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We study the extinction caused by a single particle and present a conceptual phase-based explanation for the related optical theorem. Simulations of the energy flow caused by a particle’s presence in a collimated beam of light demonstrate how the extinction process occurs. It is shown that extinction does not necessarily cause a reduction of the energy flow along the exact forward direction. Implications regarding the measurement of the single-particle extinction cross section are discussed. This work is extended to noninteracting and interacting multiparticle groups in Part II [J. Opt. Soc. Am. A 25, pp. 1514 (2008)]. © 2008 Optical Society of America OCIS codes: 290.2200, 290.5850, 290.1310, 260.3160, 000.2690.



1. INTRODUCTION Consider the situation depicted in Fig. 1. The sketch labeled (a) shows a detector with its sensitive face exposed to the energy flow of an oncoming collimated beam of light. This beam will be denoted as the incident wave, and its propagation direction as the forward direction. Now consider the sketch labeled (b). Here a particle is present, as indicated by P. The detector is assumed to be in the particle’s far-field zone. With the particle present, the incident wave no longer exists due to interactions with the particle; the wave is replaced with a new wave, referred to as the total wave, that propagates and carries energy in all directions and hence accounts for the scattering of the incident beam. Energy can also be absorbed by the particle’s material, and this absorption accounts for a net flow of energy into the particle’s interior. The energy flows due to scattering and absorption are both figuratively illustrated in Fig. 1(b) and are associated with a reduction of the power received by the detector facing into the forward direction as shown. Extinction is the effect that describes the reduction of the power received by this detector when a particle is present. The essence of extinction is the conservation of energy. Analogs of the above example of extinction and the related optical theorem occur in acoustical and quantummechanical scattering [1]. Extinction has received extensive consideration in the literature because of its importance as a fundamental aspect of electromagnetic scattering theory [2–8]. Despite this attention, however, a careful graphically based examination of how extinction occurs and the subtle details of its theoretical description, including the optical theorem, have yet to be presented. The exposition given in this article and its Part II companion will study extinction in the context of singleparticle and multiparticle systems and will result in a new understanding of how extinction occurs [9]. For example, extinction is often described as the reduction of the energy flow along the forward direction due to scat1084-7529/08/071504-10/$15.00



tering and absorption. Indeed, this is consistent with the idea behind Fig. 1 mentioned above. However, it will be shown that extinction does not necessarily result in a reduction of the total energy flow along the exact forward direction and can sometimes result in the enhancement of this flow. This forward-flow behavior is not only consistent with, but is requisite for, the conservation of energy. The measurements pertaining to Fig. 1 will be revisited, and the familiar characteristic of extinction as reducing the power received by a detector will be shown to be a consequence of the detector having a finite size. Section 2 gives a brief review of the essential mathematics and presents the optical theorem, and Section 3 discusses some of the subtle aspects of the extinction theory. Section 4 explains how interference accounts for the redistribution of energy involved in extinction. Simulations of the energy flows caused by the interference are presented in Section 5 and show how the flows integrate to yield the extinction cross section. A connection between a particle’s physical properties and its extinction cross section is discussed in Section 6. Implications regarding extinction measurements are given in Section 7, and the article ends with comments given in Section 8. The reader should note that this work and its Part II companion are not intended to provide a comprehensive review of all previous studies of extinction in the various disciplines of wave physics.



2. MATHEMATICAL BACKGROUND The electric and magnetic fields of a monochromatic plane wave can be used to describe a collimated beam of light and are given by ˆ ·n ˆ inc兲, Einc共r兲 = Einc o exp共ikrr © 2008 Optical Society of America
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Fig. 1. Effect of extinction as described by two measurements. Sketch (a) shows a detector with its sensitive face looking into the incident beam when no particle is present. Sketch (b) shows the same situation with a particle present and labeled by P. The energy flows corresponding to the incident and scattered waves, and the flow into the particle due to absorption, are both figuratively indicated.



