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EXAMPLES IN MODULAR REPRESENTATION THEORY ANUPAM SINGH



In this note we follow notation from Benson’s notes on Modular Representation Theory which is available on his webpage. In particular we denote K for a field of characteristic 0 and k for a field of characteristic p. Typically we have O, a DVR with maximal ideal p, K it’s field of fractions and k = O/p. We also assume that the fields involved are large enough, i.e., they contain |G|th roots of unity. Example 1 (S4 ). |S4 | = 24 = 23 .3. The ordinary character table is as follows: ri 1 6 3 8 6 gi 1 (12) (12)(34) (123) (1234) χ1 1 1 1 1 1 χ2 1 −1 1 1 −1 χ3 3 1 −1 0 −1 χ4 3 −1 −1 0 1 χ5 2 0 2 −1 0 To calculate the blocks in prime characteristics we need to know the central characters of KS4 (in this case K = Q works as all representations of S4 are defined over Q) and then we reduce them mod p where p is a prime ideal lying above < p >. We use formula i χs (gi ) λs (gi ) = rdim(V . s) gi λ1 λ2 λ3 λ4 λ5



1 (12) (12)(34) (123) (1234) 1 6 3 8 6 1 −6 3 8 −6 1 2 −1 0 −2 1 −2 −1 0 2 1 0 3 −4 0



char(k) = 2 : Let us take a field k of characteristic 2 which is sufficiently large. Then the number of 2-regular conjugacy classes (or conjugcay classes in Greg ) is equal to 2 given by {1, (123)}. Hence there are 2 simple kS4 modules denoted as S1 , S2 and hence there are 2 projective indecomposable modules (PIMs) denoted as P1 , P2 . Following is the Brauer (modular) character table. 1 (123) φ1 1 1 φ2 2 −1 1
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The first one is obtained by restricting χ1 (the only possible 1 dimensional representation) and the second one from χ5 (since χ5 restricted to Greg is not twice of χ1 ). We denote this matrix by A. Let us calculate the blocks in this case. We know that it depends on the central character of kS4 . For this , we reduce the central characters mod p where p is a prime ideal lying above < 2 >. ri gi λ1 λ2 λ3 λ4 λ5



1 6 3 8 6 1 (12) (12)(34) (123) (1234) 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0 1 0 1 0 0



Hence S4 has only 1 block in characteristic 2 which is principal block with defect 3 and defect group of order 8 (Sylow 2-subgroup). Now we restrict the ordinary character table to Greg and observe the following: χ1 = φ1 , χ2= φ1 , χ3 = φ1 + φ2 , χ4 = φ1 + φ2 , χ5 = φ2 . This gives us decomposition matrix : 1 0 1 0     4 2 t   . Notice that D = 1 1. We can also calculate the Cartan matrix C = DD = 2 3 1 1 0 1 det(C) = 8 = 23 . We can write: KS4 ∼ = K ⊕ K ⊕ M3 (K) ⊕ M3 (K) ⊕ M2 (K) and kS4 ∼ = P1 ⊕ P22 as kS4 /J(kS4 ) ∼ = k ⊕ M2 (k) ∼ = S1 ⊕ S22 (this we can read from Brauer character table). Let us denote the dimensions of P1 , P2 by a, b respectively. Then 24 = a + 2b. We already know that the dimension of PIM’s are divisible by order of Sylow subgroup which is 8 in this case. Hence a, b ≥ 8 and we get a = 8 = b. Also observe that DB = A. We can calculate the character of P1 , P2 : Φ1 = χ1 + χ2 + χ3 + χ4 and Φ2 = χ3 + χ4 + χ5 .



char(k) = 3 : Now let us take field k of charactreistic 3. In this case the number of 3-regular calsses are 4 and hence the number of simple kS4 -modules = number of PIM’s = 4. The Brauer character table is as follows: 1 (12) (12)(34) (1234) φ1 1 1 1 1 φ2 1 −1 1 −1 φ3 3 1 −1 −1 φ4 3 −1 −1 1
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We first look at χ1 , χ2 restricted to Greg and see that they give two distinct one dimensional (all possible 1-dimensional) representations and hence get φ1 , φ2 . The restriction of χ5 is sum of the two 1-dimensional ones and hence can not be simple. Now we look at χ3 and χ4 and as their dimension is order of Sylow 3-subgroup they have defect zero and hence both are simple as well as PIM (see Serre, section 16.4). Let us calculate the blocks in this case. We need to reduce the table of central characters mod < 3 >. ri 1 6 3 8 6 gi 1 (12) (12)(34) (123) (1234) λ1 1 0 0 2 0 λ2 1 0 0 2 0 λ3 1 2 2 0 1 λ4 1 1 2 0 2 λ5 1 0 0 2 0



