









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













Ann. Henri Poincar´e 12 (2011), 329–349 c 2011 Springer Basel AG  1424-0637/11/020329-21 published online February 4, 2011 DOI 10.1007/s00023-011-0083-6



Annales Henri Poincar´ e



Existence of Dyons in the Coupled Georgi–Glashow–Skyrme Model Fanghua Lin and Yisong Yang Abstract. We prove the existence of a continuous family of ﬁnite-energy particle-like solutions in the coupled Georgi–Glashow–Skyrme model carrying both electric and magnetic charges, known as dyons. Due to the presence of electricity and the Minkowski spacetime signature, we need to solve a variational problem with an indefinite action functional. Our results show that, while the magnetic charge is uniquely determined by the topological monopole number, the electric charge of a solution can be arbitrarily prescribed in an open interval.



1. Introduction Particle-like static solutions in ﬁeld theory carrying both electric and magnetic charges are called dyons and were ﬁrst proposed in the earlier work of Schwinger [33] along the line of the electric and magnetic duality in the Maxwell equations and extending the study of monopoles by Dirac [17]. The quantum-mechanical properties of dyons were then investigated by Zwanziger [44,45]. Subsequent development of the subject made by Bogomol’nyi [11], Prasad and Sommerﬁeld [30], and Julia and Zee [25] showed that, like monopoles [1,10], dyons have their most suitable setting in three-dimensional non-Abelian gauge ﬁeld theory where the nonvanishing commutators play the role of selfinduced source currents. Unlike monopoles whose stability is ensured topologically by their characterizing homotopy classes or dimensionally descended second Chern numbers, the stability of dyons, and hence their existence, is a more complicated issue which may sometimes be heuristically analyzed energetically [25] at least in certain parameter domains. In this regard, construction of dyons based on analytic means [32,42] may provide useful information about the solutions which is otherwise unavailable due to lack of explicit solutions in the model.
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Recently, there has been a revived interest in understanding particle-like solutions or solitons in the classical Skyrme model [34–37] and its various extensions [22] since the work of Balachandran et al. [7] and Witten [40,41] showing the relevance [2,3] of the Skyrme model in strong-interaction particle physics. In particular, in [40], gauge ﬁelds were introduced into the Skyrme model so that gauged Skyrme solitons may be used to explain low-energy behavior of hadron–lepton interactions [13]. Furthermore, Ambjorn and Rubakov [4], D’Hoker and Farhi [16], and Eilam et al. [18] investigated existence of solitons in the Skyrme model coupled with the Weinberg–Salam electroweak theory, and Brihaye et al. [12] obtained dyons in the Skyrme model coupled with the Georgi–Glashow gauge theory through a numerical study. The goal of this paper was to establish the existence of dyons [12] in this coupled Georgi–Glashow–Skyrme models. It may be interesting to note the difference in soliton constructions in gauge ﬁeld theory and the Skyrme model. While the creation of solitons such as monopoles and dyons in gauge ﬁeld theory is due to the beautiful mechanism of spontaneous symmetry breaking, existence of solitons in the Skyrme model [22] on the other hand is simply a consequence of the underlying conformal structure of the model since the Skyrme term stabilizes ﬁeld conﬁgurations which allow compactification of spatial inﬁnity resulting in stratiﬁcation of maps by topological degrees. Unlike gauge ﬁeld theory models, there is no Bogomol’nyi reduction [28,29] for the Skyrme model, and one needs to resort to direct minimization processes which are known to be plagued with technical difﬁculties such as lack of compactness and preservation of topological constraints. The same difﬁculties are present in the Faddeev model [19,20] in which the topological constraint is given by the Hopf charge, and solitons are knots [8,9,21]. It is hopeful that the dyon construction here and the method developed [26] in the study of the Faddeev knots may lead us to obtain dually charged knots in suitably gauged theories. The rest of the paper is organized as follows. In the next section, we follow [12] to describe the coupled Georgi–Glashow–Skyrme model and state our main existence results for the dyon solutions. In Sect. 3, we use an indefinite variational approach [24,32,42] to prove the existence of a ﬁnite-energy critical point of the radially reduced action functional subject to a constraint condition that handles the troublesome negative part of the functional. Due to noncompactness and negativity, we encounter some difﬁculties passing from weak convergence to arrive at the action minimum in the weak limit process. To overcome these, we can modify our minimizing sequence which allows us to ﬁnd a suitable term in the positive part of the action functional to compensate the trouble-making negative term. As a result, the two terms may be combined to form a positive term so that we can use Fatou’s lemma to conclude that the weak limit is our desired action minimum. In Sect. 4, we show that the critical point obtained in Sect. 3 is indeed a classical solution of the governing system of equations by proving that the constraint imposed for the minimization of the indefinite action functional does not present a Lagrange multiplier problem. In Sect. 5, we calculate electric, magnetic, monopole, and
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Skyrme baryon charges of the solutions obtained. We will see that, while the magnetic charge is uniquely determined by the monopole charge which is a homotopy invariant [5,31], the electric charge, Qe , remains undetermined even with the added topological invariant—the Skyrme baryon charge. In fact, this study shows that, in the context of the formulation of Brihaye et al. [12], Qe may be prescribed in an open interval.



