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EXPONENTIALLY MIXING, LOCALLY CONSTANT SKEW EXTENSIONS OF SHIFT MAPS ´ ERIC ´ FRED NAUD



Abstract. We build examples of locally constant SU2 (C)-extensions of the full shift map which are exponentially mixing for the measure of maximal entropy.



1. Introduction and result If T : X → X is a uniformly hyperbolic map (for example an Anosov diffeomorphism or an expanding map on a smooth manifold), one can produce a skew extension by considering the new map Tb : X × G → X × G defined by Tb(x, w) := (T x, τ −1 (x)w), where G is a compact connected Lie group and τ : X → G is a given Gvalued function. Such a map is an example of partially hyperbolic system. Given a mixing invariant probability measure µ for (X, T ), the product by the normalized Haar measure m on G is obviously a Tb-invariant measure for which we can ask natural questions such as mixing, stable ergodicity etc... The qualitative ergodic theory is now fairly well understood, and we refer to the works [4, 5, 6]. The paper of Dolgopyat [6] shows that exponential mixing (for regular enough observables) is generic for extensions of smooth expanding maps, while rapid mixing is also generic for extensions of subshifts of finite type. If the map τ is piecewise constant on X, we call this skew extension locally constant. It is has been observed first by Ruelle [12], that locally constant extensions of hyperbolic systems cannot be exponentially mixing when G is a torus. If G = S 1 = R/Z, this essentially boils down to the fact that when τ takes only finitely many values, Dirichlet box principle shows that one can find sequences of integers Nk such that lim sup e2iπNk τ (x) − 1 = 0. k→∞ x∈X



For an in-depth study of locally constant toral extensions, we refer the reader to [7] where various rates of polynomial mixing are obtained, depending on the diophantine properties of the values of τ . In this paper, we will show that surprisingly in the non-commutative case, it is possible to exhibit a large class of locally constant extensions that are exponentially mixing. Let us introduce some notations. Let k ≥ 2 be an integer, and let Σ+ be the one-sided shift space Σ+ = {1, . . . , 2k}N , Key words and phrases. Symbolic dynamics, Compact Lie group extensions, mixing rates. 1
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endowed with the shift map σ : Σ+ → Σ+ defined by (σξ)n = ξn+1 , ∀ n ∈ N. Given 0 < θ < 1, a standard distance dθ on Σ+ is defined by setting  1 if x0 6= ξ0 dθ (x, ξ) = N (x,ξ) θ where N := max{n ≥ 1 : xj = ξj ∀ j ≤ n} otherwise. Given a continuous observable F : Σ+ × G → C, which is dθ -Lipschitz with respect to the first variable, we will use the norm kF kθ,G defined by Z Z 1 2 2 kF kθ,G := sup |F (x, g)| dm(g)+sup 2 |F (x, g)−F (ξ, g)|2 dm(g). x6=ξ dθ (x, ξ) G x∈Σ+ G We will denote by W2θ,G the completion of the space of continuous functions F (x, g) on Σ+ × G, which are dθ -Lipschitz with respect to x for the k.kθ,G norm. Pick τ1 , . . . , τk ∈ G and set for all ξ ∈ Σ+ , if ξ0 ∈ {k + 1, . . . , 2k}. τ (ξ) = τξ0 if ξ0 ∈ {1, . . . , k}, and τ (ξ) = τξ−1 0 −k Our main result is the following. Theorem 1.1. Let µ be the measure of maximal entropy on Σ+ . Assume that G = SU2 (C) and suppose that the group generated by τ1 , . . . , τk , τ1−1 , . . . , τk−1 is Zariski dense in G and that τ1 , . . . , τk all have algebraic entries. Then there exist C > 0, 0 < γ < 1 such that for all F ∈ L2 (Σ+ × G, dµdm), G ∈ W2θ,G we have for all n ∈ N, Z Z Z n ≤ Cγ n kF kL2 kGkθ,G . (F ◦ σ b )Gdµdm − F dµdm Gdµdm + Σ ×G



