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Extremal Binary Self-Dual Codes Steven T. Dougherty Department of Mathematics University of Scranton Scranton, PA 18510 USA T. Aaron Gulliver Department of Electrical and Electronic Engineering University of Canterbury Private Bag 4800 Christchurch, New Zealand and Masaaki Harada Department of Mathematical Sciences Yamagata University Yamagata 990, Japan June 22, 2011 Abstract In this correspondence, we investigate binary extremal self-dual codes. Numerous extremal self-dual codes and interesting self-dual codes with minimum weight d = 14 and 16 are constructed. In particular, the first extremal Type I [86, 43, 16] code and new extremal self-dual codes with weight enumerators which were not previously known to exist for lengths 40, 50, 52 and 54 are constructed. We also determine the possible weight enumerators for extremal Type I codes of lengths 66 to 100. Index Term– Extremal self-dual codes, weight enumerators and shadow codes.
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Introduction



A binary linear [n, k, d] code is a subspace of F2n of dimension k with minimum weight d. A non-linear code of length n is simply a set of binary vectors in F2n . The ambient space is P equipped with the standard inner product, i.e. [v, w] = vi wi . We denote the orthogonal of a code C by C ⊥ = {v ∈ F2n | [v, w] = 0 for all w ∈ C} where v = (v1 , · · · , vn ) and v = (w1 , · · · , wn ). We say that a code C is self-dual if C = C ⊥ . If all of the weights in a self-dual code are divisible by four, then the code is said to be Type II, or doubly-even, otherwise we say it is a Type I code. A self-dual code is said to be extremal if it has the highest minimum weight for the given parameters. All Type II codes of length up to 32 and all Type I codes of length up to 30 are classified in [13], [14], [47], [48], [49] and [51]. In addition, there are exactly three inequivalent Type I [32, 16, 8] codes (cf. [15]). The weight enumerator of a code is given by: WC (x, y) =



X



Ai xn−i y i



where Ai is the number of vectors of weight i in C. When listing the weight enumerator we set x = 1. The MacWilliams relations place restrictions on the possible weight enumerator of a self-dual code. In [61], Ward gave a further restriction on the weight enumerator of a selfdual code. Ward’s work was expanded in the paper by Conway and Sloane [15]. The results presented here are an extension of their paper, and continue the techniques exhibited therein. Shadow codes were defined by Conway and Sloane in [15], but were first used by Ward in [61]. We shall give a slightly more general definition. Let C be a self-dual code, and C0 any subcode of codimension 1 in C (Conway and Sloane take C0 to be the subcode of doubly-even vectors). Then C0⊥ = C0 ∪ C1 ∪ C2 ∪ C3 , with C = C0 ∪ C2 and S = C1 ∪ C3 . The code S is called the shadow of C with respect to the subcode C0 . If it is simply called the shadow then it is assumed that C0 is the subcode of doubly-even vectors. The shadow is a nonlinear code, but the sum of any two vectors in the shadow is in the code C. We now give several well known theorems for constructing self-dual codes so that they can simply be referred to later in the correspondence. The following method of constructing self-dual codes is given in [27] and [31]. Theorem 1.1 Let G = ( I4n , A ) be a generator matrix of a Type II code of length 8n where ai is the i-th row of A and In is the identity matrix of order n. Let Γ be a set consisting of 2α columns of A where 0 < α < 2n and t be the characteristic vector of Γ. Define  



ai + t, bi =  ai + t + j,



if wt(ai + t) ≡ 3 otherwise 2



(mod 4)



and ci =



  



ai + t, ai + t + j,



if wt(ai + t) ≡ 1 otherwise



(mod 4)



where wt(ai + t) denotes the number of 1’s in ai + t. Further, let BΓ and CΓ be matrices with i-th rows bi and ci , respectively. Then the matrix ( I4n , BΓ ) generates a Type II code and the matrix ( I4n , CΓ ) generates a Type I code. The following method was used in [29] to construct the first example of a self-dual [70, 35, 12] code from a self-dual code of length 68. Theorem 1.2 Let Ω be a subset of the set {1, 2, · · · , n} such that |Ω| is odd if 2n ≡ 0 (mod 4) and |Ω| is even if 2n ≡ 2 (mod 4). Let G0 = ( In , A ) be a generator matrix of a self-dual code C0 of length 2n. Then the following matrix 



G=



     







1 0 x1 · · · xn 1 · · · 1   y1 y1   .. ..  . . In A  yn yn



where xi = 1 if i ∈ Ω and xi = 0 otherwise, and yi = xi + 1 (1 ≤ i ≤ n), generates a self-dual code C of length 2n + 2. This correspondence is organized as follows. In Section 2, we provide a summary of results which answer some of the questions left open in [15]. In addition, constructions are given for new extremal self-dual codes of lengths 40, 50, 52 and 54 with weight enumerators which were not previously known to exist. In Section 3, we determine the possible weight enumerators of extremal Type I codes of lengths 66 to 100 and we construct the first extremal Type I [86, 43, 16] code. This code has the smallest length among known Type I codes with d = 16. Section 4 studies Type II codes of length n ≥ 72. In Sections 5 and 6, we prove that self-dual codes with minimum weight d = 14 exist for length n ≥ 78 and Type II codes with d = 16 exist for n ≥ 80 by constructing self-dual codes with the indicated minimum weights. The final section provides a summary of the results of this correspondence and the remaining open questions on extremal Type I and II codes of length n ≤ 100.
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Update to Length 64



In this section we provide a summary of results which answer some of the questions left open in [15]. For lengths 40, 50, 52 and 54, we also construct new extremal self-dual codes with weight enumerators which were not previously known to exist.
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• For length 34, two possible weight enumerators are given in [15]. It is stated that there exists codes for the second weight enumerator and for the first with 0 ≤ β ≤ 7. In [32], a code is exhibited for β = 8. Note that 0 ≤ β ≤ 8 for the first weight enumerator. • For length 38, two possible weight enumerators are given in [15]. However, the codes given only correspond to the first weight enumerator and codes with the second weight enumerator are constructed in [32]. Therefore, there exist codes corresponding to all possible weight enumerators given in [15] up to length 38. • For length 40, codes for the weight enumerator with β = 0 and 10 are constructed in [15]. Codes with 1 ≤ β ≤ 5 and β = 7 are given in [10], [27], [32] and [33]. We have found a new code with β = 6 using Theorem 1.2 and a self-dual [38, 19, 8] code. The generator matrix of the new code, G40, is given below. Recently codes with β = 6 and 8 have been constructed in [11]. The authors became aware of [11] only after this paper was submitted.  10  11  00  00   11  11   11   00  11   00 G40 =   11  00  11   11   00  00   00  00  00 11