2. Dyons in Georgi–Glashow–Skyrme Model In this section, we ﬁrst recall [12] the coupled Georgi–Glasho–Skyrme model incorporating an SU (2)-gauge ﬁeld, a Higgs ﬁeld in the adjoint representation of SU (2), and a gauged Skyrme map. We then state our existence theorem for dyon solutions. Moreover, we will describe [12] the governing equations and the action functional in the radial variable within the spherically symmetric ansatz, to be studied in subsequent sections. Following standard convention, we take summation over repeated indices, use the Minkowski metric (ημν ) = diag(1, −1, −1, −1) to lower and raise spacetime indices μ, ν = 0, 1, 2, 3, and adopt the compressed notation |Aμ |2 = Aμ Aμ = η μν Aμ Aν and |Fμν |2 = Fμν F μν for real-valued vector and tensor ﬁelds. The Georgi–Glashow (GG) model is an SU (2) or SO(3) Yang– Mills–Higgs theory for which the Higgs ﬁeld Φα (α = 1, 2, 3) lies in the adjoint α representation of SO(3), using Aα μ and Fμν to denote the coordinates of the gauge potential and gauge curvature tensor taking values in the Lie algebra of SU (2) or SO(3). The Lagrangian density of the Georgi–Glashow model is given by [12] 2 1  α 2 1 4 1  2 2 LGG = − λ40 Fμν + λ1 |Dμ Φα | − λ42 η 2 − |Φα | , 4 2 4 (2.1) α α αβγ β γ Fμν = ∂μ Aα Aμ Aν , Dμ Φα = ∂μ Φα + eεαβγ Aβμ Φγ , ν − ∂ν Aμ + eε where and in the sequel, we follow [12] to use the late Greek letters μ, ν = 0, 1, 2, 3 to label the spacetime indices and the early Greek letters α, β, γ, δ = 1, 2, 3 to label the SO(3) Lie algebra coordinates, and λ0 , λ1 , λ2 , η, e are positive parameters. On the other hand, the (bare) Skyrme model starts with a scalar ﬁeld φ = (φa ) (a = (α, 4)) in the fundamental representation of O(4). Switching on an SO(3) gauge ﬁeld and using κ0 , κ1 , κ2 to denote some positive parameters as before, the gauged Skyrme model is described by the Lagrangian density [12] 2 1  α 2 1 2 1  2 LO(4) = − κ40 Fμν + κ1 |Dμ φa | − k24 D[μ φa Dν] φb  , 4 2 8 Dμ φα = ∂μ φα + eεαβγ Aβμ φγ , Dμ φ4 = ∂μ φ4 .



(2.2)



The Lagrangian density of the coupled Georgi–Glashow–Skyrme model is then given by the sum L = LGG + LO(4) .



(2.3)
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The Euler–Lagrange equations of (2.3), which are written in the suppressed form  δ L dx = 0, (2.4) are the equations of motion of the coupled Georgi–Glashow–Skyrme model. Topologically, the Georgi–Glashow and Skyrme sectors enjoy similar characterizations. For the former, this is known to be the monopole charge QM , given by the integral [23,31]  1 α ijk Fjk Di Φα dx, (2.5) QM = 16π R3



which deﬁnes the homotopy class of Φ viewed as a map from a 2-sphere near the inﬁnity of R3 into the vacuum manifold which happens to be a 2-sphere as well. For the latter, this is known to be the Brouwer degree of the map φ from the compactiﬁed R3 , which is S 3 , into the target manifold of φ, which is S 3 again, due to ﬁnite-energy condition, and is identiﬁed with the Skyrme baryon number,  1 QS = ijk abcd ∂i φa ∂j φb ∂k φc φd dx, (2.6) 12π 2 R3



whose gauged version is found to be [6]   ijk  1  abcd Di φa Dj φb Dk φc φd − 3ijk φ4 Fija Dk φa dx. QS = 2 12π



(2.7)



R3



An obvious advantage of (2.7) over (2.6) in the context of the gauged Skyrme model is that (2.7) is manifestly gauge invariant [6] while (2.6) is not so. We are interested in static spherically symmetric solutions depending on the radial variable r = |x| only. Here and in the sequel, we also use x = (xi ) to denote the spatial coordinates of a spacetime point x = (xμ ) = (x0 , xα ). Extending the Julia–Zee ansatz [25] for the Georgi–Glashow model and the hedgehog ansatz for the Skyrme model [34–37], we can set [12] a(r) − 1 εiαβ x ˆβ , er ˆα , Aα 0 = g(r) x Φα = ηh(r) x ˆα ,



Aα i =



ˆα , φα = sin f (r) x



φ4 = cos f (r),



(2.8) (2.9) (2.10) (2.11)



where x ˆ = x /r. Here is our main existence theorem. α



α



Theorem 2.1. For any number q ∈ (0, 1), the equations, of motion of the Georgi–Glashow–Skyrme model defined by the combined Lagrangian density (2.3), have a static finite-energy spherically symmetric solution given by the radial ansatz (2.8)–(2.11) so that 0 < a(r) < 1, 0 < f (r) < π, 0 < g(r) < q,
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0 < h(r) < 1, g(r) < h(r), for r > 0, and g(∞) = q. Such a solution carries electric charge ∞ Qe = 2 a2 (r)g(r) dr, (2.12) 0



magnetic charge Qm = 1/e, unit monopole charge QM = 1, and unit Skyrme baryon charge QS = 1, and may be constructed through a constrained minimization procedure. Note that, although the electric charge Qe is not explicitly given, the formula (2.12) clearly indicates that it depends on the parameter q continuously. In other words, unlike the magnetic charge Qm and the baryon charge QS , the electric charge Qe is not quantized by the topological invariants of the model. In the following, we focus on obtaining a static spherically symmetric solution of the equations (2.4) as stated in Theorem 2.1. For convenience, we shall use the dimensionless radial variable ρ = eηr. Thus, the action functional of the coupled model becomes ∞  (2.13) I = − L dx = L dρ ≡ −E1 + E2 , 0



