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Antiparallels and Concurrent Euler Lines Nikolaos Dergiades and Paul Yiu



Abstract. We study the condition for concurrency of the Euler lines of the three triangles each bounded by two sides of a reference triangle and an antiparallel to the third side. For example, if the antiparallels are concurrent at P and the three Euler lines are concurrent at Q, then the loci of P and Q are respectively the tangent to the Jerabek hyperbola at the Lemoine point, and the line parallel to the Brocard axis through the inverse of the deLongchamps point in the circumcircle. We also obtain an interesting cubic as the locus of the point P for which the three Euler lines are concurrent when the antiparallels are constructed through the vertices of the cevian triangle of P .



1. Th´ebault’s theorem on Euler lines We begin with the following theorem of Victor Th´ebault [8] on the concurrency of three Euler lines. Theorem 1 (Th´ebault). Let A B  C  be the orthic triangle of ABC. The Euler lines of the triangles AB C  , BC  A , CA B  are concurrent at the Jerabek center. 1
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Figure 1. Th´ebault’s theorem on the concurrency of Euler lines



We shall make use of homogeneous barycentric coordinates. With reference to triangle ABC, the vertices of the orthic triangle are the points A = (0 : SC : SB ),



B  = (SC : 0 : SA ),



C  = (SB : SA : 0).



Publication Date: February 3, 2004. Communicating Editor: Antreas P. Hatzipolakis. 1Th´ebault [8] gave an equivalent characterization of this common point. See also [7].



2



N. Dergiades and P. Yiu



These are the traces of the orthocenter H = (SBC : SCA : SAB ). The centroid of AB C  is the point (SAA + 2SAB + 2SAC + 3SBC : SA (SC + SA ) : SA (SA + SB )). The circumcenter of A BC, being the midpoint of AH, has coordinates (SCA + SAB + 2SBC : SAC : SAB ). It is straightforward to verify that these two points lie on the line SAA (SB −SC )(x+y+z) = (SA +SB )(SAB +SBC −2SCA )y−(SC +SA )(SBC +SCA −2SAB )z, (1)



which is therefore the Euler line of triangle AB C  . Furthermore, the line (1) also contains the point J = (SA (SB − SC )2 : SB (SC − SA )2 : SC (SA − SB )2 ), which is the center of the Jerabek hyperbola. 2 Similar reasoning gives the equations of the Euler lines of triangles BC A and A B  C, and shows that these contain the same point J. This completes the proof of Th´ebault’s theorem.



2. Triangles intercepted by antiparallels Since the sides of the orthic triangles are antiparallel to the respective sides of triangle ABC, we consider the more general situation when the residuals of the orthic triangle are replaced by triangles intercepted by lines 1 , 2 , 3 antiparallel to the sidelines of the reference triangle, with the following intercepts on the sidelines



1 2 3



BC CA AB Ba Ca Ab Cb Ac Bc



These lines are parallel to the sidelines of the orthic triangle A B  C  . We shall assume that they are the images of the lines B C  , C  A , A B  under the homotheties h(A, 1 − t1 ), h(B, 1 − t2 ), and h(C, 1 − t3 ) respectively. The points Ba , Ca etc. have homogeneous barycentric coordinates Ba = (t1 SA + SC : 0 : (1 − t1 )SA ), Ca = (t1 SA + SB : (1 − t1 )SA : 0), Cb = ((1 − t2 )SB : t2 SB + SA : 0), Ab = (0 : t2 SB + SC : (1 − t2 )SB ), Ac = (0 : (1 − t3 )SC : t3 SC + SB ), Bc = ((1 − t3 )SC : 0 : t3 SC + SA ).



2The point J appears as X 125 in [4].
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Figure 2. Triangles intercepted by antiparallels



2.1. The Euler lines Li , i = 1, 2, 3. Denote by T1 the triangle ABa Ca intercepted by 1 ; similarly T2 and T3 . These are oppositely similar to ABC. We shall study the condition of the concurrency of their Euler lines. Proposition 2. With reference to triangle ABC, the barycentric equations of the Euler lines of Ti , i = 1, 2, 3, are (1 − t1 )SAA (SB − SC )(x + y + z) =c2 (SAB + SBC − 2SCA )y − b2 (SBC + SCA − 2SAB )z, (1 − t2 )SBB (SC − SA )(x + y + z) =a2 (SBC + SCA − 2SAB )z − c2 (SCA + SAB − 2SBC )x, (1 − t3 )SCC (SA − SB )(x + y + z) =b2 (SCA + SAB − 2SBC )x − a2 (SAB + SBC − 2SCA )y.



Proof. It is enough to establish the equation of the Euler line L1 of T1 . This is the image of the Euler line L1 of triangle AB C  under the homothety h(A, 1 − t1 ). A point (x : y : z) on L1 corresponds to the point ((1 − t1 )x − t1 (y + z) : y : z) on  L1 . The equation of L1 can now by obtained from (1). From the equations of these Euler lines, we easily obtain the condition for their concurrency. Theorem 3. The three Euler lines Li , i = 1, 2, 3, are concurrent if and only if t1 a2 (SB − SC )SAA + t2 b2 (SC − SA )SBB + t3 c2 (SA − SB )SCC = 0.



(2)



Proof. From the equations of Li , i = 1, 2, 3, given in Proposition 2, it is clear that the condition for concurency is (1−t1 )a2 (SB −SC )SAA +(1−t2 )b2 (SC −SA )SBB +(1−t3 )c2 (SA −SB )SCC = 0. This simplifies into (2) above.
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2.2. Antiparallels with given common point of Li , i = 1, 2, 3 . We shall assume triangle ABC scalene, i.e., its angles are unequal and none of them is a right angle. For such triangles, the Euler lines of the residuals of the orthic triangle and the corresponding altitudes intersect at finite points. Theorem 4. Given a point Q in the plane of a scalene triangle ABC, there is a unqiue triple of antiparallels i , i = 1, 2, 3, for which the Euler lines Li , i = 1, 2, 3, are concurrent at Q. Proof. Construct the parallel through Q to the Euler line of AB C  to intersect the line AH at Oa . The circle through A with center Oa intersects AC and AB at Ba and Ca respectively. The line Ba Ca is parallel to B C  . It follows that its Euler line is parallel to that of AB C  . This is the line Oa Q. Similar constructions give the other two antiparallels with corresponding Euler lines passing through Q.  We make a useful observation here. From the equations of the Euler lines given in Proposition 2 above, the intersection of any two of them have coordinates expressible in linear functions of t1 , t2 , t3 . It follows that if t1 , t2 , t3 are linear functions of a parameter t, and the three Euler lines are concurrent, then as t varies, the common point traverses a straight line. In particular, t1 = t2 = t3 = t, the Euler lines are concurrent by Theorem 3. The locus of the intersection of the Euler lines is a straight line. Since this intersection is the Jerabek center when t = 0 (Th´ebault’s theorem), and the orthocenter when t = −1, 3 this is the line  SAA (SB − SC )(SCA + SAB − 2SBC )x = 0. Lc : cyclic



We give a summary of some of the interesting loci of common points of Euler lines Li , i = 1, 2, 3, when the lines i , i = 1, 2, 3, are subjected to some further conditions. In what follows, T denotes the triangle bounded by the lines i , i = 1, 2, 3. Line Construction Lc HJ



Reference



Lq Lt



§3.2 §6



Lf Lr



Condition T homothetic to orthic triangle at X25 Remark below i , i = 1, 2, 3, concurrent KX74 i are the antiparallels of a Tucker hexagon X5 X184 Li intersect on Euler line of T GX110 T and ABC perspective



§7.2 §8.3



Remark. Lq can be constructed as the line parallel to the Brocard axis through the intersection of the inverse of the deLongchamps point in the circumcircle. 3For t = 1, this intersection is the point X on the circumcircle, the isogonal conjugate of the 74



infinite point of the Euler line.
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3. Concurrent antiparallels In this section we consider the case when the antiparallels 1 , 2 , 3 all pass through a point P = (u : v : w). In this case, Ba = ((SC + SA )u − (SB − SC )v : 0 : (SA + SB )v + (SC + SA )w), Ca = ((SA + SB )u + (SB − SC )w : (SA + SB )v + (SC + SA )w : 0), Cb = ((SB + SC )w + (SA + SB )u : (SA + SB )v − (SC − SA )w : 0), Ab = (0 : (SB + SC )v + (SC − SA )u : (SB + SC )w + (SA + SB )u), Ac = (0 : (SC + SA )u + (SB + SC )v : (SB + SC )w − (SA − SB )u), Bc = ((SC + SA )u + (SB + SC )v : 0 : (SC + SA )w + (SA − SB )v). For example, when P = K, these are the vertices of the second cosine circle. X74 A



J



Cb



Bc



Q(K)



Ba



X184 K



O



Ca B



C Ac



Ab



X110



Figure 3. Q(K) and the second Lemoine circle



Proposition 5. The Euler lines of triangles Ti , i = 1, 2, 3, are concurrent if and only if P lies on the line SA (SB − SC ) SB (SC − SA ) SC (SA − SB ) x+ y+ z = 0. Lp : 2 2 a b c2 When P traverses Lp , the intersection Q of the Euler lines traverses the line  (b2 − c2 )(a2 (SAA + SBC ) − 4SABC ) x = 0. Lq : a2 cyclic
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For a point P on the line Lp , we denote by Q(P ) the corresponding point on Lq . Proposition 6. For points P1 , P2 , P3 on Lp , Q(P1 ), Q(P2 ), Q(P3 ) are points on Lq satisfying Q(P1 )Q(P2 ) : Q(P2 )Q(P3 ) = P1 P2 : P2 P3 . 3.1. The line Lp . The line Lp contains K and is the tangent to the Jerabek hyperbola at K. See Figure 4. It also contains, among others, the following points.



J X184 K X25



O



H



Lp X1495



Figure 4. The line Lp



(1) X25 =







a2 SA



:



b2 SB



:



c2 SC







which is on the Euler line of ABC, and is the



homothetic center of the orthic and the tangential triangles, 4 (2) X184 = (a4 SA : b4 SB : c4 SC ) which is the homothetic center of the orthic triangle and the medial tangential triangle, 5 4See also §4.1. 5For other interesting properties of X



gle ABC.



184 ,



see [6], where it is named the procircumcenter of trian-
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(3) X1495 = (a2 (SCA + SAB − 2SBC ) : · · · : · · · ) which lies on the parallel to the Euler line through the antipode of the Jerabek center on the nine-point circle. 6 3.2. The line Lq . The line Lq is parallel to the Brocard axis. See Figure 5. It contains the following points. (1) Q(K) = (a2 SA (b2 c2 (SBB − SBC + SCC ) − 2a2 SABC ) : · · · : · · · ). It can be constructed as the intersection of the lines joining K to X74 , and J to X110 . See Figure 3 and §6 below. The line Lq can therefore be constructed as the parallel through this point to the Brocard axis. (2) Q(X1495 ) = (a2 SA (a2 S 2 − 6SABC ) : · · · : · · · ), which is on the line joining O to X184 (on Lp ).



X74 X2071



Q(K) Q(X1495 ) X184 K



Lq



O



H



Lp X1495



Figure 5. The line Lq



The line Lq intersects the Euler line of ABC at the point X2071 = (a2 (a2 SAAA + SAA (SBB − 3SBC + SCC ) − SBBCC ) : · · · : · · · ), 6This is the point X . 113
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which is the inverse of the de Longchamps point in the circumcircle. This corresponds to the antiparallels through P2071 = (a4 ((a2 SAAA + SAA (SBB − 3SBC + SCC ) − SBBCC ) : · · · : · · · ) on the line Lp . This point can be constructed by a simple application of Theorem 4 or Proposition 6. (See also Remark 2 following Theorem 12). 3.3. The intersection of Lp and Lq . The lines Lp and Lq intersect at the point M = (a2 SA (SAB + SAC + SBB − 4SBC + SCC ) : · · · : · · · ). (1) Q(M ) is the point on Lq with coordinates (a2 SA (SAA (SBB + SCC ) + a2 SA (SBB − 3SBC + SCC ) + SBC (SB − SC )2 ) : · · · : · · · ).



(2) The point P on Lp for which Q(P ) = M has coordinates (a2 (a2 (2SAA − SBC ) + 2SA (SBB − 3SBC + SCC )) : · · · : · · · ). 4. The triangle T bounded by the antiparallels We assume the line i , i = 1, 2, 3, nonconcurrent so that they bound a nondegenerate triangle T = A1 B1 C1 . Since these lines have equations −t1 SA (x + y + z) =−SA x+SB y+SC z, −t2 SB (x + y + z) = SA x−SB y+SC z, −t3 SC (x + y + z) = SA x+SB y−SC z, the vertices of T are the points A1 =(−a2 (t2 SB + t3 SC ) : 2SCA + t2 b2 SB + t3 SC (SC − SA ) : 2SAB + t2 SB (SB − SA ) + t3 c2 SC ), B1 =(2SBC + t3 SC (SC − SB ) + t1 a2 SA : −b2 (t3 SC + t1 SA ) : 2SAB + t3 c2 SC + t1 SA (SA − SB )) C1 =(2SBC + t1 a2 SA + t2 SB (SB − SC ) : 2SCA + t1 SA (SA − SC ) + t2 b2 SB : −c2 (t1 SA + t2 SB )). 4.1. Homothety with the orthic triangle . The triangle T = A1 B1 C1 is homothetic to the orthic triangle A B  C  . The center of homothety is the point   t2 S B + t3 S C t3 S C + t1 S A t1 S A + t2 S B : : , (3) P (T) = SA SB SC and the ratio of homothety is 1+



t1 a2 SAA + t2 b2 SBB + t3 c2 SCC . 2SABC



Proposition 7. If the Euler lines Li , i = 1, 2, 3, are concurrent, the homothetic center P (T) of T and the orthic triangle lies on the line Lp .
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Proof. If we write P (T) = (x : y : z). From (3), we obtain t1 =



−xSA + ySB + zSC , 2SA



t2 =



−ySB + zSC + xSA , 2SB



t3 =



−zSC + xSA + ySB . 2SC



Substitution in (2) yields the equation of the line Lp .







 2  2 2 For example, if t1 = t2 = t3 = t, P (T) = X25 = SaA : SbB : ScC . 7 If the ratio of homothety is 0, triangle T degenerates into the point X25 on Lp . The intersection of Lc and Lq is the point 4 + c4 SC4 + a2 SAAA (SB − SC )2 Q(X25 ) =(a2 SA (b4 SB



− SABC (4a2 SBC + 3SA (SB − SC )2 )) : · · · : · · · ). Remark. The line Lp is also the locus of the centroid of T for which the Euler lines Li , i = 1, 2, 3, concur. 4.2. Common point of Li , i = 1, 2, 3, on the Brocard axis. We consider the case when the Euler lines Li , i = 1, 2, 3, intersect on the Brocard axis. A typical point on the Brocard axis, dividing the segment OK in the ratio t : 1 − t, has coordinates (a2 (SA (SA + SB + SC ) + (SBC − SAA )t) : · · · : · · · ). This point lies on the Euler lines Li , i = 1, 2, 3, if and only if we choose −(SA + SB + SC )(S 2 − SAA ) + b2 c2 (SB + SC − 2SA )t , 2SAA (SA + SB + SC ) −(SA + SB + SC )(S 2 − SBB ) + c2 a2 (SC + SA − 2SB )t , t2 = 2SBB (SA + SB + SC ) −(SA + SB + SC )(S 2 − SCC ) + a2 b2 (SA + SB − 2SC )t . t3 = 2SCC (SA + SB + SC )



t1 =



The corresponding triangle T is homothetic to the orthic triangle at the point (a2 (−(SA + SB + SC ) · a2 SA + t(−(2SA + SB + SC )SBC + b2 SCA + c2 SAB ) : · · · : · · · ),



which divides the segment X184 K in the ratio 2t : 1−2t. The ratio of homothety is a2 b2 c2 . These triangles are all directly congruent to the medial tangential triangle − 4S ABC of ABC. We summarize this in the following proposition. Proposition 8. Corresponding to the family of triangles directly congruent to the medial tangential triangle, homothetic to orthic triangle at points on the line Lp , the common points of the Euler lines of Li , i = 1, 2, 3, all lie on the Brocard axis. 7See also §3.1(1). The tangential triangle is T with t = 1.
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5. Perspectivity of T with ABC Proposition 9. The triangles T and ABC are perspective if and only if  (SB − SC )(t1 SAA − t2 t3 SBC ) = 0.



(4)



cyclic



Proof. From the coordinates of the vertices of T, it is straightforward to check that T and ABC are perspective if and only if t1 a2 SAA + t2 b2 SBB + t3 c2 SCC + 2SABC = 0 or (4) holds. Since the area of triangle T is (t1 a2 SAA + t2 b2 SBB + t3 c2 SCC + 2SABC )2 a2 b2 c2 SABC times that of triangle ABC, we assume t1 a2 SAA +t2 b2 SBB +t3 c2 SCC +2SABC =  0 and (4) is the necessary and sufficient condition for perspectivity.  Theorem 10. If the triangle T is nondegenerate and is perspective to ABC, then the perspector lies on the Jerabek hyperbola of ABC. Proof. If triangles A1 B1 C1 and ABC are perspective at P = (x : y : z), then A1 = (u + x : y : z),



B1 = (x : v + y : z),



C1 = (x : y : w + z)



for some u, v, w. Since the line B1 C1 is parallel to B C  , which has infinite point (SB − SC : −(SC + SA ) : SA + SB ), we have   SB − SC −(SC + SA ) SA + SB     = 0,  x y+v z    x y z+w  and similarly for the other two lines. These can be rearranged as (SC + SA )x − (SB − SC )y (SB − SC )z + (SA + SB )x − =SB − SC , v w (SA + SB )y − (SC − SA )z (SC − SA )x + (SB + SC )y − =SC − SA , w u (SB + SC )z − (SA − SB )x (SA − SB )y + (SC + SA )z − =SA − SB . u v Multiplying these equations respectively by SA (SB + SC )yz,



SB (SC + SA )zx,



SC (SA + SB )xy



and adding up, we obtain  z  x y SA (SBB − SCC )yz = 0. 1+ + + u v w cyclic



Since the area of triangle T is



 z x y uvw 1 + + + u v w
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times that of triangle ABC, we must have 1 + xu + yv + wz = 0. It follows that  SA (SBB − SCC )yz = 0. cyclic



This means that P lies on the Jerabek hyperbola.







We shall identify the locus of the common points of Euler lines in §8.3 below. In the meantime, we give a construction for the point Q from the perspector on the Jerabek hypebola. Construction. Given a point P on the Jerabek hyperbola, construct parallels to A B  and A C  through an arbitrary point A1 on the line AP . Let M1 be the intersection of the Euler lines of the triangles formed by these antiparallels and the sidelines of ABC. With another point A1 obtain a point M2 by the same construction. Similarly, working with two points B1 and B1 on BP , we construct another line M3 M4 . The intersection of M1 M2 and M3 M4 is the common point Q of the Euler lines corresponding the antiparallels that bound a triangle perspective to ABC at P . 6. The Tucker hexagons and the line Lt It is well known that if the antiparallels, together with the sidelines of triangle ABC, bound a Tucker hexagon, the vertices lie on a circle whose center is on the Brocard axis. If this center divides the segment OK in the ratio t : 1 − t, the antiparallels pass through the points dividing the symmedians in the same ratio. The vertices of the Tucker hexagon are Ba = (SC + (1 − t)c2 : 0 : tc2 ), Cb = (ta2 : SA + (1 − t)a2 : 0), Ac = (0 : tb2 : SB + (1 − t)b2 ),



Ca = (SB + (1 − t)b2 : tb2 : 0), Ab = (0 : SC + (1 − t)c2 : tc2 ), Bc = (ta2 : 0 : SA + (1 − t)a2 ).



In this case, 1−t1 =



t · b2 c2 , SA (SA + SB + SC )



1−t2 =



t · c2 a2 , SB (SA + SB + SC )



1−t3 =



t · a 2 b2 . SC (SA + SB + SC )



It is clear that the Euler lines Li , i = 1, 2, 3, are concurrent. As t varies, this common point traverses a straight line Lt . We show that this is the line joining K to Q(K). (1) For t = 1, this Tucker circle is the second Lemoine circle with center K, the triangle T degenerates into the point K. The common point of the Euler lines is therefore the point Q(K). See §3.2 and Figure 3. (2) For t = 32 , the vertices of the Tucker hexagon are Ba = (a2 + b2 − 2c2 : 0 : 3c2 ), Cb = (3a2 : b2 + c2 − 2a2 : 0), Ac = (0 : 3b2 : c2 + a2 − 2b2 ),



Ca = (c2 + a2 − 2b2 : 3b2 : 0), Ab = (0 : a2 + b2 − 2c2 : 3c2 ), Bc = (3a2 : 0 : b2 + c2 − 2a2 ).



12



N. Dergiades and P. Yiu



The triangles Ti , i = 1, 2, 3, have a common centroid K, which is therefore the common point of their Euler lines. The corresponding Tucker center is the point X576 (which divides OK in the ratio 3 : −1). From these, we obtain the equation of the line  Lt : b2 c2 SA (SB − SC )(SCA + SAB − 2SBC )x = 0. cyclic



Remarks. (1) The triangle T is perspective to ABC at K. See, for example, [5]. (2) The line Lt also contains X74 which we may regard as corresponding to t = 0. For more about Tucker hexagons, see §8.2. 7. Concurrency of four or more Euler lines 7.1. Common point of Li , i = 1, 2, 3, on the Euler line of ABC. We consider the case when the Euler lines Li , i = 1, 2, 3, intersect on the Euler line of ABC. A typical point on the Euler line axis divides the segment OH in the ratio t : 1 − t, has coordinates (a2 SA − (SCA + SAB − 2SBC )t) : · · · : · · · ). This lies on the Euler lines Li , i = 1, 2, 3, if and only if we choose −(S 2 − SAA ) + (S 2 − 3SAA )t , 2SAA −(S 2 − SBB ) + (S 2 − 3SBB )t , t2 = 2SBB −(S 2 − SCC ) + (S 2 − 3SCC )t . t3 = 2SCC



t1 =



Independently of t, the corresponding triangle T is always homothetic to the medial tangential triangle at the point P2071 on the line Lp for which Q(P2071 ) = X2071 , the intersection of Lq with the Euler line. See the end of §3.2 above. The ABC ratio of homothety is 1 + t − 8S a2 b2 c2 t. We summarize this in the following proposition. Proposition 11. Let P2071 be the point on Lp such that Q(P2071 ) = X2071 . The Euler lines Li , i = 1, 2, 3, corresponding to the sidelines of triangles homothetic at P2071 to the medial tangential triangle intersect on the Euler line of ABC. 7.2. The line Lf . The Euler line of triangle T is the line  t1 a2 SAA (SB − SC )(S 2 + SBC )(S 2 − SAA ) (x + y + z) =2SABC







cyclic



cyclic



(S 2 + SCA )(S 2 + SAB )x.



(5)
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Theorem 12. The Euler lines of the four triangles T and Ti , i = 1, 2, 3, are concurrent if and only if 16S 2 · SABC + t(a2 b4 c4 − 4SABC (3S 2 − SAA )) , 4SAA (a2 b2 c2 + 4SABC ) 16S 2 · SABC + t(a4 b2 c4 − 4SABC (3S 2 − SBB )) , t2 = − 4SBB (a2 b2 c2 + 4SABC ) 16S 2 · SABC + t(a4 b4 c2 − 4SABC (3S 2 − SCC )) , t3 = − 4SCC (a2 b2 c2 + 4SABC )



t1 = −



2 2 2



−24a b c SABC . The locus of the common point with t = (a2 b2 c2 −8SABC )(3(SA +SB +SC )S 2 +SABC ) of the four Euler lines is the line Lf joining the nine-point center of ABC to X184 , with the intersection with Lq deleted.