Binc共r兲 =



k







ˆ inc ⫻ Einc共r兲, n



共2兲



is a constant vector describing respectively, where Einc o the amplitude and polarization of the wave (cf. [10]). Only linear polarization is considered here. The incident wave ˆ inc direction with a wavenumber k travels along the n = 2 / , where  is the vacuum wavelength. The time dependence of the wave is harmonic and given by exp共−it兲, where  is the angular frequency,  = kc, and c is the speed of light in vacuum. The time dependence will be suppressed for brevity. The particle is centered on the origin of the laboratory coordinate system and is assumed to be homogeneous in composition and surrounded by vacuum. See [11–13] for generalizations to the case when the particle resides in an absorbent medium. The complex-valued refractive index of the particle is given by m. Surrounding the particle is a large imaginary spherical surface Sl of radius Rl centered on the origin; see Fig. 2. This surface is large enough that points on it satisfy the far-field conditions of [14]. The observation point r is given by the spherical polar coordinates 共r ,  , 兲 and is restricted to points on Sl for simplicˆ inc directions are referred to as the ˆ inc and −n ity. The n forward and backward directions, respectively. Figure 2 illustrates the scattering arrangement where the incident ˆ inc = zˆ and polarized parallel to the x wave is shown with n axis. Only the incident wave exists at r in the absence of the particle. With the particle present, however, a new wave exists, which can be mathematically decomposed into separate waves, the incident and scattered waves, E共r兲 = Einc共r兲 + Esca共r兲,



共3兲



B共r兲 = Binc共r兲 + Bsca共r兲.



共4兲



The particular choice of this decomposition is to facilitate a comparison between the total energy flow in the case
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Fig. 2. (Color online) Sketch of the scattering arrangement with an arbitrarily shaped particle centered on the origin of the laboratory coordinate system. The intersection of the large spherical surface Sl with the x–y, y–z, and x–z planes through the origin is shown by the dashed lines. The circular contour Cl is defined by the intersection of Sl with the y–z plane as shown.



when the particle is present and when it is absent. Because r satisfies the far-field conditions on Sl, the scattered wave is a transverse outward-traveling spherical wave [14]. This results in a simple form for the scattered electric field, Esca共r兲 =



exp共ikr兲 r



ˆ 兲, Esca o 共r



共5兲



where Esca o is the so-called scattering amplitude and is independent of r. The magnetic field follows from Eq. (5) via the transverse nature of the far-field scattered wave, Bsca共r兲 =



k exp共ikr兲







r



ˆ 兲. rˆ ⫻ Esca o 共r



共6兲



The scattered wave is related to the wave inside the particle. In essence, the internal wave acts as the source of the scattered wave, and the connection between the two is given by the volume integral equation (VIE) discussed in [15] and on p. 35 of [5]. The VIE can give insight into the wave-superposition origin of features of the scattered wave that can be obscured by the corresponding boundary value solutions [16]. In the VIE formalism, the far-field scattering amplitude of Eq. (5) is ˆ兲 = Esca o 共r



k2 4



↔



共m2 − 1兲共 I − rˆ 丢 rˆ兲 ·



⫻exp共− ikr⬘ · rˆ兲dr⬘ ,



冕



Eint共r⬘兲



V



共7兲



where Eint is the electric field inside the particle and the integration is carried out over the particle’s volume V [5,15,17]. Inspection of Eqs. (5)–(7) shows that the farfield form of the scattered fields effectively treats the particle as a point at the origin. The angular variability of the fields is described by the scattering amplitude Esca o , which is independent of r. The transport of energy in an electromagnetic wave is given by the Poynting vector, which in its time-averaged form is related to the fields of the wave as
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具S共r兲典t =



1



Re兵E共r兲 ⫻ 关B共r兲兴*其,



2o
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具S共r兲典t = 具Sinc共r兲典t + 具Ssca共r兲典t + 具Scross共r兲典t ,



共9兲



where



具Ssca共r兲典t =



1



Re兵Einc共r兲 ⫻ 关Binc共r兲兴*其,



共10兲



Re兵Esca共r兲 ⫻ 关Bsca共r兲兴*其,



共11兲



2o 1 2o



具Scross共r兲典t =



1



Re兵Einc共r兲 ⫻ 关Bsca共r兲兴*



2o



+ Esca共r兲 ⫻ 关Binc共r兲兴*其.



共12兲



Equation (10) describes the energy flow at r due to the incident wave, and Eq. (11) describes the flow due to the scattered wave. Notice that the cross term of Eq. (12) involves products of the fields of both the incident and scattered waves, which shows that 具Scross典t describes the portion of the total energy flow at r due to the interference of the two waves. Electromagnetic energy will be removed from the wave if the particle’s material is absorbent. This loss constitutes a net inward flow through Sl given by Wabs = −



冖



具Scross共r兲典t · rˆdS.