0110001010100111110 1000000000000000000 0100000000000000000 0010000000000000000 0001000000000000000 0000100000000000000 0000010000000000000 0000001000000000000 0000000100000000000 0000000010000000000 0000000001000000000 0000000000100000000 0000000000010000000 0000000000001000000 0000000000000100000 0000000000000010000 0000000000000001000 0000000000000000100 0000000000000000010 0000000000000000001



1111111111111111111 0001000101011111010 0110111010100000101 1101000110011011000 1000101001101100110 1011000100001111100 1001010110001110010 1110111010111010011 1100110000101110010 1101110100000100011 1011001001101010100 1100001111101101111 1011000010011101010 1010101111101111100 1000001001011101011 1111010011100000100 1101111101010110101 1110100011110000001 1010010000011101101 1000111100010101001



                          



• For length 42, there are two possible weight enumerators: W1 = 1 + (84 + 8β)y 8 + (1449 − 24β)y 10 + · · · and W2 = 1 + 164y 8 + 697y 10 + · · · . Codes exist with weight enumerator W1 for β = 0, · · · , 12, 16, 20, 24, 26, 32 and 42 (cf. [7], [8], [11], [15], [32]). A code with weight enumerator W2 is given in [58].
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• For length 44, there are two possible weight enumerators: W1 = 1 + (44 + 4β)y 8 + (976 − 8β)y 10 + · · · W2 = 1 + (44 + 4β)y 8 + (1232 − 8β)y 10 + · · ·



(10 ≤ β ≤ 122) and (10 ≤ β ≤ 154).



For weight enumerator W1 , codes are constructed with 10 ≤ β ≤ 39, and β = 42, 52, 62, 82 and 122 in [4], [7], [15], [24], [27] and [32]. For weight enumerator W2 , codes are constructed with β = 0, 2 ≤ β ≤ 44, β = 46, 47, 48, 50, 52, 53, 54, 55, 56, 58, 62, 66, 72, 74, 82, 90, 104 and 154 in [2], [7], [11], [15], [27], [32], [64] and [65]. • In [4] Brualdi and Pless give a Type I [48, 24, 10] code with weight enumerator: W = 1 + 704y 10 + 8976y 12 + 56896y 14 + · · · , which was found using a property of the shadow. The existence of such a code was left open in [15]. • For length 50, there are two possible weight enumerators: W1 = 1 + 196y 10 + 11368y 12 + · · · and W2 = 1 + (580 − 32β)y 10 + (7400 + 160β)y 12 + · · ·



(0 ≤ β ≤ 10).



For W2 , a code with β = 0 is constructed in [15]. In [36] codes with weight enumerator W1 are exhibited. The code P48 in [30] has a generator matrix of the form ( I24 , R48 ) where R48 is a circulant matrix with first row (000000010100100100011111). This is an extremal double circulant Type I [48, 24, 10] code. Applying Theorem 1.2 to this code, we have found several extremal [50, 25, 10] codes. In particular, the code with Ω = {1, 2, 3} corresponds to W2 with β = 1. Recently a code with β = 1 for W2 has been constructed in [2] using Theorem 1.2. The authors became aware of [11] only after this paper was submitted. • For length 52, it is left open in [15] whether there exist codes with weight enumerator: W = 1 + (442 − 16β)y 10 + (6188 + 64β)y 12 + · · ·



(0 ≤ β ≤ 27).



It has now been shown that codes exist for β = 0 (cf. [59]) and β = 1, 2 (cf. [27]). The code P50,1 in [30] with generator matrix of the form ( I25 , R50 ), where R50 is a circulant matrix with first row (0000000100011100011001101), is an extremal selfdual code of length 50. Using Theorem 1.2 with Ω = {1, 2, 11, 14, 17, 24}, an extremal self-dual [52, 26, 10] code with β = 3 is constructed from P50,1 . Similarly, with Ω = {1, 2, 3, 4, 5, 7, 9, 15, 19, 21, 23, 24} a code with β = 4 is constructed. 5



• For length 54, two possible weight enumerators are given in [15]: W1 = 1 + (351 − 8β)y 10 + (5031 + 24β)y 12 + · · ·



(0 ≤ β ≤ 43) and



W2 = 1 + (351 − 8β)y 10 + (5543 + 24β)y 12 + · · ·



(12 ≤ β ≤ 43).



For W1 , codes with 0 ≤ β ≤ 5 and β = 6, 8 and 10 are constructed in [11], [15], [32] and [57]. For W2 , a code exists with β = 12 (cf. [59]). For this length, we have also found new extremal self-dual codes using P52,1 in [30] and Theorem 1.2. The matrix ( I26 , R52 ) is a generator matrix for P52,1 , where R52 is a circulant matrix with first row (00000000101011011111110011). For each code, we list in Table 1 the set Ω used in Theorem 1.2 and its weight enumerator W . The codes in Table 1 all have weight enumerators for which codes were previously not known to exist. Recently codes with β = 7, 9, 11, 12, 13, 14 and 15 for W1 and β = 13, · · · , 19 and 20 for W2 have been constructed in [2] using Theorem 1.2. The authors became aware of [11] only after this paper was submitted. Table 1: New Type I [54, 27, 10] Codes Code C54,1 C54,1 C54,3 C54,4 C54,5 C54,6



Ω 1, 2, 3, 4, 6, 24, 25 1, 2, 3, 5, 9, 11, 12 1, 2, 3, 5, 9, 11, 13 1, 2, 8, 16, 18, 20, 24 1, 2, 3, 4, 5, 7, 11, 12, 16, 17, 22 1, 2, 3, 4, 5, 11, 12, 14, 16, 17, 22



W1 W1 W1 W1 W1 W2



W (β = 6) (β = 7) (β = 10) (β = 8) (β = 9) (β = 15)



• For length 58, two possible weight enumerators are given in [15]: W1 = 1 + (165 − 2γ)y 10 + (5078 + 2γ)y 12 + · · ·



