically based equation of state (EOS)for idealized chain fluids. The advantage of theoretically based EOS over their empirical counterparts is that they can be further improved by testing against computer simulations and later be used as a reference for perturbation theory calculations of chains with association (e.g. hydrogen bonding, charge transfer) and multipolar interactions. The hardsphere (athermal) chain fluid is often chosen as a reference for polymer-like systems because of its relative simplicity. The hard chain fluid has been extensively studied using both theoryI4J9 and computer simulations.g-ll Some recent engineering-oriented EOS for complex fluids have been d e v e l ~ p e d ~on ~ -the * ~ basis of these hard chain reference fluids while incorporating attractive (dispersive) interactions by means of perturbation schemes. One of the limitations of this approach is the restricted range of applicabilityof the perturbation theories. In general, perturbation methods of this type will be most useful in the dense liquid region.IsJ6 An alternative approach is to include the attractive interactions in the equation of state from the outset. Recently developed equationsl7 for the square-well chain fluid are examples. Chapman's demonstrated that Wertheim's description of polymerization in hard sphere systems' could be applied to Lennard-Jones (LJ) dimers, giving an EOS that includes the LJ attractive interaction. He compared calculationswith published simulation data for fused (overlapping) dimers and found good agreement t Permanent address: Departamento de Termdidmica y Fendmenosde Transferencia, Univenidad Sim6n Bolkar, Caracas 1086-A, Venezuela 0 Abstract published in Advance ACS Abstracts. June 1, 1994.
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for one bond length (I = 0 . 7 9 3 ~and ) one density, but at higher densities and shorter bond lengths the results were poor. It has been noted19that this theory should be most accurate for molecules made of tangent spheres and that the accuracy would decrease with decreasing bond length, hence explainingthe poor agreement between theory and simulation noted by Chapman.I8 In order to test the accuracy of Wertheim's theory for chains made of tangent spheres, Johnson and GubbinsZ0performed Monte Carlo (MC) simulations of tangent LJ dimers over a wide range of temperatures and densities. They found excellent agreement between the EOS and simulations for pressures and internal energies over theentire density region. Ghonasgi and Chapman21 have very recently tested an implementation of Wertheim's theory for LJ chains. They compare predictions from the theory with simulations for pressures and chemical potentials of bead-spring LJ chain pure fluids and mixtures. In this paper we present an EOS for polyatomic LJ chains based on Wertheim's theory of polymerization. This is an improved version of the EOS previously developed for dimers.1s.20 We test our version of the EOS against extensive original simulation data for chains, including pressures and internal energies. We also present a simple closed-form equation for the cavity correlation function at contact, as required in the theory.



Theory The equation of state for LJ chains is derived in the same manner as that for hard chains.Iv3 We begin by considering a fluid of spheres (monomers) interacting through a pair potential 4( 12) of the form



where (12) denotes the positions and orientations of molecules 1 and 2, +R( 12) is a reference potential, and 4 ~12)(is the bonding potential between a site A on molecule 1 and a site B on molecule 2. A cluster resummation of all allowed bonds, neglecting ring structures, leads to an equation for the Helmholtz free energy of a chain in terms of the distribution functions and free energy of 0 1994 American Chemical Society
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TABLE 1: Constants ou (Eq 9) for the Radial Distribution Function of a U Fluid Evaluated at a Distance r = u i



j=1



j =2



j=3



j=4



j=5



1 2 3 4 5



0.493 043 465 938 82 -0.470 319 831 153 62 5.032 548 624 362 0 -7.363 315 043 438 5 2.904 360 729 604 3



2.152 834 989 4745 1.147 164 748 7376 -25.915 399 226 419 51.553 565 337 453 -24.418 812 869 291



-15.955 682 329 017 37.889 828 024 21 1 -18.862 251 310 090 -40.519 369 256 098 31.500 186 765 040



24.035 999 666 294 -84.667 121 491 179 107.637 073 817 26 -38.796 692 647 218 -5.336 892 037 1407