Proof. The equation of the Euler line Li , i = 1, 2, 3, can be rewritten as t1 SA (SB − SC )(x + y + z) + SAA (SB − SC )x +(SAB (SB − SC ) − (SAA − SBB )SC )y + (SAC (SB − SC ) + (SAA − SCC )SB )z = 0, (6) t2 SA (SB − SC )(x + y + z) + SBB (SC − SA )y +(SBA (SC − SA ) + (SBB − SAA )SC )x + (SBC (SC − SA ) − (SBB − SCC )SA )z = 0, (7) t3 SC (SA − SB )(x + y + z) + SCC (SA − SB )z +(SCA (SA − SB ) − (SCC − SAA )SB )x + (SCB (SA − SB ) + (SCC − SBB )SA )y = 0. (8)



Multiplying (4), (5), (6) respectively by a2 SA (S 2 +SBC )(S 2 −SAA ),



b2 SB (S 2 +SCA )(S 2 −SBB ),



c2 SC (S 2 +SAB )(S 2 −SCC ),



and adding, we obtain by Theorem 10 the equation of the line  (SB − SC )(S 2 (2SAA − SBC ) + SABC · SA )x = 0 Lf : cyclic



which contains the common point of the Euler lines of Ti , i = 1, 2, 3, if it also lies on the Euler line L of T. The line Lf contains the nine-point center X5 and X184 = (a4 SA : b4 SB : c4 SC ). Let Qt be the point which divides the segment X184 X5 in the ratio t : 1 − t. It has coordinates ((1 − t)4S 2 · a4 SA + t(a2 b2 c2 + 4SABC )(SCA + SAB + 2SBC ) : (1 − t)4S 2 · b4 SB + t(a2 b2 c2 + 4SABC )(2SCA + SAB + SBC ) : (1 − t)4S 2 · c4 SC + t(a2 b2 c2 + 4SABC )(SCA + 2SAB + SBC )). The point Qt lies on the Euler lines Li , i = 1, 2, 3, respectively if we choose t1 , t2 , t3 given above.
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If Q lies on Lq , then Qt = Q(P ) for some point P on Lp . 8 In this case, the triangle T degenerates into the point P = Q and its Euler line is not defined. It should be excluded from Lf . The corresponding value of t is as given in the statement above.  Here are some interesting points on Lf . (1) For t = 0, T is perspective with ABC at X74 , and the common point of the are drawn through four Euler lines is X184 . The antiparallels   the intercepts a2 of the trilinear polars of X186 = SA (S 2 −3SAA ) : · · · : · · · , the inversive image of the orthocenter in the circumcircle. (2) For t = 1, this common point is the nine-point of triangle ABC. The triangle T is homothetic to the orthic triangle at X51 and to the medial tangential triangle at the point P2071 in §3.2. a2 b2 c2 gives X156 , the nine-point center of the tangential triangle. (3) t = − 4S ABC In these two cases, we have the concurrency of five Euler lines. (4) The line Lf intersects the Brocard axis at X569 . This corresponds to t = 2a2 b2 c2 . 3a2 b2 c2 +4SABC Proposition 13. The triangle T is perspective with ABC and its Euler line contains the common point of the Euler lines of Ti , i = 1, 2, 3 precisely in the following three cases. (1) t = 0, with perspector X74 and common point of Euler line X184 . −12a2 b2 c2 SABC (2) t = a4 b4 c4 −12a 2 b2 c2 S 2 , with perspector K. ABC −16(SABC ) Remarks. (1) In the first case, k , t1 = SAA



t2 =



k , SBB



t3 =



k SCC



2



·SABC for k = − a2 b4S . The antiparallels pass through the intercepts of the trilin2 c2 +4S ABC ear polar of X186 , the inversive image of H in the circumcircle. (2) In the second case, the antiparallels bound a Tucker hexagon. The center of the Tucker circle divides OK in the ratio t : 1 − t, where S 2 (SA + SB + SC )(a2 b2 c2 − 16SABC ) . t= 4 4 4 a b c − 12a2 b2 c2 SABC − 16(SABC )2 It follows that the common point of the Euler lines is the intersection of the lines Lf = X5 X184 and Lt .



8. Common points of Li , i = 1, 2, 3, when T is perspective If the Euler lines Li , i = 1, 2, 3, are concurrent, then, according to (2) we may put k(λ + SA ) k(λ + SB ) k(λ + SC ) , t2 = , t3 = t1 = a2 SAA b2 SBB c2 SCC 8This point is the intersection of L with the line joining the Jerabek center J to X , the p 323



reflection in X110 of the inversive image of the centroid in the circumcircle.
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for some λ and k. If, also, the T is perspective, (4) gives k(kλ + SABC )(λ + SA + SB + SC )(k(3λ + SA + SB + SC ) + 2SABC ) = 0. If k = 0, T is the orthic triangle. We consider the remaining three cases below. 8.1. The case k(SA + SB + SC + 3λ) + 2SABC = 0. In this case, 2SABC + k(SB + SC − 2SA ) , 3a2 SAA 2SABC + k(SC + SA − 2SB ) t2 = − , 3b2 SBB 2SABC + k(SA + SB − 2SC ) . t3 = − 3c2 SCC The antiparallels are concurrent. t1 = −



8.2. The case kλ + SABC = 0 . In this case, k − SBC k − SCA k − SAB , t2 = , t3 = . t1 = 2 2 a SA b SB c2 SC In this case, the perspector is the Lemoine point K. The antiparallels bound a Tucker hexagon. The locus of the common point of Euler lines is the line Lt . Here are some more interesting points on this line. (1) For k = 0, we have SBC SCA SAB , t2 = − , t3 = − . t1 = − SA (SB + SC ) SB (SC + SA ) SC (SA + SB ) This gives the Tucker hexagon with vertices Ba = (SCC : 0 : S 2 ), Ca = (SBB : S 2 : 0), Cb = (S 2 : SAA : 0), Ab = (0 : SCC : S 2 ), Ac = (0 : S 2 : SBB ), Bc = (S 2 : 0 : SAA ). These are the pedals of A , B  , C  on the sidelines. The Tucker circle is the Taylor circle. The triangle T is the medial triangle of the orthic triangle. The corresponding Euler lines intersect at X974 , which is the intersection of Lt = KX74 with X5 X125 . See [2]. SABC , we have (2) For k = SA +S B +SC t1 = −



SBC , SA (SA + SB + SC )



t2 = −



SCA , SB (SA + SB + SC )



t3 = −



SAB . SC (SA + SB + SC )



The Tucker circle is the second Lemoine circle, considered in §6. (3) The line Lt intersects the Euler line at  2 2  a (S + 3SAA ) : ··· : ··· . X378 = SA The corresponding Tucker circle has center
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(S 2 (SB + SC )(SC − SA )(SA − SB ) + 3(SA + SB )(SB + SC )(SC + SA )SBC : · · · : · · · )



which is the intersection of the Brocard axis and the line joining the orthocenter to X110 . X74 A



K H



O



X378



C



B



X110



Figure 6. Intersection of 4 Euler lines at X378



8.3. The case λ = −(SA + SB + SC ). In this case, we have t1 = −



k SAA



,



t2 = −



k SBB



,



t3 = −



k SCC



.



In this case, the perspector is the point   1 : · · · : · · · 2SABC · SA − k(b2 c2 − 2SBC ) on the Jerabek hyperbola. If the point on the Jerabek hyperbola is the isogonal conjugate of the point which divides OH in the ratio t : 1 − t, then k=



4tS 2 · SABC . a2 b2 c2 (1 + t) + 4t · SABC



The locus of the intersection of the Euler lines Li , i = 1, 2, 3, is clearly a line. Since this intersection is the Jerabek center for k = 0 (Th´ebault’s theorem) and the
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centroid for k = Lr :



S2 3 ,
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this is the line  (SB − SC )(SBC − SAA )x = 0. cyclic



This line also contains, among other points, X110 and X184 . We summarize the general situation in the following theorem. Theorem 14. Let P be a point on the Euler line other than the centroid G. The antiparallels through the intercepts of the trilinear polar of P bound a triangle perspective with ABC (at a point on the Jerabek hyperbola). The Euler lines of the triangles Ti , i = 1, 2, 3, are concurrent (at a point Q on the line Lr joining the centroid G to X110 ). Here are some interesting examples with P easily constructed on the Euler line. P H O X30 X186 X403 X23 X858 X1316



Perspector H ∗ X64 = X20 ∗ X2071 X74 X265 = X186∗ ∗ X1177 = X858



Q X125 X110 G X184 X1899 X182 X1352 X98



Remarks. (1) X186 is the inversive image of H in the circumcircle. (2) X403 is the midpoint between H and X186 . (3) X23 is the inversive image of G in the circumcircle. (4) X858 is the inferior of X23 . (5) X182 is the midpoint of OK, the center of the Brocard circle. (6) X1352 is the reflection of K in the nine-point center. (7) X1316 is the intersection of the Euler line and the Brocard circle apart from O. 9. Two loci: a line and a cubic We conclude this paper with a brief discussion on two locus problems. 9.1. Antiparallels through the vertices of a pedal triangle. Suppose the antiparallels i , i = 1, 2, 3, are constructed through the vertices of the pedal triangle of a finite point P . Then the Euler lines Li , i = 1, 2, 3, are concurrent if and only if P lies on the line  SA (SB − SC )(SAA − SBC )x = 0. cyclic



This is the line containing H and the Tarry point X98 . For P = H, the common point of the Euler line is X185 = (a2 SA (SA (SBB + SCC ) + a2 SBC ) : · · · : · · · ).
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9.2. Antiparallels through the vertices of a cevian triangle. If, instead, the antiparallels i , i = 1, 2, 3, are constructed through the vertices of the cevian triangle of P , then the locus of P for which the Euler lines Li , i = 1, 2, 3, are concurrent is the cubic K:



   SA + SB + SC x SA + SB 2 SC + SA 2 xyz + y − z = 0. SABC SA (SB − SC ) SC SB cyclic



This can also be written in the form   (SB + SC )yz)( SA (SB − SC )(SB + SC − SA )x) ( cyclic



=(







cyclic



SA (SB − SC )x)(



cyclic







SA (SB + SC )yz).



cyclic



From this, we obtain the following points on K: • the  orthocenter H (as the intersection of the Euler line and the line cyclic SA (SB − SC )(SB + SC − SA )x) = 0), • the Euler reflection point X 110 (as the “fourth” intersection of the circumcircle and the circumconic cyclic SA (SB + SC )yz = 0 with center K), • the intersections of the Euler line with the circumcircle, the points X1113 and X1114 . Corresponding to P = X110 , the Euler lines Li , i = 1, 2, 3, intersect at the circumcenter O. On the other hand, X1113 and X1114 are the points (a2 SA + λ(SCA + SAB − 2SBC ) : · · · : · · · ) for λ = − √



abc a2 b2 c2 −8SABC



and λ = √



abc a2 b2 c2 −8SABC



respectively. The antiparallels



through the traces of each of these points correspond to t1 = t2 = t3 =



λ−1 . λ+1



This means that the corresponding intersections of Euler lines lie on the line Lc = HJ in §2.2. 9.3. The cubic K. The infinite points of the cubic K can be found by rewriting the equation of K in the form   SA (SB − SC )(SB + SC )yz)( (SB + SC )x) ( cyclic



=(x + y + z)(







cyclic



(SB + SC )(SB − SC )(SA (SA + SB + SC ) − SBC )yz)



cyclic



They are the infinite points of the Jerabek hyperbola and the line (SB + SC )x + (SC + SA )y + (SA + SB )z = 0. The latter is X523 = (SB − SC : SC − SA : SA − SB ). The asymptotes of K are
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• the parallels to the asymptotes of Jerabek hyperbola through the antipode the Jerabek center on the nine-point circle, i.e., X113 = ((SCA + SAB − 2SBC )(b2 SBB + c2 SCC − a2 SAA − 2SABC ) : · · · : · · · ), • the perpendicular to the Euler line (of ABC) at the circumcenter O, intersecting K again at   SCA + SAB − 2SBC : ··· : ··· , Z= b2 SBB + c2 SCC − a2 SAA − 2SABC which also lies on the line joining H to X110 . See Figure 7. 9



Jerabek hyperbola



A J=X125 X1114



X1313 O B



K N



H X1312



X113



Z



X110



Figure 7. The cubic K



9We thank Bernard Gibert for providing the sketch of K in Figure 7.
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Remark. The asymptotes of K and the Jerabek hyperbola bound a rectangle inscribed in the nine-point circle. Two of the vertices and J = X125 and its antipode X113 . The other two are the points X1312 and X1313 on the Euler line. References [1] [2] [3] [4] [5] [6] [7] [8]
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Another 5-step Division of a Segment in the Golden Section Kurt Hofstetter



Abstract. We give one more 5-step division of a segment into golden section, using ruler and compass only.



Inasmuch as we have given in [1, 2] 5-step constructions of the golden section we present here another very simple method using ruler and compass only. It is fascinating to discover how simple the golden section appears. For two points P and Q, we denote by P (Q) the circle with P as center and P Q as radius. C3



D



F



C2



C1 E



G A



B



C



Figure 1



Construction. Given a segment AB, construct (1) C1 = A(B), (2) C2 = B(A), intersecting C1 at C and D, (3) the line AB to intersect C1 at E (apart from B), (4) C3 = E(B) to intersect C2 at F (so that C and F are on opposite sides of AB), (5) the segment CF to intersect AB at G. The point G divides the segment AB in the golden section. Publication Date: February 10, 2004. Communicating Editor: Paul Yiu.
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√ Proof. Suppose AB has unit length. It is enough to show that AG = 12 ( 5 − 1). Extend BA to intersect C3 at H. Let CD intersect AB at I, and let J be the orthogonal projection of F on AB. In the right triangle HF B, BH = 4, BF = 1. Since BF 2 = BJ × BH, BJ = 14 . Therefore, IJ = 14 . It also follows that √ JF = 14 15.



D



F



G H



G







E



A



I



J



B



C



Figure 2



Now, AG =



1 2



IG GJ



=



IC JF



+ IG =



=



√



√



1 3 2√ 1 15 4



5−1 2 .



√



5−2 2 ,



and



This shows that G divides AB in the golden section.







G ,



:



=



√2 . 5



It follows that IG =



Remark. √ If F D is extended to intersect AH at 1 AB = 2 ( 5 + 1) : 1.



√2 5+2



then



G



· IJ =



is such that



G A



After the publication of [2], Dick Klingens and Marcello Tarquini have kindly written to point out that the same construction had appeared in [3, p.51] and [4, S.37] almost one century ago. References [1] K. Hofstetter, A simple construction of the golden section, Forum Geom., 2 (2002) 65–66. [2] K. Hofstetter, A 5-step division of a segment in the golden section, Forum Geom., 3 (2003) 205–206. [3] E. Lemoine, G´eom´etrographie ou Art des Constructions G´eom´etriques, C. Naud, Paris, 1902. [4] J. Reusch, Planimetricsche Konstruktionen in Geometrographischer Ausf¨uhrung, Teubner, Leipzig, 1904. Kurt Hofstetter: Object Hofstetter, Media Art Studio, Langegasse 42/8c, A-1080 Vienna, Austria E-mail address: [email protected]
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Extreme Areas of Triangles in Poncelet’s Closure Theorem Mirko Radi´c



Abstract. Among the triangles with the same incircle and circumcircle, we determine the ones with maximum and miniumum areas. These are also the ones with maximum and minimum perimeters and sums of altitudes.



Given two circles C1 and C2 of radii r and R whose centers are at a distance d apart satisfying Euler’s relation R2 − d2 = 2Rr,



(1)



by Poncelet’s closure theorem, for every point A1 on the circle C2 , there is a triangle A1 A2 A3 with incircle C1 and circumcircle C2 . In this article we determine those triangles with extreme areas, perimeters, and sum of altitudes.



A tM C1 C



r



C2



d



tm O



I



R



I



O C2 C1



B



Figure 1a



Figure 1b



Denote by tm and tM respectively the lengths of the shortest and longest tangents that can be drawn from C2 to C1 . These are given by   tM = (R + d)2 − r 2 . (2) tm = (R − d)2 − r 2 , We shall use the following result given in [2, Theorem 2.2]. Let t1 be any given length satisfying (3) tm ≤ t1 ≤ tM , Publication Date: February 23, 2004. Communicating Editor: Paul Yiu.
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and let t2 and t3 be given by



√ 2Rrt1 + D , t2 = r 2 + t21



√ 2Rrt1 − D t3 = , r 2 + t21



(4)



where D = 4R2 r 2 t21 − r 2 (r 2 + t21 )(4Rr + r 2 + t21 ). Then there is a triangle A1 A2 A3 with incircle C1 and circumcircle C2 with side lengths ai = |Ai Ai+1 | = ti + ti+1 ,



i = 1, 2, 3.



(5)



Here, the indices are taken modulo 3. It is easy to check that (t1 + t2 + t3 )r 2 =t1 t2 t3 , t1 t2 + t2 t3 + t3 t1 =4Rr + r 2 , and that these are necessary and sufficient for C1 and C2 to be the incircle and circumcircle of triangle A1 A2 A3 . Denote by J(t1 ) the area of triangle A1 A2 A3 . Thus, J(t1 ) = r(t1 + t2 + t3 ).



(6)



Note that D = 0 when t1 = tm or t1 = tM . In these cases,  2Rrtm   r2 +t2m , if t1 = tm , t2 = t3 =   2RrtM , if t = t . 1 M r 2 +t2 M



For convenience, we shall write 2Rrtm t m = 2 r + t2m



2RrtM and t . M = 2 r + t2M



(7)



Theorem 1. J(t1 ) is maximum when t1 = tM and minimum when t1 = tm . In other words, J(tm ) ≤ J(t1 ) ≤ J(tM ) for tm ≤ t1 ≤ tM . Proof. It follows from (6) and (4) that   4Rrt1 . J(t1 ) = r t1 + 2 r + t21 From



d dt1 J(t1 )



= 0, we obtain the equation t41 − 2(2Rr − r 2 )t21 + 4Rr 3 + r 4 = 0,



and t21 = 2Rr − r 2 ± 2r







Since 4R2 r 2 = (R2 − d2 )2 , we have



R2 − 2Rr = 2Rr − r 2 ± 2rd.
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2 2Rr − r 2 + 2rd − t m



(R + d)2 ((R − d)2 − r 2 ) (R − d)2 (R − d)2 (2Rr − r 2 + 2rd) − (R + d)2 ((R − d)2 − r 2 ) = (R − d)2 ((R + d)2 − (R − d)2 )r 2 + 2r(R + d)(R − d)2 − (R2 − d2 )2 = (R − d)2 4Rdr 2 + 2r(R − d)(2Rr) − (2Rr)2 = (R − d)2 =0. =2Rr − r 2 + 2rd −



2



d Similarly, 2Rr − r2 − 2rd − t M = 0. It follows that dt1 J(t1 ) = 0 for t1 = t m , t M . The maximum of J occurs at t1 = tM and t M while the minimum occurs  at t1 = tm and tm .



J(t1 )



J(tM )



J(tm )



tm



t m



t M



t1 tM



Figure 2



The triangle determined by t m (respectively t M ) is exactly the one determined by tm (respectively tM ).  We conclude with an interesting corollary. Let h1 , h2 , h3 be the altitudes of the triangle A1 A2 A3 . Since
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2R(h1 + h2 + h3 ) = a1 a2 + a2 a3 + a3 a1 = (t1 + t2 + t3 )2 + 4Rr + r 2 , the following are equivalent: • the triangle has maximum (respectively minimum) area, • the triangle has maximum (respectively minimum) perimeter, • the triangle has maximum (respectively minimum) sum of altitudes. It follows that these are precisely the two triangles determined by tM and tm .



t M
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Figure 3b



References [1] H. D¨orrie, 100 Great Problems of Elementary Mathematics, Dover, 1965. [2] M. Radi´c, Some relations concerning triangles and bicentric quadrilaterals in connection with Poncelet’s closure theorem, Math. Maced. 1 (2003) 35–58. Mirko Radi´c: Department of Mathematics, Faculty of Philosophy, University of Rijeka, 51000 Rijeka, Omladinska 14, Croatia E-mail address: [email protected]
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The Archimedean Circles of Schoch and Woo Hiroshi Okumura and Masayuki Watanabe



Abstract. We generalize the Archimedean circles in an arbelos (shoemaker’s knife) given by Thomas Schoch and Peter Woo.



1. Introduction Let three semicircles α, β and γ form an arbelos, where α and β touch externally at the origin O. More specifically, α and β have radii a, b > 0 and centers (a, 0) and (−b, 0) respectively, and are erected in the upper half plane y ≥ 0. The y-axis divides the arbelos into two curvilinear triangles. By a famous theorem of Archimedes, the inscribed circles of these two curvilinear triangles are ab . See Figure 1. These are called the twin circongruent and have radii r = a+b cles of Archimedes. Following [2], we call circles congruent to these twin circles Archimedean circles. β(2b) α(2a) U2 γ



γ β



α



β



α



O



O



Figure 1



Figure 2



2r



For a real number n, denote by α(n) the semicircle in the upper half-plane with center (n, 0), touching α at O. Similarly, let β(n) be the semicircle with center (−n, 0), touching β at O. In particular, α(a) = α and β(b) = β. T. Schoch has found that (1) the distance from the intersection of α(2a) and γ to the y-axis is 2r, and (2) the circle U2 touching γ internally and each of α(2a), β(2b) externally is Archimedean. See Figure 2. P. Woo considered the Schoch line Ls through the center of U2 parallel to the y-axis, and showed that for every nonnegative real number n, the circle Un with center on Ls touching α(na) and β(nb) externally is also Archimedean. See Figure 3. In this paper we give a generalization of Schoch’s circle U2 and Woo’s circles Un . Publication Date: March 3, 2004. Communicating Editor: Paul Yiu.
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Figure 3



2. A generalization of Schoch’s circle U2 Let a and b be real numbers. Consider the semicircles α(a ) and β(b ). Note that α(a ) touches α internally or externally according as a > 0 or a < 0; similarly for β(b ) and β. We assume that the image of α(a ) lies on the right side of the image of β(b ) when these semicircles are inverted in a circle with center O. Denote by C(a , b ) the circle touching γ internally and each of α(a ) and β(b ) at a point different from O. Theorem 1. The circle C(a , b ) has radius



ab(a +b ) aa +bb +a b .
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Proof. Let x be the radius of the circle touching γ internally and also touching α(a ) and β(b ) each at a point different from O. There are two cases in which this circle touches both α(a ) and β(b ) externally (see Figure 4a) or one internally and the other externaly (see Figure 4b). In any case, we have
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(a − b + b )2 + (a + b − x)2 − (b + x)2 2(a − b + b )(a + b − x) (a − (a − b))2 + (a + b − x)2 − (a + x)2 =− , 2(a − (a − b))(a + b − x) by the law of cosines. Solving the equation, we obtain the radius given above.







ab of the Archimedean circles can be obtained by Note that the radius r = a+b   letting a = a and b → ∞, or a → ∞ and b = b. Let P (a ) be the external center of similitude of the circles γ and α(a ) if a > 0, and the internal one if a < 0, regarding the two as complete circles. Define P (b ) similarly.



Theorem 2. The two centers of similitude P (a ) and P (b ) coincide if and only if a b +  = 1.  a b



(1)



Proof. If the two centers of similitude coincide at the point (t, 0), then by similarity, a : t − a = a + b : t − (a − b) = b : t + b . Eliminating t, we obtain (1). The converse is obvious by the uniqueness of the figure.  From Theorems 1 and 2, we obtain the following result. Theorem 3. The circle C(a , b ) is an Archimedean circle if and only if P (a ) and P (b ) coincide. When both a and b are positive, the two centers of similitude P (a ) and P (b ) coincide if and only if the three semicircles α(a ), β(b ) and γ share a common external tangent. Hence, in this case, the circle C(a , b ) is Archimedean if and only if α(a ), β(b ) and γ have a common external tangent. Since α(2a) and β(2b) satisfy the condition of the theorem, their external common tangent also touches γ. See Figure 5. In fact, it touches γ at its intersection with the y-axis, which is the midpoint of the tangent. The original twin circles of Archimedes are obtained in the limiting case when the external common tangent touches γ at one of the intersections with the x-axis, in which case, one of α(a ) and β(b ) degenerates into the y-axis, and the remaining one coincides with the corresponding α or β of the arbelos. Corollary 4. Let m and n be nonzero real numbers. The circle C(ma, nb) is Archimedean if and only if 1 1 + = 1. m n
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O



Figure 5



3. Another characterizaton of Woo’s circles The center of the Woo circle Un is the point    b−a r r, 2r n + . b+a a+b



(2)



Denote by L the half line x = 2r, y ≥ 0. This intersects the circle α(na) at the point    2r, 2 r(na − r) . (3) In what follows we consider β as the complete circle with center (−b, 0) passing through O. Theorem 5. If T is a point on the line L, then the circle touching the tangents of β through T with center on the Schoch line Ls is an Archimedean circle. Ls
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Figure 6



The Archimedean Circles of Schoch and Woo



31



Proof. Let x be the radius of this circle. By similarity (see Figure 6), b + 2r : b = 2r −



b−a r : x. b+a



From this, x = r.