(0 ≤ γ ≤ 82) and



W2 = 1 + (319 − 24β − 2γ)y 10 + (3132 + 152β + 2γ)y 12 + · · · (0 ≤ 24β + 2γ ≤ 319). For W1 , a code exists with γ = 55 (cf. [58]). For W2 , codes exist with β = 0 and γ = 0, 32, 36, 40, 44, 48, 50, 52, 54, 56, 58, 60, 62, 64, 66, 68, 70, 72, 74, 76, 78, 80, 82, 84, 86, 88, 90, 92, 94, 96, 98, 100, 102, 104, 106, 108, 110 and 112, and β = 1 and γ = 62, 64, 68, 70, 72, 74, 76, 78 and 80, and β = 2 and γ = 44, 48, 52, 56, 60, 64, 68, 72, 76, 80, 82, 84, 86, 88, 90, 92, 94, 96, 98 and 100 in [2], [11], [15] and [32].
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• For length 60, there are two possible weight enumerators. Note that in [15] not all possibilities are mentioned (see [23]). W1 = 1 + (2555 + 64β)y 12 + (33600 − 384β)y 14 + · · ·



(0 ≤ β ≤ 10) and



W2 = 1 + 3451y 12 + 24128y 14 + · · · . For W1 , codes with β = 10 are constructed in [23]. For W2 , a code exists (cf. [15]). • For length 64, two possible weight enumerators are given in [15]: W1 = 1 + (1312 + 16β)y 12 + (22016 − 64β)y 14 + · · ·



(14 ≤ β ≤ 284) and



W2 = 1 + (1312 + 16β)y 12 + (23060 − 64β)y 14 + · · ·



(0 ≤ β ≤ 277).



For W1 , codes exist with β = 18 (cf. [52]) and β = 44 (cf. [8]). For W2 , codes exist with β = 32 (cf. [15]), β = 40 (cf. [9]) and β = 64 (cf. [25]).
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Type I Codes for Lengths Greater than 64



In this section, we use [15, Theorem 5] to determine the possible weight enumerators for extremal Type I codes, and to reduce the number of possibilities. For a detailed description of how this is accomplished, see [15]. Note that for each weight enumerator, the parameters α and β are integers.



3.1



Type I [66, 33, 12] Codes



The highest possible minimum weight attainable is 12 and there are three possibilities for the weight enumerators:    



S1 = αy 9 + (10032 − 12α)y 13 + (1166880 + 66α)y 17 + · · · W1 = 1 + (858 + 8α)y 12 + (18678 − 24α)y 14 + · · ·    (0 ≤ α ≤ 778)  



S2 = y + 9680y 13 + 1169740y 17 + · · ·  W2 = 1 + 1690y 12 + 7990y 14 + · · ·    



S3 = y 5 + (α − 14)y 9 + (10123 − 12α)y 13 + · · · W3 = 1 + (858 + 8α)y 12 + (18166 − 24α)y 14 + · · ·    (14 ≤ α ≤ 756) D16 in [15] corresponds to weight enumerator W1 with α = 0. It is shown in [25] that there are exactly three inequivalent double circulant self-dual [66, 33, 12] codes. Two of these have weight enumerator W1 with α = 0, and the other has weight enumerator W1 with α = 66. 7



3.2



Type I [68, 34, 12] Codes



The highest possible minimum weight attainable is 12. The code whose shadow has minimum weight 14 is of great interest. It is shown in [18] that this code cannot exist if there is no Type II [72, 36, 16] code. The possible weight enumerators with minimum weight 12 are:    



S1 = αy 10 + (29920 − 12α)y 14 + (2956096 + 66α)y 18 + · · · W1 = 1 + (4α + 442)y 12 + (14960 − 8α)y 14 + (174471 − 36α)y 16 + · · ·    (0 ≤ α ≤ 1870)    



S2 = y 2 + (α − 104)y 10 + (30816 − 12α)y 14 + (2952092 + 66α)y 18 + · · · W2 = 1 + (442 + 4α)y 12 + (10864 − 8α)y 14 + (223623 − 36α)y 16 + · · ·    (104 ≤ α ≤ 1358)    



S3 = y 6 + (α − 14)y 10 + (30011 − 12α)y 14 + (2955732 + 66α)y 18 + · · · W3 = 1 + (442 + 4α)y 12 + (14704 − 8α)y 14 + (176519 − 36α)y 16 + · · ·    (14 ≤ α ≤ 1838) Many such codes are known. There are 107 inequivalent double circulant self-dual [68, 34, 12] codes with 17 different weight enumerators (cf. [25]). In [18] codes with more than 48 different weight enumerators are obtained using Theorem 1.2.



3.3



Type I [70, 35, 14] Codes



The highest attainable weight for a self-dual code is 14. In [15] it was mistakenly reported to be 12. The weight enumerator of the shadow code of a Type I [70, 35, 14] code was first computed in [39], but was in error. This was corrected in [18] and it was shown that the existence of a Type I [70, 35, 14] code is equivalent to the existence of the elusive Type II [72, 36, 16] code. The existence of these codes remains an open question. There is a unique weight enumerator for a [70, 35, 14] code:  



S = 87584y 15 + 7367360y 19 + 208659360y 23 + · · ·  W = 1 + 11730y 14 + 150535y 16 + · · ·



3.4



Type I [72, 36, 14] Codes



Examining the shadow shows that if the minimum weight is 16, then the only possible weight enumerator is that of the putative Type II [72, 36, 16] code. Therefore, the highest possible minimum weight is 14. There are two possible weight enumerators:    



S1 = αy 8 + (546 − 14α)y 12 + (244584 + 91α)y 16 + (18131652 − 364α)y 20 + · · · W1 = 1 + (8640 − 64α)y 14 + (124281 + 384α)y 16 + (1207360 − 448α)y 18 + · · ·    (0 ≤ α ≤ 39) 8



 



S2 = y 4 + 442y 12 + 245480y 16 + 18127648y 20 + · · ·  W2 = 1 + 7616y 14 + 134521y 16 + 1151040y 18 + · · · There is no known code for either case.



3.5



Type I [74, 37, 14] Codes



The highest attainable minimum weight is 14 and there are three possible weight enumerators:    



S1 = −αy 9 + (2590 + 14α)y 13 + (674584 − 91α)y 17 + (364α + 44035772)y 21 + · · · W1 = 1 + (6364 + 32α)y 14 + (100603 − 160α)y 16 + (32α + 1061678)y 18 + · · ·    (−185 ≤ α ≤ 0)    



S2 = y + (−135 − α)y 9 + (3934 + 14α)y 13 + (667564 − 91α)y 17 + · · · W2 = 1 + (6364 + 32α)y 14 + (137467 − 160α)y 16 + (525102 + 32α)y 18 + · · ·    (−198 ≤ α ≤ −135)    



S3 = y 5 + (−16 − α)y 9 + (2710 + 14α)y 13 + (674024 − 91α)y 17 + · · · W3 = 1 + (6346 + 320α)y 14 + (102651 − 160α)y 16 + (1039150 + 32α)y 18 + · · ·    (−19 ≤ α ≤ −16) There is no known code for any of these cases.