In other words, we have exponential decay of correlations for H¨older/L2 observables on Σ+ × G, in sharp contrast with the Abelian case. This surprising behaviour will follow from a deep result of Bourgain-Gamburd [3]. Extensions to more general groups are possible in view of the results obtained more recently [2, 1]. It is also very likely that the result holds for more general equilibrium measures on Σ+ , not just the measure of maximal entropy, and more general subshifts of finite type. This work should be pursued elsewhere. A corollary of this exponential rate of mixing is the following Central limit theorem for random products in SU2 (C), which may be of independent interest. Corollary 1.2. Let F ∈ W2θ,G be real valued, and consider the random variable on the probability space (Σ+ × G, µ × m) RR Sn (F )(ξ, g) − n F dmdµ √ Zn := , n where we have set Sn (F )(ξ, g) = F (ξ, g) + F (σξ, τξ−1 g) + . . . F (σ n−1 ξ, τξ−1 . . . τξ−1 g). 0 n−2 0
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Then there exists σF ≥ 0 such that as n → ∞, Zn converges to a gaussian variable N(0, σF ) in law. The validity of this CLT for generic extensions of hyperbolic systems (including locally constant extensions) and smooth enough F with respect to the G-variable is due to Dolgopyat in [6]. The point of our result is that no smoothness is required on F with respect to the G-variable, which is unusual in the CLT literature for hyperbolic systems. In particular, if F (ξ, g) = f (g) is in L2 (G), then the CLT holds. This CLT follows directly from absolute summability of correlation functions and the result of Liverani [11], more details can be found at the end of section § 2. 2. Proofs 2.1. Bourgain-Gamburd’s spectral gap result. As mentioned earlier, the proof is based on a result of Bourgain-Gamburd [3] on the spectral gap of certain Hecke operators acting on L2 (G). We start by recalling their result. Given S = {τ1 , . . . , τk } ⊂ G, one consider the operator given by TS (f )(g) :=



k  1 X f (τ` g) + f (τ`−1 g) . 2k `=1



This operator TS is self-adjoint on L2 (G) and leaves invariant the onedimensional space of constant functions. Let L20 (G) be   Z 2 2 L0 (G) := f ∈ L (G) : f dm = 0 . The main result of [3] asserts that if the generators τ1 , . . . , τk have algebraic entries and the group Γ = hτ1 , . . . , τk , τ1−1 , . . . , τk−1 i is Zariski dense, then TS has a spectral gap i.e. kTS |L20 (G) k < 1. By self-adjointness, this is equivalent to say that the L2 -spectrum of TS consists of the simple eigenvalue {1} while the rest of the spectrum is included in a disc of radius ρ < 1. A special case is when Γ is a free group, which is enough for many applications. A consequence of the spectral gap property is the following. If TS has a spectral gap then there exists 0 < ρ < 1 such that for all n ≥ 0 and f ∈ L2 , 



Z 



n



TS (f ) − f dm ≤ 2ρn kf kL2 . (1) 



L2



This deep result of spectral gap is related to the (now solved) Ruziewicz measure problem on invariant means on the sphere. For more details on the genesis of these problems and explicit examples, we refer the reader to the book of Sarnak [13], chapter 2, and to the paper [8] which was the starting point of [3]. This estimate is the main ingredient of the proof, combined with a decoupling argument and exponential mixing of the measure of maximal
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entropy. We recall that given a finite word α ∈ {1, . . . , 2k}n , the cylinder set [α] of length |α| = n associated to α is just the set [α] := {ξ ∈ Σ+ : ξ0 = α1 , . . . , ξn−1 = αn }. We will use the following Lemma. Lemma 2.1. For each α ∈ {1, . . . , 2k}n , choose a sequence ξα ∈ [α]. let F be an observable with kF kθ,G < +∞. Then we have the bound for all n ≥ 1, Z Z Z 1 X F (ξα , g)dm(g) − F dµdm ≤ kF kθ,G θn . (2k)n |α|=n G Proof. This is a rephrasing of the fact that the measure of maximal entropy is exponentially mixing for H¨older observables on Σ+ . Indeed, recall that in our case, the measure of maximal entropy µ is just the Bernoulli measure such that 1 µ([α]) = (2k)n when |α| = n. By Schwarz inequality, for all x ∈ [α], we have Z Z F (x, g)dm(g) − F (ξα , g)dm(g) ≤ kF kθ,G dθ (ξα , x) G



