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1 Introduction In this paper we study the construction of social preferences in the canonical economic problem of dividing a bundle of commodities among individuals with heterogeneous preferences. We impose efficiency and equity conditions on such social preferences, and show that two particular kinds of social preferences emerge as salient solutions. One is closely linked to Pazner and Schmeidler’s (1978) concept of egalitarian-equivalence, the other is related to the egalitarian Walrasian equilibrium and was introduced in Fleurbaey and Maniquet (2006). Both involve the maximin criterion, although the equity conditions relied upon in the analysis are only minimally egalitarian. Our equity concepts are inspired by the theory of fair allocation,1 but our approach is closer to the social choice framework developed in Arrow (1963) because, like Arrow, we require social preferences to rank all alternatives in a finegrained way. Fine-grained social preferences are particularly useful when the subset of achievable allocations is not known in advance and may change depending on various circumstances (informational limitations, endowments, political constraints, etc.). It is well known, however, that Arrow’s conclusion was negative. We avoid the kind of impossibility he obtained in his celebrated theorem by relaxing his axiom of Independence of irrelevant alternatives (IIA).2 We indeed consider that IIA is unduly restrictive, especially in economic environments. Let us briefly explain why. IIA requires the social ranking of two allocations to depend only on individual preferences over these two allocations, that is, over the personal bundles obtained in these two allocations. Consider the following two allocations. In allocation z, Ann receives 3 loaves of bread and 6 bottles of wine, while Bob gets 5 loaves of bread and 2 bottles of wine. In allocation z  , Ann has 2 loaves of bread and 5 bottles of wine and Bob has 6 loaves of bread and 3 bottles of wine. These allocations are illustrated in Fig. 1. Suppose we know that preferences are monotonic in all likely configurations, so that there is no question that Ann prefers allocation z whereas Bob prefers allocation z  . If one accepted Arrow’s informational restriction, one would therefore have to admit that two allocations such as z and z  have to be ranked independently of the agents’ preferences. But z and z  are perfectly symmetrical, so that there seems to be no relevant difference between the two allocations if one wants to be impartial between the two individuals. Does that imply that we should conclude to social indifference between z and z  ? This is quite unlikely. Suppose we accept to have a glance at the indifference curves of the agents at these two allocations, and they turn out to be as shown in Fig. 2. One sees that allocation z is a Walrasian equilibrium with equal budgets, and therefore, divides the goods in an efficient way and prevents any envy between agents, whereas z  displays unequal marginal rates of substitution, and has Ann envying Bob. It would make perfect sense to prefer allocation z on this basis. But one needs information about indifference curves in order to make such a judgment. It therefore appears legitimate to introduce information about indifference curves 1



For a survey on this theory, see Moulin and Thomson (1997). In standard presentations of social choice theory (e.g. Arrow 1963), the Borda rule is usually exhibited when dropping IIA is considered. In economic contexts the Borda rule is not attractive, and the solutions studied in this paper can be proposed as more appropriate examples. 2
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Fig. 1 The allocations



Fig. 2 Indifference curves



in order to devise social preferences over two allocations.3 This is the main feature of the approach adopted in this paper. The paper is organized as follows. In Sect. 2 we present the model and the main concepts. The requirements imposed on social preferences are introduced in Sect. 3, with some preliminary results. Section 4 presents the main results. We give some concluding comments in Sect. 5 and provide the proofs in the appendix.



3



For a similar view in abstract contexts, see Hansson (1973), Campbell and Kelly (2000), and in economic contexts, Pazner (1979), Samuelson (1987).
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2 Framework and concepts An economy is composed of a set of agents having self-centered4 preferences over bundles of private goods. We assume that there are  private goods. The population of agents is denoted as a finite subset of the set of positive natural numbers, N ⊂ N++ , and |N | < ∞ denotes the cardinality of set N . Each agent i in N is characterized by her preference relation Ri , a complete ordering5 over her consumption set X = R+ . For two bundles x, y ∈ X , we write x Ri y to denote that agent i is at least as well off at x as at y. The corresponding strict preference and indifference relations are denoted Pi and Ii respectively. Let R denote the set of preferences which are continuous, strictly monotonic (that is, for two bundles x, y ∈ R+ , if x < y, then y Pi x), 6 and convex. We denote by  ∈ R++ the vector of social endowment. An economy is therefore described by a list e = (R N , ) ∈ R|N | × R++ , R N = (Ri )i∈N is the population’s profile of preferences. We are interested in constructing orderings of allocations as a function of the values taken by the economy parameters. As a result, we consider the family of all economies where the set of agents, their preferences and the social endowment may change. Therefore we define the domain of economies E as follows:  E= R|N | × R++ . N ⊂N++



An allocation for an economy e = (R N , ) ∈ E is a list z N = (z i )i∈N ∈ X |N | of bundles, where z i denotes agent i’s bundle. An allocation z N ∈ X |N | is feasible for e = (R N , ) if i∈N z i ≤ . We denote the set of feasible allocations for e by Z (e). A social ordering for an economy e = (R N , ) ∈ E is a complete ordering over X |N | .7 A social ordering function (SOF) R¯ associates every admissible economy ¯ over X |N | . For an economy e = (R N , ) ∈ E , e ∈ E with a complete ordering R(e)  ¯ z  to denote that z N is at and two allocations z N , z N ∈ X |N | , we write z N R(e) N  least as good as z N in e. The corresponding strict social preference and social ¯ indifference relations are denoted P(e) and I¯(e) respectively. Let C R¯ (e) denote ¯ the subset of feasible allocations which are the best according to R(e), that is:   ¯ z N . C R¯ (e) = z N ∈ Z (e) | ∀z N ∈ Z (e), z N R(e) ¯ Notice that although the social ordering R(e) ranks all feasible and unfeasible |N | ¯ allocations of X , it makes sense for R(e) to be a function of  and not only 4 We follow a well established tradition that focuses on self-centered preferences in order to avoid making social judgments favor the egoist at the expense of the altruist. If externalities are present, then individual preferences have to be “laundered” (Goodin 1986) in order to extract a self-centered component. 5 An ordering is a reflexive and transitive binary relation. 6 The three vector inequalities are denoted ≤, < and . 7 The reason why we are interested in ranking not only feasible but also infeasible allocations is that an allocation which is infeasible for an economy may be feasible for another economy (typically if the social endowment increases), which matters under cross-economy robustness requirements.
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of R N , because it may be desirable to take account of the relative scarcity of the various goods when comparing two allocations. Consider again the example of the introduction, with bread and wine. If  contains almost no wine, the comparison of (feasible or unfeasible) allocations should probably be oriented toward equality of bread consumptions, whereas if it contains almost no bread, equality of wine consumptions should be the leading goal. The SOFs studied here satisfy this sensitivity property. Let us now introduce them. The first was originally proposed by Pazner and Schmeidler (1978) and works as follows. In every economy, each preference relation is given a numerical representation. Namely, the valuation of an indifference curve is computed as the fraction of the total endowment which lies on this indifference curve, that is, for preferences R and bundle z, the numerical representation of R at z is equal to λ if z I λ. Then, an allocation is socially preferred to a second one if the list of individual numerical levels corresponding to the bundles composing the first allocation dominates the list corresponding to the second allocation according to the maximin criterion. ¯ ≡ For all e = (R N , ) ∈ E , z N , z  ∈ X |N | , and -Equivalent maximin R N |N | λ N , λN ∈ R+ such that z i Ii λi  and z i Ii λi  for all i ∈ N , 