3.6



Type I [76, 38, 14] Codes



The highest attainable minimum weight is 14 and there are three possible weight enumerators:             



S1 W1



= αy 10 + (9500 − 14α)y 14 + (1831600 + 91α)y 18 + (105689400 − 364α)y 22 + · · · = 1 + (4750 − 16α)y 14 + (79895 + 64α)y 16 + (915800 + 64α)y 18 + · · · (0 ≤ α ≤ 296)



 



S2 = y 2 + 8954y 14 + 1836865y 18 + 105664452y 22 + · · ·  W2 = 1 + 2590y 14 + 106967y 16 + 674584y 18 + · · ·    



S3 = y 6 + (−16 − α)y 10 + (9620 + 14α)y 14 + (1831040 − 91α)y 18 + · · · W3 = 1 + (4750 + 16α)y 14 + (80919 − 64α)y 16 + (905560 − 64α)y 18 + · · ·    (−296 ≤ α ≤ −16) There is no known code for any of these cases.
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3.7



Type I [78, 39, 14] Codes



The highest attainable minimum weight is 14 and there are two possible weight enumerators:                       



S1 W1



= αy 7 + (−β − 16α)y 11 + (14β + 120α + 31616)y 15 + (−560α − 91β + 4892160)y 19 + · · · = 1 + (3705 + 8β)y 14 + (62244 + 512α − 24β)y 16 + (−4608α − 64β + 774592)y 18 + · · · β ≤ 28) (0 ≤ α ≤ −1 16



S2 = y 3 + (−α − 135)y 11 + (32960 + 14α)y 15 + (4885140 − 91α)y 19 + · · · W2 = 1 + (3750 + 8α)y 14 + (71460 − 24α)y 16 + (658880 − 64α)y 18 + · · ·    (−468 ≤ α ≤ −135) Codes with weight enumerator W1 for α = 0 and β = 0 can be constructed from an extremal Type II [80, 40, 16] code by subtraction. At least one such Type II code exists (see Table 5).



3.8



Type I [80, 40, 16] Codes



The highest attainable minimum weight is 16 and there are two possible weight enumerators:    



S1 = αy 8 + (800 − 16α)y 12 + (88640 + 120α)y 16 + (12932192 − 560α)y 20 + · · · W1 = 1 + (54045 + 256α)y 16 + (675840 − 2048α)y 18 + (6376192 + 5120α)y 20 + · · ·    (0 ≤ α ≤ 50)  



S2 = y 4 + 665y 12 + 89984y 16 + 12925172y 20 + · · ·  W2 = 1 + 58653y 16 + 622592y 18 + 6697728y 20 + · · · There is no known code for either case.



3.9



Type I [82, 41, 16] Codes



The highest attainable minimum weight is 16 and there are three possible weight enumerators:  



S1 = y 5 + 1505y 13 + 282768y 17 + 33435532y 21 + · · ·  W1 = 1 + 41828y 16 + 532665y 18 + 5762624y 20 + · · · ,    



S2 = αy 9 + (1640 − α)y 13 + (281424 + 120α)y 17 + (−560α + 33442552)y 21 + · · · W2 = 1 + (39524 + 128α)y 16 + (556985 − 896α)y 18 + (5628480 + 1536α)y 20 + · · ·    (0 ≤ α ≤ 621) There is no known code for either case.
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3.10



Type I [84, 42, 16] Codes



The highest attainable minimum weight is 16 and there are three possible weight enumerators:  



S1 = y 2 + 3280y 14 + 854973y 18 + · · ·  W1 = 1 + 39524y 16 + 304384y 18 + 6185465y 20 + · · ·    



S2 = y 6 + (α − 18)y 10 + (4233 − 16α)y 14 + (845232 + 120α)y 18 + · · · W2 = 1 + (28644 + 64α)y 16 + (447488 − 384α)y 18 + (4935033 + 320α)y 20 + · · ·    (18 ≤ α ≤ 264)    



S3 = αy 10 + (4080 − 16α)y 14 + (846048 + 120α)y 18 + · · · W3 = 1 + (28644 + 64α)y 16 + (451584 − 384α)y 18 + (4885881 + 320α)y 20 + · · ·    (0 ≤ α ≤ 255) There is no known code for any of these cases.



3.11



Type I [86, 43, 16] Codes



The highest attainable minimum weight is 16 and there are three possible weight enumerators:    



S1 = y 3 + (α − 170)y 11 + (13616 − 16α)y 15 + (2444685 + 120α)y 19 + · · · W1 = 1 + (20468 + 32α)y 16 + (320240 − 160α)y 18 + (4757104 − 32α)y 20 + · · ·    (170 ≤ α ≤ 851)    



S2 = y 7 + (α − 18)y 11 + (11849 − 16α)y 15 + (2455344 + 120α)y 19 + · · · W2 = 1 + (20468 + 32α)y 16 + (359152 − 160α)y 18 + (4198000 − 32α)y 20 + · · ·    (18 ≤ α ≤ 740)    



S3 = αy 11 + (11696 − 16α)y 15 + (2456160 + 120α)y 19 + · · · W3 = 1 + (20468 + 32α)y 16 + (361200 − 160α)y 18 + (4175472 − 32α)y 20 + · · ·    (0 ≤ α ≤ 731) There is no known code for any of these cases.



3.12



Type I [88, 44, 16] Codes



The highest attainable minimum weight is 16 and there are two possible weight enumerators:    



S1 = y 4 + (α − 170)y 12 + (37824 − 16α)y 16 + (6937005 + 120α)y 20 + · · · W1 = 1 + (14212 + 16α)y 16 + (265344 − 64α)y 18 + (3788928 − 96α)y 20 + · · ·    (170 ≤ α ≤ 2364)
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S2 W2



        



= βy 8 + (α − 18β)y 12 + (35904 − 16α + 153β)y 16 + (6948480 + 120α + 816β)y 20 + · · · = 1 + (14212 + 16α)y 16 + (285824 − 64α − 1024β)y 18 + (3518592 − 96α + 10240β)y 20 + · · · 1 α ≤ 2233 ) (0 ≤ β ≤ 18 9



There is no known code for either case.