-8.643 795 851 3990 39.643 914 108 411 -66.602 649 735 720 44.605 139 198 318 -9.518 344 018 0133



the reference fluid and the mean number of monomers per chain, m. The first-order thermodynamic perturbation theory (TPTl) solution only requires knowledge of the pair distribution function of the reference fluid. Chains are formed (polymerization) by increasing the bonding strength while at the same time shrinking the bonding geometry in such a way that in the limit of infinite bondingstrength thesticking probability per unit number density is a constant. The resulting expression for the residual (with respect to an ideal gas at the same temperature and density) Helmholtz free energy, A‘, is



where Ncis the number of chains, NRis the number of monomers, m is the mean number of monomers per chain, Le. NR = mNc, pc and p~ are the chain and monomer number densities, respectively, k is the Boltzmann constant, T is the absolute temperature, and yR(I) is the two-body cavity correlation function of the reference fluid evaluated at the bonding distance 1. It should be noted that Wertheim’s formalism’ describes a polydisperse fluid with a mean number of monomers per chain m. However, TPTl has been shown to accurately reproduce the properties of monodisperse f l u i d ~ . l * ~ ~ ~ ~ A remarkable result of TPTl is that it implies conformality between branched and chain isomers of the same number of m-men. The reason for this conformality lies in the level of approximationused. In this version of the theory, the bond angle is not explicitly taken into account. Higher order versions of the theory (TPTn) require correspondinglyhigher order correlation functions,which depend additionallyon the bond angles. Results from Muller and Gubbinsz2suggest that, for hard sphere chain systems,the additional effort of applyingthe second-ordertheory (TPT2) may not be justified unless the chains have rigid bond angles less than 1IOo. Equation 2 may also be obtained from the Zhou-Stell theory of ionic systems,l9 by again considering a fluid of associating spheres in the limit of infinite association strength. In this case, the residual Helmholtz free energy of m-mers in terms of the reference fluid cavity correlation function may be written as



(3) where yk”) is the m-body cavity correlation function corresponding to the configuration of the chain formed. A linear approximation for the m-body cavity correlation function is



The residual internal energy is given by



In Wertheim’s derivation, 4~ was assumed to be a purely repulsive potential and the hard-sphere potential was used for numerical calculations. In this work we use the Lennard-Jones potential &J(r) as the reference,



where r is the intermolecular distance, c is the potential well depth, and u is the distance at which the potential is zero. This allows us to incorporate dispersive interactions without resorting to perturbation theory. We have applied the above equations to obtain the EOS for LJ chain molecules. The thermodynamic properties of the reference potential are calculated from the EOS of Nicolas et using the improved parameter set of Johnson et al.25 Equations 2,5, and 6 also require the cavity correlationfunction of the LJ fluid along with thedensity and temperature derivatives. An existing analytical correlation by Goldman26 was tested and found to be insufficiently accurate for our purposes. We have previouslyZoused the Weeks et al.27approximation to relate the LJ pair distribution function to the hard-sphere cavity correlation function while including the correct low-density limit in an ad hoc fashion. While this method gave reasonable results, its accuracy was limited. In order to improve the accuracy of the EOS,we have collected the LJ pair correlation function from extensive computer simulations and fitted these to an empirical function of reduced temperature, TI = kT/c, and density, p* = pa3. Because we are only interested in tangently bonded chains, we need only consider the bond length 1 = u, thus reducing the dimensionality of our fitting problem. The density and temperature ranges covered in the fit were 0.005 5 p* I 1.25 and 0.7 I TI I 6.0. Details of the simulations are reported elsewhere.25 The LJ cavity correlation function at r = u can be equated to the pair correlation function gu (u),



We can therefore substitute -(a) for y u ( u ) in eqs 2, 5, and 6. We have used the following empirical fitting function:



(4) where y(2) is the pair cavity correlation function. Equation 2 is obtained by substituting eq 4 into eq 3 and evaluating the pair cavity correlation function at the bonding distance, 1. The assumptions behind eq 4 have been shown23to be accurate for the evaluation of y(3) for hard-sphere systems if the bond angles are approximately 180’. We can obtain the pre-ssure,p, and the residual internal energy, VIfrom the Helmholtz free energy, eq 2, by applying the appropriate thermodynamic derivatives. The pressure is given



where the values of the constants ai/ are shown in Table 1. The fitting function is able to correlate our gu(u) data with an average absolute deviation (AAD) of 0.4%. This correlation is much simpler in form and more accurate than the WCA approximationz7 used previously,I*JOJ which gives an AAD of 2.7% excluding the low-density region (p* < O S ) , where the WCA approximation is much worse. Equation 9 has simplederivativesof temperature and density, whereas the WCA approximation contains a