共17兲



Sl



where the asterisk denotes complex conjugation and 具. . .典t denotes time averaging [18]. The units of the Poynting vector are energy/共area⫻ time兲 and hence describe an energy flux or flow. The component of 具S典t directed into the sensitive face of a detector and integrated over its face is taken to represent the detector’s response to the wave; see Subsection 3.6 of [15]. Note that there is some debate as to whether or not the Poynting vector gives the proper description for energy transport in a wave [19–26]. Nevertheless, the traditional interpretation of the Poynting vector is pursued here since it is well verified by measurement [26–37]. From Eqs. (3) and (4), Eq. (8) factors into three distinct terms:



具Sinc共r兲典t =



Wcross = −



冖



具S共r兲典t · rˆdS;



共13兲



Sl



see p. 57 of [5]. The quantity Wabs gives the total power absorbed within the particle and is either positive or zero. Using Eq. (9), this becomes



The quantity Winc gives the net power crossing Sl due to the incident wave, which is zero since the incident wave carries as much energy per unit time into the volume bounded by Sl as it carries out of the volume; see [38] and p. 57 of [5]. The quantity Wsca gives the net power crossing Sl due to the outward-traveling scattered wave and is either positive or zero. With Winc = 0, Eq. (14) now reads



which expresses the conservation of energy as it pertains to the energy content of the scattered wave, the interference between the incident and the scattered waves, and the energy absorbed by the particle. To understand the meaning of Wcross, let the volume of space inside Sl, including the particle, define the so-called system; see pp. 77 and 78 of [28]. Equation (18) then shows that Wcross is equal to the net power lost by the system due the outward-traveling scattered wave and absorption within the particle. This net loss is extinction, and it is a statement of the conservation of energy. Notice that the definition of extinction makes no explicit reference to any requisite attenuation of the net energy flow along the forward direction. This is evident from the explicit dependence in Eqs. (16) and (17) on all directions. The scattering, absorption, and extinction cross sections Csca, Cabs, and Cext are defined from Wsca, Wabs, and Wcross, respectively, by normalizing the latter by the en2 ergy flux of the incident wave Iinc = 共⑀o / o兲1/2 兩 Einc o 兩 / 2. The optical theorem is derived by combining Eqs. (12) and (17) to give



Wcross = −



1 2o



Re



冖



共14兲



兵Einc共r兲 ⫻ 关Bsca共r兲兴*



Sl



+ Esca共r兲 ⫻ 关Binc共r兲兴*其 · rˆdS.



共19兲



The plane-wave exponentials that appear in Eq. (19) through Einc and Binc, recall Eqs. (1) and (2), can be expanded as ⬁



ˆ inc兲 = 4 exp共ikrrˆ · n



兺 l=0



Wabs = Winc − Wsca + Wcross ,



共18兲



Wcross = Wsca + Wabs ,



l



iljl共kr兲



兺Y



m=−l



* 共r ˆ 兲Ylm共n ˆ inc兲, lm



共20兲



where Winc = −



冖



具Sinc共r兲典t · rˆdS,



共15兲



Sl



Wsca =



冖



Sl



具Ssca共r兲典t · rˆdS,



共16兲



where jl are spherical Bessel functions of the first kind and order l, and Ylm are spherical harmonics; see Appendix A in [5]. By taking the limit that the observation point goes to infinity, the large-argument form of the spherical Bessel functions can be used in combination with the completeness relation for the spherical harmonics to reduce Eq. (20) to
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冋



ˆ inc兲 = 2i ␦共rˆ + n ˆ inc兲 exp共ikrrˆ · n ˆ inc兲 − ␦共rˆ − n



distance from the particle in the far field in every direction except the exact forward direction. Because a particle’s extinction cross section should be independent of the distance from the particle in the far-field zone, one can conclude that the optical theorem should then depend only on the forward direction (cf. [41,42]).



exp共− ikr兲 kr



exp共ikr兲 kr



册



,
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kr → ⬁ . 共21兲



Combining Eq. (19) with Eq. (21), using Eqs. (1), (2), (5), and (6), and remembering that Cext = Wcross / Iinc shows that the extinction cross section can be expressed as Cext =



4 2 k兩Einc o 兩



inc*



Im兵Eo



ˆ inc兲其. · Esca o 共n



共22兲



Equation (22) is the optical theorem; it relates the extinction cross section to the imaginary part of the scattering amplitude evaluated in the forward direction. An alternative way to arrive at the optical theorem from Eq. (19) is to use Jones’ lemma, which utilizes the method of stationary phase to evaluate Eq. (19) in the limit that kr → ⬁; see Appendix 12 in [36]. Regardless of how it is derived, the optical theorem requires the limit kr → ⬁. This point serves as a reminder that the theorem is only approximate in the far field and becomes strictly valid only at infinity. In addition, the incident wave must be planar; otherwise, Eq. (22) can fail (e.g., see [40]).