The set of Woo circles is a proper subset of the set of circles determined in Theorem 5 above. The external center of similitude of Un and β has y-coordinate  r 2a n + . a+b When Un is the circle touching the tangents of β through a point T on L, we shall saythat it is determined by T . The y-coordinate of the intersection of α and L is r . Therefore we obtain the following theorem (see Figure 7). 2a a+b Theorem 6. U0 is determined by the intersection of α and the line L : x = 2r. Ls
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O



Figure 7



As stated in [2] as the property of the circle labeled as W11 , the external tangent of α and β also touches U0 and the point of tangency at α coincides with the intersection of α and L. Woo’s circles are characterized as the circles determined  r . by the points on L with y-coordinates greater than or equal to 2a a+b 4. Woo’s circles Un with n < 0 Woo considered the circles Un for nonnegative numbers n, with U0 passing through O. We can, however, construct more Archimedean circles passing through points on the y-axis below O using points on L lying below the intersection with α. The expression (2) suggests the existence of Un for r ≤ n < 0. (4) − a+b



32



H. Okumura and M. Watanabe



In this section we show that it is possible to define such circles using α(na) and β(nb) with negative n satisfying (4). Theorem 7. For n satisfying (4), the circle with center on the Schoch line touching α(na) and β(nb) internally is an Archimedean circle. Proof. Let x be the radius of the circle with center given by (2) and touching α(na) and β(nb) internally, where n satisfies (4). Since the centers of α(na) and β(nb) are (na, 0) and (−nb, 0) respectively, we have 2    r b−a 2 r − na + 4r n + = (x + na)2 , b+a a+b and 2    r b−a 2 r + nb + 4r n + = (x + nb)2 . b+a a+b Since both equations give the same solution x = r, the proof is complete.  5. A generalization of U0 We conclude this paper by adding an infinite set of Archimedean circles passing through O. Let x be the distance from O to the external tangents of α and β. By similarity, b − a : b + a = x − a : a. This implies x = 2r. Hence, the circle with center O and radius 2r touches the tangents and the lines x = ±2r. We denote this circle by E. Since U0 touches the external tangents and passes through O, the circles U0 , E and the tangent touch at the same point. We easily see from (2) that the distance between the center of √ Un and O is 4n + 1r. Therefore, U2 also touches E externally, and the smallest circle touching U2 and passing through O, which is the Archimedean circle W27 in [2] found by Schoch, and U2 touches E at the same point. All the Archimedean circles pass through O also touch E. In particular, Bankoff’s third circle [1] touches E at a point on the y-axis. Theorem 8. Let C1 be a circle with center O, passing through a point P on the x-axis, and C2 a circle with center on the x-axis passing through O. If C2 and the vertical line through P intersect, then the tangents of C2 at the intersection also touches C1 .
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Figure 8a
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Proof. Let d be the distance between O and the intersection of the tangent of C2 and the x-axis, and let x be the distance between the tangent and O. We may assume r1 = r2 for the radii r1 and r2 of the circles C1 and C2 . If r1 < r2 , then r2 − r1 : r2 = r2 + d = x : d. See Figure 8a. If r1 > r2 , then r1 − r2 : r2 = r2 : d − r2 = x : d. 



See Figure 8b. In each case, x = r1 .



Let tn be the tangent of α(na) at its intersection with the line L. This is well deb . By Theorem 8, tn also touches E. This implies that the smallest fined if n ≥ a+b circle touching tn and passing through O is an Archimedean circle, which we denote by A(n). Similarlary, another Archimedean circle A (n) can be constructed, as the smallest circle through O touching the tangent tn of β(nb) at its intersec  tion with the L :  x 2r= −2r. See Figure 9 for A(2) and A (2). Bankoff’s  2rline circle is A a = A b , since it touches E at (0, 2r). On the other hand, U0 = A(1) = A (1) by Theorem 6. L
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Figure 9



Theorem 9. Let m and n be positive numbers. The Archimedean circles A(m) and A (n) coincide if and only if m and n satisfy 1 1 1 1 1 + = = + . (5) ma nb r a b Proof. By (3) the equations of the tangents tm and tn are  −(ma + (m − 2)b)x + 2 b(ma + (m − 1)b)y =2mab,  (nb + (n − 2)a)x + 2 a(nb + (n − 1)a)y =2nab. These two tangents coincide if and only if (5) holds.
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The line t2 has equation −ax +







b(2a + b)y = 2ab.



(6)



It clearly passes through (−2b, 0), the point of tangency of γ and β (see Figure 9). Note that the point   2r  2r a, b(2a + b) − a+b a+b lies on E and the tangent of E is also expressed by (6). Hence, t2 touches E at this point. The point also lies on β. This means that A(2) touches t2 at the intersection of β and t2 . Similarly, A (2) touches t2 at the intersection of α and t2 . The Archimedean circles A(2) and A (2) intersect at the point    b−a r  r, ( a(a + 2b) + b(2a + b)) b+a a+b on the Schoch line. References [1] L. Bankoff, Are the twin circles of Archimedes really twin?, Math. Mag., 47 (1974) 134–137. [2] C. W. Dodge, T. Schoch, P. Y. Woo and P. Yiu, Those ubiquitous Archimedean circles, Math. Mag., 72 (1999) 202–213. Hiroshi Okumura: Department of Information Engineering, Maebashi Institute of Technology, 460-1 Kamisadori Maebashi Gunma 371-0816, Japan E-mail address: [email protected] Masayuki Watanabe: Department of Information Engineering, Maebashi Institute of Technology, 460-1 Kamisadori Maebashi Gunma 371-0816, Japan E-mail address: [email protected]
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Steiner’s Theorems on the Complete Quadrilateral Jean-Pierre Ehrmann



Abstract. We give a translation of Jacob Steiner’s 1828 note on the complete quadrilateral, with complete proofs and annotations in barycentric coordinates.



1. Steiner’s note on the complete quadrilateral In 1828, Jakob Steiner published in Gergonne’s Annales a very short note [9] listing ten interesting and important theorems on the complete quadrilateral. The purpose of this paper is to provide a translation of the note, to prove these theorems, along with annotations in barycentric coordinates. We begin with a translation of Steiner’s note. Suppose four lines intersect two by two at six points. (1) These four lines, taken three by three, form four triangles whose circumcircles pass through the same point F . (2) The centers of the four circles (and the point F ) lie on the same circle. (3) The perpendicular feet from F to the four lines lie on the same line R, and F is the only point with this property. (4) The orthocenters of the four triangles lie on the same line R . (5) The lines R and R are parallel, and the line R passes through the midpoint of the segment joining F to its perpendicular foot on R . (6) The midpoints of the diagonals of the complete quadrilateral formed by the four given lines lie on the same line R (Newton). (7) The line R is a common perpendicular to the lines R and R . (8) Each of the four triangles in (1) has an incircle and three excircles. The centers of these 16 circles lie, four by four, on eight new circles. (9) These eight new circles form two sets of four, each circle of one set being orthogonal to each circle of the other set. The centers of the circles of each set lie on a same line. These two lines are perpendicular. (10) Finally, these last two lines intersect at the point F mentioned above. The configuration formed by four lines is called a complete quadrilateral. Figure 1 illustrates the first 7 theorems on the complete quadrilateral bounded by the four lines U V W , U BC, AV C, and ABW . The diagonals of the quadrilateral are the Publication Date: March 17, 2004. Communicating Editor: Paul Yiu.
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segments AU , BV , CW . The four triangles ABC, AV W , BW U , and CU V are called the associated triangles of the complete quadrilateral. We denote by • H, Ha , Hb , Hc their orthocenters, • Γ, Γa , Γb , Γc their circumcircles, and • O, Oa , Ob , Oc the corresponding circumcenters. R
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F V Oc



Figure 1.



2. Geometric preliminaries 2.1. Directed angles. We shall make use of the notion of directed angles. Given two lines and  , the directed angle ( ,  ) is the angle through which must be rotated in the positive direction in order to become parallel to, or to coincide with, the line  . See [3, §§16–19]. It is defined modulo π. Lemma 1. (1) ( ,  ) = ( ,  ) + (  ,  ). (2) Four noncollinear points P , Q, R, S are concyclic if and only if (P R, P S) = (QR, QS).
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2.2. Simson-Wallace lines. The pedals 1 of a point M on the lines BC, CA, AB are collinear if and only if M lies on the circumcircle Γ of ABC. In this case, the Simson-Wallace line passes through the midpoint of the segment joining M to the orthocenter H of triangle ABC. The point M is the isogonal conjugate (with respect to triangle ABC) of the infinite point of the direction orthogonal to its own Simson-Wallace line.
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Figure 2



H



Figure 3



2.3. The polar circle of a triangle. There exists one and only one circle with respect to which a given triangle ABC is self polar. The center of this circle is the orthocenter of ABC and the square of its radius is −4R2 cos A cos B cos C. This polar circle is real if and only if ABC is obtuse-angled. It is orthogonal to any circle with diameter a segment joining a vertex of ABC to a point of the opposite sideline. The inversion with respect the polar circle maps a vertex of ABC to its pedal on the opposite side. Consequently, this inversion swaps the circumcircle and the nine-point circle. 2.4. Center of a direct similitude. Suppose that a direct similitude with center Ω maps M to M  and N to N  , and that the lines M M  and N N  intersect at S. If Ω does not lie on the line M N , then M , N , Ω, S are concyclic; so are M , N  , Ω, S. Moreover, if M N ⊥M  N  , the circles M N ΩS and M  N  ΩS are orthogonal. 1In this paper we use the word pedal in the sense of orthogonal projection.
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3. Steiner’s Theorems 1–7 3.1. Steiner’s Theorem 1 and the Miquel point. Let F be the second common point (apart from A) of the circles Γ and Γa . Since (F B, F W ) = (F B, F A)+(F A, F W ) = (CB, CA)+(V A, V W ) = (U B, U W ), we have F ∈ Γb by Lemma 1(2). Similarly F ∈ Γc . This proves (1). We call F the Miquel point of the complete quadrilateral.
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Figure 4.



3.2. Steiner’s Theorem 3 and the pedal line. The point F has the same SimsonWallace line with respect to the four triangles of the complete quadrilateral. See Figure 5. Conversely, if the pedals of a point M on the four sidelines of the complete quadrilateral lie on a same line, M must lie on each of the four circumcircles. Hence, M = F . This proves (3). We call the line R the pedal line of the quadrilateral. 3.3. Steiner’s Theorems 4, 5 and the orthocentric line. As the midpoints of the segments joining F to the four orthocenters lie on R, the four orthocenters lie on a line R , which is the image of R under the homothety h(F, 2). This proves (4) and (5). See Figure 5. We call the line R the orthocentric line of the quadrilateral. Remarks. (1) As U , V , W are the reflections of F with respect to the sidelines of the triangle Oa Ob Oc , the orthocenter of this triangle lies on L. (2) We have (BC, F U ) = (CA, F V ) = (AB, F W ) because, for instance, (BC, F U ) = (U B, U F ) = (W B, W F ) = (AB, F W ).
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Figure 5.



(3) Let Pa , Pb , Pc be the projections of F upon the lines BC, CA, AB. As Pa , Pb , C, F are concyclic, it follows that F is the center of the direct similitude mapping Pa to U and Pb to V . Moreover, by (2) above, this similitude maps Pc to W. 3.4. Steiner’s Theorem 2 and the Miquel circle. By Remark (3) above, if Fa , Fb , Fc are the reflections of F with respect to the lines BC, CA, AB, a direct similitude σ with center F maps Fa to U , Fb to V , Fc to W . As A is the circumcenter of F Fb Fc , it follows that σ (A) = Oa ; similarly, σ (B) = Ob and σ (C) = Oc . As A, B, C, F are concyclic, so are Oa , Ob , Oc , F . Hence F and the circumcenters of three associated triangles are concyclic. It follows that O, Oa , Ob , Oc , F lie on the same circle, say, Γm . This prove (2). We call Γm the Miquel circle of the complete quadrilateral. See Figure 6. 3.5. The Miquel perspector. Now, by §2.4, the second common point of Γ and Γm lies on the three lines AOa , BOb , COc . Hence,
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Figure 6.



Proposition 2. The triangle Oa Ob Oc is directly similar and perspective with ABC. The center of similitude is the Miquel point F and the perspector is the second common point F  of the Miquel circle and the circumcircle Γ of triangle ABC. We call F  the Miquel perspector of the triangle ABC. 3.6. Steiner’s Theorems 6, 7 and the Newton line. We call diagonal triangle the triangle A B  C  with sidelines AU , BV , CW . Lemma 3. The polar circles of the triangles ABC, AV W , BW U , CU V and the circumcircle of the diagonal triangle are coaxal. The three circles with diameter AU , BV , CW are coaxal. The corresponding pencils of circles are orthogonal. Proof. By §2.3, each of the four polar circles is orthogonal to the three circles with diameter AU , BV , CW . More over, as each of the quadruples (A, U, B , C  ), (B, V, C  , A ) and (C, W, A , B  ) is harmonic, the circle A B  C  is orthogonal to the three circles with diameter AU , BV and CW . 
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Figure 7.



As the line of centers of the first pencil of circles is the orthocentric line R , it follows that the midpoints of AU , BV and CW lie on a same line R perpendicular to R . This proves (6) and (7). 4. Some further results 4.1. The circumcenter of the diagonal triangle. Proposition 4. The circumcenter of the diagonal triangle lies on the orthocentric line. This follows from Lemma 3 and §2.3. We call the line R the Newton line of the quadrilateral. As the Simson-Wallace line R of F is perpendicular to R , we have Proposition 5. The Miquel point is the isogonal conjugate of the infinite point of the Newton line with respect to each of the four triangles ABC, AV W , BW U , CU V .
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4.2. The orthopoles. Recall that the three lines perpendicular to the sidelines of a triangle and going through the projection of the opposite vertex on a given line go through a same point : the orthopole of the line with respect to the triangle.
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Figure 8



Proposition 6 (Goormaghtigh). The orthopole of a sideline of the complete quadrilateral with respect to the triangle bounded by the three other sidelines lies on the orthocentric line. 



Proof. See [1, pp.241–242]. 5. Some barycentric coordinates and equations



5.1. Notations. Given a complete quadrilateral, we consider the triangle bounded by three of the four given lines as a reference triangle ABC, and construe the fourth line as the trilinear polar with respect to ABC of a point Q with homogeneous barycentric coordinates (u : v : w), i.e., the line z x y + + = 0. L: u v w The intercepts of L with the sidelines of triangle ABC are the points U = (0 : v : −w),



V = (−u : 0 : w),



W = (u : −v : 0).



The lines AU , BV , CW bound the diagonal triangle with vertices A = (−u : v : w),



B  = (u : −v : w),



C  = (u : v : −w).



Triangles ABC and A B  C  are perspective at Q. We adopt the following notations. If a, b, c stand for the lengths of the sides BC, CA, AB, then 1 1 1 SA = (b2 + c2 − a2 ), SB = (c2 + a2 − b2 ), SC = (a2 + b2 − c2 ). 2 2 2
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We shall also denote by S twice of the signed area of triangle ABC, so that SA = S · cot A, and



SB = S · cot B,



SC = S · cot C,



SBC + SCA + SAB = S 2 .



Lemma 7.



(1) The infinite point of the line L is the point (u(v − w) : v(w − u) : w(u − v)).



(2) Lines perpendicular to L have infinite point (λa : λb : λc ), where λa = SB v(w − u) − SC w(u − v), λb = SC w(u − v) − SA u(v − w), λc = SA u(v − w) − SB v(w − u). Proof. (1) is trivial. (2) follows from (1) and the fact that two lines with infinite points (p : q : r) and (p : q  : r  ) are perpendicular if and only if SA pp + SB qq  + SC rr  = 0. Consequently, given a line with infinite point (p : q : r), lines perpendicular to it all have the infinite point (SB q − SC r : SC r − SA p : SA p − SB q).  5.2. Coordinates and equations. We give the barycentric coordinates of points and equations of lines and circles in Steiner’s theorems. (1) The Miquel point:   2 b2 c2 a : : . F = v−w w−u u−v (2) The pedal line: w−u u−v v−w x+ y+ z = 0. R: 2 2 SC v + SB w − a u SA w + SC u − b v SB u + SA v − c2 w (3) The orthocentric line: R :



(v − w)SA x + (w − u)SB y + (u − v)SC z = 0.



(4) The Newton line: R



:



(v + w − u)x + (w + u − v)y + (u + v − w)z = 0.



(5) The equation of the Miquel circle: a2 yz + b2 zx + c2 xy +



v − w  2R2 (x + y + z) w−u u−v λa x + λb y + λc z = 0. 2 2 2 (v − w)(w − u)(u − v) a b c



(6) The Miquel perspector, being the isogonal conjugate of the infinite point of the direction orthogonal to L, is  2  a b2 c2  : : . F = λa λb λc The Simson-Wallace line of F  is parallel to .
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(7) The orthopole of L with respect to ABC is the point (λa (−SB SC vw + b2 SB wu + c2 SC uv) : · · · : · · · ). 5.3. Some metric formulas . Here, we adopt more symmetric notations. Let i , i = 1, 2, , 3, 4, be four given lines. • For distinct i and j, Ai,j = i ∩ j , • Ti the triangle bounded by the three lines other than i , Oi its circumcenter, Ri its circumradius. • Fi = Oj Ak,l ∩ Ok Al,j ∩ Ol Aj,k its Miquel perspector, i.e., the second intersection (apart from F ) of its circumcircle with the Miquel circle; Rm is the radius of the Miquel circle. Let d be the distance from F to the pedal line R and θi = (R, i ). Up to a direct congruence, the complete quadrilateral is characterized by d, θ1 , θ2 , θ3 , and θ4 . d (1) The distance from F to i is . | cos θi | d . (2) |F Ai,j | = | cosθi cos θj |   sin(θj − θi )   . (3) |Ak,i Ak,j | = d  cos θi cos θj cos θk  (4) The directed angle (F Ak,i , F Ak,j ) = ( i , j ) = θj − θi mod π. Ri d = for i = 1, 2, 3, 4. (5) Rm = 4 |cos θ1 cos θ2 cos θ3 cos θ4 | 2 |cos θi | (6) |F A1,2 | · |F A3,4 | = |F A1,3 | · |F A2,4 | = |F A1,4 | · |F A2.3 | = 4dRm . (7) |F Fi | = 2Ri | sin θi |. (8) The oriented angle between the vectors Oi F and Oi Fi = −2θi mod 2π. (9) The distance from F to R is d |tan θ1 + tan θ2 + tan θ3 + tan θ4 | . 2 6. Steiner’s Theorems 8 – 10 At each vertex M of the complete quadrilateral, we associate the pair of angle bisectors m and m . These lines are perpendicular to each other at M . We denote the intersection of two bisectors m and n by m ∩ n. • T(m, n, p) denotes the triangle bounded by a bisector at M , one at N , and one at P . • Γ(m, n, p) denotes the circumcircle of T(m, n, p). Consider three bisectors a, b, c intersecting at a point J, the incenter or one of the excenters of ABC. Suppose two bisectors v and w intersect on a. Then so do v and w . Now, the line joining b ∩ w and c ∩ v is a U -bisector. If we denote this line by u, then u the line joining b ∩ w and c ∩ v . The triangles T(a , b , c ), T(u, v, w), and T(u , v , w ) are perspective at J. Hence, by Desargues’ theorem, the points a ∩ u, b ∩ v, and c ∩ w are collinear; so are a ∩ u , b ∩ v , and c ∩ w . Moreover, as the corresponding sidelines of triangles T(u, v, w), and T(u , v , w ) are perpendicular, it follows from §2.4 that
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their circumcircles Γ(u, v, w), and Γ(u , v , w ) are orthogonal and pass through J. See Figure 9. 2
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Figure 9



As a intersects the circle Γ(u , v , w ) at J and v ∩ w and u intersects the circle Γ(u , v , w ) at u ∩ v and u ∩ w , it follows that the polar line of a ∩ u with respect to Γ(u , v , w ) passes through b ∩ v and c ∩ w . Hence Γ(u , v , w ) is the polar circle of the triangle with vertices a ∩ u , b ∩ v , c ∩ w . Similarly, Γ(u, v, w) is the polar circle of the triangle with vertices a ∩ u, b ∩ v, c ∩ w. By the same reasoning, we obtain the following. (a) As the triangles T(a , b, c), T(u, v , w ), and T(u , v, w) are perspective at JA = a ∩ b ∩ c , it follows that • the circles Γ(u, v , w ) and Γ(u , v, w) are orthogonal and pass through JA , • the points a ∩ u, b ∩ v , and c ∩ w are collinear; so are a ∩ u , b ∩ v, and c ∩ w, 2In Figures 9 and 10, at each of the points A, B, C, U , V , W are two bisectors, one shown in



solid line and the other in dotted line. The bisectors in solid lines are labeled a, b, c, u, v, w, and those in dotted line labeled a , b , c , u , v , w . Other points are identified as intersections of two of these bisectors. Thus, for example, J = a ∩ b, and JA = b ∩ c .
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• the circle Γ(u, v , w ) is the polar circle of the triangle with vertices a ∩ u, b ∩v , c ∩w , and Γ(u , v, w) is the polar circle of the triangle with vertices a ∩ u , b ∩ v, c ∩ w. (b) As the triangles T(a, b , c), T(u , v, w ), and T(u, v , w) are perspective at JB = a ∩ b ∩ c , it follows that • the circles Γ(u , v, w ) and Γ(u, v , w) are orthogonal and pass through JB , • the points a ∩ u , b ∩ v, and c ∩ w are collinear; so are a ∩ u, b ∩ v , and c ∩ w, • the circle Γ(u , v, w ) is the polar circle of the triangle with vertices a ∩ u , b ∩ v, c ∩ w , and Γ(u, v , w) is the polar circle of the triangle with vertices a ∩ u, b ∩ v , c ∩ w. (c) As the triangles T(a, b, c ), T(u , v , w), and T(u, v, w ) are perspective at JC = a ∩ b ∩ c, it follows that • the circles Γ(u , v , w) and Γ(u, v, w ) are orthogonal and pass through JC , • the points a ∩ u , b ∩ v , and c ∩ w are collinear; so are a ∩ u, b ∩ v, and c ∩ w , • the circle Γ(u , v , w) is the polar circle of the triangle with vertices a ∩ u , b ∩ v , c ∩ w, and Γ(u, v, w ) is the polar circle of the triangle with vertices a ∩ u, b ∩ v, c ∩ w . Therefore, we obtain two new complete quadrilaterals: (1) Q1 with sidelines those containing the triples of points (a ∩u, b ∩v, c ∩w), (a ∩u, b∩v , c∩w ), (a∩u , b ∩v, c∩w ), (a∩u , b∩v , c ∩w), (2) Q2 with sidelines those containing the triples of points (a ∩u , b ∩v , c ∩w ), (a ∩u , b∩v, c∩w), (a∩u, b ∩v , c∩w), (a∩u, b∩v, c ∩w ). The polar circles of the triangles associated with Q1 are Γ(u , v , w ), Γ(u , v, w), Γ(u, v , w), Γ(u, v, w ). These circles pass through J, JA , JB , JC respectively. The polar circles of the triangles associated with Q2 are Γ(u, v, w), Γ(u, v , w ), Γ(u , v, w ), Γ(u , v , w). These circles pass through J, JA , JB , JC respectively. Moreover, by §2.4, the circles in the first group are orthogonal to those in the second group. For example, as u and u are perpendicular to each other, the circles Γ(u, v, w) and Γ(u , v, w) are orthogonal. Now it follows from Lemma 3 applied to Q1 and Q2 that Proposition 8 (Mention [4]). (1) The following seven circles are members of a pencil Φ: Γ(u, v, w), Γ(u, v , w ), Γ(u , v, w ), Γ(u , v , w), and those with diameters (a ∩ u )(a ∩ u), (b ∩ v )(b ∩ v), (c ∩ w )(c ∩ w).
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(2) The following seven circles are members of a pencil Φ : Γ(u , v , w ), Γ(u , v, w), Γ(u, v , w), Γ(u, v, w ), and those with diameters (a ∩ u)(a ∩ u ), (b ∩ v)(b ∩ v ), (c ∩ w)(c ∩ w ). (3) The circles in the two pencils Φ and Φ are orthogonal. This clearly gives Steiner’s Theorems 8 and 9.
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Let P be the midpoint of the segment joining a ∩ u and a ∩ u, and P  the midpoint of the segment joining a ∩ u and a ∩ u . The nine-point circle of the orthocentric system a ∩ u,



a ∩ u ,



a ∩ u ,



a ∩ u



is the circle with diameter P P  . This circle passes through A and U . See Figure 11. Furthermore, P and P  are the midpoints of the two arcs AU of this circle. As P is the center of the circle passing through A, U , a ∩ u and a ∩ u, we have a ∩ u



a A a a∩u W a ∩ u B



U u
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Figure 11.