   ≡   ¯ z N R (e) z N ⇔ min λi ≥ min λi . i∈N



i∈N



The -equivalent maximin is illustrated in Fig. 3 in a two-good two-agent economy ((R1 , R2 ) , ). Two allocations, (z 1 , z 2 ) and (z 1 , z 2 ), have to be compared. Using information about indifference curves, one can compute the -equivalent valuation of indifference curves associated to those bundles. The welfare representation of z 1 is thus λ1 , etc. Applying the maximin criterion to these representations  ¯ leads us to the conclusion that (z 1 , z 2 ) P(e)(z 1 , z 2 ), as λ2 > λ1 .



Fig. 3 The -Equivalent Maximin function
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The second SOF makes a more complex use of numerical representations of the preferences, referring to money-metric utilities based on some appropriate price vector. It is also in the egalitarian spirit and money-metric utilities are computed by reference to the preferences of the agents who turn out to be the poorest at the reference prices. This SOF rationalizes the equal-income Walrasian allocations, that is, in each economy it considers the set of equal-income Walrasian allocations as the first best. We need to introduce some additional notation. For a bundle z ∈ X , a price vector p ∈ R++ , a preference relation R ∈ R, let λ(z, p, R) be such that R is indifferent between consuming z or choosing a best bundle in the budget set {x ∈ X | px ≤ λ(z, p, R) p}. The SOF works as follows. First, for each economy e = (R N , ) and allocation z N , we compute a price vector p m (z N , e) which maximizes the smallest λ(z i , p, Ri ) at that allocation, i.e. formally satisfies p m (z N , e) ∈ arg max min λ(z i , p, Ri ). p∈R++ i∈N



When there are several such prices, any selection will do.8 Then, two allocations z N , z N are ranked by comparing (λ(z i , p m (z N , e), Ri ))i∈N to (λ(z i , p m (z N , e), Ri ))i∈N with the maximin criterion: ¯ p For all e = (R N , ) ∈ E , z N , z  ∈ X |N | , -Implicit income maximin R N     z N R¯ p (e) z N ⇔ min λ(z i , p m (z N , e), Ri ) ≥ min λ(z i , p m (z N , e), Ri ) . i∈N



i∈N



The -implicit income maximin is illustrated in Fig. 4 in a two-good three-agent economy (R1 , R2 , R3 , ). Two allocations have to be compared, (z 1 , z 2 , z 3 ) and (z 1 , z 2 , z 3 ). The prices that correspond to p m (z N , e) and p m (z N , e) are denoted p and p  respectively. It is not surprising to observe that λ(z 1 , p, R1 ) = λ(z 2 , p, R2 ) (they are denoted λ1 , λ2 in the figure). Indeed, by varying p, one of these two agents would necessarily end up with a lower λ. In the example, moreover, only preferences of agents 1 and 2 are used to compute p, which, in turn, allows us to compute λ3 . Applying the maximin criterion leads us to the conclusion that ¯ (z 1 , z 2 , z 3 ) P(e) (z 1 , z 2 , z 3 ), since λ2 = λ3 > λ1 = λ2 . The figure makes it clear that an alternative way to compute mini∈N λ(z i , p m (z N , e), Ri ) is to take the convex hull of the agents’ upper contour sets at z N , and find the intersection of its boundary with the ray to . Its tangency at that point is orthogonal to p m (z N , e).9 Finally, we need to introduce the following terminology. Let us say that an ordering R is a subrelation of an ordering R  whenever a R b implies a R  b. One can interpret a subrelation as expressing finer preferences, since a I b implies a I  b, while a P  b implies a P b. For instance, an ordering based on the leximin criterion (that is, the lexicographical application of the maximin) is a subrelation of an ordering based on the maximin criterion. 8 This is because in the definition of the SOF, only the smallest λ(z , p, R ) is referred to, and i i this minimum does not depend on the particular selection of prices. 9 This shows that, even though p m (z , e) is computed by a minimization program on the open N set R++ , it is always well defined.
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Fig. 4 The -Implicit Income Maximin function



3 Properties In this section, we introduce properties that appear desirable for SOFs, and are therefore useful for the selection of acceptable SOFs. First is the standard social choice condition of Paretian unanimity. The condition requires society to prefer an allocation over another one when all agents prefer it, and also to be indifferent when all agents are indifferent. Pareto For all e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if z i Pi z i for all i ∈ N , ¯ z N ; if z i Ii z i for all i ∈ N , then z N I¯(e) z N . then z N P(e) It may also be useful to refer to the Strong Pareto condition, which, in addition to Pareto, requires that if all agents weakly prefer an allocation and some strictly prefer it, then it is socially strictly preferred. Strong pareto For all e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if z i Ri z i for all ¯ z  ; if, in addition, z i Pi z  for some i ∈ N , then z N P(e) ¯ z N . i ∈ N , then z N R(e) N i We now turn to fairness properties. Following the tradition of the theory of fair allocation, we define fairness as related to the general idea of resource equality. Our first axiom is inspired by one of the oldest properties in this field Steinhaus (1948). It is based on the idea that an equal split of the social endowment would be equitable, although generally inefficient, so that each agent should be assigned a bundle she weakly prefers to equal split. Adapting this idea to the problem of ranking allocations, we propose that a resource transfer from an agent who is better
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off than with an equal share of the stock to an agent who is worse off than with an equal share be a weak social improvement (provided the former agent is still weakly better off and the latter weakly worse off than with  n , after the transfer). The name of the axiom comes from the obvious link between the transfer considered in it and the Pigou–Dalton principle of transfer. Equal split transfer principle For all e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if there exist j, k ∈ N , and  ∈ R+ \ {0} such that z j = z j − , z k = z k + ,     ¯ z j R j  n , n Rk z k and for all i  = j, k, z i = z i , then z N R(e) z N . Our second property is inspired by the Equal Treatment of Equals condition, which is widespread in the theory of fair allocation. Let us consider two agents who have the same preferences. Since we are interested in dividing goods equally, such agents should receive the same bundles, or, at least, receive bundles they deem equivalent. Then, starting from an allocation in which one receives a better bundle, a resource transfer from the agent having the preferred bundle to the other one is a weak social improvement (provided the transfer does not reverse their positions). Transfer principle among equals For all e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if there exist j, k ∈ N ,  ∈ R+ \{0} such that R j = Rk , z j = z j −, z k = z k +, ¯ zN . z  R j z  and for all i  = j, k, z i = z  , then z  R(e) j