3.13



Type I [90, 45, 16] Codes



The highest attainable minimum weight is 16 and there are three possible weight enumerators:          



S1 W1



          



= −αy 9 + (β + 18α)y 13 + (112320 − 153α − 16β)y 17 + (816α + 120β + 19248000)y 21 + · · · = 1 + (9180 + 8β)y 16 + (512α − 24β + 224360)y 18 + (2931264 − 4608α − 80β)y 20 + · · · ( −28045 ≤ −1 β ≤ α ≤ 0) 3 18



S2 = y + 108580y 17 + 19292352y 21 + 1320499497y 25 + · · ·  W2 = 1 + 18156y 16 + 90424y 18 + 4525472y 20 + · · ·    



S3 = y 5 + (α − 170)y 13 + (114240 − 16α)y 17 + (19236525 + 120α)y 21 + · · · W3 = 1 + (9180 + 8α)y 16 + (214120 − 24α)y 18 + (3056192 − 80α)y 20 + · · ·    (170 ≤ α ≤ 7140) There is no known code for any of these cases.



3.14



Type I [92, 46, 16] Codes



The highest attainable minimum weight is 16 and there are three possible weight enumerators:                                



S1 W1



= −αy 10 + (β + 18α)y 14 + (−153α − 16β + 349600)y 18 + (52360512 + 120β + 816α)y 22 + · · · = 1 + (4β + 4692)y 16 + (174800 − 8β + 256α)y 18 + (−2048α + 2425488 − 52β)y 20 + · · · ( −10925 ≤ −1 β ≤ α ≤ 0) 9 18



S2 = y 6 + (−α − 20)y 10 + (β + 18α + 190)y 14 + (348460 − 153α − 16β)y 18 + · · · W2 = 1 + (4β + 4692)y 16 + (174800 − 8β + 256α)y 18 + (−2048α + 2441872 − 52β)y 20 + · · · ≤ −1 β − 95 ≤ α ≤ −20) ( −11020 9 18 9 12



   



S3 = y 2 + (β − 1122)y 14 + (363812 − 16β)y 18 + (52270224 + 120β) + · · · W3 = 1 + (4β + 4692)y 16 + (121296 − 8β)y 18 + (3213968 − 52β)y 20 + · · ·    (1122 ≤ β ≤ 22738) There is no known code for any of these cases.



3.15



Type I [94, 47, 18] Codes



The highest attainable minimum weight is 18 and there is only one possible weight enumerator:  



S = 1072352y 19 + 140151744y 23 + 7784203168y 27 + 189561254272y 31 + · · ·  W = 1 + 134044y 18 + 2010660y 20 + 22385348y 22 + · · · There are no known codes with this weight enumerator. Moreover, in [18] it is shown that the existence of a code with this weight enumerator is equivalent to the existence of a Type II [96, 48, 20] code.



3.16



Type I [96, 48, 18] Codes



The highest attainable minimum weight is 18 and there are three possible weight enumerators:                                



S1 W1



= −αy 12 + (5814 + 18α)y 16 + (3138720 − 153α)y 20 + (816α + 370361680)y 24 + · · · = 1 + (97280 + 64α)y 18 + (1601184 − 384α)y 20 + (192α + 18969600)y 22 + · · · (−323 ≤ α ≤ 0)



S2 = y 8 + (−α − 20)y 12 + (6004 + 18α)y 16 + (3137580 − 153α)y 20 + · · · W2 = 1 + (64α + 97280)y 18 + (1605280 − 384α)y 20 + (185250448 + 3328α)y 22 + · · · (−333 ≤ α ≤ −20)



 



S3 = y 4 + 4692y 16 + 3152932y 20 + 370271392y 24 + · · ·  W3 = 1 + 83904y 18 + 1771552y 20 + 17585984y 22 + 194262416y 24 + · · · There is no known code for any of these cases.
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3.17



Type I [98, 49, 18] Codes



The highest attainable minimum weight is 18 and there are three possible weight enumerators:                                



S1 W1



= αy 9 + (−β − 20α)y 13 + (190α + 18β + 27930)y 17 + (−1140α − 153β + 9118816)y 21 + · · · = 1 + (32β + 70756)y 18 + (2048α + 1256752 − 160β)y 20 + (−96β + 15857968 − 22528α)y 22 + · · · 1 β ≤ 17689 ) (0 ≤ α ≤ 20 160



S2 = y 5 + (−α − 209)y 13 + (30570 + 18α)y 17 + (9101051 − 153α)y 21 + · · · W2 = 1 + (32α + 70756)y 18 + (1301808 − 16α)y 20 + (−96α + 15231280)y 22 + · · · (−1698 ≤ α ≤ −209)



 



S3 = y + 22116y 17 + 9197152y 21 + 964758896y 25 + · · ·  W3 = 1 + 22116y 18 + 2016048y 20 + 7181104y 22 + 245856200y 24 + · · · There is no known code for any of these cases.



3.18



Type I [100, 50, 18] Codes



The highest attainable minimum weight is 18 and there are three possible weight enumerators:                                



S1 W1



= αy 10 + (−20α − β)y 14 + (190α + 104500 + 18β)y 18 + (−153β − 1140α + 26155200)y 22 + · · · = 1 + (16β + 52250)y 18 + (1024α − 64β + 972180)y 20 + (−10240α + 13077600 − 128β)y 22 + · · · (0 ≤ α ≤ −1 β ≤ 5225 ) 20 32



S2 = y 6 + (−209 − α)y 14 + (107140 + 18α)y 18 + (26137435 − 153α)y 22 + · · · W2 = 1 + (16α + 52250)y 18 + (994708 − 64α)y 20 + (12786784 − 128α)y 22 + · · · (−5952 ≤ α ≤ −209)



 



S3 = y 2 + 98686y 18 + 26233536y 22 + 2483908000y 26 + · · ·  W3 = 1 + 27930y 18 + 1327508y 20 + 9118816y 22 + 178782968y 24 + · · · There is no known code for any of these cases. Similarly, by examining the shadows of large codes we can show the following: Theorem 3.1 The highest minimum weight attainable for a Type I code of length n is 18 if n = 102 and 106, is 20 if n = 104, 108, 110, 114, and 116, is 22 if n = 112, 118 and 120. 14



3.19



A New Extremal Type I Code



For length 86, we have found an extremal Type I code C86. The matrix ( I43 , R86 ) is a generator matrix for C86, where R86 is a circulant matrix with first row (1111111011100010000000101110001001011100010). C86 is the first example of a Type I [86, 34, 16] code and has the smallest length among all known Type I codes with d = 16. The weight distribution of C86 is given in Table 2. Thus C86 corresponds to W3 with β = 0. Table 2: Weight Distribution of C86 Weight 0, 86 16, 70 18, 68 20, 66 22, 64 24, 62 26, 60 28, 58 30, 56 32, 54 34, 52 36, 50 38, 48 40, 46 42, 44
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Frequency 1 20468 361200 4175472 38534665 282049040 1641861088 7686728160 29207894480 90687925790 231329649040 486891602704 848420807780 1226948365216 1474906536000



Type II Codes for Lengths Greater than 64



In this section, we use Gleason’s Theorem to determine the weight enumerators for some Type II codes with lengths greater than 64. The weight enumerators for extremal Type II codes of length up to 200 were given in [43]. We include some of these here for completeness.