(P A, P U ) =2((a ∩ u )A, (a ∩ u )U ) =2((a ∩ u )A, AB) + 2(AB, U V ) + 2(U V, (a ∩ u )U ) =(AC, AB) + 2(AB, U V ) + (U V, BC) =(CA, CB) + (AB, U V ) =(CA, CB) + (W B, W U ) =(F A, F B) + (F B, F U ) =(F A, F U ). Hence, F lies on the circle with diameter P P  , and the lines F P , F P  bisect the angles between the lines F A and F U . As the central lines of the pencils Φ and Φ are perpendicular and pass respectively through P and P  , their common point lies on the circle F AU . Similarly, this common point must lie on the circles F BV and F CW . Hence, this common point is F . This proves Steiner’s Theorem 10 and the following more general result. Proposition 9 (Clawson). The central lines of the pencils Φ and Φ are the common bisectors of the three pairs of lines (F A, F U ), (F B, F V ), and (F C, F W ).
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Note that, as (F A, F B) = (F V, F U ) = (CA, CB), it is clear that the three pairs of lines (F A, F U ), (F B, F V ), (F C, F W ) have a common pair of bisectors (f, f ). These bisectors are called the incentric lines of the complete quadrilateral. With the notations of §5.3, we have 2(R, f) = 2(R, f  ) = θ1 + θ2 + θ3 + θ4 mod π. 7. Inscribed conics 7.1. Centers and foci of inscribed conics. We give some classical properties of the conics tangent to the four sidelines of the complete quadrilateral. Proposition 10. The locus of the centers of the conics inscribed in the complete quadrilateral is the Newton line R . Proposition 11. The locus of the foci of these conics is a circular focal cubic (van Rees focal). This cubic γ passes through A, B, C, U , V , W , F , the circular points at infinity I∞ , J∞ and the feet of the altitudes of the diagonal triangle. The real asymptote is the image of the Newton line under the homothety h(F, 2), and the imaginary asymptotes are the lines F I∞ and F J∞ . In other words, F is the singular focus of γ. As F lies on the γ, γ is said to be focal. The cubic γ is self isogonal with respect to each of the four triangles ABC, AV W , BW U , CU V . It has barycentric equation       ux c2 y 2 + b2 z 2 + vy a2 z 2 + c2 x2 + wz b2 x2 + a2 y 2 +2 (SA u + SB v + SC w) xyz = 0. If we denote by P QRS the van Rees focal of P , Q, R, S, i.e., the locus of M such as (M P, M Q) = (M R, M S), then γ = ABV U = BCW V = CAU W = AV BU = BW CV = CU AW . Here is a construction of the cubic γ. Construction. Consider a variable circle through the pair of isogonal conjugate points on the Newton line. 3 Draw the lines through F tangent to the circle. The locus of the points of tangency is the cubic γ. See Figure 12 7.2. Orthoptic circles. Recall that the Monge (or orthoptic) circle of a conic is the locus of M from which the tangents to the conic are perpendicular. Proposition 12 (Oppermann). The circles of the pencil generated by the three circles with diameters AU, BV, CW are the Monge circle’s of the conics inscribed in the complete quadrilateral. Proof. See [5, pp.60–61]. 3These points are not necessarily real.
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7.3. Coordinates and equations. Recall that the perspector (or Brianchon point) of a conic inscribed in the triangle ABC is the perspector of ABC and the contact triangle. Suppose the perspector is the point (p : q : r). (1) The center of the conic is the point (p(q + r) : q(r + p) : r(p + q)). (2) The equation of the conic is yz zx xy x2 y 2 z 2 −2 −2 = 0. + 2 + 2 −2 2 p q r pq qr rp (3) The line ux + yv + wz = 0 is tangent to the conic if and only if up + vq + wr = 0. (4) The equation of the Monge circle of the conic is     SB SC SA 1 1 1 2 2 2 + + (a yz + b zx + c xy) = (x + y + z) x+ y+ z . p q r p q r The locus of the perspectors of the conics inscribed in the complete quadrilateral is the circumconic u v w + + = 0, x y z i.e., the circumconic with perspector Q.
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7.4. Inscribed parabola. Proposition 13. The only parabola inscribed in the quadrilateral is the parabola with focus F and directrix the orthocentric line R .
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The perspector of the parabola has barycentric coordinates   1 1 1 : : . v−w w−u u−v This point is the isotomic conjugate of the infinite point of the Newton line. It is also the second common point (apart from the Steiner point S of triangle ABC) of the line SF and the Steiner circum-ellipse. If a line  tangent to the parabola intersects the lines BC, CA, AB respectively at U  , V  , W  , we have (F U, F U  ) = (F V, F V  ) = (F W, F W  ) = ( ,  ). If four points P , Q, R, S lie respectively on the sidelines BC, CA, AB, and verify (F P, BC) = (F Q, CA) = (F R, AB) = (F S, ), then these four points lie on the same line tangent to the parabola. This is a generalization of the pedal line.
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Orthopoles and the Pappus Theorem Atul Dixit and Darij Grinberg



Abstract. If the vertices of a triangle are projected onto a given line, the perpendiculars from the projections to the corresponding sidelines of the triangle intersect at one point, the orthopole of the line with respect to the triangle. We prove several theorems on orthopoles using the Pappus theorem, a fundamental result of projective geometry.



1. Introduction Theorems on orthopoles are often proved with the help of coordinates or complex numbers. In this note we prove some theorems on orthopoles by using a wellknown result from projective geometry, the Pappus theorem. Notably, we need not even use it in the general case. What we need is a simple affine theorem which is a special case of the Pappus theorem. We denote the intersection of two lines g and g by g ∩ g . Here is the Pappus theorem in the general case. Theorem 1. Given two lines in a plane, let A, B, C be three points on one line and A , B  , C  three points on the other line. The three points BC  ∩ CB  ,



CA ∩ AC  ,



AB  ∩ BA



are collinear.
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C B A



Figure 1



Theorem 1 remains valid if some of the points A, B, C, A , B  , C  are projected to infinity, even if one of the two lines is the line at infinity. In this paper, the only case we need is the special case if the points A , B  , C  are points at infinity. For the sake of completeness, we give a proof of the Pappus theorem for this case. Publication Date: March 30, 2004. Communicating Editor: Paul Yiu.
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Let X = BC  ∩ CB  , Y = CA ∩ AC  , Z = AB  ∩ BA . The points A , B  , being infinite points, we have CY  BZ, AZ  CX, and BX  AY . See Figure 2. We assume the lines ZX and ABC intersect at a point P , and leave the easy case ZX  ABC to the reader. In Figure 3, let Y  = ZX ∩ AY . We show PY  PA = in signed lengths. Since that Y  = Y . Since AY  BX, we have PB PX PX PC PY  PC = . From these, = , and CY   BZ. AZ  CX, we have PA  PZ PB P Z Since CY  BZ, the point Y lies on the line CY . Thus, Y = Y , and the points X, Y , Z are collinear. C
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2. The orthocenters of a fourline We denote by ∆abc the triangle bounded by three lines a, b, c. A complete quadrilateral, or, simply, a fourline is a set of four lines in a plane. The fourline consisting of lines a, b, c, d, is denoted by abcd. If g is a line, then all lines perpendicular to g have an infinite point in common. This infinite point will be called g. With this notation, P g is the perpendicular from P to g. Now, we establish the well-known Steiner’s theorem. Theorem 2 (Steiner). If a, b, c, d are any four lines, the orthocenters of ∆bcd, ∆acd, ∆abd, ∆abc are collinear.
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Proof. Let D, E, F be the intersections of d with a, b, c, and K, L, M , N the orthocenters of ∆bcd, ∆acd, ∆abd, and ∆abc. Note that K = Ec ∩ F b, being the intersection of the perpendiculars from E to c and from F to b. Similarly, L = F a ∩ Dc and M = Db ∩ Ea. The points D, E, F being collinear and the points a, b, c being infinite, we conclude from the Pappus theorem that K, L, M are collinear. Similarly, L, M , N are collinear. The four orthocenters lie on the same line.  The line KLM N is called the Steiner line of the fourline ABCD. Theorem 2 is usually associated with Miquel points [6, §9] and proved using radical axes. A consequence of such proofs is the fact that the Steiner line of the fourline abcd is the radical axis of the circles with diameters AD, BE, CF , where A = b ∩ c, B = c ∩ a, C = a ∩ b, D = d ∩ a, E = d ∩ b, F = d ∩ c. Also, the Steiner line is the directrix of the parabola touching the four lines a, b, c, d. The Steiner line is also called four-orthocenter line in [6, §11] or the orthocentric line in [5], where it is studied using barycentric coordinates.
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3. The orthopole and the fourline We prove the theorem that gives rise to the notion of orthopole. Theorem 3. Let ∆ABC be a triangle and d a line. If A , B  , C  are the pedals of A, B, C on d, then the perpendiculars from A , B  , C  to the lines BC, CA, AB intersect at one point. This point is the orthopole of the line d with respect to ∆ABC.
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Proof. Denote by a, b, c the lines BC, CA, AB. By Theorem 2, the orthocenters K, L, M , N of triangles ∆bcd, ∆acd, ∆abd, ∆abc lie on a line. Let D = d ∩ a, and W = B  b ∩ C  c. The orthocenter L of ∆acd is the intersection of the perpendiculars from D to c and from B to d. Since the perpendicular from B to d is also the perpendicular from B to d, L = Dc ∩ B  d. Analogously, M = Db ∩ C  d. By the Pappus theorem, the points W , M , L are collinear. Hence, W lies on the line KLM N . Since W = B  b ∩ C  c, the intersection W of the lines KLM N and B  b lies on C  c. Similarly, this intersection W lies on A a. Hence, the point W is the common point of the four lines A a, B  b, C  c, and KLM N . Since A a, B  b, C  c are the perpendiculars from A , B  , C  to a, b, c respectively, the perpendiculars from A , B  , C  to BC, CA, AB and the line KLM N intersect at one point. This already shows more than the statement of the theorem. In fact, we conclude that the orthopole of d with respect to triangle ∆ABC lies on the Steiner line of the complete quadrilateral abcd.  The usual proof of Theorem 3 involves similar triangles ([1], [10, Chapter 11]) and does not directly lead to the fourline. Theorem 4 originates from R. Goormaghtigh, published as a problem [7]. It was also mentioned in [5, Proposition 6], with reference to [2]. The following corollary is immediate.
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Corollary 4. Given a fourline abcd, the orthopoles of a, b, c, d with respect to ∆bcd, ∆acd, ∆abd, ∆abc lie on the Steiner line of the fourline.
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4. Two theorems on the collinarity of quadruples of orthopoles Theorem 5. If A, B, C, D are four points and e is a line, then the orthopoles of e with respect to triangles ∆BCD, ∆CDA, ∆DAB, ∆ABC are collinear. W
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Figure 7
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Proof. Denote these orthopoles by X, Y , Z, W respectively. If A , B  , C  , D  are the pedals of A, B, C, D on e, then X = B CD ∩ C  BD. Similarly, Y = C  AD ∩ A CD, Z = A BD ∩ B  AD. Now, A , B  , C  lie on one line, and AD, BD, CD lie on the line at infinity. By Pappus’ theorem, the points X, Y , Z are collinear. Likewise, Y , Z, W are collinear. We conclude that all four points X, Y , Z, W are collinear.  Theorem 5 was also proved using coordinates by N. Dergiades in [3] and by R. Goormaghtigh in [8, p.178]. A special case of Theorem 5 was shown in [11] using the Desargues theorem.1 Another theorem surprisingly similar to Theorem 5 was shown in [9] using complex numbers. Theorem 6. Given five lines a, b, c, d, e, the orthopoles of e with respect to ∆bcd, ∆acd, ∆abd, ∆abc are collinear.
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Proof. Denote these orthopoles by X, Y , Z, W respectively. Let the line d intersect a, b, c at D, E, F , and let D , E  , F  be the pedals of D, E, F on e. Since E = b ∩ d and F = c ∩ d are two vertices of triangle ∆bcd, and E and  F are the pedals of these vertices on e, the orthopole X = E c ∩ F  b. Similarly, Y = F  a ∩ D c, and Z = D b ∩ E  a. Since D , E  , F  lie on one line, and a, b, c lie on the line at infinity, the Pappus theorem yields the collinearity of the points X, Y , Z. Analogously, the points Y , Z, W are collinear. The four points X, Y , Z, W are on the same line.  1In [11], Witczy´nski proves Theorem 5 for the case when A, B, C, D lie on one circle and the



line e crosses this circle. Instead of orthopoles, he equivalently considers Simson lines. The Simson lines of two points on the circumcircle of a triangle intersect at the orthopole of the line joining the two points.
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On the Areas of the Intouch and Extouch Triangles Juan Carlos Salazar



Abstract. We prove an interesting relation among the areas of the triangles whose vertices are the points of tangency of the sidelines with the incircle and excircles.



1. The intouch and extouch triangles Consider a triangle ABC with incircle touching the sides BC, CA, AB at A0 , B0 , C0 respectively. The triangle A0 B0 C0 is called the intouch triangle of ABC. Likewise, the triangle formed by the points of tangency of an excircle with the sidelines is called an extouch triangle. There are three of them, the A-, B-, Cextouch triangles, 1 as indicated in Figure 1. For i = 0, 1, 2, 3, let Ti denote the area of triangle Ai Bi Ci . In this note we present two proofs of a simple interesting relation among the areas of these triangles.
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Theorem 1.



1 T0



=



1 T1



+



1 T2



+



1 T3 .



Publication Date: April 14, 2004. Communicating Editor: Paul Yiu. 1These qualified extouch triangles are not the same as the extouch triangle in [2, §6.9], which means triangle A1 B2 C3 in Figure 1. For a result on this unqualified extouch triangle, see §3.
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Proof. Let I be the incenter and r the inradius of triangle ABC. Consider the excircle on the side BC, with center I1 , tangent to the lines BC, CA, AB at A1 , B1 , C1 respectively. See Figure 2. It is easy to see that triangles I1 A1 C1 and BA0 C0 are similar isosceles triangles; so are triangles I1 A1 B1 and CA0 B0 . From these, it easily follows that the angles B0 A0 C0 and B1 I1 C1 are supplementary. It follows that IB · IC A0 B0 · A0 C0 IC IB T0 · = . = = T1 A1 B1 · A1 C1 I1 C I1 B I1 B · I1 C A
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Figure 2



Now, in the cyclic quadrilateral IBI1 C with diameter II1 , IB · IC = IB · II1 sin II1 C = II1 · IA0 = r · II1 . Similarly, I1 B · I1 C = II1 · r1 , where r1 is the radius of the A-excircle. It follows that r T0 = . (1) T1 r1 Likewise, TT02 = rr2 and TT03 = rr3 , where r2 and r3 are respectively the radii of the B- and C-excircles. From these,   1 1 r r r 1 1 1 + + = + + = , T1 T2 T3 r1 r2 r3 T0 T0 since



1 r1



+



1 r2



+



1 r3



= 1r .







Corollary 2. Let ABCD be a quadrilateral with an incircle I(r) tangent to the sides at W , X, Y , Z. If the excircles IW (rW ), IX (rX ), IY (rY ), IZ (rZ ) have areas TW , TX , TY , TZ respectively, then TY TX TZ T TW + = + = , rW rY rX rZ r where T is the area of the intouch quadrilateral W XY Z. See Figure 3.
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Proof. By (1) above, we have



TW rW



=



Area XY Z r



and



TY rY



=



Area ZW X r



so that



T TY Area XY Z + Area ZW X TW = . + = rW rY r r Similarly,



TX rX



+



TZ rZ



=



T r.







2. An alternative proof using barycentric coordinates The area of a triangle can be calculated easily from its barycentric coordinates. Denote by ∆ the area of the reference triangle ABC. The area of a triangle with vertices A = (x1 : y1 : z1 ), B  = (x2 : y2 : z2 ), C  = (x3 : y3 : z3 ) is given by   x1 y1 z1    x2 y2 z2  ∆   x3 y3 z3  . (2) (x1 + y1 + z1 )(x2 + y2 + z2 )(x3 + y3 + z3 ) Note that this area is signed. It is positive or negative according as triangle A B  C  has the same or opposite orientation as the reference triangle. See, for example, [3]. In particular, the area of the cevian triangle of a point with coordinates (x : y : z) is   0 y z   x 0 z  ∆   x y 0 2xyz∆ = . (3) (y + z)(z + x)(z + y) (y + z)(z + x)(z + y) Let s denote the semiperimeter of triangle ABC, i.e., s = 12 (a + b + c). The barycentric coordinates of the vertices of the intouch triangle are A0 = (0 : s−c : s−b),



B0 = (s−c : 0 : s−a),



C0 = (s−b : s−a : 0). (4)
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The area of the intouch triangle is    0 s − c s − b  1  s−c 0 s − a ∆ T0 = abc s − b s − a 0  =



2(s − a)(s − b)(s − c) ∆. abc



For the A-extouch triangle A1 B1 C1 , A1 = (0 : s−b : s−c), the area is



B1 = (−(s−b) : 0 : s),



C1 = (−(s−c) : s : 0), (5)



   0 s − b s − c 1  −2s(s − b)(s − c) −(s − b) 0 s  ∆ = ∆.  abc −(s − c) abc  s 0



∆ and Similarly, the areas of the B- and C-extouch triangles are −2s(s−c)(s−a) abc −2s(s−a)(s−b) ∆ respectively. Note that these are all negative. Disregarding signs, abc we have 1 1 1 abc 1 ((s − a) + (s − b) + (s − c)) · + + = T1 T2 T3 2s(s − a)(s − b)(s − c) ∆ 1 abc · = 2(s − a)(s − b)(s − c) ∆ 1 = . T0 3. A generalization Using the area formula (3) it is easy to see that the (unqualifed) extouch triangle A1 B2 C3 has the same area T0 as the intouch triangle. This is noted, for example, in [1]. The use of coordinates in §2 also leads to a more general result. Replace the incircle by the inscribed conic with center P = (p : q : r), and the excircles by those with centers P1 = (−p : q : r),



P2 = (p : −q : r),



P3 = (p : q : −r),



respectively. These are the vertices of the anticevian triangle of P , and the four inscribed conics are homothetic. See Figure 4. The coordinates of their points of tangency with the sidelines can be obtained from (4) and (5) by replacing a, b, c by p, q, r respectively. It follows that the areas of intouch and extouch triangles for these conics bear the same relation given in Theorem 1.
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Signed Distances and the Erd˝os-Mordell Inequality Nikolaos Dergiades



Abstract. Using signed distances from the sides of a triangle we prove an inequality from which we get the Erd˝os-Mordell inequality as a simple consequence.



Let P be an arbitrary point in the plane of triangle ABC. Denote by x1 , x2 , x3 the distances of P from the vertices A, B, C, and d1 , d2 , d3 the signed distances of P from the sidelines BC, CA, AB respectively. Let a, b, c be the lengths of these sides. We establish an inequality from which the famous Erd˝os-Mordell inequality easily follows. Theorem.



    c a b c a b + d1 + + d2 + + d3 ; c b a c b a equality holds if and only if P is the circumcenter of ABC. 



x1 + x2 + x3 ≥



(1)
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x1 h1 d3 x2
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Proof. Let h1 be the length of the altitude from A to BC, and ∆ the area of ABC. Clearly, 2∆ = ah1 = ad1 + bd2 + cd3 . Note that x1 + d1 ≥ h1 . This is true even if d1 < 0, i.e., when P is not an interior point of the triangle. Also, equality holds if and only if P lies on the line containing the A-altitude. We have ax1 + ad1 ≥ ah1 = ad1 + bd2 + cd3 , or ax1 ≥ bd2 + cd3 .



(2)



If we apply inequality (2) to triangle AB C  symmetric to ABC with respect to the A-bisector of ABC we get ax1 ≥ cd2 + bd3 Publication Date: April 28, 2004. Communicating Editor: Paul Yiu.
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or



c b d2 + d3 . (3) a a   Equality holds only when P lies on the A-altitude of AB C , i.e., the line passing through A and the circumcenter of ABC. x1 ≥



A



x1 O P



B



H



d1 B



C
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Figure 2



Similarly we get a c (4) x2 ≥ d3 + d1 , b b b a (5) x3 ≥ d1 + d2 , c c and by addition of (3), (4), (5), we get the inequality (1). Equality holds only when P is the circumcenter of ABC.  a b



If P is an internal point of ABC, d1 , d2 , d3 > 0. Since bc + + ab ≥ 2, we have



c b



≥ 2,



c a



+



a c



≥ 2,



x1 + x2 + x3 ≥ 2(d1 + d2 + d3 ). This is the famous Erd˝os-Mordell inequality. The equality holds only when a = b = c, i.e., ABC is equilateral, and P is the circumcenter of ABC. There are numerous proofs of the Erd˝os-Mordell inequality. See, for example, [3] and the bibliography therin. In Mordell’s original proof [2], the inequality (1) was established assuming d1 , d2 , d3 > 0. See also [1, §12.13]. Our proof of (1) is more transparent and covers all positions of P . References [1] O. Bottema et al, Geometric Inequalities, Wolters-Noordhoff, Groningen, 1969. [2] P. Erd˝os and L. J. Mordell, Problem 3740, Amer. Math. Monthly, 42 (1935) 396; solutions, ibid., 44 (1937) 252. [3] H.J Lee, Another Proof of the Erd˝os-Mordell Theorem, Forum Geom., 1 (2001) 7–8. Nikolaos Dergiades: I. Zanna 27, Thessaloniki 54643, Greece E-mail address: [email protected]
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A Simple Construction of the Congruent Isoscelizers Point Eric Danneels



Abstract. We give a very simple construction of the congruent isoscelizers point as an application of the cevian nest theorem.



1. Construction of the congruent isoscelizers point Given a triangle, an isoscelizer is a segment intercepted in the interior of the triangle by a line perpendicular to an angle bisector. There is a unique point through which the three isoscelizers have equal lengths. This is the congruent isoscelizers points X173 of [4]. In this note we present a very simple construction of this triangle center. Theorem 1. Let A B  C  be the intouch triangle of ABC, and A B  C  the intouch triangle of A B  C  . The triangles A B  C  and ABC are perspective at the congruent isoscelizers point of ABC. A
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The proof is a simple application of the following cevian nest theorem. 1 Theorem 2. Let A B  C  be the cevian triangle of P in triangle ABC with homogeneous barycentric coordinates (u : v : w) with respect to ABC, and A B  C  Publication Date: May 12, 2004. Communicating Editor: Paul Yiu. 1 Theorem 2 appears in [1, p.165, Supplementary Exercise 7] as follows: The triangle (Q) = DEF is inscribed in the triangle (P ) = ABC, and the triangle (K) = KLM is inscribed in (Q). Show that if any two of these triangles are perspective to the third, they are perspective to each other.
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the cevian triangle of Q in triangle A B  C  , with homogeneous barycentric coordinates (x : y : z) with respect to triangle A B  C  . Triangle A B  C  is the cevian triangle of   u(v + w) v(w + u) w(u + v) : : (1) Q(P ) = x y z with respect to triangle ABC. A



B
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The concurrency of the lines AA , BB  , CC  follows from the fact every cevian triangle and every anticevian triangle with respect to A B  C  are perspective. See, for example, [3, §2.12]. The cevian and anticevian triangles in question are A B  C  and ABC respectively. Proof. We compute the absolute barycentric coordinates explicitly. uA+vB y · wC+uA yB  + zC  w+u + z · u+v = y+z y+z (y(u + v) + z(w + u))uA + zv(w + u)B + yw(u + v)C . = (y + z)(w + u)(u + v)



A =



It is clear that the line AA intersects BCat the point with homogeneous barycentric coordinates   v(w + u) w(u + v) : . (0 : zv(w + u) : yw(u + v)) = 0 : y z Similarly, the intersections of BB with CA, CC  with AB are the points     w(u + v) u(v + w) v(w + u) u(v + w) :0: and : :0 x z x y respectively. It is clear that the lines AA , BB  , CC  intersect at the point given by (1) above. 
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2. Proof of Theorem 1 Let P be the Gergonne point, and A B  C  the intouch triangle. The sidelengths are in the proportions of B C A B  C  : C  A : A B  = cos : cos : cos . 2 2 2    If Q is the Gergonne point of A B C , then we have     B C A : ··· : ··· . Q(P ) = a − cos + cos + cos 2 2 2 This is the point X173 , the congruent isoscelizers point. 3. Another example Let P be the incenter of triangle ABC, with cevian triangle A B  C  , and Q the centroid of A B  C  . Then Q(P ) = (a(b + c) : b(c + a) : c(a + b)). This is the triangle center X37 of [4]. A
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Triangles with Special Isotomic Conjugate Pairs K. R. S. Sastry



Abstract. We study the condition for the line joining a pair of isotomic conjugates to be parallel to a side of a given triangle. We also characterize triangles in which the line joining a specified pair of isotomic conjugates is parallel to a side.