k



i



N



Following Arrow’s (1963) pioneering work, we also consider cross-economy robustness properties. We begin with a requirement of independence from certain changes in preferences. The following axiom, due to Hansson (1973) and Pazner (1979), requires that changes in preferences that do not modify the agents’ indifference curves through the bundles composing two allocations should not alter the social ranking of these two allocations. As we argued in the introduction, we consider it as the appropriate weakening of IIA in this context.10 Independence of alternatives outside indifference curves For all e = (R N , ), e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if for all i ∈ N and all x ∈ X , z i Ii x ⇔ z i Ii x, and z i Ii x ⇔ z i Ii x, then ¯ z N ⇔ z N R(e ¯  ) z N . z N R(e) The next requirement is that if an allocation is socially optimal in a given economy, then it remains so after changes in preferences having the property that bundles composing the allocation move upwards in the individual rankings (the lower contour sets at those bundles expand). This condition is equivalent to requiring that the C R¯ correspondence satisfies a monotonicity property studied in the theory of fair allocation (Gevers 1986) and the theory of implementation (Maskin 1999). Robust selection For all e = (R N , ), e = (R N , ) ∈ E , and z N ∈ C R¯ (e), if for all i ∈ N and all x ∈ X , z i Ri x ⇒ z i Ri x, then z N ∈ C R¯ (e ). 10 One notices that the two SOFs highlighted in this paper do not depend on the whole indifference curves but only on parts of them. This raises the issue of the amount and kind of information needed for the construction of nice SOFs. For the economic framework, it is addressed in Fleurbaey et al. (2005). For the abstract social choice framework, see Campbell and Kelly (2000).
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It is worthwhile mentioning a relationship between this axiom and no-envy, a concept which is popular in the theory of fair allocation. Recall that agent i is said to envy agent j when z j Pi z i , and the allocation is envy-free if for all i, j, z i Ri z j . With the change of preferences considered in the premises of Robust Selection, the number of envy relations in allocation z cannot increase and may decrease. Moreover, as proven in the following lemma, any SOF R¯ which satisfies Robust Selection in addition to Pareto and Transfer Principle among Equals selects only envy-free allocations, and accepts all Walrasian allocations with equal budgets among its first best selection C R¯ (e). For any given economy e, let EF(e) and W (e) denote, respectively, the set of efficient and envy-free allocations and the set of Walrasian allocations in which all agents have equal budgets. Lemma 1 If R¯ satisfies Pareto, Transfer Principle among Equals and Robust Selection, then for all e = (R N , ) ∈ E W (e) ⊆ C R¯ (e) ⊆ EF(e). The next axiom is an adaptation of separability conditions that are encountered in welfare economics (see e.g. Fleming 1952) and the theory of social choice (see d’Aspremont and Gevers 1977). The separability conditions, with some variations, state that agents who are indifferent over some alternatives should not influence social preferences over those alternatives. Our condition is about agents who are not only indifferent but have the same bundles, and it requires that removing those agents do not alter social preferences. It is therefore a cross-economy robustness property.11 Separability For all e = (R N , ) ∈ E , z N , z N ∈ X |N | , M ⊂ N , if for all i ∈ M, z i = z i , then ¯ z N ⇒ z N \M R(R ¯ N \M , ) z N \M . z N R(e) Unfortunately, Separability12 turns out to be very demanding, because the presence of agents with particular preferences in the economy affects the relative scarcity of the various goods, due to the fact that the ethical goal of resource equality gives them some rights over the available resources. For instance, agents having the highest willingness to substitute wine for bread make wine relatively scarcer for other agents because the social ordering is likely to give it to these agents in priority. 11 This may also be viewed as an adaptation of the population monotonicity property studied in the theory of fair allocation (see Thomson 1983). Population monotonicity requires that all remaining agents be at least as well-off when a subset of agents leave the economy and the ¯ z  is resources to be allocated remain constant. In the study of SOFs, we can say that z N R(e) N  equivalent to selecting z N when only z N and z N are available. The only way to have all remaining agents affected in the same way when agents in M leave is by still selecting z N \M when only z N \M and z N \M are available. 12 Notice that in the reduced economy with population N \M, we still refer to , and not to   − i∈M z i . The latter formulation would be closer to the consistency condition commonly used in the literature on fair allocation rules [see Thomson (1996) for a survey on the consistency condition], but then it would also contain an independence requirement for the social ordering with respect to changes in , and such a requirement is largely incompatible with the other conditions considered in this paper (it may also be questioned on the ground that the relative scarcity of goods may legitimately matter in the evaluation of allocations).
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The following lemma shows that this potential conflict between Pareto, resource equality (represented by Transfer Principle among Equals) and Separability yields an incompatibility when Robust Selection is also required. Lemma 2 No SOF satisfies Pareto, Transfer Principle among Equals, Robust Selection and Separability. This lemma derives from Lemma 1 (more precisely, from the fact that Pareto, Transfer Principle among Equals and Robust Selection together imply that Walrasian equilibria with equal budgets are strictly preferred to Pareto-inefficient allocations) and the fact that Walrasian equilibria are incompatible with the separability idea because removing an agent from the economy can turn a Pareto-inefficient allocation into a Walrasian equilibrium. See the appendix for a precise argument. It is necessary, then, to study a weaker version of the separability condition, which takes account of this egalitarian commitment, and says that agents with unchanged bundles can be neglected only if they are undoubtedly better off than other agents. Agents are undoubtedly better off than others when there are other agents who have the same preferences as theirs and receive bundles on lower indifference curves. Weak Separability states that removing agents who consume the same bundle in two allocations and are undoubtedly better-off than others in those allocations does not alter social preferences. Weak separability For all e = (R N , ) ∈ E , z N , z N ∈ X |N | , M ⊂ N , if for all i ∈ M, z i = z i and there is j ∈ N such that R j = Ri , z i Pi z j and z i Pi z j , then ¯ z N ⇒ z N \M R(R ¯ N \M , ) z N \M . z N R(e) The last property we define is the counterpart in our setting of the DebreuScarf replication device. It requires that the social preference over two allocations be preserved if these allocations are replicated and if the new economy is defined by replicating the agents’ preferences and by multiplying the social endowment. We need some new notation. For e = (R N , ) ∈ E , z N ∈ X |N | and ν ∈ N++ , we write νe to denote the economy obtained by replicating the R N profile ν times and multiplying  by ν, and we write νz N (resp. ν R N ) to denote the allocation (resp. the profile of preferences) obtained by replicating z N (resp. R N ) ν times. In brief, one has: νe = (ν R N , ν).13 Replication independence For all e = (R N , ) ∈ E , z N , z N ∈ X |N | and ν ∈ N++ , ¯ z N ⇒ νz N R(νe) ¯ νz N . z N R(e) 13 This definition does not say what names will be given to the agents who are introduced in the replication process, and some convention must be adopted. Let N + a denote the set {i + a|i ∈ N }. Here the population for the replicated economy is assumed by convention to be N ∪ (N + max N ) ∪ · · · ∪ (N + (ν − 1) max N ) and is denoted Nν . For instance, if N = {2, 3, 7}, then N2 = {2, 3, 7, 9, 10, 14}, N3 = {2, 3, 7, 9, 10, 14, 16, 17, 21}, etc.
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4 Results First, we show that combining Pareto, the independence property and either Equal Split Transfer Principle or Transfer Principle among Equals produces strongly egalitarian social preferences. Consider the following axioms, which display an infinite aversion to inequality in the sense that they force social preferences to accept huge sacrifices of well-off agents for the sake of arbitrarily small gains to the worst-off.14 Equal split For all e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if z i Pi    ¯ i ∈ N and |N | P j z j for some j ∈ N , then z N P(e) z N .