3. SUBTLE NATURE OF EXTINCTION



4. INTERFERENCE OF THE TWO WAVES Consider the formulation of Eq. (17) as being the cross term between the incident and the scattered waves, i.e., the interference of these two waves [3]. Figure 3 qualitatively shows how the planar incident wave and the scattered spherical wave interfere in the far field to produce a pattern of alternating radial inward and outward flow for 具Scross典t; see Appendix A. This happens because the relative phase between the waves changes with direction and distance from the particle and demonstrates that the waves interfere over all directions. This alternating flow structure is shown for points on Cl in Figs. 4 and 6 (below), and one can see that the inward-outward flow becomes finer with angle as the distance Rl from the particle increases. The integration of these energy flows via Eq. (28) (below), shown in Figs. 4 and 7, yields the extinction cross section Cext. One can see that the energy flows in the side directions when integrated over a small angular range nearly yields zero due to the partial cancellation of neighboring regions of opposing radial flow. It is only when the angular range extends into the neighborhood of the forward direction that the partial cancellation be-



Much of the present understanding of extinction and the physical meaning of the optical theorem traces to van de Hulst [8,39]. In that work, the removal of energy from the incident wave is claimed to be due to the interference of the incident and scattered waves in only the “neighborhood of the forward direction.” When looking more closely, however, several questions arise. If extinction is to be regarded as the combined effect of scattering and absorption, then • why does the optical theorem show no apparent account for absorption, • why does the optical theorem involve only the forward direction when the scattered wave, upon which the theorem depends, has energy flow in all directions? Here the answers to these questions are summarized, and the sections to follow give detail to these answers. The dependence of extinction on a particle’s absorption is hidden in the scattering amplitude Esca o . The VIE shows that the scattering amplitude depends on the specific structure of the particle’s internal electric field. The magnitude and direction of this field are affected by the absorptive properties of the particle’s material. The forward-direction dependence of the optical theorem is a result of the way that the incident and scattered waves interfere. Equations (12), (17), and (18) show that the extinction caused by the particle is given by the component of the interference energy flow that passes through Sl in all directions. Below it is shown that this flow alternates between inward and outward through Sl as a function of direction. Moreover, it is shown that the angular distribution of the alternating flow changes with



r Θ



 ninc



P ∆



 Λ incident wave scattered wave Fig. 3. Sketch showing how the incident and scattered waves interfere. The surfaces of constant phase for the two waves are drawn separated by intervals of  in phase in the plane containing the origin and perpendicular to Einc o . The light and dark lines correspond to the surfaces for the incident and scattered waves, respectively. The relative difference in phase between the waves in the forward direction is indicated by ␦. Dashed and solid lines represent maxima and minima of the waves’ amplitudes, respectively. Solid–solid (dashed–solid) line intersections qualitatively indicate an outward (inward) radial component of the 具Scross典t energy flow; recall Eq. (24).
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Fig. 4. (Color online) (Left column) Polar plots of 具Scross典t · rˆ on the Cl contour as a function of angle in the plane perpendicular to the polarization of the incident field. The curves are normalized to the forward direction. The particle is a sphere with kR = 4.0 and m = 1.10+ 0i. The plots labeled (a), (b), and (c) show the energy flow for increasing Cl contour radii Rl = 10R, Rl = 20R, and Rl = 100R, respectively. Zero is indicated in polar plot (a). (Right column) Plots of the integral given by Eq. (28) normalized by Cext for the contour radii indicated in the corresponding polar plots.
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comes more incomplete, contributing to a nonzero net inward flow through Sl back toward the particle. Moreover, it is only after all directions, including the forward direction, are included in the integral that the full extinction cross section is obtained. Only in the forward direction is the relative phase between the incident and the scattered waves constant in r, and it is this behavior of the relative phase and the planar surfaces of constant phase of the incident wave that give the optical theorem its unidirectional character. One can see the independence of the relative phase between these waves in the forward direction by comparing the exponential terms in Eqs. (1), (2), (5), and (6). The independence of Esca o on r is what makes the relative phase constant in the forward direction and is a direct consequence of the farfield form of the scattered wave. This graphical-based reasoning can be made more rigorous. In the process, the role of absorption in extinction is revealed and a connection between the extinction cross section and a particle’s physical characteristics is obtained. In the following, the observation point is restricted to the circular contour Cl. For the arrangement shown in Fig. 2, this contour resides in the y – z plane as indicated and is defined by the intersection of this plane with Sl. Consequently, ˆ · Esca rˆ · Einc o =r o = 0,