R3



where the energy functionals E1 and E2 are deﬁned by ∞ 4π η Es dρ, s = 1, 2, Es = e



(2.14)



0



with 1 2  2 ρ (g ) + a2 g 2 , 2 (a2 − 1)2 1 λ E2 = (a )2 + + ρ2 (h )2 + a2 h2 + ρ2 (h2 − 1)2 2ρ2 2 4    sin2 f ξ + ρ2 (f  )2 + 2a2 sin2 f + κa2 sin2 f (f  )2 + a2 , 2 2ρ2 E1 =



(2.15)



(2.16)



where we use g  (say) to denote the derivative of g with respect to ρ. Since the factor 4πη/e in (2.14) is an irrelevant positive constant, we shall suppress it to unity for convenience of notation unless otherwise spelled out. The total energy E of a ﬁeld conﬁguration is given by E = E 1 + E2 .



(2.17)



From (2.8), (2.9), (2.10), (2.11), and (2.17), it is clear that regularity at r = 0 and ﬁnite-energy condition leads us to the boundary conditions a(0) = 1, a(∞) = 0,



g(0) = 0, h(0) = 0, f (0) = π, f (∞) = 0, g(∞) = q, h(∞) = 1,



(2.18) (2.19)



where q is a constant satisfying the normalized condition [12] 0 ≤ q ≤ 1.



(2.20)
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It is straightforward to see that the Euler–Lagrange equations of the action functional (2.13) are (a2 − 1) a + h2 a + ξ sin2 f a + κ sin2 f (f  )2 a ρ2 sin4 f (2.21) + κ 2 a3 , ρ ([ξρ2 + 2a2 sin2 f ]f  ) = ξa2 sin(2f ) + κa2 (f  )2 sin(2f ) a =



+ κa4



sin2 f sin(2f ), ρ2



(2.22)



(ρ2 g  ) = 2a2 g,



(2.23)



(ρ2 h ) = 2a2 h + λρ2 (h2 − 1)h,



(2.24)



which are the radially symmetric version of the equations of motion (2.4) of the coupled Georgi–Glashow–Skyrme model deﬁned by the Lagrangian (2.3). From (2.23) and the boundary conditions (2.18) and (2.19), we see that q > 0 otherwise g ≡ 0, and we arrive at the temporal gauge Aα 0 = 0 through (2.9) which implies that we are in the electrically neutral situation. Therefore, in order to maintain electricity, we need to assume q > 0, which will be observed in the sequel unless otherwise stated. In the following sections, we will obtain a ﬁnite-energy solution of the system (2.21)–(2.24) subject to the boundary conditions (2.18) and (2.19).



3. Constrained Minimization Method We are to ﬁnd a solution of the system (2.21)–(2.24) subject to the boundary conditions (2.18) and (2.19) as a ﬁnite-energy critical point of the radial action functional (2.13). For this purpose, we introduce the admissible space A = {(a, f, g, h) | E(a, f, g, h) < ∞, a(0) = 1, a(∞) = 0, h(∞) = 1, g(∞) = q, f (0) = π, f (∞) = 0}.



(3.1)



Of course, wherever applicable, the functions a, f, g, h are sufﬁciently regular (for example, they are assumed to be absolutely continuous over any compact subinterval of (0, ∞)) in order that A is well deﬁned. Note also that, in (3.1), we leave out the boundary conditions for h, g at ρ = 0 momentarily for convenience which will be recovered eventually. In order to overcome the difﬁculties associated with the negative part in the action functional (2.13), we impose the constraint ∞ (ρ2 g  G + 2a2 gG) dρ = 0, ∀G, (3.2) 0



which is the weak version of (2.23), where the function G satisﬁes G(∞) = 0 and ∞ ρ2 (G )2 dρ < ∞. (3.3) 0
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We now modify our restricted admissible class as C = {(a, f, g, h) ∈ A | (a, g) satisﬁes (3.2)}.



(3.4)



Earlier studies on the existence of dyons based on direct minimization over similarly constructed constrained spaces include [14,27,32,42,43]. First, we have Lemma 3.1. The set C = ∅. Furthermore, for any (a, f, g, h) ∈ C, g is monotone increasing and lim g(ρ) = 0.



(3.5)



ρ→0



Proof. Choose a, f, h such that ∞ E2 (a, f, h) =



E2 (a, f, h) dρ < ∞.



(3.6)



0



Then choose the unique g such that g(∞) = q and g satisﬁes ∞ E1 (a, g) = E1 (a, g) dρ = E10 ≡ inf{E1 (a, G) | G(∞) = q}.



(3.7)



0



In fact, let {gn } be a minimizing sequence satisfying gn (∞) = q and E1 (a, gn ) → E10 as n → ∞. Then we have ⎛∞ ⎞ 12 ∞  1 |gn (ρ) − q| ≤ |gn (τ )| dτ ≤ ρ− 2 ⎝ τ 2 (gn (τ ))2 dτ ⎠ ρ



√ 1 1 ≤ 2ρ− 2 E1 (a, gn ) 2 .