4.1



Type II [72, 36, 12] Codes



The possible weight enumerators for Type II [72, 36, 12] codes are 1 + (4398 + α)y 12 + (197073 − 12α)y 16 + (18396972 + 66α)y 20 +(−220α + 461995395)y 24 + (4399519410 + 495α)y 28 + (16599232683 − 792α)y 32 +(25760784872 + 924α)y 36 + · · · . 15



The extended quadratic residue code Q72 of length 72 is a Type II [72, 36, 12] code. The code D72 with generator matrix of the form 



      



I36



0 1 ··· 1   1  , ..  . R72  1



where R72 is a circulant matrix with first row (00100110101000010011101111100011101) also has these parameters. Although self-dual codes with these parameters are not uncommon, we have found numerous Type II [72, 36, 12] codes with different weight enumerators using R72 and Theorem 1.1. We give only 30 of these codes in Table 3, along with the corresponding values of Γ in Theorem 1.1 and α in the weight enumerators. The values of α in the weight enumerators of Q72 and D72 are also given in Table 3. This table establishes that there are Type II [72, 36, 12] codes with at least 32 different weight enumerators. It is likely that codes exist for many more weight enumerators. Table 3: Type II [72, 36, 12] Codes Code C72,1 C72,2 C72,3 C72,4 C72,5 C72,6 C72,7 C72,8 C72,9 C72,10 C72,11 C72,12 C72,13 C72,14 C72,15 Q72



4.2



Γ 2, 3, 4, 5 2, 3, 4, 7 2, 3, 4, 9 2, 3, 4, 10 2, 3, 4, 11 2, 3, 4, 13 2, 3, 4, 14 2, 3, 4, 16 2, 3, 4, 17 2, 3, 4, 18 2, 3, 4, 22 2, 3, 5, 6 2, 3, 5, 11 2, 3, 5, 25 2, 3, 7, 10



α −3744 −3774 −3768 −3714 −3762 −3792 −3732 −3702 −3756 −3750 −3738 −3726 −3708 −3720 −3786 −1416



Code C72,16 C72,17 C72,18 C72,19 C72,20 C72,21 C72,22 C72,23 C72,24 C72,25 C72,26 C72,27 C72,28 C72,29 C72,30 D72



Γ 1, 2, 3, 4, 7, 10 1, 2, 3, 4, 7, 18 1, 2, 3, 4, 13, 30 1, 2, 3, 4, 22, 26 1, 2, 3, 7, 12, 26 1, 2, 3, 7, 12, 32 2, 3, 4, 5, 6, 7, 8, 9 2, 3, 4, 5, 9, 10, 11, 12 2, 3, 4, 6, 8, 9, 10, 11 2, 3, 4, 6, 11, 12, 13, 14 2, 3, 4, 6, 15, 16, 17, 18 2, 3, 4, 6, 16, 17, 18, 19 2, 3, 4, 7, 9, 10, 11, 12 2, 3, 4, 8, 9, 10, 11, 12 2, 3, 4, 9, 19, 20, 21, 22



α −3810 −3798 −3828 −3678 −3816 −3846 −3654 −3648 −3690 −3822 −3696 −3660 −3684 −3642 −3672 −3936



Type II [80, 40, 16] Codes



For n = 80 the highest attainable minimum weight is 16, and the weight enumerator for a Type II [80, 40, 16] code must be: 1 + 97565 y 16 + 12882688 y 20 + 590073120 y 24 + 10588174080 y 28 + 79707678050 y 32 +263303738880 y 36 + 391106339008 y 40 + · · · . 16



The extended quadratic residue code of length 80 is a known extremal code of this length (cf. [44]).



4.3



Type II [88, 44, 16] Codes



For n = 88 the highest attainable minimum weight is 16, and the weight enumerator for a Type II [88, 44, 16] code must be: 1 + 32164 y 16 + 6992832 y 20 + 535731625 y 24 + 16623384448 y 28 + 225426781470 y 32 +1405590745152 y 36 + 4163803131796 y 40 + 5968212445440 y 44 + · · · . At least two inequivalent codes exist with this weight enumerator, see [44] and [32].



4.4



Type II [96, 48, 20] Codes and Type II [96, 48, 16] Codes



For n = 96 the highest attainable minimum weight is 20, and the weight enumerator for a Type II [96, 48, 20] code must be: 1 + 3217056 y 20 + 369844880 y 24 + 18642839520 y 28 + 422069980215 y 32 +4552866656416 y 36 + 24292689565680 y 40 + 65727011639520 y 44 +91447669224080 y 48 + · · · . In [18] it is shown that the existence of this code is equivalent to the existence of a Type I [94, 47, 18] code. Neither code is known to exist. If such a code does not exist, the minimum weight of an extremal code would be 16 and the possible weight enumerators are: 1 + (−28086 + α)y 16 + (3666432 − 16 α)y 20 + (366474560 + 120 α)y 24 +(18658567680 − 560 α)y 28 + (422018863695 + 1820 α)y 32 +(4552989336064 − 4368 α)y 36 + (24292464652992 + 8008 α)y 40 +(−11440 α + 65727332943360)y 44 + (91447307757260 + 12870 α)y 48 + · · · . The first Type II [96, 48, 16] code was found by Feit [21], and this code has the weight enumerator corresponding to α = 37722. The generator matrix given in [21] is not in standard form. To apply Theorem 1.1, we require a generator matrix ( I48 , A96 ) in standard form. Such a matrix is given below. In order to save space, the matrix is written in octal using 0 = (000), 1 = (001), . . . , 6 = (110) and 7 = (111).
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A96



       =       



74302066743374555614113304712750470604333611332177732304544056725775525317166171 47766643336250307747113056352737576344451620151273414244332372105560622215517504 46703211066476424334171540602012756625465242556262433305637603535121563534642765 70604561215370156000026161452653500003470715245244000272727014614200025341116674 41000225604473364040030373702264402003414710404540100306250511114004032554037577 40020225231250774001036526325340400043726171741740002202756750074000137641041374 40000777122654013430237777616366161413000007060507060640000343033773202000177550 17755010000776640776640400037732374712020017634517634601000771633341400040156060 15606000200670300670300010033414033414000401560635662600021673132243300001112154 112154000044506630604600003430230000017777777777



               