r 苸 Cl ,



具Scross共Rlrˆ兲典t · rˆ =



Rl



ˆ inc兲兴其, K共rˆ兲Re兵fo共rˆ兲exp关ikRl共1 − rˆ · n r 苸 Cl ,



共24兲



ˆ inc , K共rˆ兲 = 1 + rˆ · n



共25兲



inc*



共26兲



where co = 共⑀o / o兲1/2 and



and fo共rˆ兲 = Eo



ˆ 兲. · Esca o 共r



counts for the angular dependence of the relative difference in phase between the incident and the scattered waves. This term has no dependence on the physical properties of the particle and hence accounts for the features of the interference energy flow that are a consequence of the form of the waves in the far-field zone. The angular structure of 具Scross典t shown in Fig. 4 can now be explained. As r advances along the Cl contour, the ˆ inc兲兴 oscillates, causing the radial term exp关ikRl共1 − rˆ · n component of 具Scross典t to alternate from being directed away from to toward the particle. The function fo is an angular envelope bounding this energy flow. Moreover, if one considers the intensity of the scattered wave, which is given by Eq. (11) as Isca共rˆ兲 = r2具Ssca共r兲典t · rˆ, then Eqs. (5), (6), and (23) show that Isca共rˆ兲 =



co 2



ˆ 兲 · 关Esca ˆ 兲兴* , Esca o 共r o 共r



共27兲



which involves the same angular functionality as fo [cf. Eq. (26)]. Figure 4(b) shows Isca and K superimposed on the interference flow. Both curves are normalized to the forward direction, and one can see the influence that Isca and K have on the angular shape of the overall envelope bounding the flow.



共23兲



and using Eqs. (1), (2), (5), (6), and (12), the radial component of the interference term in the total Poynting vector can be expressed as co
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ˆ diNote that 具Scross典t has components along the ˆ and  rections also, but it is only the rˆ component that carries energy away from (or toward) the particle and hence is of interest here. The term K in Eq. (24) is the so-called obliquity factor, which vanishes in the backward direction ˆ inc and originates from the counterpropagation of the −n two waves in that direction. The significance of the two terms inside the Re兵. . .其 filter in Eq. (24) requires some care to describe. The first term, fo, is a complex-valued function of angle that accounts for the variation in magnitude and phase of the scattered electric field. By comparing Eqs. (7) and (26), one can see that fo is independent of r and receives its angular functionality from the phase factor exp共−ikr⬘ · rˆ兲 in the VIE [cf. Eq. (7)]. This shows that fo describes the influence of the particle’s physical properties, like size and shape, on the interference energy flow. By comparing the exponential factors appearing in Eqs. (1) and (5), one ˆ inc兲兴 in Eq. (24) acfinds that the factor exp关ikRl共1 − rˆ · n



5. EXAMPLES OF THE ENERGY FLOW CAUSED BY A SINGLE SPHERICAL PARTICLE Simulations of spherical particles are examined below to illustrate how 具Scross典t describes extinction and integrates over Sl to yield Cext. Both the scattered fields and the extinction cross section for the particle are found from the Mie solution to the Maxwell equations following Section 4 of [7]. First consider a small spherical particle with size parameter kR = 4.0 and refractive index m = 1.10+ 0i, where R is the sphere radius. The propagation and polarization ˆ inc = zˆ and directions of the incident wave are taken to be n ˆ = x , respectively. The polar plots in Figs. 4(a)–4(c) Einc o show the radial component of the 具Scross典t energy flow along the Cl contour for successively larger values of Rl. To see how this energy flow integrates over Sl to yield Cext through Eq. (17), consider the integral



 Cext共s兲 =



1 I



inc



冕



具Scross共r兲典t · rˆdS.



共28兲



Sb



The symbol  is not intended to represent a derivative. The open surface Sb in Eq. (28) is the part of the large (closed) spherical surface Sl that extends from  = , the backward direction, to  = s; see Fig. 5(a). When s = , Sb disappears, and when s = 0, Sb = Sl. Notice that there is a sign difference between Eqs. (17) and (28) so that Cext = −  Cext共0兲.



共29兲



Shown in the right-hand column of Fig. 4 are plots of the integral Cext / Cext as s varies from  down to zero. The value of Cext is calculated directly from the Mie series to verify that the integral in Eq. (28) does indeed yield the correct cross section when s = 0.