ρ



(3.8)



Hence, gn (∞) = q is preserved uniformly. Without loss of generality, we may assume that {gn } is weakly convergent in W 1,2 (0, ∞). Let g ∈ W 1,2 (0, ∞) loc loc be the weak limit of {gn }. It is easy to see that g satisﬁes g(∞) = q and (3.7). Thus, g satisﬁes (3.2) as well. Elliptic theory implies that g is a classical solution of (2.23). Using the fact that g minimizes E1 (a, ·) (cf. (3.7)), it is straightforward to see that g satisﬁes 0 ≤ g ≤ q. We claim lim inf ρ2 |g  (ρ)| = 0. ρ→0



(3.9)



Otherwise, there is a δ > 0 and an ε0 > 0 such that ρ2 |g  (ρ)| ≥ ε0 ,



0 < ρ < δ.



(3.10)



ε20 dρ = ∞, ρ2



(3.11)



Hence, ∞



2



 2



δ



ρ (g ) dρ ≥ 0



0



which contradicts the fact that E1 (a, g) < ∞.
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Using (3.9) and (2.23), we get ρ 2  ρ g (ρ) = 2a2 (τ )g(τ ) dτ,



(3.12)



0



which establishes the monotonicity of g in view of g ≥ 0. To see that g(ρ) > 0 for all ρ > 0, we assume otherwise that there is some ρ0 > 0 such that g(ρ0 ) = 0. Then g  (ρ0 ) = 0 as well. Since g ≡ 0 is a solution of (2.23), the uniqueness theorem shows that g ≡ 0 which contradicts the fact that g(∞) = q > 0. So, we have arrived at 0 < g(ρ) ≤ q,



ρ > 0.



(3.13)



Since g is monotone, we obtain in view of (3.13) the existence of the limit g0 = lim g(ρ) ≥ 0.



(3.14)



ρ→∞



We claim g0 = 0. Otherwise, if g0 > 0, we use the property a(0) = 1, ρ2 g  (ρ) → 0 as ρ → 0 (see (3.12)), and L’Hopital’s rule to get ρ2 g  (ρ) = lim ρg  (ρ). ρ→0 ρ→0 ρ



2g0 = 2 lim a2 (ρ)g(ρ) = lim (ρ2 g  ) = lim ρ→0



ρ→0



Hence, we get



g0 , 0 0. Consequently, integrating (3.15), we have  ρ2 g(ρ2 ) − g(ρ1 ) ≥ g0 ln , 0 < ρ1 < ρ2 < δ, ρ1 g  (ρ) ≥



(3.15)



(3.16) 



which contradicts the existence of the limit in (3.14).



We now make a speciﬁc assumption for the parameter q given in (2.20). Lemma 3.2. If the condition 0 < q < 1 holds, then the action functional I given in (2.13) is coercive over the constraint class C. More precisely, there is some constant ε > 0 such that ∞  1 (a )2 + ερ2 (h )2 + ξρ2 (f  )2 dρ I(a, f, g, h) ≥ 2 ∞  + 0



0



(a2 − 1)2 sin4 f 1 + εa2 h2 + λρ2 (h2 − 1)2 + κa4 2 2ρ 4 2ρ2



dρ.



Proof. For any (a, f, g, h) ∈ C, set g˜ = qh. Then g˜(∞) = q and E1 (a, g˜) = q 2 E1 (a, h) ≥ E1 (a, g). Therefore, we have 2



∞



I(a, f, g, h) ≥ E2 (a, f, h) − q E1 (a, h) =



σ(ρ, a, f, h) dρ, 0



(3.17)
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where (a2 −1)2 (1−q 2 ) 2  2 λ ρ (h ) + (1−q 2 )a2 h2 + ρ2 (h2 −1)2 + 2 2ρ 2 4  2 sin f ξ 2  2 2 2 2 2  2 2 + (ρ (f ) + 2a sin f ) + κa sin f (f ) + a . 2 2 2ρ (3.18)



σ(ρ, a, f, h) = (a )2 +



Using the condition 0 < q < 1, we see that the proof follows.







We are now ready to consider the following constrained optimization problem I0 = inf{I(a, f, g, h) | (a, f, g, h) ∈ C},



(3.19)



whose solution allows us to solve the boundary value problem consisting of the system of equations (2.21)–(2.24) and the boundary conditions (2.18) and (2.19). We have the following result. Lemma 3.3. The problem (3.19) has a solution if 0 < q < 1. Proof. Let {(an , fn , gn , hn )} be a minimizing sequence of (3.19). We have ⎛ ρ ⎞ 12  1 1 1 |an (ρ) − 1| ≤ ρ 2 ⎝ (an (τ ))2 dτ ⎠ ≤ ρ 2 I 2 (an , fn , gn , hn ), (3.20) 0



for any ρ > 0. Besides, note that the proof of Lemma 3.2 gives us the bound E1 (an , gn ) ≤ q 2 E1 (an , hn ) ≤ CI(an , fn , gn , hn ).