 |N |



for all



Maximin treatment of equals For all e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if there exist j, k ∈ N such that R j = Rk and for all i  = j, k, z i = z i , then ¯ z N ]. [z j P j z j Rk z k Pk z k ] ⇒ [z N R(e) Lemma 3 If a SOF satisfies Pareto, Independence of Alternatives outside Indifference Curves and Equal Split Transfer Principle, then it satisfies Equal Split. If a SOF satisfies Pareto, Independence of Alternatives Outside Indifference Curves and Transfer Principle among Equals, then it satisfies Maximin Treatment of Equals. The main results of this paper may now be formulated. The first result bears some similarity with a characterization of the first-best rule C R¯ ≡ by Sprumont and Zhou Sprumont and Zhou (1999), which relies on conditions similar to Pareto, Equal Split, Replication Independence, among others. Theorem 1 (a) The -equivalent maximin function satisfies Pareto, Equal Split Transfer Principle, Transfer Principle among Equals , Independence of Alternatives outside Indifference Curves, Weak Separability and Replication Independence. On the other hand, it does not satisfy Separability nor Robust Selection. (b) Conversely, if a SOF satisfies Pareto, Equal Split Transfer Principle, Independence of Alternatives outside Indifference Curves, Weak Separability and Replication Independence, then it is a subrelation of the -Equivalent Maximin function. Notice that defining the -Equivalent SOF with the leximin instead of the maximin criterion yields a SOF which satisfies Separability and the Strong Pareto property, in addition to the other axioms of the theorem. Notice also that part b) is only an implication, so that some subrelations of the -Equivalent Maximin function may violate any of the five properties. Theorem 2 (a) The -Implicit income maximin function satisfies Pareto, Transfer Principle among Equals, Independence of Alternatives outside Indifference Curves, Robust Selection, Weak Separability and Replication Independence. It does not satisfy Equal Split Transfer Principle nor Separability. (b) If a SOF satisfies Pareto, Transfer Principle among Equals, Independence of Alternatives outside Indifference Curves, Robust Selection, Weak Separability and Replication Independence, then it is a subrelation of the -implicit income maximin function. 14 The second axiom is similar to Hammond’s equity axiom (see Hammond (1976)). But no interpersonal comparison of utility is involved here, whereas the Hammond equity axiom applied to interpersonally comparable levels of welfare.
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Again it is possible to refine this SOF in order to satisfy Strong Pareto as well as the other axioms of the theorem.15 On the other hand, recall that, by Lemma 2, there is no hope to refine it so as to satisfy Separability. Let us also note that Robust Selection is the only property in the above list which is not satisfied by the -equivalent maximin function. 5 Conclusion This paper illustrates how a possibility result for social choice can be obtained by allowing social preferences to rely on information about indifference curves. Interestingly, the SOFs obtained here are closely related to the main allocation rules identified as relevant by the theory of fair allocation, namely, the egalitarianequivalent rule and the equal-income Walrasian rule. These rules select allocations which are the first best in every economy for the -equivalent maximin and the -implicit income maximin functions, respectively. This correspondence between SOFs and allocation rules shows that the theory of social choice and the theory of fair allocation are parts of a consistent conceptual body, whose unified structure deserves to be explored further. Appendix: Proofs More detailed proofs (including proofs of the independence of the axioms) can be found in Fleurbaey and Maniquet Fleurbaey and Maniquet (2004). For any given economy e, let P(e) be the subset of Pareto-efficient allocations. Proof of Lemma 1 Part 1: W (e) ⊆ C R¯ (e). Consider e = (R N , ) ∈ E , and z N ∈ W (e). Let p be a price vector supporting z N , and R p be defined by:    ∀x, x ∈ X, x R p x ⇔ px ≥ px . Let e p = R p i∈N ,  ∈ E , and consider z ∗N ∈ C R¯ (e p ). Suppose there exist j, k such that z ∗j Pp z k∗ . Take any  ∈ R+ \ {0} such that z ∗j −  R p z k∗ +  and let z N ∈ Z (e p ) be defined by: z j = z ∗j − ; z k = z k∗ + ; for all i  = j, k, z i = z i∗ . By Transfer Principle among Equals, ¯ p )z ∗ . As z  ∈ Z (e p ), one then has z  ∈ C ¯ (e p ). As a consequence (usz N R(e R N N N ing this equalization procedure sufficiently many times), there exists an allocation ∗∗ ∗∗ ∗∗ z ∗∗ N ∈ C R¯ (e p ) such that z i I p z j for all i, j. Necessarily z i I p z i for all i, so that Pareto implies z N ∈ C R¯ (e p ). As a consequence, by Robust Selection, z N ∈ C R¯ (e). Part 2: C R¯ (e) ⊆ EF(e). Consider e = (R N , ) ∈ E , and z N ∈ C R¯ (e). Suppose zN ∈ / EF(e). Since by Pareto, z N ∈ P(e), there is envy in z N . Let j, k ∈ N be such that z j Pk z k . Then there exists R ∗ ∈ R such that for all x ∈ X, z j R j x ⇒ z j R ∗ x and z k Ik x ⇒ z k I ∗ x. Notice that necessarily, z j P ∗ z k . In addition, R ∗ can be chosen so that for some  ∈ R+ \ {0} such that z j −  P ∗ z k + , the allocation (z j − ,z k + ) is inefficient for the economy ((R ∗ , R ∗ ), z j + z k ). Let e = (R N , ) ∈ E be defined by R j = Rk = R ∗ and for all i  = j, k, Ri = Ri . By Robust Selection, z N ∈ C R¯ (e ). Let z N ∈ Z (e ) be defined by: z j = Although this cannot be simply done by applying the leximin criterion to the vectors of λi s, because this would no longer satisfy weak separability. 15
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z j −;z k = z k +; for all i  = j, k, z i = z i . By Transfer Principle among Equals, ¯  )z N , implying that z  ∈ C ¯ (e ). The problem is that (z j − ,z k + ) ∈ / z N R(e R N / P(e ), so that z N ∈ C R¯ (e ) is not possible, P((R ∗ , R ∗ ), z j + z k ) implies z N ∈ which yields a contradiction. Proof of Lemma 2 Consider an economy e = ((R1 , R2 ) , ) ∈ E , and bundles z 1 , z 2 , z 1 , z 2 ∈ X such that z 1 P1 z 1 , z 2 P2 z 2 , and (z 1 , z 2 ) , (z 1 , z 2 ) ∈ 