1. Introduction Two points in the plane of a given triangle ABC are called isotomic conjugates if the cevians through them divide the opposite sides in ratios that are reciprocals to each other. See [3], also [1]. We study the condition for the line joining a pair of isotomic conjugates to be parallel to a side of a given triangle. We also characterize triangles in which the line joining a specified pair of isotomic conjugates is parallel to a side. 2. Some background material The standard notation is used throughout: a, b, c for the sides or the lengths of BC, CA, AB respectively of triangle ABC. The median and the altitude through A (and their lengths) are denoted by ma and ha respectively. We denote the centroid, the incenter, and the circumcenter by G, I, and O respectively. 2.1. The orthic triangle. The triangle formed by the feet of the altitudes is called its orthic triangle. It is the cevian triangle of the orthocenter H. Its sides are easily calculated to be the absolute values of a cos A, b cos B, c cos C. 2.2. The Gergonne and symmedian points. The Gergonne point Γ is the concurrence point of the cevians that connect the vertices of triangle ABC to the points of contact of the opposite sides with the incircle. The symmedian point K is the Gergonne point of the tangential triangle which is bounded by the tangents to the circumcircle at A, B, C. Publication Date: May 24, 2004. Communicating Editor: Paul Yiu. The author thanks the referee and Paul Yiu for their kind suggestions to improve the presentation of this paper.
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2.3. The Brocard points. The Crelle-Brocard points Ω+ and Ω− are the interior points such that ∠Ω+ AB = ∠Ω+ BC = ∠Ω+ CA =ω, ∠Ω− AC = ∠Ω− BA = ∠Ω− CB =ω, where ω is the Crelle-Brocard angle. A
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Ω+ ω ω



ω



ω



B
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Figure 1



It is known that cot ω = cot A + cot B + cot C. See, for example, [3, 5]. According to [4], π A + ω = if and only if tan2 A = tan B tan C. 2



(1)



2.4. Self-altitude triangles. The sides a, b, c of a triangle are in geometric progression if and only if they are proportional to ha , hb , hc in some order. Such a triangle is called a self-altitude triangle in [6]. It has a number of interesting properties. Suppose a2 = bc. Then (1) Ω+ and Ω− are the perpendicular feet of the symmedian point K on the perpendicular bisectors of AC and AB. (2) The line Ω+ Ω− coincides with the bisector AI. (3) BΩ+ and CΩ− are tangent to the Brocard circle which has diameter OK. (4) The median BG and the symmedian CK intersect on AI; so do CG and BK. See Figure 2. 2.5. A generalization of a property of equilateral triangles. An equilateral triangle ABC has this easily provable property: if P is any point on the minor arc BC of the circumcircle of ABC, then AP = BP +P C. Surprisingly, however, if triangle ABC is non-isosceles, then there exists a unique point P on the arc BC (not 2 +nc2 containing the vertex A) such that AP = BP + P C if and only if a = mb mb+nc .
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See [8]. Here, m n is the ratio in which AP divides the side BC. In particular, the extension AP of the median ma has the preceding property if and only if a=



b2 + c2 . b+c



(2)
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Figure 3.



3. Homogeneous barycentric coordinates With reference to triangle ABC, every point in the plane is specified by a set of homogeneous barycentric coordinates. See, for example, [9]. If P is a point (not on any of the side lines of triangle ABC) with coordinates (x : y : z), its isotomic
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conjugate P  has coordinates classical triangle centers.







1 x



:



1 y



Point centroid G incenter I circumcenter O orthocenter H symmedian point K



 : z1 . Here are the coordinates of some of Coordinates (1 : 1 : 1) (a : b : c) (a cos A : b cos B : c cos C) (tan A : tan B : tan C) (a2 : b2 : c2 )  



1 1 1 : c+a−b : a+b−c  b+c−a  1 1 1 Brocard point Ω+  c12 : a12 : b12  Brocard point Ω− b2 : c2 : a2 The isotomic conjugate of the Gergonne point is the Nagel point N , which is the concurrence points of the cevians joining the vertices to the point of tangency of its opposite side with the excircle on that side. It has coordinates (b + c − a : c + a − b : a + b − c). The homogeneous barycentric coordinate of a point can be normalized to give its absolute homogeneous barycentric coordinate, provided the sum of the coordinates is nonzero. If P = (x : y : z), we say that in absolute barycentric coordinates, xA + yB + zC P = , x+y+z



Gergonne point Γ



provided x + y + z = 0. Points (x : y : z) with x + y + z = 0 are called infinite points. The isotomic conjugate of P = (x : y : z) is an infinite point if and only if xy + yz + zx = 0. This is the Steiner circum-ellipse which has center at the centroid G of triangle ABC. Another fruitful way is to view an infinite point as the difference Q − P of the absolute barycentric coordinates of two points P and −−→ Q. As such, it represents the vector P Q. 4. The basic results The segment joining P to its isotomic conjugate is represented by the infinite point xA + yB + zC yzA + zxB + xyC − xy + yz + zx x+y+z 2 (y + z)(yz − x )A + (z + x)(zx − y 2 )B + (x + y)(xy − z 2 )C . (3) = (x + y + z)(xy + yz + zx) This is parallel to the line BC if it is a multiple of the infinte point of BC, namely, −B + C. This is the case if and only if PP =



(y + z)(x2 − yz) = 0.



(4)



The equation y + z = 0 represents the line through A parallel to BC. It is clear that this line is invariant under isotomic conjugation. Every finite point on this line
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has coordinates (x : 1 : −1) for a nonzero x. Its isotomic conjugate is the point ( x1 : 1 : −1) on the same line. On the other hand, the equation x2 − yz = 0 represent an ellipse homothetic to the Steiner circum-ellipse. It passes through B = (0 : 1 : 0), C = (0 : 0 : 1), G = (1 : 1 : 1), and (−1 : 1 : 1). It is tangent to AB and AC at B and C respectively. It is obtained by translating the Steiner −→ circum-ellipse along the vector AG. We summarize this in the following theorem. Theorem 1. Let P be a finite point. The line joining P to its isotomic conjugate if parallel to BC if and only if P lies on the line through A parallel to BC or the ellipse through the centroid tangent to AB and AC at B and C respectively. In the latter case, the isotomic conjugate P is the second intersection of the ellipse with the line through P parallel to BC. P



P
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G P



P B



C



(−1 : 1 : 1)



Figure 4



Now we consider the possibility for P P  not only to be parallel to BC, but also equal to one half of its length. This means that the vector P P is ± 12 (C − B). If P is a finite point on the parallel to BC through A, we write P = (x : 1 : −1), 2 = 12 (−B + C) if and only x = 0. From (3), we have P P  = (1−x )(−B+C) x √



if x = −1±4 17 . These give the first two pairs of isotomic conjugates listed in Theorem 2 below. By Theorem 1, P may also lie on the ellipse x2 − yz = 0. It is convenient to use a parametrization (5) x = µ, y = µ2 , z = 1.
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Setting the coefficient of C in (3) to 12 , simplifying, we obtain µ2 − µ − 3 = 0. 2(µ2 + µ + 1) √   The only possibilities are µ = 12 1 ± 13 . These give the last two pairs in Theorem 2 below. Theorem 2. There are four pairs of isotomic conjugates P , P for which the segment P P  is parallel to BC and has half of its length. i 1 2 3 4



Pi √ (√17 + 1 : 4 : −4) (√17 − 1 : −4 :√ 4) ( 13 + 1 : 2 : 13 + 7) √ √ (−( 13 − 1) : 2 : 7 − 13)



Pi √ (√17 − 1 : 4 : −4) (√17 + 1 : −4 √ : 4) ( 13 + 1 : 13 + 7√: 2) √ (−( 13 − 1) : 7 − 13 : 2)
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Figure 5



Among these four pairs, only the pair (P3 , P3 ) are interior points. The segments to the median AD, and P3 P3 EF is a parallelogram with F P3 and EP3 are parallel √



F P3 = EP3 =



(5− 13)ma . 6



5. Triangles with specific P P  parallel to BC We examine the condition under which the line joining a pair of isotomic conjugates is parallel to C. We shall exclude the trivial case of equilateral triangles.
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5.1. The incenter. Since the incenter has coordinates (a : b : c), if II is parallel to BC, we must have, according to (5), a2 − bc = 0. Therefore, the triangle is self-altitude. See §2.4. It is, however, not possible to have II equal to half of the side BC, since the coordinates of P3 in Theorem 2 do not satisfy the triangle inequality. 5.2. The symmedian and Brocard points. Likewise, for the symmedian point K, the line KK  is parallel to BC if and only if a4 = b2 c2 , or a2 = bc. In other words, the triangle is self-altitude again. In fact, the following statements are equivalent. (1) a2 = bc. (2) K is on the ellipse x2 − yz = 0; KK  is parallel to BC. (3) Ω+ is on the ellipse z2 − xy = 0; Ω+ Ω+ is parallel to CA. (4) Ω− is on the ellipse y2 − zx = 0; Ω− Ω− is parallel to BA. A
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The self-altitude triangle with sides  √ √ a : b : c = 2(1 + 13) : 1 + 13 : 2 has KK  = 12 BC. 5.3. The circumcenter. Unlike the incenter, the circumcenter may be outside the triangle. If O lies on the line y + z = 0, then b cos B + c cos C = 0. From this we deduce cos(B − C) = 0, and |B − C| = ± π2 . (This also follows from [2] by noting that the nine-point center lies on BC).
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The homogeneous barycentric coordinates of the circumcenter are proportional to the sides of the orthic triangle (the pedal triangle of the orthocenter). To construct such a triangle, we take a self-altitude triangle A B  C  with incenter I0 , and construct the perpendiculars to I A , I  B  , I  C  at A , B  , C  respectively. These bound a triangle ABC whose orthocenter is I0 . Its circumcenter O is such that OO is parallel to BC. 5.4. The orthocenter. The orthocenter has barycentric coordinates (tan A : tan B : tan C). If the triangle is acute, the condition tan2 A = tan B tan C is equivalent to A + ω = π2 according to (1). 5.5. The Gergonne and Nagel points. The line joining the Gergonne and Nagel points is parallel to BC if and only if (b + c − a)2 = (c + a − b)(a + b − c). This is equivalent to (2). Hence, we have a characterization of such a triangle: the extension of the median ma intersects the minor arc BC at a point P such that AP = BP + CP . Since the Gergonne and Nagel points are interior points, there is a triangle (up to similarity) with ΓN parallel to BC and half in length. From √ √ b + c − a : c + a − b : a + b − c = 13 + 1 : 2 : 13 + 7, we obtain a:b:c=



√ √ √ √ √ 13 + 9 : 2 13 + 8 : 13 + 3 = 3 13 − 7 : 13 + 1 : 2.
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On the Intercepts of the OI-Line Lev Emelyanov



Abstract. We prove a new property of the intercepts of the line joining the circumcenter and the incenter on the sidelines of a triangle.



Given a triangle ABC with circumcenter O and incenter I, consider the intouch triangle XY Z. Let X  be the reflection of X in Y Z, and similarly define Y  and Z . Theorem 1. The intersections of AX with BC, BY  with CA, and CZ  with AB are all on the line OI. A X
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Figure 1.



Lemma 2. The orthocenter H  of the intouch triangle lies on the line OI. Proof. Let I1 I2 I3 be the excentral triangle. The lines Y Z and I2 I3 are parallel because both are perpendicular to AI. Similarly, ZX//I3 I1 and XY //I1 I2 . See Figure 2. Hence, the excentral triangle and the intouch triangle are homothetic and their Euler lines are parallel. Now, I and O are the orthocenter and nine-point center of the excentral triangle. On the other hand, I is the circumcenter of the intouch triangle. Therefore, the line OI is their common Euler line, contains the  orthocenter H  of XY Z. Publication Date: June 8, 2004. Communicating Editor: Paul Yiu.
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Proof of Theorem 1. To prove that the intersection point A1 of OI and AX  lies H AI BC it is sufficient to show that X H  X = IA2 , where A2 is the foot of the bisector AI. See Figure 3. X
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It is known that sin B + sin C CA + AB AI = . = IA2 BC sin A For any acute triangle, AH = 2R cos A. The angles of the intouch triangle are C+A A+B B+C , Y = , Z= . X= 2 2 2 It is clear that triangle XY Z is always acute, and A B+C = 2r sin , XH  = 2r cos X = 2r cos 2 2 where r is the inradius of triangle ABC.



On the intercepts of the OI-line



83



X X · Y Z X H  X X − H X = = −1 H X H X H X · Y Z 2 · area of XY Z −1 = H X · Y Z 2r 2 (sin 2X + sin 2Y + sin 2Z) −1 = 2r sin X · 2r cos X sin 2Y + sin 2Z sin B + sin C = = . sin 2X sin A This completes the proof of Theorem 1. Similar results hold for the extouch triangle. In part it is in [1]. The following corollaries are clear. Corollary 3. The line joining A1 to the projection of X on Y Z passes through the midpoint of the bisector of angle A. Proof. In Figure 3, X  X is parallel to the bisector of angle A and its midpoint is the projection of X on Y Z.  Corollary 4. The OI-line is parallel to BC if and only if the projection of X on Y Z lies on the line joining the midpoints of AB and AC. Corollary 5. Let XY Z be the tangential triangle of ABC, X the reflection of X in BC. If A1 is the intersection of the Euler line and XX , then AA1 is tangent to the circumcircle. Y
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Figure 4.
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On the Schiffler center Charles Thas



Abstract. Suppose that ABC is a triangle in the Euclidean plane and I its incenter. Then the Euler lines of ABC, IBC, ICA, and IAB concur at a point S, the Schiffler center of ABC. In the main theorem of this paper we give a projective generalization of this result and in the final part, we construct Schiffler-like points and a lot of other related centers. Other results in connection with the Schiffler center can be found in the articles [1] and [3].



1. Introduction We recall some formulas and tools of projective geometry, which will be used in §2. Although we focus our attention on the real projective plane, it will be convenient to work in the complex projective plane P. 1.1. Suppose that (x1 , x2 ) are projective coordinates on a complex projective line and that two pairs of points are given as follows: P1 and P2 by the quadratic equation (1) ax21 + 2bx1 x2 + cx22 = 0 and Q1 and Q2 by



a x21 + 2b x1 x2 + c x22 = 0.



(2)



Then the cross-ratio (P1 P2 Q1 Q2 ) equals −1 iff ac − 2bb + a c = 0.



(3)



Proof. Put t = xx12 and assume that t1 , t2 (t1 , t2 respectively) are the solutions of (1) ((2) respectively), divided by x22 . Then (t1 t2 t1 t2 ) = −1 is equivalent to  2b 2(t1 t2 + t1 t2 ) = (t1 + t2 )(t1 + t2 ) or 2( ac + ac  ) = (− 2b a )(− a ), which gives (3).  1.2.1. Consider a triangle ABC in the complex projective plane P and assume that is a line in P, not through A, B, or C. Put AB ∩ = M C , BC ∩ = M  A , and CA ∩ = M  B and determine the points MC , MA , and MB by (ABM  C MC ) = (BCM  A MA ) = (CAM  B MB ) = −1, then AMA , BMB , and CMC concur at a point Z, the so-called trilinear pole of with regard to ABC. Publication Date: June 28, 2004. Communicating Editor: J. Chris Fisher.
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Proof. If A = (1, 0, 0), B = (0, 1, 0), C = (0, 0, 1), and is the unit line x1 + x2 + x3 = 0, then M  C = (1, −1, 0), M  A = (0, 1, −1), M  B = (1, 0, −1), and MC = (1, 1, 0), MA = (0, 1, 1), MB = (1, 0, 1), and Z is the unit point (1, 1, 1).  1.2.2. The trilinear pole ZC of the unit-line with regard to ABQ, where A = (1, 0, 0), B = (0, 1, 0), and Q = (A, B, C), has coordinates (2A + B + C, A + 2B + C, C). Proof. The point ZC is the intersection of the line QMC and BMQA , with MC = (1, 1, 0), and MQA the point of QA, such that (Q A MQA M  QA ) = −1, with M  QA = QA ∩ . We find for MQA the coordinates (2A + B + C, B, C), and a straightforward calculation completes the proof.  1.3. Consider a non-degenerate conic C in the complex projective plane P, and two points A, Q, not on C, whose polar lines with respect to C, intersect C at T1 , T2 , and I1 , I2 respectively. Then Q lies on one of the lines 1 , 2 through A which are determined by (AT1 AT2 1 2 ) = (AI1 AI2 1 2 ) = −1. Proof. This follows immediately from the fact that the pole of the line AQ with  respect to C is the point T1 T2 ∩ I1 I2 . 1.4. For any triangle ABC of P and line not through a vertex, the DesarguesSturm involution theorem ([7, p.341], [8, p.63]) provides a one-to-one correspondence between the involutions on and the points P in P that lie neither on nor on a side of the triangle. Specifically, the conics of the pencil B(A, B, C, P ) intersect in pairs of points that are interchanged by an involution with fixed points I and J. Conversely, P is the fourth intersection point of the conics through A, B, and C that are tangent to at I and J. The point P can easily be constructed from A, B, C, I, and J as the point of intersection of the lines AA , and BB  , where A is the harmonic conjugate of BC ∩ with respect to I and J, and B is the harmonic conjugate of AC ∩ with respect to I and J. 1.5. Denote the pencil of conics through the four points A1 , A2 , A3 , and A4 by B(A1 , A2 , A3 , A4 ), and assume that is a line not through Ai , i = 1, . . . , 4. Put M  12 = A1 A2 ∩ , and let M12 be the harmonic conjugate of M 12 with respect to A1 and A2 , and define the points M23 , M34 , M13 , M14 , and M24 likewise. Let X, Y , and Z be the points A1 A2 ∩ A3 A4 , A2 A3 ∩ A1 A4 , and A1 A3 ∩ A2 A4 respectively. Finally, let I and J be the tangent points with of the two conics of the pencil which are tangent at . Then the eleven points M12 , M13 , M14 , M23 , M24 , M34 , X, Y , Z, I, and J belong to a conic ([8, p.109]). Proof. We prove that this conic is the locus C of the poles of the line with regard to the conics of the pencil B(A1 , A2 , A3 , A4 ). But first, let us prove that this locus is indeed a conic: if we represent the pencil by F1 + tF2 = 0, where F1 = 0 and F2 = 0 are two conics of the pencil, the equation of the locus is obtained by eliminating t from two linear equations which represent the polar lines of two points of , which gives a quadratic equation. Then, call A 3 the point which is the
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harmonic conjugate of A3 with respect to M12 A3 ∩ and M12 , and consider the conic of the pencil through A 3 : the pole of with respect to this conic clearly is M12 , which means that M12 , and thus also Mij , is a point of the locus. Next, X, Y and Z are points of the locus, since they are singular points of the three degenerate conics of the pencil. And finally, I and J belong to the locus, because they are the poles of with regard to the two conics of the pencil which are tangent to .  1.6. Consider again a triangle ABC in P, and a point P not on a side of ABC. The Ceva triangle of P is the triangle with vertices AP ∩BC, BP ∩CA, and CP ∩ AB. Example: with the notation of §1.2.1 the Ceva triangle of Z is MA MB MC . Next, assume that I and J are any two (different) points, not on a side of ABC, on a line , not through a vertex, and that P is the point which corresponds (ac H H cording to 1.4) to the involution on with fixed points I and J. Let HA B C    be the Ceva triangle of P , let A (B , and C respectively) be the harmonic conjugate of P A ∩ (P B ∩ , and P C ∩ respectively) with respect to A and P (B and P , and C and P , respectively), and let MA MB MC be the Ceva triangle of the trilinear pole Z of with regard to ABC. Then there is a conic through I, J,  H  H  , A B  C  , and M M M . This conic is known as the and the triples HA A B C B C eleven-point conic of ABC with regard to I and J ([7, pp.342–343]). Proof. Apply 1.5 to the pencil B(A, B, C, P ).







2. The main theorem Theorem. Let ABC be a triangle in the complex projective plane P, be a line not through a vertex, and I and J be any two (different) points of not on a side of the triangle. Choose C to be one of the four conics through I and J that are tangent to the sides of triangle ABC, and define Q to be the pole of with respect to C. If Z, ZA , ZB , and ZC are the trilinear poles of with respect to the triangles ABC, QBC, QCA, and QAB respectively, while P , PA , PB , and PC respectively, are the points determined by these triangles and the involution on whose fixed points are I and J (see 1.4), then the lines P Z, PA ZA , PB ZB , and PC ZC concur at a point SP . Proof. We choose our projective coordinate system in P as follows : A(1, 0, 0), B(0, 1, 0), C(0, 0, 1), and is the unit line with equation x1 + x2 + x3 = 0. The point P has coordinates (α, β, γ). Two degenerate conics of the pencil B(A, B, C, P ) are (CP, AB) and (BP, CA), which intersect at the points (−α, −β, α + β), (1, −1, 0) and (−α, α + γ, −γ), (1, 0, −1)) respectively. Joining these points to A, we find the lines (α + β)x2 + βx3 = 0, x3 = 0 and γx2 + (α + γ)x3 = 0, x2 = 0, or as quadratic equations (α + β)x2 x3 + βx23 = 0 and γx22 + (α + γ)x2 x3 = 0 respectively. Therefore, the lines AI and AJ are given by kx22 + 2lx2 x3 + mx23 = 0 whereby k, l, and m are solution of (see 1.1):  βk − (α + β)l = 0 −(α + γ)l + γm = 0,
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and thus (k, l, m) = (γ(α + β), βγ, β(α + γ)). Next, the lines through A which form together with AI, AJ and with AB, AC an harmonic quadruple, are determined by px22 + 2qx2 x3 + rx23 = 0 with p, q, r solutions of (see again 1.1)  β(α + γ)p − 2βγq + γ(α + β)r = 0 q = 0, and thus these lines are given by γ(α + β)x22 − β(α + γ)x23 = 0. In the same way, we find the quadratic equation of the two lines through B (C, respectively) which form together with BI, BJ and with BC, BA (with CI, CJ and with CA, CB respectively) an harmonic quadruple : α(β + γ)x23 − γ(β + α)x21 = 0 (β(γ + α)x21 − α(γ + β)x22 = 0 respectively). The intersection points of these three pairs of lines through A, B, and C are the poles Q1 , Q2 , Q3 , Q4 of with respect to the four conics through I and J that are tangent to the sides of triangle ABC (see 1.3) and their coordinates are Q1 (A, B, C), Q2 (−A, B, C), Q3 (A, −B, C), and Q4 (A, B, −C), where    A = α(β + γ), B = β(γ + α), C = γ(α + β). For now, let us choose for Q the point Q1 (A, B, C). The coordinates of the points Z, ZA , ZB , and ZC are (1, 1, 1), (A, A + 2B + C, A + B + 2C), (2A + B + C, B, A + B + 2C), and (2A + B + C, A + 2B + C, C) (see 1.2.2). Now, in connection with the point PC , remark that (APC ∩ (QB ∩ ) I J) = −1. But (Q2 Q4 ∩ (Q1 Q3 ∩ ) I J) = −1 and Q2 Q4 = Q2 B, Q1 Q3 = Q1 B, so that APC ∩ = Q2 B ∩ , and since Q2 B has equation Cx1 + Ax3 = 0, the point APC ∩ has coordinates (A, C − A, −C) and the line APC has equation Cx2 + (C − A)x3 = 0. In the same way, we find the equation of the line BPC : Cx1 + (C − B)x3 = 0, and the common point of these two lines is the point PC with coordinates (B − C, A − C, C). Finally, the line PC ZC has equation : C(B + C)x1 − C(A + C)x2 + (A2 − B 2 )x3 = 0, and cyclic permutation gives us the equations of PA ZA and PB ZB . Now, PA ZA , PB ZB , and PC ZC are concurrent if the determinant     B2 − C 2 A(C + A) −A(B + A)   2 2  −B(C + B) B(A + B)  C −A   C(B + C) −C(A + C) A2 − B 2  is zero, which is obviously the case, since the sum of the rows gives us three times zero. Then, the line P Z has equation (β − γ)x1 + (γ − α)x2 + (α − β)x3 = 0. But A2 = α(β + γ), B 2 = β(γ + α), and C 2 = γ(α + β), so that (B2 − C 2 )(−A2 + B 2 + C 2 ) = 2αβγ(β − γ), and P Z has also the following equation (B 2 − C 2 )(−A2 + B 2 + C 2 )x1 + (C 2 − A2 )(A2 − B 2 + C 2 )x2 +(A2 − B 2 )(A2 + B 2 − C 2 )x3 = 0. For P Z, PA ZA , and PB ZB to be concurrent, the following determinant must vanish :
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(C 2 − A2 )(A2 − B2 + C 2 ) A(C + A) C 2 − A2



(A2 − B2 )(A2 + B2 − C 2 ) −A(B + A) B(A + B)



     



=(B + C)(C + A)(A + B)(A(B − C)(−A2 + B2 + C 2 )(−A + B + C) + B(C − A)(A2 − B2 + C 2 )(A − B + C) + C(A − B)(A2 + B2 − C 2 )(A + B − C)) =0.