(3.21)



Consequently, with un = gn − q or un = hn − 1, we have ⎛∞ ⎞ 12  1 |un (ρ)| ≤ ρ− 2 ⎝ τ 2 (un (τ ))2 dτ ⎠ ≤ C, ρ



for any ρ > 0, where C > 0 depends only on the bound of the bounded sequence {I(an , fn , gn , hn )}. Hence, an (ρ) → 1 and un (ρ) → 0 uniformly as ρ → 0 and ρ → ∞, respectively, for n = 1, 2, . . . . To facilitate our discussion, consider the Hilbert space (X, , ) where the functions in X are absolutely continuous in ρ > 0 and vanish at ρ = 0 with ∞ u, v = u (ρ)v  (ρ) dρ, u, v ∈ X. 0



From the structure of the action functional I and Lemma 3.2, we know that {an } is bounded in (X, , ). Without loss of generality, we may assume that there is some a ∈ X such that an → a weakly in X. Namely, ∞ ∞   an A dρ → a A dρ as n → ∞, ∀A ∈ X. 0



0
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Similarly, deﬁne (Y, , ) to be the Hilbert space of the set of functions vanishing at ρ = ∞ with the inner product ∞ u, v =



ρ2 u v  dρ,



u, v ∈ Y.



0



Since we have shown that {un } (un = gn − q or un = hn − 1) is bounded in (Y, , ), we may assume that there are functions g, h with g(∞) = q, h(∞) = 1, and g − q, h − 1 ∈ Y , such that ∞



ρ2 un U 



∞ dρ →



0



ρ2 u U  dρ as n → ∞,



∀U ∈ Y,



u = g − q or h − 1.



0



In view of Lemma 3.2, we see that {fn } is a bounded sequence in Y so that we may assume that it converges weakly to some f ∈ Y as n → ∞. From the boundary conditions in (3.1), the properties of the functional I, and Lemma 3.1, we may also assume that 0 ≤ fn ≤ π,



0 ≤ hn ≤ 1,



0 ≤ gn ≤ q,



∀n.



(3.22)



Recall that (an , gn ) satisﬁes (3.2) or ∞







 ρ2 gn G + 2a2n gn G dρ = 0,



∀G.



(3.23)



0



We need to show that its weak limit (a, g) satisﬁes (3.2) as well. In fact, the ﬁrst term in (3.2) is naturally preserved since {gn − q} weakly converges to g − q in Y . From (3.20), we see that {an } is bounded in L∞ (0, R) for any 0 < R < ∞. Hence, in view of (3.22), we conclude that R lim



n→∞



a2n gn G dρ =



0



R



a2 gG dρ.



(3.24)



0



On the other hand, using G(∞) = 0 and the condition (3.3), we have ⎛ 1 |G(ρ)| ≤ ρ− 2 ⎝



∞



⎞ 12 τ 2 (G )2 dρ⎠ ≤ Cρ− 2 , 1



ρ > 0.



(3.25)



ρ



Hence (3.22), (3.25), and the uniform limit gn (ρ) → q > 0 as ρ → ∞ (consequently, gn (ρ) ≥ q/2 for ρ ≥ R, say) imply that ∞ R



  2 an gn G dρ ≤ 2 q



∞ R



1



a2n gn2 |G| dρ ≤ CR− 2 E1 (an , gn ).



(3.26)
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(3.27)



0



which proves the preservation of (3.2) as claimed. We next show that I(a, f, g, h) ≤ lim inf I(an , fn , gn , hn ) n→∞



(3.28)



when the minimizing sequence {(an , fn , gn , hn )} of the constrained optimization problem (3.19) is further suitably modiﬁed. To see this, without modiﬁcation, we ﬁrst prove that ρgn → ρg  strongly in L2 (0, ∞) as n → ∞. In fact, setting G = gn − g in (3.23) and (3.2) and subtracting the two expressions, we have ∞ ∞  2  2   2 an gn − a2 g (gn − g) dρ. ρ (gn − g ) dρ = −2 (3.29) 0



0 1



Using (3.8) and (3.21), we have the uniform bound |gn (ρ) − q| ≤ Cρ− 2 as ρ → ∞. Inserting this fact into (3.29) and assuming gn (ρ) ≥ q/2 for ρ ≥ R > 0, we have as in (3.26) the bound ∞ 2 ρ2 (gn − g  ) dρ 0



R ≤2







 1 a2n gn − a2 g (gn − g) dρ + CR− 2 (E1 (an , gn ) + E1 (a, g)) ,



0



which gives us the desired convergence result. To proceed further, we may assume without loss of generality that hn is already chosen to satisfy I(an , fn , gn , hn ) = inf{I(an , fn , gn , h) | h(∞) = 1}. In fact, deﬁne the functional ∞  2 1 2  2 λ  ρ (h ) + a2n h2 + ρ2 h2 − 1 F (h) = dρ. 2 4



(3.30)



(3.31)



0



Then it is clearly seen from the structure of the functional I that hn solves the optimization problem inf{F (h) | h(∞) = 1},



(3.32)



whose existence may be proved by modifying the proof of Lemma 3.1 slightly. Of course, hn satisﬁes 0 ≤ hn ≤ 1. Furthermore, as a critical point of F, hn satisﬁes (2.24), i.e.,  2   ρ hn = 2a2n hn + λρ2 (h2n − 1)hn , ρ > 0, (3.33)
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holds, which implies that hn actually stays positive when ρ > 0, 0 < hn (ρ) ≤ 1,



ρ > 0.



(3.34)



Besides, as in the proof of Lemma 3.1, the condition F (hn ) < ∞ allows us to show that lim inf ρ2 |hn (ρ)| = 0.



(3.35)



ρ→0



Integrating (3.33) and using (3.35), we arrive at ρ2 hn (ρ)



ρ =







  2a2n (τ ) + λτ 2 h2n (τ ) − 1 hn (τ ) dτ,



ρ > 0.