Hence there are three different blocks consisiting of B1 = {V1 , V2 , V5 }, B2 = {V3 } and B3 = {V4 }. The first block B1 is principal block of defect 1 with defect group as Sylow 3-subgroup and the other two blocks are defect zero with trivial defect gruop. Being defect zero blocks, reduction mod 3 of V3 and V4 gives simple module which is also projective indecomposable. By restricting the ordinary characters to Greg we can calculate the decomposition matrix.  We notethat χ1 = φ1 , χ2 = φ2 , χ3 = φ3 , χ4 = φ4 and χ5 = φ1 + φ2 . Hence   1 0 0 0 2 1 0 0 0 1 0 0  1 2 0 0  t    D= 0 0 1 0. We can also calculate the Cartan matrix C = DD = 0 0 1 0. 0 0 0 1 0 0 0 1 1 1 0 0 Notice that det(C) = 3. Since kS4 /J(kS4 ) ∼ = k ⊕ k ⊕ M3 (k) ⊕ M3 (k) hence kS4 ∼ = P1 ⊕ P2 ⊕ P33 ⊕ P43 and hence 24 = a1 + a2 + 3a3 + 3a4 where dim(Pi ) = ai . We already know that dimension of Pi is divisible by 3 hence we see that a1 = a2 = a3 = a4 = 3. The characters of PIM’s are Φ1 = χ1 + χ3 , Φ2 = χ2 + χ3 , Φ3 = χ3 and Φ4 = χ4 .



Example 2 (A5 ). |A5 | = 60 = 22 .3.5. The ordinary character table is as follows:
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1 20 15 12 12 1 (123) (12)(34) (12345) (13452) 1 1 1 1 1 4 1 0 −1 −1 5 −1 1 0√ 0√ 1+ 5 1− 5 3 0 −1 2√ 2√ 1− 5 1+ 5 3 0 −1 2 2 √ We make the table for central characters over K = Q[√ 5]. One can check that all representations for A5 are defined over K. Here O = Z[ 1+2 5 ]. ri gi χ1 χ2 χ3 χ4 χ5



gi λ1 λ2 λ3 λ4 λ5



1 (123) (12)(34) (12345) (13452) 1 20 15 12 12 1 5 0 −3 −3 1 −4 3 0√ 0√ 1 0 −5 2(1 + √5) 2(1 − √5) 1 0 −5 2(1 − 5) 2(1 + 5)



char(k) = 2 : We first consider the field k of characteristic 2. We first calculate the blocks of kA5 . In this case we see that < 2 > is prime in O. Following is the central characters reduced mod < 2 >. gi 1 (123) (12)(34) (12345) (13452) λ1 1 0 1 0 0 λ2 1 1 0 1 1 λ3 1 0 1 0 0 λ4 1 0 1 0 0 λ5 1 0 1 0 0 Hence the blocks are B1 = {V1 , V3 , V4 , V5 } and B2 = {V2 }. The block B1 is principal of defect 2 with defect group Sylow 2-subgroup isomorphic to Z/2Z × Z/2Z and the block B2 is of defect 0 with trivial defect group. Hence χ2 is simple over k as well as PIM. The number of 2-regular classes are 4 and hence there are 4 simple kA5 -modules S1 , S2 , S3 , S4 and corresponding PIMs P1 , P2 , P3 , P4 . Following is the Brauer character table: gi 1 (123) (12345) (13452) φ1 1 1 1 1 φ2 4 1 −1√ −1√ −1+ 5 −1− 5 φ4 2 −1 2√ 2√ −1− 5 −1+ 5 φ5 2 −1 2 2
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We first see that there is only 1 one-dimensional simple module. Since χ2 is in defect zero block we get χ2 |Greg = φ2 is simple. Now to determine other simple modules we observe that χ1 + χ3 = χ4 + χ5 on Greg . We also observe that χ4 and χ5 are Galois conjugate hence either both are irreducible or become sum of many over k and χ4 6= χ5 √ √ 1− 5 1+ 5 (as 2 6= 2 in k). We claim that each χ4 and χ5 are sum of 1 one-dimensional and a two-dimensional representations. It cann’t be sum of 3 one dimensional as it would be 3φ1 which is not the case. None of the can be irreducible as χ1 + χ3 = χ4 + χ5 implies χ1 has to be inside either χ4 or χ5 . This gives us φ4 = χ4 − φ1 and φ5 = χ5 − φ1 both 2-dimensional simple representations. To write decomposition matrix we observe:  χ1 = φ1 , χ2 = φ2 , χ3 = φ1 + φ3 + φ4 , χ4 =   1 0 0 0 4 0 2 2 0 1 0 0   0 1 0 0    φ1 + φ3 and χ5 = φ1 + φ4 . Hence D =  1 0 1 1 and C = 2 0 2 1 and 1 0 1 0 2 0 1 2 1 0 0 1 det(C) = 4.