W (R1 , R2 ) , 23  . Let R3 ∈ R be such that (z 1 , z 2 , 3 ) ∈ W ((R1 , R2 , R3 ) , ), / P((R1 , R2 , R3 ) , ). Symmetrically, let R4 ∈ R be such whereas (z 1 , z 2 , 3 ) ∈    that (z 1 , z 2 , 3 ) ∈ W ((R1 , R2 , R4 ) , ), whereas (z 1 , z 2 , 3 ) ∈ / P((R1 , R2 , R4 ) , ). By Pareto, C R¯ (e) ∩ (Z (e) \ P(e)) = ∅. Therefore, by Lemma 1, (z 1 , z 2 , 3 )   ¯    ¯ P((R 1 , R2 , R3 ) , ) (z 1 , z 2 , 3 ), and by Separability, (z 1 , z 2 , 3 , 3 ) P((R 1 , R2 , R3 ,     ¯ R4 ), ) (z 1 , z 2 , 3 , 3 ). But, symmetrically, by Lemma 1, (z 1 , z 2 , 3 ) P((R 1 , R2 ,    ¯   R4 ), ) (z 1 , z 2 , 3 ) implying, by Separability, (z 1 , z 2 , 3 , 3 ) P((R1 , R2 , R3 , R4 ), ) (z 1 , z 2 , 3 , 3 ), a contradiction. Proof of Lemma 3 First, we claim that for all e = (R N , ) ∈ E , and z N , z N ∈    X |N | , if there exist j, k ∈ N , such that z j P j z j R j |N | , |N | Rk z k Pk z k and for all ¯ zN . i  = j, k, z i = z i , then z N R(e) Consider e = (R N , ) ∈ E , z N , z N ∈ X |N | and j, k ∈ N satisfying the above conditions. Let  ∈ R+ \ {0}, z 1j , z 2j , z k1 , z k2 ∈ X and R j , Rk ∈ R be such that: 1) z 1j I j z j , z 2j I j z j , z k1 Ik z k , z k2 Ik z k ; 2) for all x ∈ X, z j I j x ⇔ z j I j x, z j I j x ⇔ z j I j x, z k Ik x ⇔ z k Ik x, z k Ik x ⇔ z k Ik x; 3) z 1j −  I j z 2j +   and z k1 +  Ik z k2 − . Let e = R N \{ j,k} , R j , Rk ,  ∈ E . By Equal   ¯  ) z N \{ j,k} , z 1 , z 1 and Split Transfer Principle, z N \{ j,k} , z 1j − , z k1 +  R(e j k   2 2 2 2   ¯ ¯ z N \{ j,k} , z j , z k R(e ) z N \{ j,k} , z j + , z k −  . By Pareto, z N I (e ) (z N \{ j,k} ,   z 1j , z k1 ), z N I¯(e ) z N \{ j,k} , z 2j , z k2 and z N \{ j,k} , z 1j − , z k1 +  I¯(e ) (z N \{ j,k} , ¯  ) z N . By Independence of Alternatives outside z 2j + , z k2 − ), so that z N R(e ¯ z N . This proves the claim. Indifference Curves, z  R(e) N



Now, let e = (R N , ) ∈ E , and z N , z N ∈ X |N | be such that z i Pi  |N |



 |N |



for all



P j z j for some j ∈ N . Without loss of generality, we can assume i ∈ N and   |N | such that for all i  = j, z i Pi |N | . (Indeed, if it is not the case, we can find z N ∈ X   that for all i ∈ N , z i Pi z i , and |N | P j z j whereas z i Pi |N | for all i  = j. By Pareto, ¯ z N P(e) z N , so that z N could replace z N in the proof.) Let  ∈ R+ , z 1j ∈ X be such  the exposition, let us assume that j = 1 that z 1j I j z j and z 1j + = |N | . To simplify  and N = {1, 2, . . . , n} . Let z 1N = z N \{1} , z 11 . For k ∈ {2, . . . , n} , let z kN ∈ X N   k  be defined by: z 1k = z 11 + (k − 1) n−1 , z ik = |N | if i ∈ {2, . . . , k} , and z i = z i  ¯ z nN if i ∈ {k + 1, n} . Observe that z in = |N | for all i ∈ N . By Pareto, z N P(e)
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k ¯ and z 1N I¯(e) z N . By the claim above, for each k ∈ {2, . . . , n − 1} , z k+1 N R(e) z N , ¯ z N . which leads to z N P(e) The second part of this lemma is proven in a very similar way.