(3.36)



0



Since an (0) = 1 and hn satisﬁes (3.34), we conclude from (3.36) that hn (ρ) > 0 when ρ > 0 is small. In particular, the limit hn,0 = lim hn (ρ) ≥ 0 ρ→0



(3.37)



exists. We can show as in the proof of Lemma 3.1 that hn,0 = 0. Indeed, the expression (3.36) indicates that ρ2 hn (ρ) → 0 as ρ → 0. From this fact, (3.33), and the L’Hopital’s rule, we get     2hn,0 = lim 2a2n (ρ)hn (ρ) + λρ2 h2n (ρ) − 1 hn (ρ) ρ→0



  ρ2 hn (ρ) = lim ρhn (ρ). = lim ρ2 hn (ρ) = lim ρ→0 ρ→0 ρ→0 ρ



(3.38)



Therefore, in view of the proof of Lemma 3.1, we see that the assumption hn,0 > 0 would lead to the divergence of hn (ρ) when ρ → 0, which contradicts (3.37). Rewrite (3.23) in its strong version, (ρ2 gn ) = 2a2n gn . From (3.33), (3.34), and (3.39), we have   2 ρ (hn − gn ) ≤ 2a2n (hn − gn ).



(3.39)



(3.40)



In view of (3.40), the boundary condition (hn − gn )(0) = 0, (hn − gn )(∞) = 1 − q > 0, and the maximum principle, we have hn ≥ gn .



(3.41)



An important consequence of (3.41) is that the negative term −a2n gn2 can be absorbed into the positive term a2n h2n in E2 (an , fn , hn ) − E1 (an , gn ) to allow us to come up with the combined pointwise-positive resulting term a2n (h2n − gn2 ). Hence, we may further modify our minimizing sequence such that 0 ≤ an ≤ 1 holds. Using (3.41) and Fatou’s lemma, we have ∞ ∞  2    2 2 a (ρ) h (ρ) − g (ρ) dρ ≤ lim inf a2n (ρ) h2n (ρ) − gn2 (ρ) dρ. (3.42) 0



n→∞



0
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Applying (3.42) and the previously established fact ∞



ρ



lim



n→∞



2



(gn )2



∞ dρ =



0



ρ2 (g  )2 dρ,



(3.43)



0



we ﬁnally have ∞  lim I(an , fn , gn , hn ) ≥ lim inf



n→∞



n→∞



(an )2 +



0



(a2n − 1)2 2ρ2



1 λ ξ + ρ2 (hn )2 + ρ2 (h2n − 1)2 + (ρ2 (fn )2 2 4 2   2 2 2 2 2  2 2 sin fn + 2an sin fn ) + κan sin fn (fn ) + an dρ 2ρ2 ∞ ∞ 1 2 2 2 ρ2 (gn )2 dρ + lim inf an (hn − gn ) dρ − lim n→∞ 2 n→∞ 0



0



≥ I(a, f, g, h), 



and the proof of the lemma is now complete.



In the next section, we show that the optimal solution of (3.19) found is a solution of Eqs. (2.21)–(2.24) subject to the boundary conditions (2.18) and (2.19).



4. Solution of Governing Equations Let (a, f, g, h) be a solution of (3.19) obtained in Lemma 3.3. We have seen that, under the condition 0 < q < 1, the solution satisﬁes 0 ≤ a ≤ 1,



0 ≤ f ≤ π,



0 ≤ g ≤ q,



0 ≤ h ≤ 1.



(4.1)



Since the constraint (3.2) explicitly involves the functions a and g only, Eqs. (2.22), (2.23), and (2.24) are all valid automatically. Hence, it remains to show that (2.21) is satisﬁed regardless of the constraint (3.2) involving a. To this end, we take an arbitrary test function a ˜ ∈ C01 (0, ∞). For any a, f, gt , h) ∈ C t ∈ R, there is a unique corresponding function gt such that (a+t˜ and that gt depends on t smoothly. We deﬁne gt = g + g˜t ,



g˜ =



  g˜t d˜ gt  = lim , t→0 t dt t=0



(4.2)
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and replace a by a + t˜ a, g by gt = g + g˜t , and G by g˜t in (3.2) to arrive at ∞







2



ρ



(˜ gt )2



2



2



+ 2a (˜ gt )







∞







 2a˜ a + t˜ a2 gt g˜t dρ



dρ = −2t



0



0



⎛



≤ 2t ⎝2t



∞



a ˜2 gt2 dρ +



0



+ 2t2



∞



1 2t



a ˜2 |gt ||˜ gt | dρ,



∞



⎞ a2 g˜t2 dρ⎠



0



t = 0.



(4.3)



0



Using Lemma 3.1, we have 0 ≤ g, gt ≤ q. Hence, |˜ gt | ≤ 2q.



(4.4)



Inserting (4.4) into (4.3), we obtain the uniform bound  2  ∞    2 ∞ ˜t ˜t 2 g 2 g 2 +a a ˜2 dρ. ρ dρ ≤ 8q t t 0



(4.5)



0



Using g˜t (∞) = 0, the Schwartz inequality, and (4.5), we ﬁnd 



g˜t t







⎛ − 12



(ρ) ≤ ρ



⎝



∞



τ2







g˜t t



2



⎞ 12 (τ ) dτ ⎠ ≤ Cρ− 2 , 1



ρ > 0,



t = 0,



(4.6)



ρ



where C > 0 is a constant depending only on q and a ˜. Taking the t → 0 limits in (4.5) and (4.6), we see that g˜ deﬁned in (4.2) is of ﬁnite E1 energy, ∞ E1 (a, g˜) =







 ρ2 (˜ g  )2 + 2a2 g˜2 dρ < ∞,



(4.7)



0



and g˜(∞) = 0. Therefore, g˜ may be used as a test function in the constraint (3.2) as well, resulting in ∞







 ρ2 g  g˜ + 2a2 g˜ g dρ = 0.