1510



J. Opt. Soc. Am. A / Vol. 25, No. 7 / July 2008



Fig. 5. (Color online) Partial surfaces Sb and Sf surrounding the spherical particles used to generate the plots of Cext / Cext in Figs. 4 and 7 via Eq. (28). In sketch (a), the surface begins in the backward direction at  =  and extends to  = s. In sketch (b), the surface begins in the forward direction at  = 0 and extends to  =  s.



In the polar plot in Fig. 4(a), Rl = 10R and the 具Scross典t energy flow is seen to alternate from radially outward to inward, as expected from Eq. (24). The zero line is labeled in this plot. Examination of the corresponding plot of Cext / Cext shows that it oscillates about zero until around s = 0, where Cext共0兲 / Cext = −1; recall Eq. (29). This negative value at s = 0, where the partial surface Sb becomes complete, coinciding with Sl, indicates that 具Scross典t carries a net inward flow of energy through Sl. This net inward flow is the extinction and demonstrates why the negative sign appears in front of the integral in Eq. (17), ensuring that Cext 艌 0. Figures 4(b) and 4(c) show the energy flow for increasing Cl contour radii Rl = 20R and Rl = 100R, respectively. These polar plots demonstrate that the flow becomes finer with increasing Rl but remains unchanged in the forward and backward directions, as expected from Fig. 3. One can also clearly see the diminishment of the flow near the backward direction. Now consider the two pairs of peaks labeled d, e and f, g. Comparison of these peaks shows that each successive peak is slightly greater in magnitude than the peak preceding it in s. Moreover, the difference in magnitude between successive peaks increases as s approaches zero. Consequently, the partial cancellation of angular regions of opposing energy flow becomes less complete nearer to the forward direction. In the limit that kRl → ⬁, the peaks would be spaced infinitesimally close together in angle and would be infinite in number but would still occur in opposing-flow peak pairs. In this case the contribution to the extinction cross section would still originate from the (infinitesimally) incomplete cancellation of neighboring angular regions of opposing flow. This limiting behavior of the energy flow is the physical significance behind the method of stationary phase as it is used to derive the optical theorem (cf. [36]). The plots of 具Scross典t in Fig. 4 share a key common feature. The flow alternates radially more rapidly with angle ˆ inc reas Rl increases, but the direction of the flow along n mains unchanged. Inspection of these plots shows that when the integral in Eq. (17) adds up this alternating flow over Sl, it will add together regions of opposing flow of nearly equal magnitude in the side scattering directions. These regions of opposing flow will partially cancel each other’s contribution to the integral. The plots of Cext / Cext
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in Fig. 4 show the cancellation between adjacent regions of opposing flow becoming less complete closer to the forward direction. This is why extinction has the appearance of being a forward angle effect. To examine the affect of absorption on extinction, Fig. 6 shows polar plots like Fig. 4, but for a larger sphere with increasing values of Im共m兲. The plots show the same qualitative behavior as the nonabsorbent spheres, demonstrating that absorption does not remove the radially alternating character of the interference energy flow. Consequently, extinction is still achieved via the same interference mechanisms described above. Notice that between Figs. 4 and 6, the increased size and refractive index of the particles causes the direction ˆ inc to change. This unexpected beof energy flow along n ˆ inc dihavior is explained by evaluating Eq. (24) in the n rection with the substitution of Eqs. (32) and (33) below, giving ˆ inc兲典t · n ˆ inc = 2A 具Scross共rn



co r



cos  .



共30兲



Because both Cext and A are necessarily nonnegative, Eq. (34) below shows that  above is bounded in 关0 , 兲. Equation (30) then reveals that the energy flow should alterˆ inc as  varies with changes in nate in direction along n the physical properties of the particle through Eq. (33). Figure 7 shows the integral of Eq. (28) for the absorbent spheres in Fig. 6. Except for a different perspective, the integral is taken over the partial surface Sf shown in Fig. 5(b). This surface begins in the forward direction at  = 0 and extends to  = s. Indicated in the legend of Fig. 7 are the extinction cross sections for each of the three spheres as calculated directly from the Mie series. Also indicated on each curve is the value of Cext when the partial surface Sf closes at s =  and coincides with Sl. The use of Sf instead of Sb demonstrates the expected result that it does not matter from which direction, forward or backward, the alternating energy flow is integrated. The curves clearly show that the dominant contribution to the cross section occurs near the forward direction as stated by van de Hulst [8]. Comparing Figs. 6 and 7 demonˆ inc can strates that the direction of the energy flow along n be either toward or away from the particle and the correct extinction cross section is still obtained upon integration of the flow over all directions.