Equation of State for Lennard-Jones Chains temperature and density dependent hard-sphere diameter that must be solved for iteratively. The major disadvantage of eq 9 is that it is only valid at r = u. Using eq 9 in eq 2, we obtain a closed form EOS for LJ chains characterized by the usual LJ parameters u, t, and a chain length m. The chains described are homonuclear and their beads are covalently bonded with a bond length u. The actual geometry of the bonds is not specified. Neither does the first-order theory differentiate between fixed or flexible bond angles. The original TPTn expressions' may be written down as a sum of graph integrals, each corresponding to a certain bond geometry. TPTl retains the first graph, which corresponds to a bond between two monomers and neglects the other terms in the series. For the case of dimers, this is the only possibility, and the theory should be most accurate for this case. When applying TPTl to longer chains (m > 2), the assumption is made that the higher order graphs are negligible. An n-th-order theory, or TPTn, where n = m - 1, would describe each of the bond angles in the chain of m-mers but would require knowledge of the m-body distribution function of the referencefluid. Little is known about about higher order distribution functions, so they are usually approximated by a closure involving just pair distribution functions. The most accurate of the closures so far proposed is, as far as we are aware,23 eq 4, which reduces TPTn to TPTl in much the same way as it reduces the ZhouStell result, eq 3, to TPT1. Additionally, for chain molecules, the theory does not take into account the possible intramolecular interactions that come about due to the attractive part of the reference potential. Following these considerations, we expect the EOS to be most accurate for linear or branched chains with bond angles between 1loo and 180'. The equation is not expected to be valid outside the range of validity of the reference fluid EOS or of the equation for the pair correlation (eq 9). The use of the EOS for ring chains or for chains with bond angles less than 1 loo is expected to give only qualitative results.



Simulations A literature search indicated that there are relatively few published simulations of flexible tangent LJ chains. Most simulationsof polymers use united atom models with overlapping LJ spheres and constrained bond and torsion angles2* Gao and Weiner'0 performed molecular dynamics (MD) simulations for flexible chains but used a potential that was cut and shifted at the minimum, making their model essentially equivalent to a hard chain fluid. Kremer and Grest" have done MD simulations for very long flexible chains but also used a cut and shift that gave a purely repulsive potential. Kumar29 has recently published somepressureand chemicalpotentialdata for a bead springmodel of polymers. The beads were modeled with the LJ potential, and relatively weak harmonic springs were used for the bonding potential. At high temperatures these data show an appreciable effect from the harmonic bonding potential. Kumar's data have been compared with calculations from a similar implementation of Wertheim's TPTl by Ghonasgi and Chapmanz1and so will not be reviewed here. Mooij et al.'O and Sheng et al.31 have both published vapor-liquid equilibrium (VLE) data from simulations for flexible LJ chains; however, for reasons that will become apparent later, VLE calculationswith this model will be discussed in a future paper. Due to this lackof published simulationdata, we have performed MC and MD simulationstogenerate data for flexiblehomonuclear LJ chain molecules. For the MD simulations we coded the algorithm of Gao and Weiner,Io which uses a harmonic potential to account for bonding between adjacent segments (spheres) on a chain. The LJ potential was used for interactions between spheres not bonded to each other. Thus, both intermolecular and nonbonded intramolecular interactions were accounted for via the LJ potential. The spring constant in the harmonic bonding
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Figure 1. Reduced second virial coefficient B* = B/u3 for LJ tangent dimers. Solidcircles are exact values calculatedby numericalquadrature, line is the prediction from the theory. 4 0 ~ . . . l . , , , , . , , , , , l , , , l ,
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Figure 2. Reduced pressurep' = p $/e of LJ tangent dimers as a fundon of the reduced monomer density pR* = pRU3 = mp0u3. Symbols are for Ts = kT/r = 5.0,4.0,3.0 and 2.0from top to bottom respectively. Solid lines are the theory. potential (K) was taken to be K = 3000e/u2. Simulations with largervalues O f K gave identical results, indicating that the large-rc limit had been reached and the chains were effectively freely jointed chains with a bond length of u. The choiceof a continuous potential (harmonic) over a discontinuous (rigid) covalent bond is merely for computationalconvenience. We performed simulations over the entire fluid density range for several isotherms. We have also performed a few isothermal-isobaric (NPT) MC simulations32 for dimers, 4-mers, and 8-mers to serve as an independent check of our MD simulations. The MC and MD simulations agree within the statistical accuracy. The MD simulations required considerably less computer time than MC simulations for the same systems and therefore were used for the simulationsreported in this work. Tables of the MD results along with the simulation details for chain lengths of m = 2,4,8, 12, 16, 20, 50, and 100 are given in the appendix.