(4.8)



0



We are now prepared to prove that Eq. (2.21) is fulﬁlled. Indeed, from   d I(a + t˜ a, f, g + g˜t , h) = 0, (4.9) dt t=0
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we observe in view of (4.8) that  2  ∞ (a − 1) sin4 f 3 2 2   2  2 2 ˜+ a + h a + ξ sin f a + κ sin f (f ) a + κ 2 a a aa ˜ dρ ρ2 ρ 0



∞ = (ρ2 g  g˜ + 2a2 g˜ g ) dρ = 0,



∀˜ a ∈ C01 (0, ∞),



(4.10)



0



which leads us to the satisfaction of (2.21) as claimed. Let (a, f, g, h) be the solution of (2.21)–(2.24) subject to the boundary conditions (2.18) and (2.19) obtained as a solution to the constrained minimization problem (3.19). We have seen that (4.1) holds. We now strengthen (4.1). Using the uniqueness theorem for the initial value problem of ordinary differential equations, we see that a must satisfy a(ρ) > 0 for all ρ > 0 since a ≡ 0 is a solution to (2.21). Furthermore, applying the maximum principle to (2.21), we conclude that a(ρ) < 1 for all ρ > 0. Likewise, we can also show that 0 < h(ρ) < 1 for all ρ > 0. Besides, subtracting (2.23) from (2.24) and using the property of h just derived, we have   2 (4.11) ρ (h − g) < 2a2 (h − g), which leads us to h(ρ) > g(ρ) for all ρ > 0. Moreover, since f ≡ 0 and f ≡ π are both solutions of (2.22), we have 0 < f (ρ) < π for all ρ > 0. Numerical simulation presented in [12] shows that a, f, g, h are all monotone functions. Using a, g > 0 and (3.12), we see that g is strictly increasing. We have encountered some difﬁculties in showing that a and h are monotones. However, we can show that f is strictly decreasing in ρ > 0. To get started, we assert that f  (ρ) = 0 when ρ is large enough. In fact, since f (ρ) → 0 as ρ → ∞, we see that there is some ρ0 > 0 such that 0 < f (ρ) < π/2 when ρ ≥ ρ0 . Suppose that there are some ρ1 , ρ2 such that ρ0 ≤ ρ1 < ρ2 < ∞ and f  (ρ1 ) = f  (ρ2 ) = 0. Then, integrating (2.22) over the interval (ρ1 , ρ2 ) and using sin(2f (ρ)) > 0 for ρ ∈ (ρ1 , ρ2 ), we reach a contradiction. We ﬁrst show that f is nonincreasing. Suppose otherwise that there are 0 < b1 < b2 < ∞ such that f (b1 ) < f (b2 ). Then there are points m1 > 0 and m2 > 0 such that f attains its lowest local minimum at ρ = m1 and its highest local maximum at ρ = m2 . We ﬁrst assume m1 < m2 . Of course, 0 < f (m1 ) < f (m2 ) < π. If f (m1 ) ≤ π −f (m2 ), set m3 = inf{ρ > m2 | f (ρ) = f (m1 )}. Then | sin f (ρ)| ≥ | sin f (m1 )|, ρ ∈ [m1 , m3 ]. Deﬁne f˜(ρ) = f (m1 ) for ρ ∈ [m1 , m3 ] and f˜ = f elsewhere. It is clear that E2 (a, f˜, h) < E2 (a, f, h), i.e., I(a, f˜, g, h) < I(a, f, g, h), (4.12) which contradicts the definition of (a, f, g, h). If f (m1 ) > π − f (m2 ), set m0 = sup{ρ ∈ (0, m1 ) | f (ρ) = f (m2 )}. Then | sin f (ρ)| ≥ | sin f (m2 )|, ρ ∈ [m0 , m2 ]. Deﬁne f˜(ρ) = f (m2 ) for ρ ∈ [m0 , m2 ] and f˜ = f elsewhere. We again arrive at (4.12) which is false. We next assume m1 > m2 . If f (m1 ) < π − f (m2 ),
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set m3 = inf{ρ > m1 | f (ρ) = f (m1 )}. We have m3 > m1 since m1 is a local minimum and | sin f (ρ)| ≥ | sin f (m1 )|, ρ ∈ [m1 , m3 ]. Deﬁne f˜(ρ) = f (m1 ) for ρ ∈ [m1 , m3 ] and f˜ = f elsewhere. We get (4.12). If f (m1 ) ≥ π − f (m2 ), set m0 = sup{ρ ∈ (0, m2 ) | f (ρ) = f (m2 )}. Then 0 < m0 < m2 and | sin f (ρ)| ≥ | sin f (m2 )|, ρ ∈ [m0 , m2 ]. Deﬁne f˜(ρ) = f (m2 ) for ρ ∈ [m0 , m2 ] and f˜ = f elsewhere. We also arrive at (4.12). Both cases are impossible. Therefore, f must be nonincreasing. To see that f is strictly decreasing, we assume otherwise that there are 0 < ρ1 < ρ2 < ∞ so that f (ρ1 ) = f (ρ2 ). Hence, f = f (ρ1 ) for ρ ∈ [ρ1 , ρ2 ]. In view of (2.22) and the properties 0 < f < π and a > 0, we have f ≡ π/2 which is false.