6. CONNECTION TO THE PARTICLE’S PHYSICAL PROPERTIES Using the VIE for the scattering amplitude, it is possible to demonstrate how the physical properties of the particle, i.e., its size, shape, and refractive index, affect the extinction cross section. From Eq. (7), the amplitude profile fo appearing as the argument of the Im兵. . .其 filter in the optical theorem [Eq. (22)] is inc*



Eo



ˆ inc兲 = · Esca o 共n



k2 4



共m2 − 1兲



冕



inc*



Eo



· Eint共r⬘兲



V



ˆ inc兲dr⬘ , ⫻exp共− ikr⬘ · n



共31兲



where use has been made of the transverse character of
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Fig. 7. (Color online) Plots of the integral Cext / Cext of Eq. (28) for the interference energy flow due to the spheres in Fig. 6. The partial surface Sf used to generate the curves extends from  = 0 to  = s and is shown in Fig. 5(b). The size of the surface is Rl = 20R. The values for Cext in the legend are calculated directly from the Mie series for comparison to the values shown on the curves at s = . inc*
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respectively, which when combined with Eq. (22) gives



Cext =



Fig. 6. (Color online) Polar plots of 具Scross典t · rˆ on the Cl contour like Fig. 4 except for spheres with varying degrees of absorption. The size parameter of the particles is kR = 6.18, and their refractive index varies from m = 1.10+ 0i in (a), to m = 1.10+ 0.15i in (b), to m = 1.10+ 0.30i in (c). The contour radius is Rl = 10R. inc



ˆ inc the far-field scattered wave and the relation Eo * · 共n inc int ˆ 兲 · E = 0. Using Eq. (31), one can define an ampli丢n tude and phase factor as



4 2 k兩Einc o 兩



A sin  .
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This result is essentially equivalent to the form appearing in [8,39]. To see how the optical theorem relates the particle’s physical properties to Cext through Eq. (34), first suppose that the particle is absorbent. This would mean that Im共m兲 艌 0. Referring to Eq. (33) shows that this can cause  to increase, and thus increase Cext, as compared to an identical particle without absorption. This provides a connection between the particle’s absorption and its influence on the extinction cross section; but there is more to this. The appearance of absorption in a particle causes its internal field to change as compared to its nonabsorbent counterpart. With absorption, the field magnitude decays with distance into the particle, and near its inner surface, the field becomes directed more tangential to the surface; see pp. 352–356 of [27]. This then provides an indirect connection and could counteract the enhancement in Cext due to Im共m兲, as mentioned above. Similarly, the size of the particle, its shape, and its orientation if it is nonspherical, all directly affect the structure of the internal field and hence the value of the integral appearing in Eqs. (32) and (33), leading to the cross section through Eq. (34).
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7. IMPLICATIONS REGARDING THE MEASUREMENT OF THE EXTINCTION CROSS SECTION FOR A SINGLE PARTICLE Perhaps the most intuitive way to measure the extinction cross section is as the difference in the response of a detector facing into the forward direction with and without a particle present. This measurement is illustrated in Fig. 1 and is discussed in detail in [8]. The essential idea behind the measurement is that the total power that reaches the detector’s face is reduced by the presence of the particle and that the reduction is proportional to Cext. The following examines this measurement within the context of the energy flow plots presented in Figs. 4 and 7. The response of a detector will be given by the component of the total energy flow 具S典t directed into and integrated over its sensitive face. When the particle is present in the beam, 具S典t is given by Eq. (9) and contains three contributions: 具Sinc典t, 具Ssca典t, and 具Scross典t. Each of these contributions has different dependencies on the distance r between the particle and the detector. From Eqs. (5), (6), and (10)–(12), one can see that 具Sinc典t is independent of r, 具Ssca典t decays as r−2, and 具Scross典t decays as r−1. Consequently, in the far-field zone the total energy flow 具S典t will be dominated by the contributions from 具Sinc典t and 具Scross典t. Now consider Fig. 8, which shows the same situation as in Fig. 1(b) except with the three contributions to 具S典t explicitly indicated along with their relative magnitude. Here the detector is the partial spherical surface Sf shown in Fig. 5(b) with an angular size given by s. The detector is located in the particle’s far-field zone, and its size is taken to be much greater than the particle’s geometric projection into the forward direction but small enough as not to exceed the width w of the incident beam. The component of the total energy flow due to 具Sinc典t is approximately constant over the detector’s face and is directed into it. This means that the detector receives, in part, an amount of power equal to the product of the flux of the incident wave Iinc and the area of its face. Added to this power is the contribution due to 具Scross典t, which is given by Cext in Eq. (28). The magnitude of the contribution from 具Sinc典t is always greater than that of 具Scross典t in the far-field zone due to the latter’s inverse dependence on r. Consequently, the detector always encounters a net flow of energy directed into its face and hence always registers a positive power. However, the contribution to this net power due to 具Scross典t can either subtract from or add incident beam
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Sscat Sinct
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Fig. 8. This sketch shows the same situation as in Fig. 1(b) except with the three contributions to the total energy flow qualitatively indicated. Here the detector is the partial surface Sf shown in Fig. 5(b) and the solid angle subtended by the detector is given by s.