We may conclude that P Z, PA ZA , PB ZB , and PC ZC are concurrent. This completes the proof.  Remarks. (1) If Q is chosen as the point Q2 (Q3 , or Q4 , respectively), then A (B, or C respectively) must be replaced by −A (−B, or −C respectively) in the foregoing proof. (2) The coordinates of the common point SP of the lines P Z, PA ZA , PB ZB , A−B+C A+B−C and PC ZC are (A −A+B+C B+C , B C+A , C A+B ). (3) Of course, when we work in the real (complexified) projective plane P with a real triangle ABC, a real line and a real point P , the points Q and SP , are not always real. That depends on the values of α, β, and γ and thus on the position of the point P in the plane. For instance, in example 5.5 of §5, the points Q and SP will be imaginary. (4) The conic through A, B, C, and through the points I, J on has equation α(β + γ)x2 x3 + β(γ + α)x3 x1 + γ(α + β)x1 x2 = 0 or



A2 x2 x3 + B 2 x3 x1 + C 2 x1 x2 = 0. Indeed, eliminating x1 from this equation and from x1 + x2 + x3 = 0, gives us γ(α + β)x22 + 2γβx2 x3 + β(γ + α)x23 = 0, which determines the lines AI and AJ (see the proof of the theorem). The pole of the line with respect to this conic is the point Y (β + γ, γ + α, α + β), which clearly is a point of the line P Z. We denote this conic by (Y ). (5) The locus of the poles of the line with respect to the conics of the pencil B(A, B, C, P ) is the conic with equation βγx21 + γαx22 + αβx23 − α(γ + β)x2 x3 − β(α + γ)x3 x1 − γ(β + α)x1 x2 = 0. It is the eleven-point conic of triangle ABC with regard to I and J (see 1.6): it is the conic through the points MA (0, 1, 1), MB (1, 0, 1), MC (1, 1, 0), AP ∩ BC =  (0, β, γ), BP ∩ CA = H  (α, 0, γ), CP ∩ AB = H  (α, β, 0), A (2α + β + HA B C γ, β, γ), B  (α, α + 2β + γ, γ), C  (α, β, α + β + 2γ), I, and J. The pole of the line



with regard to this conic is the point Y  (2α + β + γ, α + 2β + γ, α + β + 2γ), which is also a point of the line P Z. We denote this conic by (Y  ). Here is an alternative formulation of the main theorem. Theorem. Let ABC be a triangle in the complex projective plane P, be a line not through a vertex, and I and J be any two (different) points of not on a side
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of the triangle. Denote by Q the pole of with respect to one of the four conics through I and J that are tangent to the sides of the triangle. If Y , YA , YB , and YC are the poles of with respect to the conics determined by I, J, and the triples ABC, QBC, QCA, and QAB respectively, while Y  , YA , YB , and YC are the respective poles with respect to their eleven-point conics with regard to I and J, then Y Y  , YA YA , YB YB , and YC YC concur at a point S. 3. The Euclidean case In this section we give applications of the main theorem in the Euclidean plane Π. Throughout the following sections, we only consider a general real triangle ABC in Π, i.e., the side-lengths a, b, and c are distinct and the triangle has no right angle. Corollary 1. Let ABC be a triangle in Π and assume that is the line at infinity of Π. Suppose that P coincides with the orthocenter H of ABC; then the conics of the pencil B(A, B, C, H) are rectangular hyperbolas and the involution on , determined by H (see 1.4), becomes the absolute (or orthogonal) involution with fixed points the cyclic points (or circle points) J and J of Π. The four conics through J, J  and tangent to the sidelines of ABC are now the incircle and the excircles of ABC, and the points Q = Q1 , Q2 , Q3 , Q4 become the incenter I, and the excenters IA (the line IIA contains A), IB , and IC , respectively. Next, the points Z, ZA , ZB , and ZC , are the centroids of ABC, IBC, ICA, and of IAB respectively. Finally, PA , PB , PC are the orthocenters HA , HB , HC of IBC, ICA, and IAB respectively. Then the lines HZ, HA ZA , HB ZB , and HC ZC concur at a point SH . Remark that HZ, HA ZA , HB ZB , and HC ZC are the Euler lines of the triangles ABC, IBC, ICA, and IAB, respectively. The point of concurrence of these Euler lines is known as the Schiffler point S ([9]), but we prefer in this paper the notation SH , since it results from setting P = H. In connection with Remarks 4 and 5 of the foregoing section, and again working with as the line at infinity and J, J the cyclic points, the conic (Y ) becomes the circumcircle (O) of ABC, (Y  ) becomes its nine-point circle (O ), and OO is the Euler line. In connection with Remark 5, we recall that the locus of the centers of the rectangular hyperbolas through A, B, C (and H) is the nine-point circle (O ) of ABC and that, for each point U of the circumcircle (O), the midpoint of HU is a point of (O ) (and O is the midpoint of HO on the Euler line). The main theorem allows us to generalize the foregoing corollary as follows: Corollary 2. Let ABC be a triangle and let be the line at infinity in Π. Choose a general point P (i.e., not on a sideline of ABC, not on and different from the centroid of ABC) and call J, J the tangent points on of the two conics of the pencil B(A, B, C, P ) which are tangent to (these are the centers of the parabolas through A, B, C and P ). Denote by Q the center of one of the four conics through J and J  , which are tangent at the sidelines of ABC. Next, Z is the centroid
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of ABC and ZA , ZB , ZC are the centroids of the triangles QBC, QCA, QAB respectively. Finally, PA (PB , and PC respectively) is the fourth common point of the two parabolas through Q, B, C (through Q, C, A, and through Q, A, B respectively) and tangent to at J and J . Then the lines P Z, PA ZA , PB ZB , and PC ZC concur at a point SP .



4. The use of trilinear coordinates From now on, we work with trilinear coordinates (x1 , x2 , x3 ) with respect to the real triangle ABC in the Euclidean plane Π ([2, 5]): A, B, C, and the incenter I of ABC, have coordinates (1, 0, 0), (0, 1, 0), (0, 0, 1), and (1, 1, 1) respectively. The line at infinity has equation ax1 + bx2 + cx3 = 0, where a, b, c are the sidelengths of ABC. The orthocenter H, the centroid Z, the circumcenter O, and the  1  1 1  , have trilinear coordinates , , , center of the nine-point circle O cos A cos B cos C 1 1 1 2 2 2 2 2 2 2 2 2 a , b , c , (cos A, cos B, cos C), and (bc(a b + a c − (b − c ) ), ca(b c + 2 b a2 − (c2 − a2 )2 ), ab(c2 a2 + c2 b2 − (a2 − b2 )2 )) respectively. The equations of the circumcircle (O) and the nine-point circle (O ) are ax2 x3 +bx3 x1 +cx1 x2 = 0 and x21 sin 2A+x22 sin 2B +x23 sin 2C −2x2 x3 sin A−2x3 x1 sin B −2x1 x2 sin C = 0. of the Euler lines of ABC, The Schiffler point S = SH (the common point  −a+b+c a−b+c a+b−c . IBC, ICA, and IAB) has trilinear coordinates b+c , c+a , a+b If T is a point of Π, not on a sideline of ABC, reflect the line AT about the line AI, and reflect BT and CT about the corresponding bisectors BI and CI. The three reflections concur in the isogonal conjugate T−1 of T , and T −1 has   1 1 1 trilinear coordinates (t2 t3 , t3 t1 , t1 t2 ) or t1 , t2 , t3 if T has trilinear coordinates (t1 , t2 , t3 ). Examples: the circumcenter O is the isogonal conjugate of the orthocenter H, and the centroid Z is the isogonal conjugate of the Lemoine point (or symmedian point) K(a, b, c). Let us now interpret the main theorem (or Corollary 2) in the Euclidean case using trilinear coordinates, with : ax1 + bx2 + cx3 = 0 as line at infinity and with P (α, β, γ) a general point of Π. In fact, the only thing that we have to do, is to replace in the proof of the main theorem the equation x1 +x2 +x3 = 0 of , by ax1 + calculation trilinear cobx2 +cx3 = 0, and a straightforward  gives us the following   ordinates for the point Q: ( bcα(bβ + cγ), caβ(cγ + aα), abγ(aα + bβ)) = (A, B, C). Next, the points Z, ZA , ZB , and  the centroids of ABC, QBC,  ZC are QCA and QAB with trilinear coordinates a1 , 1b , 1c , (bcA, c(aA+2bB+cC), b(aA+ bB+2cC)), (c(2aA+bB+cC), caB, a(aA+bB+2cC)), (b(2aA+bB+cC), a(aA+ 2bB + cC), baC), respectively. Now, for the points PA , PB , PC , again after a straightforward calculation, we find the coordinates: PA (bcA, c(cC − aA), b(bB − aA)), PB (c(cC − bB), caB, a(aA − bB)) and PC (b(bB − cC), a(aA − cC), abC). And finally, we find the trilinear coordinates of the point SP , corresponding to Q:  A(−aA + bB + cC) B(aA − bB + cC) C(aA + bB − cC) , , . bB + cC cC + aA aA + bB
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Remark that we find for the case P (α, β, γ) = H( cos1 A , cos1 B , cos1 C ): 







 cos C+c cos B) bc b c bcα(bβ + cγ) = cos A ( cos B + cos C ) = bc(b A = cos A cos B cos C 



abc = cos A cos B cos C = B = C and Q(A, while since A = B = C, we get for SH the coordi B, C) = I(1, 1, 1),  −a+b+c a−b+c a+b−c , which gives us the Schiffler point S. nates b+c , c+a , a+b



Let us also calculate the trilinear coordinates of the points Y and Y , defined above as the centers of the conic (Y ) through A, B, C, J and J , and of the conic (Y  ) through the midpoints of the sides of ABC and through J, J (or the elevenpoint conic of ABC with regard to J and J ; remark that J and J  are the cyclic points only when P = H): (Y ) has equation α(bβ + cγ)x2 x3 + β(cγ + aα)x3 x1 + γ(aα + bβ)x1 x2 = 0 and center Y (bc(bβ + cγ), ca(cγ + aα), ab(aα + bβ)), (Y  ) has equation aβγx21 + bγαx22 + cαβx23 − α(γc + bβ)x2 x3 − β(aα + cγ)x3 x1 − γ(bβ + aα)x1 x2 = 0 and center Y  (bc(2aα + bβ + cγ), ca(aα + 2bβ + cγ), ab(α + bβ + 2cγ)).  √ Remark that Q = P ∗ Y , with the notation (x1 , x2 , x3 ) ∗ (y1 , y2 , y3 ) = √ √ √ ( x1 y1 , x2 y2 , x3 y3 ). Recall that the coordinate transformation between trilinear coordinates (x1 , x2 , x3 ) with regard to ABC and trilinear coordinates (x1 , x2 , x3 ) with regard to the medial triangle MA MB MC , is given by ([5, p.207]):      0 b c x1 ax1  bx2  = a 0 c x2  . cx3 x3 a b 0 Now, this gives for (x1 , x2 , x3 ) the coordinates of the point Y , if (x1 , x2 , x3 ) are the coordinates (α, β, γ) of P and it gives for (x1 , x2 , x3 ) the coordinates of Y  if (x1 , x2 , x3 ) are the coordinates of Y . Moreover, ABC and its medial triangle are homothetic. As a corollary, we have that if P (Y , respectively) is triangle center X(k) for ABC (for the definition of triangle center, see [5, p.46]), then Y (Y  respectively) is center X(k) for MA MB MC . 5. Applications In this section we choose P (α, β, γ) as a triangle center of the triangle ABC and calculate the coordinates of the corresponding points Y , Y  , Q and SP (sometimes Y  and SP are not given). Remark that P must be different from the centroid Z of ABC. The triangle centers are taken from Kimberling’s list : X(1), X(2), . . . , X(2445) (list until 29 March 2004, see [6]). When we found the points Y , Y  , Q or SP in this list, we give the number X(· · · ) and if possible, the name of the center. But, without doubt, we overlooked some centers and more points Y , Y  , Q, SP than indicated will occur in Kimberling’s list. Several times, only the first trilinear coordinate is given: the second and the third are obtained by cyclic permutations.
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5.1. The first example is of course: P (α, β, γ) = H( cos1 A , cos1 B , cos1 C ) = X(4) (orthocenter), Y = O(cos A, cos B, cos C) = X(3) (circumcenter), Y  = O (bc(a2 b2 + a2 c2 − (b2 − c2 )2 ), · · · , · · · ) = X(5) (nine-point center), Q = I(1,1, 1) = X(1) (incenter), and  −a+b+c SH = S b+c , · · · , · · · = X(21) (Schiffler point). 5.2. P (α, β, γ) = I(1, 1, 1) = X(1), c+a a+b Y = ( b+c a , b , c ) = X(10) (Spieker point = incenter of the medial triangle MA MB MC ), , · · · , · · · ) = X(1125) (Spieker point of the medial triangle), Y  = ( 2a+b+c  a Q = ( bc(b + c), · · ·√, · · · ), and√ √  −a bc(b+c)+b ca(c+a)+c ab(a+b) √ √ , · · · , · · · ). SI = ( bc(b + c) b



ca(c+a)+c



ab(a+b)



5.3. P (α, β, γ) = K(a, b, c) = X(6) (Lemoine point), 2 2 Y = ( b +c a , · · · , · · · ) = X(141) = Lemoine point of medial triangle, 2 2 2 Y  = ( 2a +ba +c , · · · , · · · ), √ Q = ( b2 + c2 , · · · √, · · · ), and √ √ √ 2 2 2 2 2 2 √ +b c +a √ +c a +b , · · · , · · · ). SK = ( b2 + c2 −a b b+c c2 +a2 +c a2 +b2 1 , · · · , · · · ) = X(7) (Gergonne point), 5.4. P (α, β, γ) = ( a(−a+b+c) Y = (−a + b + c, a − b + c, a + b − c) = X(9) (Mittenpunkt = Lemoine point of the excentral triangle IA IB IC = Gergonne point of medial triangle), Y  = (bc(a(b+c)−(b−c)2 ), · · · , · · · ) = X(142) (Mittenpunkt of medial triangle), Q = ( √1a , √1 , √1c ) = X(366), and b



SX(7) = ( √1a −



√ √ √ a+ b+ c √ √ ,··· b+ c



, · · · ).



1 1 1 , c−a , a−b ) = X(100), 5.5. P (α, β, γ) = ( b−c 2 Y = (bc(b − c) (−a + b + c), · · · , · · · ) = X(11) (Feuerbach point = X(100) of medial triangle), + (c − a)2 (a − b + c)), · · · , · · · ) (Feuerbach point Y  = (bc((a − b)2 (a + b − c)  of medial triangle), and Q = ( bc(b − c)(−a + b + c), · · · , · · · ).



In the foregoing examples, the coordinates of the point SP are mostly rather complicated. Another method is to start with the coordinates of the point Q: if (k, l, m) are the trilinear coordinates of Q, then a short calculation shows that it corresponds with the point P ( a(−a2 k2 +b12 l2 +c2 m2 ) , · · · , · · · ) and SP becomes the point



, · · · , · · · ). Finally, the coordinates of Y and Y  are (ak2 (−a2 k2 + (k −ak+bl+cm bl+cm 2 2 2 2 b l + c m ), · · · , · · · ), and (bc(a2 k2 (b2 l2 + c2 m2 ) − (b2 l2 − c2 m2 )2 ), · · · , · · · ), respectively. Here are some examples.
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5.6. Q(k, l, m) = K(a, b, c) = X(6)(Lemoine point), 1 −1 (X(22) is the Exeter P = ( a(−a4 +b 4 +c4 ) , · · · , · · · ) = X(66) = X(22) point), Y = (a3 (−a4 + b4 + c4 ), · · · , · · · ) = X(206) (X(66) of medial triangle), Y  = (bc(a4 (b4 + c4 ) − (b4 − c4 )2 ), · · · , · · · ) (X(206) of medial triangle), and 2 2 +c2 ) A , · · · , · · · ) = ( bcos SX(66) = ( a(−ab2+b 2 +c2 , · · · , · · · ) = X(1176). +c2 5.7. Q(k, l, m) = H( cos1 A , cos1 B , cos1 C ) = X(4) (orthocenter), 1 , · · · , · · · ), P =( a2 b2 c2 a(− 2 + 2 + 2 ) cos A cos B cos C 2 2 2 Y = ( cosa2 A (− cosa2 A + cosb2 B + cosc2 C ), · · · B cos C , · · · , · · · ). SP = ( cos A−cos cos2 A



, · · · ), and



5.8. Q(k, l, m) = ( b+c a , · · · , · · · ) = X(10) (Spieker point), 1 P = ( a(−(b+c)2 +(c+a) 2 +(a+b)2 ) , · · · , · · · ) = X(596),   2 2 + (c + a)2 + (a + b)2 ), · · · , · · · (X(596) of medial tri(−(b + c) Y = (b+c) a angle), and b+c c+a a+b , a+2b+c , a+b+2c ). SP = ( 2a+b+c We also can start with the coordinates of the point Y (p, q, r), then , · · · , · · · ), P = ( −ap+bq+cr a · , · · · ), and Y  (bc(bq + cr), · ·



√ , · · · , · · · ). Here are some examples. Q = P ∗ Y = ( p(−ap+bq+cr) a a+b−c , a−b+c 5.9. Y (p, q, r) = I(1, 1, 1) = X(1), P = ( −a+b+c a b , c ) = X(8) (Nagel point),  , · · · , · · · = X(10) (Spieker point = incenter of medial triangle), Y  = b+c a 



−a+b+c , · · · , · · · = X(188), and Q= a



, · · · , · · · ) with Q(A, B, C). SP = (A −aA+bB+cC bB+cC 5.10. Y = K(a, b, c) = X(6) (Lemoine point), 2 2 +c2 , · · · , · · · ) = ( cosA , · · · , · · · ) = X(69), P = ( −a +b a a2 2 2 b +c  Y = ( a , · · · , · · · ) = X(141) (Lemoine point of medial triangle), and √ Q = ( −a2 + b2 + c2 , · · · , · · · ). , · · · , · · · ) = X(1125) (Spieker point of medial triangle), 5.11. Y = ( 2a+b+c a b+c P = ( a , · · · , · · · ) = X(10) (Spieker point), , · · · , · · · ) (X(1125) of medial triangle), and Y  = ( 2a+3b+3c a Q = (bc (b + c)(2a + b + c), · · · , · · · ).
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The Vertex-Midpoint-Centroid Triangles ˇ Zvonko Cerin Abstract. This paper explores six triangles that have a vertex, a midpoint of a side, and the centroid of the base triangle ABC as vertices. They have many interesting properties and here we study how they monitor the shape of ABC. Our results show that certain geometric properties of these six triangles are equivalent to ABC being either equilateral or isosceles.



Let A , B  , C  be midpoints of the sides BC, CA, AB of the triangle ABC and let G be its centroid (i.e., the intersection of medians AA , BB  , CC  ). Let G− a, − + − +       G+ a , Gb , Gb , Gc , Gc be triangles BGA , CGA , CGB , AGB , AGC , BGC (see Figure 1). C



G− b



+



Ga



B



A G



G+ b



−



Ga − Gc



A



+ Gc



C



B



Figure 1. Six vertex–midpoint–centroid triangles of ABC.



This set of six triangles associated to the triangle ABC is a special case of the cevasix configuration (see [5] and [7]) when the chosen point is the centroid G. It has the following peculiar property (see [1]). Theorem 1. The triangle ABC is equilateral if and only if any three of the trian− + + − + gles from the set σG = {G− a , Ga , Gb , Gb , Gc , Gc } have the same either perimeter or inradius. In this paper we wish to show several similar results. The idea is to replace perimeter and inradius with other geometric notions (like k-perimeter and Brocard angle) and to use various central points (like the circumcenter and the orthocenter – see [4]) of these six triangles. Publication Date: July 14, 2004. Communicating Editor: Paul Yiu.
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Let a, b, c be lengths of sides of the base triangle ABC. For a real number k, the sum pk = pk (ABC) = ak + bk + ck is called the k-perimeter of ABC. Of course, the 1-perimeter p1 (ABC) is just the perimeter p(ABC). The above theorem suggests the following problem. Problem. Find the set Ω of all real numbers k such that the following is true: The triangle ABC is equilateral if and only if any three of the triangles from σG have the same k-perimeter. Our first goal is to show that the set Ω contains some values of k besides the value k = 1. We start with k = 2 and k = 4. Theorem 2. The triangle ABC is equilateral if and only if any three of the triangles in σG have the same either 2-perimeter or 4-perimeter. Proof for k = 2. We shall position the triangle ABC in the following fashion with respect to the rectangular coordinate system in order to simplify our calculations. The vertex A is the origin with coordinates (0, 0), the vertex B is on the x-axis and  2 −1) 2rf g , has coordinates (r(f + g), 0), and the vertex C has coordinates rg(f f g−1 f g−1 . The three parameters r, f , and g are the inradius and the cotangents of half of angles at vertices A and B. Without loss of generality, we can assume that both f and g are larger than 1 (i.e., that angles A and B are acute). Nice features of this placement are that many important points of the triangle have rational functions in f , g, and r as coordinates and that we can easily switch from f , g, and r to side lengths a, b, and c and back with substitutions a= f=



rf (g 2 +1) f g−1 , (b+c)2 −a2 , 4∆



b= g=



rg (f 2 +1) f g−1 , (a+c)2 −b2 , 4∆



c = r (f + g) , r=



2∆ a+b+c ,



 where the area ∆ is 14 (a + b + c)(b + c − a)(a − b + c)(a + b − c). There are 20 ways in which we can choose 3 triangles from the set σG . The following three cases are important because all other cases are similar to one of these. − + − + Case 1: (G− a , Ga , Gb ). When we compute the 2-perimeters p2 (Ga ), p2 (Ga ), − and p2 (Gb ) and convert to lengths of sides we get (c − b)(c + b) , 3 a2 b2 c2 − − + . ) − p (G ) = p2 (G− 2 a b 6 2 3 + p2 (G− a ) − p2 (Ga ) =



Both of these differences are by assumption zero. From the first we get b = c and = 0. Hence, when we substitute this into the second the conclusion is (a−c)(a+c) 6 b = c = a so that ABC is equilateral. + + Case 2: (G− a , Ga , Gb ). Now we have
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(c − b)(c + b) , 3 (a − b)(a + b) + , p2 (G− a ) − p2 (Gb ) = 2 which makes the conclusion easy. − − Case 3: (G− a , Gb , Gc ). This time we have + p2 (G− a ) − p2 (Ga ) =



a2 b2 c2 − + , 6 2 3 2 2 2 b c a − p2 (G− − − . ) − p (G ) = 2 a c 2 3 6 The only solution of this linear system in a2 and b2 is a2 = c2 and b2 = c2 . Thus the triangle ABC is equilateral because the lengths of sides are positive.  − p2 (G− a ) − p2 (Gb ) =