Table 4: Type II [96, 48, 16] Codes Code C96,1 C96,2 C96,3 C96,4



4.5



Γ 1, 23 1, 33 1, 43 1, 2, 6, 11



α α = 37584 α = 37500 α = 37524 α = 37598



Type II [112, 56, 12] Codes and the Projective Plane of Order 10



It is known that no projective plane of order 10 exists. This was shown by Lam et al. (see [41] and [42]) by showing that a [112, 56, 12] Type II code does not exist, since the existence of one implies existence of the other. We shall consider this code and its children. Let Π be a projective plane of order 10, and let C2 (Π) be the code generated by the incidence vectors of the lines of the plane. This code has length 111 and the weight enumerator is determined by knowing the number of weight 12, 15 and 16 codewords. It has been shown that the number of vectors in the code with these weights is 0. In this case, we have that C2 (Π)⊥ = Hull2 (Π) = C2 (Π) ∩ C2 (Π)⊥ , and that C2 (Π) = hHull2 (Π), ji, where j is the all one vector. Let C be the self-dual code formed by adding an overall parity check to each vector. It is well known that C is a Type II code (see e.g., [12] or [17]). Moreover, the weight enumerator is: 1 + 111y 12 + 410685y 20 + 97091910y 24 + 10847271985y 28 + 581917369770y 32 +15627631564875y 36 + 219379458108360y 40 + 1662576222149910y 44 +6958466108729685y 48 + 16331095441263042y 52 + 21682118590007268y 56 + · · ·
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Lam, Thiel and Swiercz [42] showed by computer search that no code with this weight enumerator exists. Consider the Type I codes with the following weight enumerator:          



= −αy 11 + (209α − 2δ)y 19 + (8624α − 21810279040 − 72704γ + 36δ)y 23 +(−148527421440 − 507904γ − 6811α − 306δ)y 27 + · · · W = 1 + (300476 + γ)y 10 + (−300365 − γ + α)y 12     +(−147454540 − 491γ + 141α + δ)y 18 + (δ − 350α + 147865225 + 491γ)y 20      +(5041655855 + 16768γ + 5480α − 18δ)y 22 + · · · S



Any code with this weight enumerator necessarily has a parent code with the weight enumerator described above. Hence, since a Type II [112, 56, 12] code with the above weight enumerator does not exist, no code can exist with any of these weight enumerators. However, one of these weight enumerators is of greater interest. Fix any coordinate of the code, and let G be the code formed by taking all vectors in Hull2 (Π) that are 0 on that coordinate and then deleting that coordinate. Let C = hG, ji, then C is a self-dual code (see [17] for a complete description of self-dual codes connected with projective planes) and moreover it must have the following weight enumerator: = 111 y 11 + 103851 y 19 + 32283900 y 23 + 4105735535 y 27 + 239689381536 y 31 +6878388483747 y 35 + 101643287611536 y 39 + 800262433754190 y 43 +3438929765098080 y 47 + 8197082086742406 y 51 +10938717440574184 y 55 + · · · , W = 1 + 306834 y 20 + 3809457 y 22 + 60998553 y 24 + 653045778 y 26  +6088490672 y 28 + 46471032828 y 30 + 295756955406 y 32       +1583964583344 y 34 + 7165278497784 y 36 + 27527307286116 y 38       +90208863210708 y 40 + 253027003924728 y 42 + 609286784470992 y 44      +1262729024132697 y 46 + 2256807319498908 y 48 + 3483758338357968 y 50     +4650255016162668 y 52 + 5371700574716542 y 54 + · · · .                       



S



Since the existence of the plane implies the existence of this code, showing that no code exists with this weight enumerator would show that no projective plane of order 10 exists.
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Codes with Minimum Weight 14



Conway and Sloane [15] determined all lengths for which there exist self-dual codes with minimum weight d ≤ 10. They also gave a list of lengths for which self-dual codes exist for d = 12, 14 and 16. Recently, a self-dual [70, 35, 12] code has been constructed from a self-dual [68, 34, 12] code using Theorem 1.2 (cf. [29]). Thus, for d = 12, all lengths have 19



been determined for which self-dual codes exist, except for length 62. This extends the results in [15]. In this section, we construct self-dual codes with d = 14 for some lengths for which such codes were not previously known to exist. For d = 14, we have the following result which appears in [15]. Theorem 5.1 Self-dual codes, with d = 14 exist for length n = 78, 80, 86, 88, 94 and n ≥ 98. Remark. It is not mentioned in [15] that a self-dual [94, 47, 14] code exists, however such a code can be constructed by subtraction from a Type II [96, 48, 16] code found by Feit [21]. Using the methods in Section 2 and a double circulant construction, we have found self-dual codes with minimum weight d = 14 for lengths 82, 84, 90, 92 and 96. Since any generator matrix can be transformed into a generator matrix of the form ( I , A ), we use only A in the description of these codes.



5.1



Lengths 82 and 84



We have verified by computer that the matrix ( I41 , R ) where R is a circulant matrix with first row (11000001011101111001111010011000000000000) generates a self-dual [82, 41, 14] code with weight enumerator:  



W = 1 + 1968y 14 + 37556y 16 + 531401y 18 + 5654064y 20 + 46238816y 22 + · · ·  S = 1312y 14 + 884800y 18 + 85103200y 22 + · · · . It follows from [4, Theorem 1] that an [84, 42, 14] code can be constructed from this code.



5.2



Lengths 90 and 92



An extremal Type II [88, 44, 16] code is given in Fig. 16.7 of [44]. Recently a new extremal Type II code of length 88 has been constructed in [32]. By applying Theorem 1.2 to this code, we have found several self-dual [90, 45, 14] codes. For example, Ω = {1, 2, 3, 4, 5, 6, 7, 8, 12} results in such a code with matrix A90 given below as the right half of the generator matrix. Similarly, a self-dual [92, 46, 14] code can be constructed from the above [90, 45, 14] code when Ω = {1, 3, 14, 20, 23, 24}.