Results In this section we first present the results for LJ dimers and then summarize the results for the longer chains. As noted above, the first-order theory (TPTl) used here does not account for bond angles. Hence, we expect the theory to be most accurate for dimers. In Figure 1 we plot the exact reduced second virial coefficients B* = B/u3calculatedfrom numericquadratureand the predictions from the theory. The exact and calculatedvalues are in excellent agreement. In Figure 2 we show the reduced pressurep* = pu3/t as a function of the reduced monomer density p ~ *= p ~ u 3= mpcu3for severalreduced temperatures. The agreement between theory and simulation is remarkable, being within the errors of the simulation data. The AAD for pressure is 1.4%. In Figure 3 we compare the predicted internal energy as a function of the reduced monomer density with simulations. Agreement between theory and simulation for the internal energies is again excellent, with an AAD of 1.3%. In Figure 4 we show the vapor-liquid phase diagram of tangent dimers as calculated by the Gibbs
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Figure 3. Internal energy Ur/NckT of LJ tangent dimers as a function * pRU3 = mpcu3. Symbols are for of the reduced monomer density p ~ = Ts = kT/c = 5.0,4.0,3.0 and 2.0 from top to bottom respectively. Solid lines are the theory.



Figures. Redudprcssurep* =pu3/eofLJtangent4-mersasafunction of the reduced monomer density PR* = PRU3 = mpcd. Solid symbols are for Ts = kT/c = 4.0,3.0 and 2.0 from top to bottom respectively. Open symbols are MC data (ref 32) for T+ = 3.0. Solid lines are the theory.
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Figure 4. Phase diagram of LJ tangent dimers. Symbolsare simulation results from reference 33. Solid line is the theory.



ensemble simulations of Dubey et al.33 and that predicted by the equation of state. The predicted phase envelope is in very good agreement with thesimulations. Theerror bars for thesimulation data in these and all remaining figures are roughly the same size as the symbols and are therefore not shown. It is worthwhile to note the effect of the accuracy of the pair correlation function on the thermodynamic properties of the dimers. We have coded the WCA approximation for gu(u) as described in refs 19 and 21 and used this in place of eq 9. Comparing this EOS with the simulation data for dimers shown in Figures 2 and 3, we obtain an AAD of 8.8% in pressure and 15.1% in energy. Even when the low-density region ( p ~ *< 0.5) is excluded, the errors using the WCA approximation for m ( u ) are about a factor of 5 larger than those from the EOS using eq 9. The phase diagram calculated from the EOS using the WCA approximation is only in qualitative agreement with the dimer Gibbs ensemble simulations, which suggests that an accurate description of the pair correlation function is essential for VLE calculations. The reduced pressure is shown in Figures 5-7 as a function of the reduced monomer density for chains of 4-,20-, and 100-mers. Similar features are observed for the other chain lengths studied. Only these three chain lengths are shown for brevity. We see that the theory predicts pressures that are slightly higher than the simulation results. This overestimation of pressures was also observed in applying TPTl to hard chains,lJ,2* indicating that this is a defect of TPTl and not peculiar to our application to LJ chains. We have calculated AADs for the pressures by excluding the smallest pressure values because small absolute errors in pressure give rise to large percentage errors which bias the AADs. The excluded points correspond to densities of p ~ *= 0.1 and points near the two-phase region. The AADs are 6.5,17.7, and 17.2% for the 4-, 20-, and lw-mers, respectively. We note that the pressure is only a weak function of the chain length a t constant monomer density. In Figures 8-10 we present the residual energy as a function of the monomer density for the same conditions as Figures 5-7.
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Figure 6. Reduced pressure p* = p u3/c of LJ tangent 20-mers as a



~ Symbols function of the reduced monomer densityPR* = p ~ =umpcu3. are for Ts = kT/c = 4.0, 3.0 and 2.0 from top to bottom respectively. Solid lines are the theory.
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Figure 7. Reduced pressure p* = p us/€of LJ tangent 100-men as a functionof the reduced monomer densityPR* = p R U 3 = mpcu3. Symbols are for Ts = kT/c = 5.0, 4.0 and 3.0 from top to bottom respectively. Solid lines are the theory.