char(k) = 3 : We consider the case when char(k) = 3. Let us calculate the blocks first. We write down the central characters first. Note that < 3 > is prime in O. gi λ1 λ2 λ3 λ4 λ5



1 (123) (12)(34) (12345) (13452) 1 2 0 0 0 1 2 0 0 0 1 2 0 0√ 0√ 1 0 1 2(1 + √5) 2(1 − √5) 1 0 1 2(1 − 5) 2(1 + 5)



Hence ther are three blocks B1 = {V1 , V2 , V3 }, B2 = {V4 } and B3 = {V5 }. The block B1 is principal with defect group of order 3. The blocks B2 and B3 are defect zero with trivial defect group. Since there are four 3-regular elements hence there are 4 simple modules and correspondingly 4 PIM’s. Following is Brauer character table: gi φ1 φ2 φ4 φ5



1 (12)(34) (12345) (13452) 1 1 1 1 4 0 −1 −1 √ √ 1+ 5 1− 5 3 −1 2√ 2√ 1− 5 1+ 5 3 −1 2 2



There is only one 1-dimensional module. There are two defect zero block and hence corresponding representations give φ4 and φ5 which are both simple as well as PIM’s
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of dimension 3. One has to explicitely prove that the four dimensional representation (which is obtained by permutation action of S5 ) reduced mod 3 remains simple.



char(k) = 5 : We consider the case when char(k) = 5. Let us calculate√ the blocks



2 first. We write down the √ central characters first. Note that < 5 >=< 5, 5 > in O hence we take p =< 5, 5 >.



gi λ1 λ2 λ3 λ4 λ5



1 (123) (12)(34) (12345) (13452) 1 0 0 2 2 1 0 0 2 2 1 1 3 0 0 1 0 0 2 2 1 0 0 2 2



Hence ther are two blocks B1 = {V1 , V2 , V4 , V5 } and B2 = {V3 }. The block B1 is principal with defect group of order 5. The blocks B2 is defect zero with trivial defect group. Since there are three 5-regular elements hence there are 3 simple modules and correspondingly 3 PIM’s. Following is Brauer character table: gi φ1 φ2 φ3



1 (123) (12)(34) 1 1 1 5 −1 1 3 0 −1



There is only one 1-dimensional module. There is one defect zero block and hence corresponding representation gives φ2 which is both simple as well as PIM of dimension 5. We also have relations on Greg such as χ4 = χ5 and χ2 = χ1 + χ4 . This rules out from reduction of χ2 being simple. We claim that the reduction of χ4 is simple. Clearly chi4 is not 3-times φ1 . Only possibility is that χ4 = φ1 + ψ where ψ is 2-dimensional simple over k. Then ψ((12)(34)) = −2 where order of (12)(34) is 2. Hence the corresponding  −1 0 matrix should be which is in the center of M2 (k). This implies that A5 has 0 −1 non-trivial normal subgroup (as kernel of ψ), a contradiction. Hence χ3 reduced mod 3 is simple.



References [Al] Alperin, “Local representation Theory”. [Be] Benson, “Lectures on Modular Representation theory”, available online. [D1] Dornhoff L., “Group representation theory. Part A: Ordinary representation theory”, Pure and Applied Mathematics, 7. Marcel Dekker, Inc., New York, 1971.
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