5.3



Length 96



In Section 4, we presented new Type II [96, 48, 16] codes using Theorem 1.1. In a similar way, self-dual [96, 48, 14] codes can be constructed. For example, when Γ = {1, 2, 3, 4} the desired code is obtained from the matrix A96 given in Section 4. Therefore we have the following: 20







A90



     =     



00320772140460303737757777777705570427217562427163554270106521411656134043232664 71705602151042540035076710627263016437341115532407217565672621017541647263424462 17207406712625476776022046742035076645353037365543700461766774363415443375607304 42472560750504043025647244412243602314402455353511571321476760323534307710655436 51671466364440767026656156776447476435734621517652504004131604037227027502036072 20134646005472716554576671233636013622547113266270633367734735436637477427150315 44204421511533350312627764005756355724652652555376365205575044767545422026677614 5220461346522611116741716473200736166245517404026275420



           



Theorem 5.2 Self-dual codes with d = 14 exist for even length n ≥ 78.
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Type II Codes with Minimum Weight 16



Conway and Sloane [15] determined all lengths for which there exist 5-error-correcting Type II codes. It follows from the proof of Theorem 4 in [15] that there exist Type II codes with minimum weight d = 16 for length n ≥ 128. In addition, it is known that there exist extremal Type II codes for lengths 80 and 88. A Type II [96, 48, 16] code was found by Feit [21]. In this section, we construct Type II codes with minimum weight d = 16 for lengths 104, 112 and 120. Since there exist Type II codes with d = 20 for lengths 104 and 120, it seems natural that Type II codes with d = 16 should exist; we construct such codes. First we construct a Type II [112, 56, 16] code using incidence matrices of symmetric 2-(56, 11, 2) designs. Let A and B be incidence matrices of symmetric 2-(56, 11, 2) designs. It is easy to see that the matrix ( A , B + J ) generates a Type II code of length 112 where J is the all-one matrix of order 56. A symmetric 2-(56, 11, 2) design is listed in Hall’s book [26]. Let M56 be an incidence matrix of B1 (11) where we choose a block such that the first listed σ = (mσ−1 (1) T , . . . , mσ−1 (n) T )T point in the block of B1 (11) is {i} as the i-th row of M56 . Let M56 be the matrix obtained from M56 by the following permutation σ where mi is the i-th row of M56 . σ = (1, 7, 12, 17, 22, 27, 32, 37, 42, 47, 52)(2, 8, 13, 18, 23, 28, 33, 38, 43, 48, 53) (3, 9, 14, 19, 24, 29, 34, 39, 44, 49, 54)(4, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55) (5, 6, 11, 16, 21, 26, 31, 36, 41, 46, 51, 56) σ We have verified by computer that the matrix ( M56 , M56 + J ) generates a Type II [112, 56, 16] code. However, this code may not be extremal since it was not known if a self-dual [112, 56, d] code with d ≥ 16 exists (cf. [15]).
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Let D120 be a Type II [120, 60] code with generator matrix of the form 



      



I60



0 1 ··· 1   1   ..  . R  1



where R is a circulant matrix with first row (01000101011011000100001100000111110011110111001001010111011). Using Theorem 1.1, we have found many Type II [120, 60, 16] codes from D120. For example, a [120, 60, 16] code can be constructed from D120 when Γ = {1, 2, . . . , 15, 16}. Using Theorem 1.1, we have found a Type II [104, 52, 16] code from the corresponding extended quadratic residue code. To save space, we do not give the generator matrix. There does exist a self-dual [104, 52, 16] code, but it is not mentioned in [15] whether a Type II self-dual [104, 52, 16] code exists. Combining these results with those in [15] gives the following: Theorem 6.1 There exist Type II [n, n/2, 16] codes for n ≥ 80 and n ≡ 0



(mod 8).



Of course, there is no Type II code with d = 16 and length n ≤ 64. Thus all lengths, except 72, for which there exist 7-error-correcting Type II codes have been determined.
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Conclusions



In this correspondence we have proved the following: • Self-dual codes with d = 14 exist for even lengths n ≥ 78. This answers a question left open in [15]. • Type II codes with d = 16 exist for lengths n ≥ 80 (n ≡ 0



(mod 8)).



• The highest possible minimum weight for Type I codes with n = 74, 76 and 78 is 14. • The highest possible minimum weight for Type I codes with n = 80, 82, 84, 86, 88, 90 and 92 is 16. • The highest possible minimum weight for Type I codes with n = 94, 96, 98, 100, 102 and 106 is 18. • The highest possible minimum weight for Type I codes with n = 104, 108, 110, 114 and 116 is 20. 22



• The highest possible minimum weight for Type I codes with n = 112, 118 and 120 is 22. In addition, we have constructed the following new codes: • The first extremal Type I [86, 34, 16] code. • Extremal Type I codes of lengths 40, 50, 52 and 54 with weight enumerators for which there were previously no known codes. • 30 inequivalent Type II [72, 36, 12] codes with different weight enumerators, which implies that there are at least 32 inequivalent Type II [72, 36, 12] codes. • Four inequivalent Type II [96, 48, 16] codes with different weight enumerators. We leave the following open questions: • Find extremal codes for any of the putative weight enumerators given. • Determine whether Type I codes with d = 14 exist for n = 70, 72, 74 and 76. Finally, we summarize the information on extremal Type I and Type II codes of length n ≤ 100 in Tables 6 and 5, respectively, where dC denotes the highest possible minimum weight of codes of length n. The third column of each table gives the known inequivalent extremal codes and the fourth column gives their references. These tables represent the current state of knowledge about extremal self-dual codes. Table 5: Extremal Type II Codes n 8 16 24 32 40 48 56 64 72 80 88 96



dC 4 4 8 8 8 12 12 12 12 or 16 16 16 16 or 20



number of codes 1 2 1 5 ≥ 1000 ≥1 ≥ 166 ≥ 3270 ≥ 32 or ? ≥1 ≥2 ≥ 5 or ?



references [48] [48] [47] [13], [14] [6], [27], [30], [45], [55], [56], [66] [34], [35], [44] [1], [5], [27], [30], [40], [62] [25], [31], [37], [46], [63] [22], [44], Section 4 [44] [32], [44], [21], Section 4
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Table 6: Extremal Type I Codes n 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60 62 64 66 68 70 72 74 76 78 80 82 84 86 88 90 92 94 96 98 100



dC 2 2 2 2 2 4 4 4 4 4 6 6 6 6 6 8 6 8 8 8 8 8 10 10 10 10 10 10, 12 10 12 10, 12 12 12 12 12, 14 12, 14 12, 14 12, 14 14 14, 16 14, 16 14, 16 16 14, 16 14, 16 14, 16 14, 16, 18 14, 16, 18 14, 16, 18 16, 18



number of codes 1 1 1 1 2 1 1 1 2 7 1 1 1 3 13 3 ≥ 200 ≥2 ≥3 ≥ 22 ≥ 30 ≥ 108 ≥1 ≥7 ≥6 ≥ 11 ≥ 54 ? ≥ 80 ≥5 ? ≥5 ≥3 ≥ 65 ≥ 1, ? ? ? ? ≥1 ? ? ? ≥1 ? ? ? ? ? ? ?
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