Lemma 4 If R satisfies Pareto and maximin treatment of equals, then for all e = (R N , ) ∈ E , and z N , z N ∈ X |N | , if for all i ∈ N , z i Pi z i ⇒ ∃ j ∈ N , R j = Ri , z i Pi z i Pi z j Pi z j z i Pi z i ⇒ ∃ j ∈ N , R j = Ri , z j Pi z j Pi z i Pi z i ¯ zN . then z N R(e) We omit the proof which simply consists of applying the axioms repeatedly. Lemma 5 Let , p ∈ R++ , b1 , . . . , bn ∈ N++ , and x1 , . . . , xn ∈ R+ .  n



n If / i=1 bi  , then there exist y1 , . . . , yn ∈ R+ such that n i=1 bi xi  n i=1 bi yi / i=1 bi =  and for all i ∈ {1, . . . , n}, pyi = p and either yi ≤ xi or yi  xi . Proof of Lemma 5 Let J = {i| pxi ≥ p} and K = {i| pxi < p}. For all p i ∈ J, define yi = px xi . By construction, xi ≥ yi for all i ∈ J, so that  = i     n i∈J bi yi + i∈K bi x i / i=1 bi  . Now, for all i ∈ K , let 



p ( − xi )  −  .  p ( −  )  n   One has yi  xi for all i ∈ K . As p = i∈J bi p + i∈K bi px i / i=1 bi , one computes yi = xi +



1 n



n 



i=1 bi i=1 







p ( − xi )  −   p ( −  ) i=1 bi i∈K      bi i∈K bi   =  + n p − p + 1 − i∈K p n i=1 bi i=1 bi 



 −  × = , p ( −  )



1 bi yi =  + n



which completes the proof.



bi



 



In the proofs of Theorems 1 and 2, we use the following general notation. For z ∈ X , we denote by z + and z − bundles such that z + > z and z − < z, and such that properties of z are transferred to z + and z − in a way that is specified. Proof of Theorem 1 We only prove part b). By Lemma 3, R¯ satisfies Equal Split. Let e = (R N , ) ∈ E and z N , z N ∈ X |N | be such that z N P¯ ≡ (e)z N . We have  . Since z P¯ ≡ (e)z  , there exist λ , λ ∈ R|N | such that ¯ to prove that z N P(e)z N N + N N N   z i Ii λi  and z i Ii λi  for all i ∈ N , and mini∈N λi > mini∈N λi . Let n = |N | and m, q ∈ N++ be such that q > n, mq  = λi for all i ∈ N and mini∈N λi > m/q > mini∈N λi . Let L = {i ∈ N |z i Pi z i } and L c = N \ L . By construction L  = ∅. If  by Pareto. We now consider the subcase ¯ L c = ∅, one immediately gets z N P(e)z N c L  = ∅. Let  = |L|.
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 when m/q ≤ 1/(n − ). ¯ Step 1 We first prove that z N P(e)z N We first construct bundles. For all i ∈ N , we construct z i+ > z i > z i− > z i−− and z i+ > z i such that



m  Pi z i+ ⇔ q z i Pi z i+ ⇔ m z i−− Pi  q



m  Pi z i q z i Pi z i for all i ∈ N .



Case 1 m/q ≤ 1/n. Let e = me. Choose any i 0 ∈ L. Let e0 = ((m R N , Ri0 , . . . , Ri0 ), m). The    q−mn  + + average endowment in e0 is mq . By Pareto and Equal Split, mz − N , zi0 , . . . , zi0  ¯  ) mz  . By Pareto, ¯ 0 ) mz  , z + , . . . , z + . By Weak Separability, mz − R(e P(e i0 N N i0 N ¯  ) mz − and therefore mz N P(e ¯  ) mz  . By Replication Independence, mz N P(e N N ¯ z . z N P(e) N



Case 2 1/n < m/q < 1/(n − ). Let m  ∈ N++ be a multiple of m such that m >



m  q min 1 −



 m q (n



− ), mq n − 1



,



and let q  = m  q/m. The previous inequality is equivalent to q m − 1  + n −  < +n− < m m m and therefore,  + m  (n − ) < q  < (m  − 1) + m  (n − ).   



that, by footnote 13, the population in e is Nm  = N ∪. . .∪ Let e  = m e. Recall N + m − 1 max N . Let N (i) = {i, i + max N , · · · , i + m − 1 max N }, i.e. the set of agents who are “clones” of i (including i). Due to the above inequalities, there exist a list of subsets K N such that for all i ∈ L , ∅  = K i  N (i) and    i∈L |K i | + m (n − ) = q . Let (N1 , N2 , N3 ) be a partition of Nm  defined by: N1 = ∪i∈L K i , N2 = ∪i∈L N (i) \ K i , N3 = ∪i∈L c N (i). To make things clearer, we define allocations with tables, so that, for instance, the following table N1 z i+



N2 z i−



N3 z i−



means that for all j ∈ Nm  , i ∈ N such that j ∈ K i , j consumes z i+ ; for all j ∈ Nm  , i ∈ L such that j ∈ N (i) \ K i , j consumes z i− , etc. Let z 1N  = m z 2N  = m