G



≤ kF kθ,G θn . Writing Z Z F dµdm =



X Z



Z F (x, g)dm(g),



|α|=n [α]



G



we deduce X Z Z Z µ([α]) F (ξα , g)dm(g) − F dµdm ≤ kF kθ,G θn , G |α|=n and the proof is done.  In the sequel, we will use the following notation: given a finite word α ∈ {1, . . . , 2k}n and ξ ∈ Σ+ , we will denote by αξ the concatenation of the two words i.e. the new sequence αξ ∈ Σ+ such that (αξ)j = αj+1 for j = 0, . . . , n − 1 and σ n (αξ) = ξ. We recall that given f, g ∈ C 0 (Σ+ ), we have the transfer operator identity Z Z n (f ◦ σ )gdµ = f Ln (g)dµ, Σ+



where we have Ln (g)(ξ) =



Σ+



1 X g(αξ). (2k)n |α|=n



This identity follows straightforwardly from the σ-invariance of the measure µ and its value on cylinder sets. Notice that the operator L is normalized i.e. satisfies L(1) = 1,
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which will be used throughout all the computations below. Notice also that using the above notations, we have for all f ∈ L2 (G), for all x ∈ Σ+ , 2k 1 X TS (f )(g) = f (τ (`x)g), 2k `=1



while TSn (f )(g) =



1 X f (τ (βx) . . . τ (βn−1 βn x)τ (βn x)g). (2k)n |β|=n



The fact that τ (x) depends only on the first coordinate of x is critical in the above identities. 2.2. Main proof. We now move on to the proof of the main result. Let F, G ∈ C 0 (Σ+ × G), and compute the correlation function: Z Z (F ◦ σ bn )Gdµdm Z Z = F (σ n x, τ −1 (σ n−1 x) . . . τ −1 (σx)τ −1 (x)g)G(x, g)dµ(x)dm(g). By using Fubini and translation invariance of the Haar measure we get Z Z Z Z n (F ◦ σ b )Gdµdm = F (σ n x, g)G(x, τ (n) (x)g)dm(x)dm(g), where τ (n) (x) = τ (x)τ (σx) . . . τ (σ n−1 x). Again by Fubini and the transfer operator formula we get Z Z Z Z n b n (G)dµdm, (F ◦ σ b )Gdµdm = FL where b n (G)(x, g) = L



1 X G(αx, τ (n) (αx)g). (2k)n |α|=n



The main result will follow from the following estimate. Proposition 2.2. There exist C > 0 and 0 < γ < 1 such that for all n ≥ 1, 



Z Z



n



b



sup L (G)(x, g) − Gdµdm ≤ CkGkθ,G γ n .



+ 2 x∈Σ



L (G)



Indeed, write Z Z



b n (G)dµdm − FL 



Z Z =



F



Z Z



b n (G) − L



Z Z F dµdm



Z Z



Gdµdm



 Gdµdm dµdm,



and use Schwarz inequality combined with the above estimate to get the conclusion of the main theorem. Let us prove Proposition 2.2. Writing n = n1 + n2 , we get X X 1 1 b n (G)(x, g) = L G(αβx, τ (n) (αβx)g). (2k)n1 (2k)n2 |α|=n1



|β|=n2
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Observe that we have (since τ depends only on the first coordinate) τ (n) (αβx) = τ (αβx) . . . τ (αn1 βx) τ (βx) . . . τ (βn2 x) . | {z }| {z } depends only on α



depends only on β



For all word α ∈ {1, . . . , 2k}n1 , we choose ξα ∈ [α], and set Gα (g) := G(ξα , τα1 . . . ταn1 g). We now have b n (G)(x, g) = L



X 1 TSn2 (Gα )(g) + Rn (x, g), (2k)n1 |α|=n1



where the ”remainder” Rn (x, g) is Rn (x, g) = X 1 1 n (2k) 1 (2k)n2 |α|=n1



X 



 G(αβx, τ (n) (αβx)g) − Gα (τβ1 . . . τβn2 g) .