At high and moderate densities the internal energy is very accurately predicted by the theory. At low densities the theory predicts an appreciably higher energy than that observed from the simulations. The differences between the theory and the simulations increase in magnitude with increasing chain length and with decreasing temperature. We have observed that, in this regime, the contribution to the internal energy is mainly due to the intramolecular,rather than to the intermolecular interactions. Visualization of the configurations for these systems shows that in this limit the chains coil up, as seen in Figure 11, which corresponds to a snapshot of a single 20-mer a t T* = 2.0 and p ~ * = 0.005. In contbast to the simulations, TPTl predicts a zero configurational energy a t the zero density limit. TFTl contains no information about the chain conformation or the attractive chain self-interaction beyond the formation of bonds. For this reason the theory will not be accurate for chain fluids at low densities or for chains in poor solvents where intramolecular interactions dominate. We have also calculated the AADs for internal energy,again excluding the same points as in the pressure
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Figure 8. Internal energy U'/N&T of LJ tangent 4-mers as a function of the reduced monomer density OR* = p ~ =d m p d . Symbols as in Figure 5 .



Flgure 11. Snapshot of the configuration of 20-mcrs at T' = 2.0 and PI* = 0.005.



of a single 2 0 " in a fluid The beads are shown with a diameter much smaller than the actual core volume to help visualize the bonding geometry.
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Figure 9. Internal energy U'/N&T of LJ tangent 2 0 " as a function of the rcduccd monomer density pa* = pn.9 = mp,d, Symbols as in Figure 6. 0
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Figure 10. InternalenergyU'/N&TofLJ tangent 100-mersasafunction of the reduced monomer density p ~ *= p ~ =d mp.d. Symbols as in



Figure 7, AAD calculations. The AADs are I 5.2.3, and 2.0% for the 4-. 2 s . and 100-men, respectively. The theory cannot be used to reliably calculate the VLE phase diagram for long chain fluids becauseofthe neglect of intrachain interactions. However, from the simulationswe note that the T.= 2.0 isotherm is subcritical fortbe4merchains. the T.= 2.0and3.0isothermsaresubcritical for the20-mers,and the T.= 3.0and4.0isothermsaresubcritical for the 100-mer fluid. Conclusions We have presented a statistical mechanically based equation ofstate for chainsof freelyjointedtangent Lennard-Jonesspheres. The closed-form equation is written as a contribution from the reference fluid (monomers) and a bonding term. The theory is compared to molecular d ynamicssimulationsperformed for chain lengths from 2 to 100 spheres over the entire fluid density region for several temperatures. The predictions of the pressures are seen to bc in good agreement in all cases studied. The internal energies are predicted accurately except for longer chains at low densities. This is due to the failure of the theory to correctly account for the intramolecular interactions.



Work on improving the performance of the theory at low densitiesiscurrentlyin progress. Oncethe low-densityproperties ofchains are correctly predicted, we will turn to predicting chain VLE as calculated by existing simulation methods.'OJlJl This EOS may be readily extended to mixtures by using appropriate mixing rules.21 In a future publication we will also consider an extension to fused-sphere chains. Acknowkdpnts. We acknowledge the use of the supercomputer facilitiesat theCornell Theory Center (IBM SP1) and the Pittsburgh Supercomputing Center (Cray C90) where some of the simulations were performed. J. K. J. acknowledges a National Research Council associateship at the Naval Research Laboratory. We thank W. G. Chapman and Y.J. Sheng for providingpreprintsofunpublishedwork. This workwassupported by a contract from the Gas Research Institute (Contract No. 5091-260-2255) and also by an NSF Grand Challenge Supercomputing Grant (No. MCA93S01 IP).