Recall that the Brocard angle ω of the triangle ABC satisfies the relation p2 (ABC) . cot ω = 4∆ Since all triangles in σG have the same area, from Theorem 2 we get the following corollary. Corollary 3. The triangle ABC is equilateral if and only if any three of the triangles in σG have the same Brocard angle.  √ On the other hand, when we put k = −2 then for a = −5 + 3 3 and b = c = 1 − + we find that the triangles G− a , Ga , and Gb have the same (−2)-perimeter while ABC is not equilateral. In other words the value −2 is not in Ω. The following result answers the final question in [1]. It shows that some pairs of triangles from the set σG could be used to detect if ABC is isosceles. Let τ de+ − + − − + + note the set whose elements are pairs (G− a , Ga ) (Ga , Gb ), (Ga , Gc ), (Ga , Gb ), − + − + − + − − + (G+ a , Gc ), (Gb , Gb ), (Gb , Gc ), (Gb , Gc ), (Gc , Gc ). Theorem 4. The triangle ABC is isosceles if and only if triangles from some element of τ have the same perimeter. Proof. This time there are only two representative cases. + Case 1: (G− a , Ga ). By assumption, √ √ 2a2 − b2 + 2c2 2a2 + 2b2 − c2 − + − = 0. p(Ga ) − p(Ga ) = 3 3 When we move the second term to the right then take the square of both sides and = 0. Hence, b = c and ABC move everything back to the left we obtain (c−b)(c+b) 3 is isosceles. + Case 2: (G− a , Gb ). This time our assumption is √ √ 2 − b2 + 2c2 a − b 2a 2c2 + 2b2 − a2 + + − = 0. p(G− a ) − p(Gb ) = 2 6 6
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When we move the third term to the right then take the square of both sides and move the right hand side back to the left and bring the only term with the square root to the right we obtain √ (b − a) 2a2 − b2 + 2c2 2a2 − 3ab + b2 = . 6 6 In order to eliminate the square root, we take the square of both sides and move the 2 = 0. Hence, a = b and the right hand side to the left to get (a−b) (a−b−c)(a−b+c) 18 triangle ABC is again isosceles.  Remark. The above theorem is true also when the perimeter is replaced with the 2-perimeter and the 4-perimeter. It is not true for k = −2 but it holds for any k = 0 − + + − + when only pairs (G− a , Ga ), (Gb , Gb ), (Gc , Gc ) are considered. We continue with results that use various central points (see [4], [5, 6]) (like the centroid, the circumcenter, the orthocenter, the center of the nine-point circle, the symmedian or the Grebe-Lemoine point, and the Longchamps point) of the triangles from the set σG and try to detect when ABC is either equilateral or isosceles. Recall that triangles ABC and XY Z are homologic provided lines AX, BY , and CZ are concurrent. The point in which they concur is their homology center and the line containing intersections of pairs of lines (BC, Y Z), (CA, ZX), and (AB, XY ) is their homology axis. Instead of homologic, homology center, and homology axis many authors use the terms perspective, perspector, and perspectrix. The triangles ABC and XY Z are orthologic when the perpendiculars at vertices of ABC onto the corresponding sides of XY Z are concurrent. The point of concurrence is [ABC, XY Z]. It is well-known that the relation of orthology for triangles is reflexive and symmetric. Hence, the perpendiculars at vertices of XY Z onto corresponding sides of ABC are concurrent at a point [XY Z, ABC]. By replacing in the above definition perpendiculars with parallels we get the analogous notion of paralogic triangles and two centers of paralogy ABC, XY Z and XY Z, ABC. The triangle ABC is paralogic to its first Brocard triangle Ab Bb Cb which has the orthogonal projections of the symmedian point K onto the perpendicular bisectors of sides as vertices (see [2] and [3]). , GG+ , GG− , GG+ , GG− , GG+ of the triangles Theorem 5. The centroids GG− a a c c b b from √ σG lie on the image of the Steiner ellipse of ABC under the homothety h(G, 67 ). This ellipse is a circle if and only if ABC is equilateral. The triangles GG− GG− and GG+ GG+ GG+ are both homologic and paralogic to triangles GG− a c a c b b Ab Bb Cb , Bb Cb Ab and Cb Ab Bb and they share with ABC the centroid and the Bro7 of the area of ABC. They are directly similar to each card angle and both have 36 other or to ABC if and only if ABC is an equilateral triangle. They are orthologic to either Ab Bb Cb , Bb Cb Ab or Cb Ab Bb if and only if ABC is an equilateral triangle.
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Figure 2. The ellipse containing vertices of GG− GG− GG− and GG+ GG+ GG+ . a c a c b



b



Proof. We look for the conic through five of the centroids and check that the the 5 are a2 : 11 sixth centroid lies on it. The trilinear coordinates of GG− b : c while a those of other centroids are similar. It follows that they all lie on the ellipse with the equation a11 x2 + 2a12 xy + a22 y 2 + 2a13 x + 2a23 y + a33 = 0, where a11 = 432∆2 , a12 = 108∆(a − b)(a + b), a22 = 27(a4 + b4 + 3c4 −2a2 b2 ), a13 = −216∆2 c, a23 = −54∆c(a2 − b2 + c2 ), a33 = 116∆2 c2 .   a11 a12  −7c4   = 3c42 > 0, and A0 = Since D0 =  2 +b2 +c2 ) < 0 with I0 = a11 + I  16∆ 72(a 0 a12 a22  a11 a12 a13    a22 , and A0 = a12 a22 a23  it follows that this is an ellipse whose center is a13 a23 a33  G. It will be a circle provided either I02 = 4D0 or a11 = a22 and a12 = 0. This happens if and only if ABC is equilateral. The precise identification of this ellipse is now easy. We take a point (p, q) which β γ α is on the Steiner ellipse of ABC (with the equation a + b + c = 0 in trilinear √



coordinates) and denote its image under h(G, 67 ) by (x, y). By eliminating p and q we check that this image satisfies the above equation (of the common Steiner GG− GG− and GG+ GG+ GG+ ). ellipse of GG− a c a c b



b
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Since the trilinear coordinates of Ab are abc : c3 : b3 , the line Ab GG− has the a equation a(11b2 − 5c2 )x + b(5a2 − 2b2 )y + c(11a2 − 2c2 )z = 0. have similar equations. The determinant of the The lines Bb GG− and Cb GG− c b coefficients of these three lines is equal to zero so that we conclude that the triangles GG− GG− GG− and Ab Bb Cb are homologic. The other claims about homologies a c b GG− GG− , Ab Bb Cb  and paralogies are proved in a similar way. We note that GG− a c b GG− GG− while Ab Bb Cb , GG− GG− GG−  is on the (above) Steiner ellipse of GG− a c a c b b is on the Steiner ellipse of Ab Bb Cb . The other centers behave accordingly. When we substitute the coordinates of the six centroids into the conditions x1 (v2 − v3 ) + x2 (v3 − v1 ) + x3 (v1 − v2 ) − u1 (y2 − y3 ) − u2 (y3 − y1 ) − u3 (y1 − y2 ) = 0, x1 (u2 − u3 ) + x2 (u3 − u1 ) + x3 (u1 − u2 ) − y1 (v2 − v3 ) − y2 (v3 − v1 ) − y3 (v1 − v2 ) = 0,



for triangles with vertices at the points (x1 , y1 ), (x2 , y2 ), (x3 , y3 ) and (u1 , v1 ), (u2 , v2 ), (u3 , v3 ) to be directly similar and convert to the side lengths, we get 4∆(a − b)(a + b + c) = 0 and 9c2



h(1, 1, 2, 1, 1, 2) = 0, 9c2



where h(u, v, w, x, y, z) = ub2 c2 + vc2 a2 + wa2 b2 − xa4 − yb4 − zc4 . The first relation implies a = b, which gives h(1, 1, 2, 1, 1, 2) = 2c2 (c − b)(c + b). Therefore, b = c so that ABC is an equilateral triangle. , GG− , GG− , Ab , Bb , Cb into the left hand Substituting the coordinates of GG− a c b side of the condition x1 (u2 −u3 )+x2 (u3 −u1 )+x3 (u1 −u2 )+y1 (v2 −v3 )+y2 (v3 −v1 )+y3 (v1 −v2 ) = 0, for triangles with vertices at the points (x1 , y1 ), (x2 , y2 ), (x3 , y3 ) and (u1 , v1 ), (u2 , v2 ), (u3 , v3 ) to be orthologic, we obtain (b2 − c2 )2 + (c2 − a2 )2 + (a2 − b2 )2 −h(1, 1, 1, 1, 1, 1) = 3p2 (ABC) 6p2 (ABC) GG− GG− and Ab Bb Cb are orthologic if and only if ABC so that the triangles GG− a c b is equilateral. The remaining statements are proved similarly or by substitution of coordinates into well-known formulas for the area, the centroid, and the Brocard angle.  Let ma , mb , mc be lengths of medians of the triangle ABC. The following result is for the most part already proved in [7]. The center of the circle is given in [6] as X(1153). , OG+ , OG− , OG+ , OG− , OG+ of the trianTheorem 6. The circumcenters OG− a a c c b b gles from σG lie on the circle whose center OG is a central point with the first
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Figure 3. The vertices of OG− OG− OG− and OG+ OG+ OG+ are on a circle. a c a c b



b



trilinear coordinate 10a4 − 13a2 (b2 + c2 ) + 4b4 + 4c4 − 10b2 c2 a and whose radius is  ma mb mc 2(a4 + b4 + c4 ) − 5(b2 c2 + c2 a2 + a2 b2 ) . 72∆ √ 2 22 2 22 2 22 m m m (b −c ) +(c −a ) +(a −b ) √ . Also, |OG G| = a b c 72 2∆ Proof. The proof is conceptually simple but technically involved so that we shall , OG+ , only outline how it could be done on a computer. In order to find points OG− a a , OG+ we use the circumcenter function and evaluate it in vertices OG− , OG+ , OG− c c b b , OG+ , OG− we obtain of the triangles from σG . Applying it again in points OG− a a b , O the point OG . The remaining points OG+ , OG− + are at the same distance G c c b is. The remaining tasks are standard (they involve only from it as the vertex OG− a the distance function and the conversion to the side lengths).  The last sentence in Theorem 6 implies the following corollary. Corollary 7. The triangle ABC is equilateral if and only if the circumcenters of any three of the triangles in σG have the same distance from the centroid G. Let P , Q and R denote vertices of similar isosceles triangles BCP , CAQ and ABR. OG− OG− and OG+ OG+ OG+ are congruent. Theorem 8. (1) The triangles OG− a c c a b b They are orthologic to BCA and CAB, respectively.
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(2) The triangles OG− OG− OG− and OG+ OG+ OG+ are orthologic to QRP and a c a c b b RP Q if and only if ABC is an equilateral triangle. OG− OG− and OG+ OG+ OG+ are orthologic if and only (3) The triangles OG− a c c a b b if the lengths of sides of ABC satisfy h(7, 7, 7, 4, 4, 4) = 0. OG− OG− and OG+ OG+ OG+ (4) The line joining the centroids of triangles OG− a c c a b b will go through the centroid, the circumcenter, the orthocenter, the center of the nine-point circle, the Longchamps point, or the Bevan point of ABC (i.e., X(2), X(3), X(4), X(5), X(20), or X(40) in [6]) if and only if it is an equilateral triangle. OG− OG− and OG+ OG+ OG+ (5) The line joining the symmedian points of OG− a c c a b b goes through the centroid of ABC. It will go through the centroid of its orthic triangle (i.e., X(51) in [6]) if and only if ABC is an equilateral triangle. (6) The centroids of triangles OG− OG− OG− and OG+ OG+ OG+ have the same a c c a b b distance from X(2), X(3), X(4), X(5), X(6), X(20), X(39), X(40), or X(98) if and only if ABC is an isosceles triangle. and OG+ have trilinear coordinates Proof. (1) The points OG− a a a(5c2 − a2 − b2 ) :



2h(3, 3, 5, 2, 2, 1) h(6, 1, 3, 1, 2, 4) : , b c



h(6, 3, 1, 1, 4, 2) 2h(3, 5, 3, 2, 1, 2) : , b c , OG+ , OG+ are their cyclic permutawhile the trilinears of the points OG− , OG− c c a(5b2 − a2 − c2 ) :



b



b



|2 − |OG+ OG+ |2 = 0, |OG− OG− |2 − tions. We can show easily that |OG− OG− c c a c a b



OG+ |2 = 0, and |OG− OG− |2 − |OG+ OG+ |2 = 0, so that OG− OG− OG− and |OG+ a a c a c b b b b OG+ are indeed congruent. OG+ OG+ c a b , OG− , OG− , B, C, A into the left hand side Substituting the coordinates of OG− a c b of the above condition for triangles to be orthologic we conclude that it holds. The OG+ OG+ and CAB. same is true for the triangles OG+ a c b (2) The point P has the trilinear coordinates 2ka :



k(a2 + b2 − c2 ) + 2∆ k(a2 − b2 + c2 ) + 2∆ : b c



for some real number k = 0. The coordinates of Q and R are analogous. It follows OG− OG− and QRP are orthologic provided that the triangles OG− c a b



h(1, 1, 1, 1, 1, 1)k = 0, 8∆ i.e., if and only if ABC is equilateral. OG− OG− and OG+ OG+ OG+ are orthologic provided (3) The triangles OG− a c c a b b √ √ p2 (ABC)h(7,7,7,4,4,4) = 0. The triangle with lengths of sides 4, 4, 3 2 + 10 satis384∆2 fies this condition.
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(4) for X(40). The first trilinear coordinates of the centroids of the triangles OG− OG− and OG+ OG+ OG+ are OG− a c c a b



b



3a4



−



(2b2



+ 7c2 )a2 + b4 − 3b2 c2 + 2c4 a



and



3a4 − (7b2 + 2c2 )a2 + 2b4 − 3b2 c2 + c4 . a The line joining these centroids will go through X(40) with the first trilinear coordinate a3 + (b + c)a2 − (b + c)2 a − (b + c)(b − c)2 provided



(a2 + b2 + c2 − bc − ca − ab)(3bc + 3ca + 3ab + a2 + b2 + c2 ) = 0. 96∆   Since a2 + b2 + c2 − bc − ca − ab = 12 (b − c)2 + (c − a)2 + (a − b)2 it follows that this will happen if and only if ABC is equilateral. OG− OG− and (5) The first trilinear coordinates of the symmedian points of OG− a c b OG+ OG+ are OG+ c a b



2a6



−



(b2



+ 3c2 )a4 + (3b4 − 12b2 c2 − 7c4 )a2 + 2c2 (b2 − c2 )(b2 − 2c2 ) a



and 2a6 − (3b2 + c2 )a4 − (7b4 + 12b2 c2 − 3c4 )a2 + 2b2 (b2 − c2 )(2b2 − c2 ) . a The line joining these  symmedian points willgo through X(51) with the first trilinear coordinate a (b2 + c2 )a2 − (b2 − c2 )2 provided 2∆h(1, 1, 1, 0, 0, 0)h(1, 1, 1, 1, 1, 1) = 0. 9a2 b2 c2 (a2 + b2 + c2 )   Since h(1, 1, 1, 1, 1, 1) = 12 (b2 − c2 )2 + (c2 − a2 )2 + (a2 − b2 )2 we see that this will happen if and only if ABC is equilateral. The trilinear coordinates a1 : 1b : 1c of the centroid G satisfy the equation of this line. (6) for X(40). Using the information from the proof of (4), we see that the difference of squares of distances from X(40) to the centroids of the triangles OG− OG− and OG+ OG+ OG+ is (b−c)(c−a)(a−b)M , where OG− 192∆2 a c c a b



b



3



3



3



M = 2(a + b + c ) + 5(a2 b + a2 c + b2 c + b2 a + c2 a + c2 b) + 18abc is clearly positive. Hence, these distances are equal if and only if ABC is isosceles.  , OG+ , OG− , OG+ , OG− , OG+ we can also detect if ABC is With points OG− a a c c b b isosceles as follows. is on BG Theorem 9. (1) The relation b = c holds in ABC if and only if OG− a is on CG. and/or OG+ a (2) The relation c = a holds in ABC if and only if OG− is on CG and/or OG+ b b is on AG.
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(3) The relation a = b holds in ABC if and only if OG− is on AG and/or OG+ c a is on BG. . Since the trilinear coordinates of OG− , G and B are Proof. (1) for OG− a a 2h(3, 3, 5, 2, 2, 1) h(6, 1, 3, 1, 2, 4) : , b c and (0 : 1 : 0), it follows that these points are collinear if and only if a(5c2 − a2 − b2 ) :



1 1 1 a : b : c 2 mb (b−c)(b+c) 72∆







= 0.



For the following result I am grateful to an anonymous referee. It refers to the point T on the Euler line which divides the segment joining the circumcenter with the centroid in ratio k for some real number k = −1. Notice that for k = 0, − 34 , − 32 , −3 the point T will be the circumcenter, the Longchamps point, the orthocenter, and the center of the nine-point circle, respectively. TG− TG− and TG+ T + TG+ are directly similar to Theorem 10. The triangles TG− a c a Gb c b each other or to ABC if and only if ABC is equilateral. TG− TG− and TG+ T + TG+ . Proof. For TG− a c a Gb c b p1 p2 p3 has a : b : c as trilinear coordinates, where The point TG− a p1 =3a2 (a2 + b2 − 5c2 ) − 32∆2 k, p2 =12a4 − 6(5b2 + 3c2 )a2 + 6(b2 − c2 )(2b2 − c2 ) − 176∆2 k, p3 =12a4 − 6(3b2 + 5c2 )a2 + 6(b2 − c2 )(b2 − 2c2 ) − 176∆2 k. TG− TG− and Applying the method of the proof of Theorem 4 we see that TG− a c b T TG+ + T + are directly similar if and only if Gc a G b



(a2 − b2 )M = 0 and 288∆c2 (k + 1)2



h(1, 1, 2, 1, 1, 2)M = 0, 1152S 2 c2 (k + 1)2



where M = 128∆2 k2 + 240∆2 k + h(15, 15, 15, 6, 6, 6). The discriminant −48∆2 h(10, 10, 10, −11, −11, −11) of the trinomial M is negative so that M is always positive. Hence, from the first condition it follows that a = b. Then the factor h(1, 1, 2, 1, 1, 2) in the second condition is 2c2 (c − b)(c + b) so that b = c and ABC is equilateral. The converse is easy because for a = b = c the left hand sides of both conditions are equal to zero. TG− TG− and ABC. The two conditions are For TG− a c b



32∆2 (a2 − b2 )k − a6 + (4b2 + 3c2 )a4 − (5b4 + 2b2 c2 + c4 )a2 − 3b4 c2 + 2b2 c4 + 2b6 + c6 = 0 and h(2, 2, 4, 2, 2, 4)k + h(1, 2, 3, 1, 2, 3) = 0.
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When a = b, we can solve the first equation for k and substitute it into the second 4 2 2 2 )h(1,1,1,1,1,1) = 0. This implies that TG− TG− TG− and ABC to obtain c (a +b8∆+c 2 (a2 −b2 ) a c b are directly similar  if and only  if ABC is equilateral because the first condition is  c2 (b − c) (b + c) c2 + 2b2 = 0 for a = b. TG− TG− and TG+ T + TG+ are orthologic to ABC if and Theorem 11. (1) TG− a c a G c b



b



only if k = − 32 . TG− TG− and TG+ T + TG+ are orthologic to Ab Bb Cb if and only if (2) TG− a c a G c b



b



either ABC is equilateral or k = −34 . TG− TG− and TG+ T + TG+ are paralogic to either Ab Bb Cb , Bb Cb Ab or (3) TG− a c a Gb c b Cb Ab Bb if and only if ABC is equilateral. TG− TG− is orthologic to Bb Cb Ab if and only if either ABC is equilat(4) TG− a c b



eral or k = − 32 and to Cb Ab Bb if and only if ABC is equilateral. T + TG+ is orthologic to Bb Cb Ab if and only if ABC is equilateral and (5) TG+ a G c b



to Cb Ab Bb if and only if either ABC is equilateral or k = −32 .



Proof. All parts have similar proofs. For example, in the first, we find that the trian(a2 +b2 +c2 )(2k+3) gles TG− T − T − and ABC are orthologic if and only if − = 0. G G 12(k+1) a c b  , H G+ , H G− , H G+ , H G− , H G+ of the triangles from σG The orthocenters HG− a a c c b b also monitor the shape of the triangle ABC. H G− H G− and HG+ H G+ H G+ are orthologic if Theorem 12. The triangles HG− a c a c b b and only if ABC is an equilateral triangle. , H G− , H G− , H G+ , H G+ , H G+ into Proof. Substituting the coordinates of HG− a c a c b b the condition for triangles to be orthologic (see the proof of Theorem 6), we obtain (a2 + b2 + c2 )[(b2 − c2 )2 + (c2 − a2 )2 + (a2 − b2 )2 ] = 0. 192∆2 Hence, a = b = c and the triangle ABC is equilateral.







H G− H G− and HG+ H G+ H G+ have the same Remark. Note that the triangles HG− a c a c b b Brocard angle and both have the area equal to one fourth of the area of ABC. , FG+ , FG− , FG+ , FG− , FG+ of the nine point circles of the The centers FG− a a c c b b triangles from σG allow the following analogous result. FG− FG− and FG+ FG+ FG+ have the same BroTheorem 13. The triangles FG− a c a c b



b



3 card angle and area. The triangle ABC is equilateral if and only if this area is 16 of the area of ABC.



Proof. Recall the formula 12 |x1 (y2 − y3 ) + x2 (y3 − y1 ) + x3 (y1 − y2 )| for the area of the triangle with vertices (x1 , y1 ), (x2 , y2 ), (x3 , y3 ). Since (b2 − c2 )2 + (c2 − a2 )2 + (a2 − b2 )2 3 |ABC| − |FG− , F −F −| = Gb Gc a 16 1536∆
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the second claim is true. The proof of the first are also substitutions of coordinates into well-known formulas.  , K G+ , K G− , K G+ , K G− , K G+ of the triangles The symmedian points KG− a a c c b b from σG play the similar role. KG− KG− and KG+ KG+ KG+ have the area Theorem 14. The triangles KG− a c a c equal to



7 64



b



b



of the area of ABC if and only if ABC is an equilateral triangle.



KG− KG− |− Proof. The difference |KG− a c b



7 64 |ABC|



is equal to



3∆T , 64(5b2 + 8c2 − a2 )(5c2 + 8a2 − b2 )(5a2 + 8b2 − c2 ) where T = 40(a6 +b6 +c6 )+231(b4 c2 +c4 a2 +a4 b2 )−147(b2 c4 +c2 a4 +a2 b4 )−372a2 b2 c2 . We shall argue that only if a = b = c. We can assume that  to zero if and √ T is equal a ≤ b ≤ c, a = d, b = (1 + h)d, c = (1 + h + k)d for some positive real numbers d, h and k. In new variables dT3 is 164h3 + (204 + 57k)h2 + 3k(68 − 9k)h + 4k2 (51 + 10k). The quadratic part has the discriminant −3k2 (41616 + 30056k + 2797k2 ). Thus T is always positive except when h = k = 0 which proves our claim.  KG− KG− and KG+ KG+ KG+ have the same Theorem 15. The triangles KG− a c a c b b area if and only if the triangle ABC is isosceles. KG− KG− | − |KG+ KG+ KG+ | is equal to Proof. The difference |KG− a c a c b



b



81∆(b − c)(b + c)(c − a)(c + a)(a − b)(a + b)T , 2t(−1, 8, 5)t(−1, 5, 8)t(8, −1, 5)t(5, −1, 8)t(8, 5, −1)t(5, 8, −1) where t(u, v, w) = ua2 + vb2 + wc2 and T = 10(a6 + b6 + c6 )− 105(b4 c2 + c4 a2 + a4 b2 + b2 c4 + c2 a4 + a2 b4 )− 156a2 b2 c2 . We shall now argue that T is always negative. Without loss of generality we can assume that a ≤ b ≤ c and that   √ a = d, b = (1 + h)d, c = (1 + h + k)d, for some positive real numbers d, h and k. Since a + b > c it follows that √ k 


T = 190h3 + (285k + 936)h2 + (1512 + 936k + 75k 2)h − 10k 3 + 180k 2 + 756k + 756. d3



For k ≤ h it is obvious that the above polynomial is positive since 190h3 −10k3 > 0. On the other hand, when k ∈ (h, h + 3), then k can be represented as (1−w)h+ w(h + 3) for some w ∈ (0, 1). The above polynomial for this k is 540h3 +(2052+1215w)h2 +(3888w+405w2 +2268)h−270w3 +1620w2 +2268w+756.
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But, the free coefficient of this polynomial for w between 0 and 1 is positive. Thus T is always negative which proves our claim.  The Longchamps points (i.e., the reflections of the orthocenters in the circum, L G+ , L G− , L G+ , L G− , L G+ of the triangles from σG offer the centers) LG− a a c c b b following result. L G− L G− and LG+ L G+ L G+ have the same areas Theorem 16. The triangles LG− a c a c b



b



and Brocard angles. This area is equal to 34 of the area of ABC and/or this Brocard angle is equal to the Brocard angle of ABC if and only if ABC is an equilateral triangle. while the tangent of the common BroProof. The common area is h(10,10,10,1,1,1) 112∆ h(10,10,10,1,1,1) card angle is 4∆p2 (ABC)h(2,2,2,−7,−7,−7) . It follows that the difference h(1, 1, 1, 1, 1, 1) 3 |ABC| − |LG− L G− L G− |= a c b 4 24∆ while the difference of tangents of the Brocard angles of the triangles LG− L G− L G− a c b



32∆h(1,1,1,1,1,1) and ABC is p2 (ABC)h(2,2,2,−7,−7,−7) . From here the conclusions are easy because  2  1 2 2  h(1, 1, 1, 1, 1, 1) = 2 (b − c ) + (c2 − a2 )2 + (a2 − b2 )2 .
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Minimal Chords in Angular Regions Nicolae Anghel



Abstract. We use synthetic geometry to show that in an angular region minimal chords having a prescribed direction form a ray which is constructible with ruler and compass.