|β|=n2 + Σ , we have



Note that for all x ∈ by translation invariance of Haar measure, 







≤ kGkθ,G dθ (αβx, ξα ),



G(αβx, τ (n) (αβx)g) − Gα (τβ1 . . . τβn2 g) 2 L (G)



and thus kRn (x, g)kL2 (G) ≤ θn1 kGkθ,G . On the other hand, using Lemma 2.1, we have 







Z Z X



1



n2



TS (Gα )(g) − Gdµdm



(2k)n1 



2 |α|=n1 L (G) 



Z X 



1



T n2 (Gα ) −



≤ G(ξ , g)dm(g) + O(kGkθ,G θn1 ). α S 



2 (2k)n1 G L (G) |α|=n1



By the spectral gap property (1), 



Z



n 



T 2 (Gα ) − G(ξα , g)dm(g)



S



G



≤ 2ρn2 kGα kL2 (G) ≤ 2ρn2 kGkθ,G ,



L2 (G)



therefore we have obtained, uniformly in x ∈ Σ+ , 



Z Z



n



b (G)(x, g) −



L Gdµdm = O (kGkθ,G (θn1 + ρn2 )) , 



2 L (G)



and the proof ends by choosing n1 = [n/2], n2 = n − n1 .  In the proof, we have used no specific information about the group G, except that TS has a spectral gap. Therefore the main theorem extends without modification to the case of G = SUd (C) and more generally any compact connected simple Lie group by [1].   √ √ We also point out that the rate of mixing obtained is O (max{ θ, ρ})n , which can be made explicit if TS has an explicit spectral gap, see [8] for some examples arising from quaternionic lattices. On the other hand, if Γ = hτ1 , . . . , τk , τ1−1 , . . . , τk−1 i
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is free, it follows from a result of Kesten [10] that the L2 -spectrum of TS contains the full continuous segment √  √  2k − 1 2k − 1 − , ,+ k k  √ n  2k−1 which suggests that the rate of mixing cannot exceed O . k 2.3. Central Limit Theorem. The CLT, has stated in the introduction follows from the paper of Liverani [11], section §2 on non invertible, onto maps. Following his notations we have for all F ∈ L2 (dmdµ), T (F ) = F ◦ σ b, b Given F ∈ W2 with while the L2 -adjoint T ∗ is T ∗ = L. θ,G we know that : (1) we have by Theorem 1.1 ∞ Z Z X ` < ∞, (F ◦ σ b )F dµdm 



RR



F dmdµ = 0,



`=0



(2) by Proposition 2.2, the series X b ` (F ), L `∈N



converges absolutely almost surely (actually in L1 (dmdµ)). We can therefore apply Therorem 1.1 from [11], which says that the CLT holds and that the variance σF is vanishing if and only of F is a coboundary. b 1 one could also use a Alternatively, since we have a spectral gap for L spectral method and perturbation theory to prove the CLT, see [9] for a survey on this approach for proving central limit theorems. Acknowledgments. Fr´ed´eric Naud is supported by ANR GeRaSic and Institut universitaire de France. References [1] Yves Benoist and Nicolas de Saxc´e. A spectral gap theorem in simple Lie groups. Invent. Math., 205(2):337–361, 2016. [2] J. Bourgain and A. Gamburd. A spectral gap theorem in SU(d). J. Eur. Math. Soc. (JEMS), 14(5):1455–1511, 2012. [3] Jean Bourgain and Alex Gamburd. On the spectral gap for finitely-generated subgroups of SU(2). Invent. Math., 171(1):83–121, 2008. [4] M. I. Brin. The topology of group extensions of C-systems. Mat. Zametki, 18(3):453– 465, 1975. ´ [5] Keith Burns and Amie Wilkinson. Stable ergodicity of skew products. Ann. Sci. Ecole Norm. Sup. (4), 32(6):859–889, 1999. [6] Dmitry Dolgopyat. On mixing properties of compact group extensions of hyperbolic systems. Israel J. Math., 130:157–205, 2002. [7] Stefano Galatolo, J´erˆ ome Rousseau, and Benoit Saussol. Skew products, quantitative recurrence, shrinking targets and decay of correlations. Ergodic Theory Dynam. Systems, 35(6):1814–1845, 2015. 1Proposition 2.1 can indeed be refined to show that L b : W2θ,G → W2θ,G has a spectral



gap, but we have chosen here the shortest path.
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