Appendix. Simulation Results Molecular dynamicssimulationswere performed for LJ chains formed by Llspheres bonded by stiff springs,effectivelyprcducing fralyjointedchainsofbondlengthu. Thealgorithmusedis that of Gao and Weiner.10 The system was set up by placing N molecules in a cubic simulation cell with the usual pcriodic boundaryconditions. ThevalueofNwasfixed to432.216.256, 243,250,200,80, and 69 form = 2,4,8,12,16,20,50, and 100, respectively. Thenumberof moleculesforeacbchain length was chosen toensure that thechainsdid not interact with themselves through the periodic boundary conditions. This was checked by comparing the average radius of gyration to the length of the simulationcell. For the 100-mersatpR' = 0.9 theaverageradius of gyration was about 50, while the length of the box was 19.70. A time step of Qf* = ( & / u ) ( c / M ) l / 2 = 0.0035 was used, where Mis themassofamonomer unit. Eachproductionrunconsisted of a minimum of IO 000 time steps. The canonical ensemble was sampled by scaling the velocities at every time step. Pressures were calculated by means of the virial theorem while internal energies were obtained directly from the simulations. A cutoff of30wasused,and theusuallong-rangecorrectionswereapplied. The MD simulations were compared to Monte Carlo NPT simulations32 of tangent, rigidly bonded W dimers, 4-mers. and 8-mers using a standard reptation algorithm.15 The agreement between tbeMCand theMDresultswas wellwithinthestatistical accuracy. As an example we plot in Figures 5 and 8 the MC results for an isotherm corresponding to T. = 3.0. Similar
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TABLE 2: Molecular Dynamics Simulation Results for Freely Jointed Tangent U Chain Molecules' m r PR* P* u. m r PR* 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 50 20 20 20 20 20 20 20 20 20 20 20 20 20 16 16 16 16 16 16 16 16 16 16 16 16 16 12 12 12 12 12 12 12 12 12 12 12 12 12 12 12



5.0 5.0 5.0 5.0 5.0 5.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 5.0 5.0 5.0 5.0 5.0 5.0 4.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 4.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 2.0 2.0 2.0 4.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 2.0 2.0 2.0 4.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 3.0 3.0 2.0 2.0 2.0



0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5 0.3 0.9 0.8 0.7 0.5 0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5 0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5 0.9 0.8 0.7 0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5 0.9 0.8 0.7 0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5



0.3 0.1 0.9 0.8 0.7



13.1(1) 7.2(2) 3.8(2) 0.8 l(2) 0.103(9) 0.006(2) 1OSO( 5) 5.53(4) 2.68(3) 0.42(2) 0.023( 8) 7.49( 7) 3* 59( 3) 1.43(3) 0.02( 1) 13.1 (2) 7.3(2) 3.82(8) 0.86(4) 0.12(1) 0.01 l(3) l0.58(5) 5.60(4) 2.74(3) 0.46(2) 0.033(9) 0.002(2) 7.58(5) 3.61(2) 1.47(3) 0.05(2) 10.6(2) 5.80(6) 2.89(4) 0.55(2) 0.08( 1) 0.01 7(2) 7.80(6) 3.79(4) 1.59(2) 0.1 1(1) 4.34(3) 1.48(4) 0.16(3) 10.90(7) 5.89(3) 2.92(4) 0.59(2) 0.097(5) 0.020(2) 7.90(5) 3.85(4) 1.64(3) 0.14( 1) 4.44(4) 1.54(3) 0.20(2) 11.05(7) 6.03(7) 3.10(3) 0.66(2) 0.13(1) 0.028(2) 8.02(4) 3.97(6) 1.74(4) 0.19(2) 0.01 l(8) 0.01 3( 1) 4.52(5) 1.64(4) 0.27(4)