5. Calculation of Charges of Solution Finally, we are ready to calculate the magnetic, electric, Skyrme baryon, and monopole charges of a solution obtained in the previous sections. For convenience, we follow [25] to use isovector notation and let Aμ = α (Aα μ ) and Φ = (Φ ) (α = 1, 2, 3) be the gauge and Higgs ﬁelds, respectively, so that the curvature and covariant derivatives are given by Fμν = ∂μ Aν − ∂ν Aμ + eAμ × Aν ,



Dμ Φ = ∂μ Φ + eAμ × Φ.



(5.1)



Then the electromagnetic ﬁeld Fμν is deﬁned by the formula [25,38,39] Fμν =



1 1 Φ · Fμν − Φ · (Dμ φ × Dν Φ). |Φ| e|Φ|3



(5.2)



Inserting (2.8)–(2.10) into (5.2), we see that the electric and magnetic ﬁelds, E = (E i ) and B = (B i ), are given by [23,25,30] E i = −F 0i =



xi dg , r dr



(5.3)



1 xi B i = − ijk F jk = 3 . (5.4) 2 er Therefore, the magnetic charge Qm may be calculated immediately to give us  1 1 lim (5.5) Qm = B · dS = , 4π r→∞ e Sr2



where Sr2 denotes the 2-sphere of radius r and centered at the origin in the 3-space. We now evaluate the electric charge. Using (5.3) with ρ = eηr and Eq. (2.23), we see that the electric charge Qe is given by  1 lim Qe = E · dS 4π r→∞ Sr2



=



1 lim 4π r→∞







|x|


∇ · E dx
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1 lim = 4π r→∞



∂i



|x|


∞ = 0



1 = eη



d dr ∞ 0



∞ =2







r2



d dρ



dg dr







xi dg r dr
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dx







ρ2



dr dg dρ







a2 (r)g(r) dr,



dρ



(5.6)



0



which is as stated in (2.12). The ﬁniteness of Qe is apparent from the form of the energy density. To calculate the Skyrme baryon charge, QS , we follow tradition to repˆα ) where σ α resent the map φ as an SU (2)-valued map U = exp(if (r)σ α x † (α = 1, 2, 3) are the Pauli spin matrices and set Lμ = U ∂μ U. Then the baryon charge is the topological degree of the map U : R3 ∪ {∞} ≈ S 3 → SU (2) ≈ S 3 given by the formula  1 ijk Tr(Li Lj Lk ) dx QS = 24π 2 R3  1 ˆ × ∂k x ˆ ]) sin2 f dx =− 2 ijk ∂i f (ˆ x · [∂j x 4π R3  1 1 =− 2 sin2 f f  dx 2π r2 =−



2 π



R3 ∞ 



sin2 f f  dr = 1,



(5.7)



0



where we have used the boundary condition f (0) = π, f (∞) = 0. The Higgs ﬁeld Φ maps the inﬁnity of R3 which is topological the 2-sphere 2 S into the SU (2) or SO(3) vacuum manifold, modulo the residual symmetry U (1) or SO(3) and, hence, is classiﬁed by the homotopy group π2 (SU (2)/ U (1)) = Z. In other words, the solution corresponds to an integer class called the monopole charge, QM , which is actually the Brouwer degree or “winding number” of the normalized map ˆ= Φ Φ |Φ|



(5.8)



from a 2-sphere near inﬁnity of R3 into S 2 and has been identiﬁed with the magnetic charge [5,31], resulting in the conclusion QM = 1. This fact can also be veriﬁed directly when we insert (2.10) into (5.8) and use the well-known
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 ˆ α aj Φ ˆ β ∂k Φ ˆ γ dSi ijk αβγ Φ



Sr2



=



1 lim 8π r→∞







ˆ · (∂j x ˆ × ∂k x ˆ ) dSi ijk x



Sr2



=



1 lim 4π r→∞







Sr2



1 dS = 1, r2



(5.9)



as desired. Notice that, as for Qm given in (5.5), the functions a, f, g, h do not make their appearance in such a calculation either.



6. Summary of Proof We have seen that the constrained minimization problem (3.19) formulated for the purpose of constructing a continuous family of solutions of the static radially symmetric Georgi–Glashow–Skyrme equations (2.21)–(2.24) subject to (2.18) and (2.19) is solved in Sect. 3. Subsequently, in Sect. 4, it is shown that the constraint imposed in the minimization problem (3.19) does not give rise to a nontrivial Lagrange multiplier. In other words, the solutions of (3.19) obtained in Sect. 3 are proved to be the solutions of (2.21)–(2.24) subject to the boundary conditions (2.18) and (2.19). Through the ansatz consisting of the expressions (2.8)–(2.11), a calculation of the electric, magnetic, Skyrme baryon, and monopole charges is carried out in Sect. 5 which shows that the existence of a family of classical ﬁnite-energy unit-magnetic-charge dyon solitons of the Georgi–Glashow–Skyrme model continuously parameterized by a parameter q as stated in Theorem 2.1 is established. In other words, this existence result shows that, unlike the magnetic charge which is determined topologically, the electric charge cannot be ﬁxed topologically and may assume any value in a continuous interval.
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