N1 z i+ z i−−



N2 z i− z i−



N3 z i+ z i−



40



M. Fleurbaey and F. Maniquet 



Let e = (R N1 ∪N3 , m  ). The average endowment in e is mq   = mq . For all j ∈ N1 , z 2j P j mq , whereas for some j ∈ N1 , mq P j z 1j . Therefore, by Equal Split, 1 ¯  )z 1 z 2N1 ∪N3 P(e N1 ∪N3 . Moreover, one has, for all i ∈ N , all k ∈ N2 ∩ N (i), z k = 2 1 1 2 2 z k and there is j ∈ N1 ∩ N (i) such that z k Pi z j , z k Pi z j , so that, by Weak ¯  )z 1 . One easily checks that by Pareto, z 1 P(e ¯  )z  Separability, z 2N  P(e Nm  Nm  Nm  m ¯  )z 2 . By transitivity, z N  P(e ¯  )z  . By Replication Independence, and z N  P(e Nm 



m



 . ¯ z N P(e)z N



Nm 



m



Step 2 We now extend the previous result to the more general case m/q ≤ 1. Let the population of set L c be numbered i 1 , . . . , i n− . We construct allocations z kN , for k = 1, . . . , n − . For all k, and all i ∈ N , we define λik by the condition z ik Ii λik . Let j ∈ L be such that λj = mini∈N λi . The allocation z 1N is chosen so that z i11 Pi z i Ri z i , whereas for all i ∈ L c , i  = i 1 , z i Pi z i1 Pi mq , and for all i ∈ L \ { j}, z i Pi z i1 Pi z i and z i1 Pi mq . For agent j, let z i Pi mq Pi z i1 Pi z i . One therefore has: λ1j = mini∈N λi1 < m/q, whereas for all i  = j, λi1 > m/q. Let 1 = |{i ∈ N |z i Pi z i1 }|. One has 1 = n − 1, and mini∈N λi1 < 1/(n − 1 ) = 1. Moreover, mini∈N λi1 < mini∈N λi . By a direct application of 1 . Similarly, ¯ step 1 to the pair of allocations z N , z 1N , one concludes that z N P(e)z N for k = 2, . . . , n − , construct z kN such that z ikk Pi z i Ri z i , but also such that for i = i 1 , . . . , i k−1 , z ik−1 Pi z ik Pi z i Ri z i , and for all i ∈ L \ { j}, z ik−1 Pi z ik Pi z i and z ik Pi mq , while for j, z i Pi mq  Pi z ik−1 Pi z ik Pi z i . This implies λkj = mini∈N λik . Necessarily λkj < 1. Let k = |{i ∈ N |z ik−1 Pi z ik }. One has k = n − 1, and mini∈N λik < 1/(n−k ) = 1. Moreover, mini∈N λik = λkj < λk−1 = mini∈N λik−1 . j k ¯ By a direct application of step 1, z k−1 N P(e)z N . Finally, by construction, for all  ¯ i ∈ N , z in− Pi z i , so that by Pareto, z n− N P(e)z N . By transitivity, one concludes  ¯ . that z N P(e)z N



Step 3 We extend again to the general case m/q > 0. Let m  be such that λ



mini∈N λi < m  . In m  e, one has z i Ii mi m  , and therefore in the allocation m  z N , and letting λi (m  ) denote the number such that z i Ii λi (m  )m  , one has mini∈Nm  λi (m  ) < 1. So that, by application of the previous step to the pair of ¯  e)m  z  . Therefore, by Repliallocations m  z N , m  z N , one must have m  z N P(m N  . ¯   cation Independence, z N P(e)z N Proof of Theorem 2 We only prove part b). By Lemma 3, R¯ also satisfies Maximin Treatment of Equals. Let e = (R N , ) ∈ E , and z N , z N ∈ X |N | be such ¯ z N although z N P¯ p (e) z  , which means that if for all i ∈ N , λi = that z N R(e) N m λ(z i , p (z N , e), Ri ) and λi = λ(z i , p m (z N , e), Ri ), one has  m mini∈N λi < mini∈N λi . Let p = p (z N , e). There exist m, q ∈ N++ such that ¯ z N implies that there exists mini∈N λi < m/q < mini∈N λi . By Pareto, z N R(e)   p ¯ i ∈ N such that z i Ri z i , and z N P (e) z N implies that there exists i ∈ N such that z i Pi z i .
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Step 1: construction of bundles and preferences Let λ = mini∈N λi and K = {i ∈ |N | N |λ = λ or z i Ri z i }. Because λ < mq , there exist weights (ai )i∈N ∈ R++ with  i z N ∈ X |N | , such that: 1) for all i ∈ K , z i Ii z i ; 2) i∈N ai = 1, and an allocation   for all i ∈ N \ K ,  z i Ii z i ; 3) i∈N ai z i  mq . 1++ Therefore, by extension, arbitrarily close to  z N , there exist z 1N , z 1+ N , zN , |N | z 1+++ in X |N | , and there exist (n i )i∈N ∈ N++ such that: N



 



1



i∈N



ni



n i z i1+++ 



i∈N



m  q



and such that for all i ∈ N , z i1 Pi z i ; for all i ∈ N such that z i Pi z i , z i Pi z i1+++ ; for all i ∈ N \ K , z i1 Pi B( p, mq ). Then by Lemma 5 one can find z 2N ∈ X |N | such that for all i ∈ N , pz i2 = p mq  



z i2 ≤ z i1 or z i2  z i1  m 1 2 i∈N n i z i = q . n



i∈N



i



We now construct a new profile R N . Consider i such that z i Ri z i (as noted above, some such i must exist). Since z i1 Pi z i , {x ∈ X |x Ri z i1 } ⊂ {x ∈ X |x Ri z i } ⊂ {x ∈ X | px > p



m }, q



One can then find Ri such that ∀x ∈ X, z i1 Ii x ⇔ z i1 Ii x ∀x ∈ X, z i Ii x ⇔ z i Ii x m m ∀x ∈ X, px = p  ⇒ x Ii . q q Now consider i such that z i Pi z i (as noted above, some such i must exist). Then, z i Pi z i1 . If pz i1 < p mq , then z i2  z i1 . In addition, for all x such that px = p mq , one has z i Pi x. It is then easy to find Ri such that ∀x ∈ X, z i1 Ii x ⇔ z i1 Ii x ∀x ∈ X, z i Ii x ⇔ z i Ii x   m 2  z i Ii B p,  . q If, on the other hand, pz i1 ≥ p mq , then z i2 ≤ z i1 . Recall that by construction, z i1 Pi B( p, mq ). In that case, one can also find Ri satisfying the above conditions. Summing up, one can find R N such that for all i ∈ N , ∀x ∈ X, z i1 Ii x ⇔ z i1 Ii x, z i Ii x ⇔ z i Ii x,
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 z i2 Ii B p, mq  and such that for some j ∗ with z 1j ∗ P j ∗ z j ∗ ∀x ∈ X, px = p



m m  ⇒ x I j ∗ . q q



Note that, for all i ∈ N , z i Pi z i2 , and also: z i Pi z i1+++ iff z i Pi z i1+++ . One can find x ∗ ∈ X and ν ∈ N++ such that m px ∗ = p  q  