-346(2) -336(2) -307(2) -221.1(5) -141.6(9) -88(5) -387.3(6) -366.0(6) -3 27.5 (4) -234.0(6) -1 53( 1) -433.3(7) -398.9(4) -35 1.4(5) -249.7( 3) -172.9(7) -1 68.0(8) -153.1(7) -1 1 l(4) -70.7(7) -41.3(8) -193.6(3) -183.0(3) -163.9( 1) -1 17.0(4) -76.4(5) -47(1) -216.7(4) -199.8(2) -1 75.8(2) -125.2(4) -77.5(4) -73.3(2) -65.7(1) -47.0(3) -30.4(8) -18.3(8) -86.6(2) -80.0( 1) -70.63(6) -50.1( 1) -97.02(9) -87.5( 1) -76.10(8) -61.8(1) -58.57(6) -52.71(8) -37.6(2) -24.1(2) -14(1) -69.3( 1) -64.04(6) -56.55(5) -40.16(8) -77.60(8) -70.08(8) -60.96(7) -46.3(1) -43.9(1) -39.48(5) -28.31(8) -18.0(2) -11(1) -5 1.95(7) -48.1(1) 42.56(8) -30.1( 1) -20.2(2) -1 1.8(3) -58.31(8) -52.67(5) 45.8(1)



8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2



4.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 3.0 3.0 2.0 2.0 2.0 4.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 3.0 3.0 2.0 2.0 2.0 2.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 5.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 4.0 3.0 3.0 3.0 3.0 3.O 3.0 3.0 3.O 3.O 3.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0



0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.9 0.8 0.7 0.5 0.3 0.1 0.9 0.8 0.7 0.5



0.3 0.1 0.9 0.8 0.7 0.6 1.o 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 1.o 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 1.o 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 1.o 0.9 0.8 0.7 0.6 0.5



0.4 0.3 0.2 0.1



P*



us



11.40(5) 6.37(7) 3.36(5) 0.80(2) 0.19(1) 0.044(2) 8.34(7) 4.24(3) 1.95(4) 0.30(2) 0.055(7) 0.024( 1) 4.80(4) 1.82(3) 0.40(3) 12.49(7) 7.3(1) 4.10(8) 1.21(4) 0.39(2) 0.098(3) 9.20(5) 5.00(7) 2.54(5) 0.61(2) 0.18(2) 0.066(3) 5.45(8) 2.34(6) 0.82(7) 0.16(4) 27.5(1) 17.92(9) 11.48(8) 7.27 (9) 4.53(4) 2.80(2) 1.75(2) 1.06(1) 0.599(7) 0.268(3) 22.9(1) 14.60(9) 8.99(8) 5.52(8) 3.3 l(4) 2.00(3) 1.23(3) 0.76(1) 0.44(1) 0.202(3) 18.03(4) 10.92(5) 6.43(3) 3.60(5) 2.04(5) 1.19(3) 0.73(2) 0.45(1) 0.280(5) 0.141 (3) 12.41(8) 6.7(1) 3.42(7) 1.55(5) 0.7 l(3) 0.32(2) 0.19( 1) 0.14(1) 0.115(3) 0.075(2)



-30.77(6) -29.25(7) -26.36(6) -1 8.95 ( 5 ) -1 1.87(5) -5.86(9) -34.59(8) -32.11(4) -28.44(6) -20.20(7) -13.19(8) -7.0( 1) -38.93(5) -35.27(4) -30.76(4) -15.18(4) -14.58(8) -13.24(6) -9.56(4) -5.79(7) -2.41(4) -1 7.26(5) -1 6.1 l(4) -14.37(5) -10.23(5) -6.27(7) -2.71(6) -19.61(4) -17.87(3) -1 5.62(5) -13.31(2) -5.56(4) -6.30(3) -6.41(3) -6.05(3) -5.42(2) -4.61(2) -3.70(2) -2.77(2) -1.83(2) -Q.92(1) -6.96(3) -7.38(3) -7.26(3) -6.68(3) -5.90(2) 4.95(3) -3.94(2) -2.95(2) -1.95( 1) -0.98(2) -8.48(3) -8.5 8(2) -8.15( 1) -7.37(2) -6.39(2) -5.30(2) -4.22(2) -3.18(2) -2.1 3(3) -1.1 O(3) -10.22(3) -9.93(3) -9.15(2) -8.11(1) -6.92(1) -5.76(2) 4.62(3) -3.56(4) -2.49(5) -1.31(4)



OThe numbers in parentheses are 1 standard deviation of the mean; e.g. 0.34(5) means 0.34 f 0.05.



agreement was found in all cases compared. Table 2 presents the simulation results. The reduced internal energy is defined per molecule, V'= Ur/N,e. The numbers in



parentheses are estimates of the statistical errors, which were calculated by dividing each run into 10 subblocks. Some data that correspond to unstable states have been omitted.
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