to the contribution due to 具Sinc典t depending on the detector’s angular size. This is evident from Fig. 7, which shows that Cext can be either positive or negative depending on the value of s. It is only after a sufficiently large solid angle of the total energy flow is accommodated by the detector that the contribution from 具Scross典t reduces the power received by the detector by an amount corresponding to Cext. For the three particles considered in Fig. 7, the detector’s angular size would have to be s 艌 60ⴰ in order to include enough of the forward interference energy flow to measure Cext to within a few percent error. Refer again to the plot in Fig. 7 and suppose that the angular size of the detector depicted in Fig. 8 is s = 15°. Inspection of this plot shows that the contribution to the net power received by the detector due to 具Scross典t would be negative for the m = 1.10+ 0.15i and m = 1.10+ 0.30i particles, whereas it would be positive for the m = 1.10 + 0i particle. This means that the power received by the detector when the m = 1.10+ 0.15i or m = 1.10+ 0.30i particle is present will be less than the power received by the detector in the particle’s absence, as expected. However, if the m = 1.10+ 0i is present, the power received by the detector is greater than when the particle is absent. Recalling that the curves in Fig. 7 are calculated from Fig. 6, one can see that the origin of this unexpected behavior is that the 具Scross典t energy flow near the forward direction is oriented away from the particle in Fig. 6(a), whereas it is oriented toward the particle in Figs. 6(b) and 6(c). Note that energy conservation is not violated in this example, since the detector is not collecting all 4 steradians of the total energy flow; recall Eqs. (14)–(18).



8. COMMENTS Although only uniform spherical particles are considered in the simulations in this work, the conclusions regarding the interference-based energy flow mechanism behind extinction apply to any arbitrary particle. Inhomogeneous particles require a generalization of the VIE to include variations in the refractive index, and nonspherical particles require an account of their orientation with respect to the incident wave. An important result of this work is to show that extinction does not necessarily result in the reduction of the power received by a detector facing into the forward direction when a particle is present. Whether or not the detector in the far-field zone receives a reduced amount of power depends on the detector’s angular size. The magnitude of the total energy flow along the exact forward direction can either be reduced or enhanced as compared with that of the incident wave. Finally, the reader familiar with the use of Beer’s law to measure the extinction coefficient of a dilute colloid or aerosol may be troubled that the measurements discussed in Section 7 require a detector with an angular size exceeding 60ⴰ. Such measurements on dilute colloids and aerosols are known to yield the correct extinction coefficient for far smaller detector solid angles. Part II of this work will generalize the single-particle analysis presented above to multiparticle groups and demonstrate that the presence of multiple particles causes the dominant contribution to the group’s extinction cross section to
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reside within a narrower angular region around the forward direction; this will resolve the apparent inconsistency with Beer’s law [9].
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APPENDIX A Confusion can arise when trying to identify the surfaces of constant phase of the far-field scattered wave. Clearly, the term exp共ikr兲 / r in Eq. (5) is constant in both magnitude and phase on spherical surfaces centered on the origin. One can see from Eq. (7) that Esca will, in general, o vary in magnitude and phase on these same spherical surfaces. One could take the surfaces of constant phase of the wave to be spheres and then regard Esca o as a complexvalued angular weighting function that varies over these surfaces. Alternatively, one could use Euler’s formula to express the right-hand side of Eq. (5) or (6) as 关A共rˆ兲 / r兴exp关i共rˆ兲兴, where both A and  are real-valued functions of direction and are independent of r. In this case the surfaces of constant 共rˆ兲 will not in general be spheres. It ultimately does not matter how one describes the geometry of the surfaces of constant phase; the crucial feature of the form of the far-field wave is that the scattering amplitude Esca o be independent of r.
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