m 1 z i2 + νx ∗ = . |N | + ν q i∈N



Similarly, one can then choose µ, s ∈ N++ such that



q ni = s > |N | + ν + µ m i∈N  



m 1 1++ zi + νz 1++ + µ n i z i1+++  . ∗ j s q i∈N



i∈N







  z i2 + νx ∗ + µ i∈N n i z i2 = (m/q). One then necessarily has (1/s) i∈N   1 c  Let L = i ∈ N  |z i Pi z i and L = N \ L . Notice that one also has L = i ∈ N |z i Pi z i1+++ . Indeed,



z i Pi z i1 ⇒ z i Pi z i ⇒ z i Pi z i1+++ ⇒ z i Pi z i1+++ , z i1 Ri z i ⇒ z i1 Ri z i ⇒ z i1+++ Pi z i . −− −−− 2+ 2++ There exist z − , z N , z N ∈ X |N | such that for all i ∈ N , z i > z i− > N , zN , zN z i−− > z i−−− Pi z i2++ > z i2+ > z i2 , and for all i ∈ L , z i− − − Pi z i1+++ . To sum up, for all i ∈ L, z i Pi z i− > z i− − > z i− − − Pi z i1+++ > z i1++ > z i1+ > z i1 Pi z i and z i− − − Pi z i2++ > z i2+ > z i2 whereas for all i ∈ L c , z i1+++ > z i1++ > z i1+ > z i1 Pi z i Ri z i > z i− > z i− − > z i− − − Pi z i2++ > z i2+ > z i2 .



¯ z N . Hence, by transiStep 2: Derivation of a contradiction By Pareto, z 1N P(e) ¯ z N . Let e = (R N , ). By Independence of Alternatives outside tivity, z 1N P(e) ¯ ) z N . Indifference Curves, z 1N R(e Let us define the following disjoint sets of agents. First, we partition Nms into four subsets: N1 N2 N3 N4



= {j = {j = {j = {j



∈ ∈ ∈ ∈



Nms |∃i Nms |∃i Nms |∃i Nms |∃i



∈ ∈ ∈ ∈



L , ∃t < q, j = i + t max N } L c , ∃t < q, j = i + t max N } L , ∃t ≥ q, j = i + t max N } L c , ∃t ≥ q, j = i + t max N }
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The subset N1 contains q clones of every i ∈ L , N2 contains q clones of every i ∈ L c , while N3 and N4 each contains ms−q such clones. Next, we introduce  three sets, with sizes (the agents’ indices do not matter) |N | = qν, |N | = qµ 6 5 i∈L n i ,  |N7 | = qµ k∈L c n k . By Replication Independence, N1 z i1



N2 z i1



N3 z i1



N4 z i1



) ¯ R(mse



N1 zi



) ¯ P(mse ) ¯ P(mse



N1 z i1 z i− −



N2 zi



N3 zi



N4 zi .



By Pareto, N2 z i1+ zi



N3 z i− zi



N4 z i1++ zi



N2 z i− −



N3 z i−



N4 z i−



N1 z i1+ zi



N2 z i1 z i− −



N3 z i1 z i−



N4 z i1 , z i− .



One also has N1 z i− −



) ¯ R(mse



N1 z i− −



N2 z i2++



N3 z i−



N4 z i1++ ,



by Lemma 4, because for all j ∈ N2 , k ∈ N4 who are clones of the same i ∈ L c , one has: z 1++ P  z − P  z −− Pi z i2++ . i  i i i i  



(consumed by k)



(cons. by j)



By transitivity: N1 z i1+



N2 z i1+



N3 z i−



N4 z i1++



) ¯ P(mse



N1 z i− −



N2 z i2++



N3 z i−



N4 z i1++ .



Let e = (R N1 ∪N2 , ms). In the last two allocations, notice that for all i ∈ L , z i− Pi z i1+ , and for all i ∈ L c , z i1++ Pi z i2++ . One can then apply Weak Separability and obtain: N1 z i1+



N2 z k1+



¯  ) R(e



N1 z i− −



N2 z k2++ .



By Pareto, N1 z i−−



N2 z k2++



¯  ) P(e



N1 z i− − −



N2 z k2+ .



so that, by transitivity, N1 z i1+



N2 z k1+



¯  ) P(e



N1 z i− − −



N2 z k2+ .



Let e = (R N1 ∪N2 ∪N5 ∪N6 ∪N7 , ms), with the corresponding profiles of preferences: R N5 = (R j ∗ , . . . , R j ∗ ), R N6 = (qµ(n i Ri )i∈L ), R N7 = (qµ(n i Ri )i∈L c ).
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We first note that j ∗ ∈ L c and that for every i ∈ L c , z i1++ Pi z i2+ . For every i ∈ L , z i Pi z i1+ . So that, by Weak Separability: N1 N2 N5 N6 N7 N1 N2 N5 N6 N7 1+ 1+ 1++ 1+++ − − − 2+ 1++  ¯ P(e ) z i zi zi z j ∗ zi zi z i z j ∗ z i z i1+++ . By Lemma 4 one has N1 N2 N5 N6 N7 N1 N2 N5 N6 N7 1+++ 1+++ ¯  1+ 1+ 1++ 1+++ z i1++ z i1+ z 1++ z z ) z P(e j∗ i i i zi z j ∗ zi zi because for all j ∈ N1 , k ∈ N6 who are clones of the same i ∈ L , one has z i P  z 1+++ Pi z i1++ Pi z i1+ .  i i    



(consumed by k)



(cons. by j)



By Pareto, N1 N2 N5 N6 N7 ¯  ) z i−−− z i2+ z 1++ z i z i1+++ P(e j∗



N1 N2 N5 N6 N7 z i2 z i2 x ∗ z i2 z i2 ,



so that by transitivity, N7 N1 N2 N5 N6 1+++ 1+++ ¯  P(e ) z i1++ z i1+ z 1++ z z ∗ j i i



N1 N2 N5 N6 N7 z i2 z i2 x ∗ z i2 z i2 .



In addition N2 z i1+



N1 z i1++



N1 z i2



N5 z 1++ j∗



N2 z i2



N6 z i1+++



N5 x∗



N6 z i2



N7 z i1+++



N7 z i2



∈ Z (e ),



∈ W (e ).



As a consequence, by Lemma 1, N1 z i2



N2 z i2



N5 x∗



a contradiction.



N6 z i2



N7 z i2



¯  ) R(e



N1 z i1++



N2 z i1+



N5 z 1++ j∗



N6 z i1+++



N7 z i1+++ ,  
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