Let P be a fixed point inside a circle of center O. It is well-known that among the chords containing P one of minimal length is perpendicular to the diameter through P , if P = O, or is any diameter, if P = O. Consequently, such a chord is always constructible with ruler and compass. When it comes to geometrically constructing minimal chords through given points in convex regions the circle is in some sense a singular case. Indeed, as shown in [1] this task is impossible even in the case of the conics. However, in general it is possible to construct all the points inside a convex region which support minimal chords parallel to a given direction. We proved this in [1, 2] by analytical means, with special emphasis on the conics. The purpose of this note is to prove the same thing for angular regions, via essentially a purely geometrical argument. −→ −−→ To this end let ∠AOB be an angle of vertex O and sides OA, OB, such that O, A, and B are not colinear, and let P be a point inside the angle. By definition, a −→ −−→ chord in this angle is a straight segment M N such that M ∈ OA and N ∈ OB. A continuity argument makes clear that among the chords containing P there is at least one of minimal length, that is a minimal chord through P in the given angle. Problem. Given a direction in the plane of ∠AOB, construct with ruler and compass the geometric locus of all the points inside the angle which support minimal chords parallel to that direction. In order to solve this problem we need the following −→ −−→ Lemma. Inside ∠AOB consider the chord M N , M ∈ OA, N ∈ OB, such that ∠OM N and ∠ON M are acute angles. If P is the foot of the perpendicular on M N through the point Q diametrically opposite O on the circle circumscribed about OM N , then M N is the unique minimal chord through P inside ∠AOB. P is seen to be the unique point inside M N such that M L ∼ = N P , where L is Publication Date: July 21, 2004. Communicating Editor: Michael Lambrou. I would like to thank the editor for a number of very insightful comments which led to the improvement of the paper.



112



N. Anghel



−− → the foot of the perpendicular from O on M N . Moreover, any point on the ray OP supports an unique minimal chord, parallel to M N . Proof. Clearly, Q is an interior point to ∠AOB, situated on the other side of the ←−→ −→ −−→ line M N with respect to O, and M Q ⊥ OA and N Q ⊥ OB. Since ∠OM N and ∠ON M are acute angles, and ∠QM N and ∠QN M are acute angles too, as complements of acute angles , the points P and L described in the statement of the Lemma are interior points to the segment M N . (See Figure 1). M
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K C L



O



N
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Figure 1



Let us prove first that M N is a minimal chord through P in ∠AOB. Let M N  , −→ −−→ ∈ OA, N  ∈ OB, P ∈ M  N  , be another chord through P (See Figure 2).
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Figure 2



Notice now that the following angle inequalities hold: ∠QM  P < ∠QM P, ∠QN  P < ∠QN P



(1) −→ Indeed, since the circle circumscribed about M P Q is tangent to the ray OA at M , the point M  is located outside this circle. Now ∠QM P and ∠QM P are
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precisely the angles the segment P Q is seen from M , respectively M . Since M belongs to the circle circumscribed about M P Q and M is outside this circle, the inequality ∠QM  P < ∠QM P becomes obvious. The other inequality (1) can be proved in a similar fashion. The inequalities (1) prove that ∠QM N  and ∠QN  M  are acute angles too, ←−−→ thus the foot P  of the perpendicular from Q on the line M  N  belongs to the interior of the segment M  N  . Notice now that M Q < M  Q, N Q < N  Q, P  Q < P Q. The above inequalities are obvious since in a right triangle a leg is shorter than the hypothenuse. Consequently, the Pythagorean Theorem yields   M P = M Q2 − P Q2 < M  Q2 − P  Q2 = M  P  , and similarly, N P < N  P  . In conclusion, M N = M P + N P < M P  + N P  = M N , and so M N is indeed the unique minimal chord through P in ∠AOB. The perpendicular line on M N through the center C of the circle circumscribed about the quadrilateral OM QN intersects M N at its midpoint K (See Figure 1). Clearly, KP ∼ = KL, and so M L ∼ = N P as stated. −−→ Finally, the fact that any point on the ray OP supports an unique minimal chord parallel to M N is an immediate consequence of standard properties of similar triangles in the context of what was proved above.  To ∠AOB we associate now another angle, ∠A OB  , according to the following recipe: a) If ∠AOB is acute then ∠A OB  is obtained by rotating ∠AOB counterclockwise 90◦ around O. b) If ∠AOB is not acute (so it is either right or obtuse) then ∠A OB  is the ←→ supplementary angle to ∠AOB along the line OB (See Figure 3).
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−−→ Definition. A ray OD is called an admissible direction for ∠AOB if D is a point interior to ∠A OB  . −−→ It is easy to see that OD is an admissible direction for ∠AOB if and only if any −−→ parallel line to OD through a point interior to ∠AOB determines a chord M N such that ∠OM N and ∠ON M are acute angles. Theorem. Any point P inside ∠AOB supports an unique minimal chord, parallel to an admissible direction. The geometric locus of all the points inside ∠AOB which support minimal chords parallel to a given admissible direction can be constructed with ruler and compass as follows: ← → i) Construct first the line OL perpendicular to the admissible direction, the point L being interior to ∠AOB. ← → ii) Construct next the perpendicular through L to the line OL, which intersects −→ −−→ OA at M and OB at N . iii) Inside the segment M N construct the point P such that N P ∼ = M L. −−→ iv) Finally, construct the ray OP , which is the desired geometric locus. Using the Lemma, an alternative construction can be provided by using the circle circumscribed about OM N , where the point M is chosen arbitrarily on −→ −−→ OA and N ∈ OB is such that M N is parallel to the given admissible direction. Proof. Let P be a fixed point inside ∠AOB. The proof splits naturally into two cases, according to ∠AOB being acute or not. −→ a) ∠AOB is acute. Let M1 N1 be the perpendicular segment through P to OA, −→ −−→ M1 ∈ OA, N1 ∈ OB and let M2 N2 be the perpendicular segment through P to −→ −−→ −−→ OB, M2 ∈ OA, N2 ∈ OB. Define now a function f : M1 M2 −→ R, by (2) f (M ) = M L − N P, M ∈ M1 M2 , ←−→ −−→ where N is the intersection point of the line M P with OB, and L is the foot of the perpendicular from O to the segment M N (See Figure 4).
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Clearly, this is a continuous function and f (M1 ) = −N1 P < 0 and f (M2 ) = M2 P > 0. By the intermediate value property there is some point M ∈ M1 M2 such that f (M ) = 0, or equivalently N P ∼ = M L. According to the above Lemma, for this point M the chord M N is the unique minimal chord through P . It is also obvious that M N is parallel to an admissible direction. b) ∠AOB is not acute. The proof in this case is a variant of that given at a). −−→ Let M0 be the point where the parallel line through P to OB intersects the ray −→ OA. Without loss of generality we can assume that M0 is located between O and −−−→ A. Defining now the function f : M0 A −→ R by the same formula (2), we see that for points M close to M0 , f (M ) takes negative values and for points M far −−−→ away on M0 A, f (M ) takes positive values. One more time, the intermediate value property and the above Lemma guarantee the existence of an unique minimal chord through P , which is also parallel to an admissible direction. Given now an admissible direction, the previous Lemma justifies the construction of the desired geometric locus as indicated in the statement of the theorem if −−→ we can prove that this locus does not contain points outside the ray OP described at iv). Indeed this is the case since if there were other points then the equation NP ∼ = M L would not hold. However, we have just proved that this equation is necessary for minimal chords.  References [1] N. Anghel, On the constructibility with ruler and compass of a minimum chord in a parabola, Libertas Math., XVII (1997) 9–12. [2] N. Anghel, Geometric loci associated to certain minimal chords in convex regions, J. Geom., 66 (1999) 1–16. Nicolae Anghel: Department of Mathematics, University of North Texas, Denton, TX 76203 E-mail address: [email protected]
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Three Pairs of Congruent Circles in a Circle Li C. Tien



Abstract. Consider a closed chain of three pairs of congruent circles of radii a, b, c. The circle tangent internally to each of the 6 circles has radius R = a + b + c if and only if there is a pair of congruent circles whose centers are on a diameter of the enclosing circle. Non-neighboring circles in the chain may overlap. Conditions for nonoverlapping are established. There can be a “central circle” tangent to four of the circles in the chain.



1. Introduction Consider a closed chain of three pairs of congruent circles of radii a, b, c, as shown in Figure 1. Each of the circles is tangent internally to the enclosing circle (O) of radius R and tangent externally to its two neighboring circles.
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Figure 1A: (abcacb)
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Figure 1B: (abcabc)



The essentially distinct arrangements, depending on the number of pairs of congruent neighboring circles, are (A): (aabcbc) (B): (aacbbc) (C): (aabbcc) (D): (aaaabb) (E): (abcabc), (abcacb) (F): (aabaab), (aaabab) (G): (aaaaaa) Figures 1A and 1B illustrate the pattern (E). Patterns (D) and (F) have c = a. In pattern (G), b = c = a. Publication Date: July 30, 2004. Communicating Editor: Paul Yiu.
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According to [1, 3], in 1877 Sakuma proved R = a + b + c for patterns (E). Hiroshi Okumura [1] published a much simpler proof. Unaware of this, Tien [4] rediscovered the theorem in 1995 and published a similar, simple proof. It is easy to see by symmetry that in each of the patterns (E), (F), (G), there is a pair of congruent circles with centers on a diameter of the enclosing circle. Let us call such a pair a diametral pair. Here is a stronger theorem: Theorem 1. In a closed chain of three pairs of congruent circles of radii a, b, c tangent internally to a circle of radius R, R = a + b + c if and only if the closed chain contains a diametral pair of circles. In Figure 1, two non-neighboring circles intersect. The proof for R = a + b + c does not forbid such an intersection. Sections 4 and 5 are about avoiding intersecting circles and about adding a “central” circle. 2. Preliminaries In Figure 1, the enclosing circle (O) of radius R centers at O and the circles (A), (B), (C) of radii a, b, c, center at A, B, C, respectively. The circles (A ), (B  ), (C  ) are also of radii a, b, c respectively. Suppose two circles (A) and (B) of radii a and b are tangent externally each other, and each tangent internally to a circle O(R). We denote the magnitude of angle AOB by θab . See Figure 2A. This clearly depends on R. If a < R2 , then we can also speak of θaa . Note that the center O is outside each circle of radius a. R θaa a 2 , sin 2 = R−a . (See Figure 2A). (R−b)2 +(R−c)2 −(b+c)2 . (See Figure 2B). 2(R−b)(R−c)



Lemma 2. (a) If a < (b) cos θbc =



b+c
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Figure 2A



Figure 2B







Proof. These are clear from Figures 2A and 2B. Lemma 3. If a and b are unequal and each 



R 2,



then θaa + θbb > 2θab .
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Proof. In Figure 1A, consider angle AOP , where P is a point on the circle (A). The angle AOP is maximum when line OP is tangent to the circle (A). This maximum is θaa 2 ≥ ∠AOQ, where Q is the point of tangency of (A) and (B). θbb  Similarly, 2 ≥ ∠BOQ, and the result follows. Corollary 4. If a, b, c are not the same, then θaa + θbb + θcc > θab + θbc + θca . Proof. Write θaa + θbb + θcc =



θaa + θbb θbb + θcc θcc + θaa + + 2 2 2



and apply Lemma 3.







3. Proof of Theorem 1 Sakuma, Okumura [1] and Tien [4] have proved the sufficiency part of the theorem. We need only the necessity part. This means showing that for distinct a, b, c in patterns (A) through (D) which do not have a diametral pair of circles, the assumption of R = a + b + c causes contradictions. In patterns (E) with a pair of diametral circles and R = a + b + c, the sum of the angles around the center O of the enclosing circle is 2(θab + θbc + θca ) = 2π, that is, θab + θbc + θca = π. Pattern (A): (aabcbc). The sum of the angles around O is θaa + θab + θbc + θcb + θbc + θca =θab + θbc + θca + (θaa + 2θbc ) =π + (θaa + 2θbc ). This is 2π if and only if (θaa + 2θbc ) = π, or π2 − θaa 2 = θbc . The cosines of these angles, Lemma 2 and the assumption R = a + b + c lead to a2 + ab + ac − bc a = , b+c (a + b)(a + c) which gives (a − b)(a − c)(a + b + c) = 0, an impossibility, if a, b, c are distinct. Pattern (B): (aacbbc). If a > R2 or b > R2 , then the neighboring tangent circles of radii a or b, respectively, cannot fit inside the enclosing circle of radius R = a + b + c. For this equation to hold, it must be that a ≤ R2 and b ≤ R2 . Then, O is outside A(a) and B(b). The sum of the angles around O exceeds 2π, by Lemma 3: θaa + θac + θcb + θbb + θbc + θca =(θaa + θbb ) + 2(θbc + θca ) >2(θab + θbc + θca ) =2π.
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Patterns (C) and (D): (aabbcc) and (aaaabb). For R = a + b + c to hold, O must be outside A(a), B(b), C(c). Again, the sum of the angles around O exceeds 2π. For pattern (C), θaa + θab + θbb + θbc + θcc + θca =(θaa + θbb + θcc ) + (θab + θbc + θca) >(θab + θbc + θca) + (θab + θbc + θca) =2π. Here, the inequality follows from Corollary 4 for a, b, c, not all the same. For pattern (D) with c = a, the inequality remains true. This completes the proof of Theorem 1. Remark. A narrower version of Theorem 1 treats a, b, c as variables, instead of any particular lengths. The proof for this version is simple. We see that when no pair of the enclosed circles is diametral, at least one pair has its two circles next to each other. Let these two be point circles and let the other four circles be of the same radius. Then the six circles become three equal tangent circles tangentially enclosed in a circle. In this special case R = a + b + c = 0 + a + a is false. Then, a, b, c cannot be variables. 4. Nonoverlapping arrangements Patterns (A) through (G) are adaptable to hands-on activities of trying to fit chains of three pairs of congruent circles into an enclosing circle of a fixed radius R. Most of the essential patterns have inessential variations. Assuming a ≤ b ≤ c, patterns (E) have four variations: E1 E2 E3 E4



: : : :



(abcabc) (cabcba) (abcacb) (bcabac)



For hands-on activities, it is desirable to find the conditions for the enclosed circles in patterns (E) not to overlap. We find the bounds of the ratio Ra in these patterns. 4.1. Patterns E1 and E2 . The largest circles (C) and C ) are diametral. For a nonoverlapping arrangement, Clearly, a ≤ 13 R and c ≤ 12 R. In Figure 3, a circle of radius b is tangent externally to the two diametral circles of radii c, and internally to the enclosing circle of radius R. From (b + c)2 = (R − b )2 + (R − c)2 , we have b = R(R−c) R+c . It follows that in a nonoverlapping patterns E1 and E2 , with 1 1 3 R ≤ c ≤ 2 R, we have b + c ≤ b + c =



5 R2 + c2 ≤ R. R+c 6
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b



c



B



C



c



O



C



B



Figure 3



A



A



Figure 4



From this, a ≥ 16 R. Figure 4 shows a nonoverlapping arrangement with a = 16 R, b = 13 R, c = 12 R. It is clear that for every a satisfying 16 R ≤ a ≤ 13 R, there are nonoverlapping patterns E1 and E2 (with a ≤ b ≤ c). 4.2. Patterns E3 and E4 . In these cases the largest circles (C) and (C ) are not diametral. Lemma 5. If three circles of radii x, z, z are tangent externally to each other, and are each tangent internally to a circle of radius R, then 4Rx(R − x) . z= (R + x)2



Z X



O Z



Figure 5



Proof. By the Descartes circle theorem [2], we have     1 2 2 1 2 1 1 + + , = − + + 2 R2 x2 z 2 R x z from which the result follows.
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Theorem 6. For a given R, a nonoverlapping arrangement of pattern E3 (abcacb) or E4 (bcabac) with a ≤ b ≤ c and a + b + c = R exists if γR ≤ a ≤ 13 R, where   √ √ 3 3 1 + 19 + 12 87 + 19 − 12 87 ≈ 0.25805587 · · · . γ= 6 Proof. For b = a and the largest c = R − 2a for a nonoverlapping arrangement E3 (abcacb), Lemma 5 gives f ( Ra )R3 4Ra(R − a) − (R − 2a) = = 0, (R + a)2 (R + a)2 where f (x) = 2x3 − x2 + 4x − 1. It has a unique real root γ given above.



C



B



A



A



C



B



Figure 6



Figure 6 shows a nonoverlapping arrangement E3 with a = b = γR, and c = (1 − 2γ)R. For γR ≤ a ≤ 13 R, from the figure we see that (C) and (C ) and the other circles cannot overlap in arrangements of patterns E3 (abcacb) and  E4 (bcabac). Corollary 7. The sufficient condition γR ≤ a ≤ 13 R also applies to patterns E1 and E2 . Outside the range γR ≤ a ≤ R3 , patterns E3 (abcacb) and E4 (bcabac) still can have nonoverlapping circles. Both of the patterns involve Figure 5 and z = 4Rx(R−x) , with z = c, x = a or b, and a ≤ b ≤ c. (R+x)2 √ The equation gives the smallest x √ = a = (3 − 2 2)R ≈ 0.1715 · · · R corresponding to the largest b = c = ( 2 − 1)R ≈ 0.4142 · · · R and the largest x = b = R3 corresponding to the largest c = R2 . Thus, the nonoverlapping condi√ . tions are (3 − 2 2)R ≤ x ≤ R3 and c ≤ 4Rx(R−x) R+x)2 For x ≥ R3 , circles (Z) and (Z  ) overlap with (X  ), which is diametral with  (X). Now Figure 3 and the associated b = R(R−c) R+c are relevant. With b replaced



by c and c by b, the equation becomes c = R(R−b) R+b . By this equation, when b varies
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√ √ from R3 to ( 2−1)R, c ≥ b varies from R2 to ( 2−1)R. Thus, the nonoverlapping √ √ . The case of b > ( 2 − 1)R conditions are R3 ≤ b ≤ ( 2 − 1)R and c ≤ R(R−b) R+b makes b > c and the largest pair of circles diametral, already covered in §4.1. 5. The central circle and avoiding intersecting circles Obviously, pattern (G) (aaaaaa) admits a “central” circle tangent to all 6 circles of radii a. In patterns (F) (aabaab), (aaabab), we can add a central circle tangent to the four circles of radius a. Figure 7 shows the less obvious central circle for (abcacb) of pattern (E).
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Figure 8



Theorem 8. Consider a closed chain of pattern (abcacb). There is a “central” circle of radius a tangent to the four circles of radii b and c. This circle does not overlap with the circle A(a) if a≤ where b ≤ c.



b(b + c) , 2c



Proof. In Figure 7, the pattern of the chain tells that R = a + b + c. The central circle centered at A has radius a is tangent to B(b), B (b), C(c), C  (c) because triangles A BC and OBC are mirror images of each other. When b < c, A (a) is closer to A(a) than A (a). If A (a) and A(a) are tangent to each other, then AB 2 − a2 = OB 2 − (OA − a)2 . Now, AB = a + b and OB = a + c, OA = b + c. b(b+c)  This simplifies into a = b(b+c) 2c . If a < 2c , the circles A(a) and A (a) are separate.  Figure 8 shows an arrangement (abcacb) with a central circle touching 5 inner circles except (A ). References [1] H. Okumura, Circle patterns arising from a seven-circle problem, Crux Math., 21 (1995) 213– 217. [2] D. Pedoe, On a theorem of geometry, Amer. Math. Monthly, 74 (1967) 627–640.
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The Intouch Triangle and the OI-line Eric Danneels



Abstract. We prove some interesting results relating the intouch triangle and the OI line of a triangle. We also give some interesting properties of the triangle center X57 , the homothetic center of the intouch and excentral triangles.



1. Introduction L. Emelyanov [4] has recently given an interesting relation between the OI-line and the triangle of reflections of the intouch triangle. Here, O and I are respectively the circumcenter and incenter of the triangle. Given triangle ABC with intouch triangle XY Z, let X2 , Y2 , Z2 be the reflections of X, Y , Z in their respective opposite sides Y Z, ZX, XY . Then the lines AX2 , BY2 , CZ2 intersect BC, CA, AB at the intercepts of the OI-line. A



X2



Y



Z



X7



X1442



O



I



Z2 B Y2



C



X



Figure 1.



Emelyanov [3] also noted that the intercepts of the points IX2 ∩ BC, IY2 ∩ CA, IZ2 ∩ AB form a triangle perspective with ABC. See Figure 1. According to [7], this perspector is the point   2 a(b + bc + c2 − a2 ) b(c2 + ca + a2 − b2 ) c(a2 + ab + b2 − c2 ) : : X1442 = s−a s−b s−c Publication Date: August 10, 2004. Communicating Editor: Paul Yiu. The author thanks Paul Yiu for his help in the preparation of this paper.



126



E. Danneels



on the Soddy line joining the incenter and the Gergonne point. In this paper we generalize these results. We work with barycentric coordinates with reference to triangle ABC. 2. The triangle center X57 Let a, b, c be the lengths of the sides BC, CA, AB of triangle ABC, and s = semiperimeter. The intouch triangle XY Z and the excentral triangle (with the excenters as vertices) are clearly homothetic, since their corresponding sides are perpendicular to the same angle bisector of triangle   ABC. These tri1 1 1 : s−b : s−c angles are respectively the cevian triangle of the Gergonne point s−a and the anticevian triangle of the incenter (a : b : c), their homothetic center has coordinates 1 2 (a + b + c) the



(a(−a(s − a) + b(s − b) + c(s − c)) : · · · : · · · ) =(2a(s − b)(s − c) : · · · : · · · )   a = : ··· : ··· . s−a This is the triangle center X57 in [6], defined as the isogonal conjugate of the Mittenpunkt X9 = (a(s − a) : b(s − b) : c(s − c)). This is a point on the OI-line since the two triangles in question have circumcenters I and X40 (the reflection of I in O), 1 We give some interesting properties of the triangle X57 . Since ABC is the orthic triangle of the excentral triangle, it is homothetic to the orthic triangle X1 Y1 Z1 of XY Z with the same homothetic center X57 . See Figure 2. A



Y X1 Z



Z1



Y1 B



O



I X57



C



X



Figure 2. 1The circumcircle of ABC is the nine-point circle of the excentral triangle.



The intouch triangle and the OI-line



127



Let DEF be the circumcevian triangle of the incenter I, and D , E  , F  the antipodes of D, E, F in the circumcircle. In other words, D and D are the midpoints of the two arcs BC, D on the arc containing the vertex A; similarly for the other two pairs. Clearly,   b2 c2 a2 : : = (−a2 : b(b + c) : c(b + c)). D= −(b + c) b c Similarly, E = (a(c + a) : −b2 : c(c + a))



and F = (a(a + b) : b(a + b) : −c2 ).



To compute the coordinates of D , E  , F  , we make use of the following formula. Lemma 1. Let P = (a2 vw : b2 wu : c2 uv) be a point on the circumcircle (so that u + v + w = 0). For a point Q = (x : y : z) different from P and not lying on the circumcircle, the line P Q intersects the circumcircle again at the point (a2 vw + tx : b2 wu + ty : c2 uv + tz), where b2 c2 u2 x + c2 a2 v 2 y + a2 b2 w2 z . a2 yz + b2 zx + c2 xy Proof. Entering the coordinates t=



(1)



(X, Y, Z) = (a2 vw + tx : b2 wu + ty : c2 uv + tz) into the equation of the circumcircle a2 YZ + b2 ZX + c2 XY = 0, we obtain (a2 yz + b2 zx + c2 xy)t2 +(b2 c2 u(v + w)x + c2 a2 v(w + u)y + a2 b2 w(u + v)z)t +a2 b2 c2 uvw(u + v + w) = 0. Since u + v + w = 0, this gives t = 0 or the value given in (1) above.







Let M = (0 : 1 : 1) be the midpoint of BC. Applying Lemma 1 to D and M , we obtain D  = (−a2 : b(b − c) : c(c − b)). Similarly, E  = (a(a − c) : −b2 : c(c − a) and



F  = (a(a − b) : b(b − a) : −c2 ).



Applying Lemma 1 to D and X = (0 : a + b − c : c + a − b), (likewise to E and Y , and to F  and Z), we obtain the points   c −a2 b : , : X = a(b + c) − (b − c)2 c + a − b a + b − c   −b2 a c  : , : Y = b + c − a b(c + a) − (c − a)2 a + b − c   b −c2 a  : : . Z = b + c − a c + a − b c(a + b) − (a − b)2
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These are clearly the vertices of the circumcevian triangle of X57 . We summarize this in the following proposition. Proposition 2. If X  (respectively Y  , Z  ) are the second intersections of D X (respectively E Y , F  Z) and the circumcircle, then X Y  Z  is the circumcevian triangle of X57 . D
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Figure 3.



Remark. The lines D X, E  Y , F  Z intersect at X55 , the internal center of similitude of the circumcircle and the incircle. Proposition 3. Let X  , Y  , Z  be the second intersections of the circumcircle with the lines DX, EY , F Z respectively. The lines AX , BY  , CZ  bound the anticevian triangle of X57 . Proof. By Lemma 1, these are the points   2 b(b − c) c(c − b) a  : : , X = s−a s−b s−c   b2 c(c − a) a(a − c) : : , Y  = s−a s−b s−c   c2 a(a − b) b(b − a)  : : . Z = s−a s−b s−c The lines AX  , BY  , CZ  have equations s−a a x s−a a x



s−b b y



+



s−b b y



+ +



s−c c z s−c c z



= 0, = 0, = 0.



They clearly bound the anticevian triangle of X57 . See Figure 4.
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Figure 4.



Remark. The lines DX, EY , F Z intersect at X56 , the external center of similitude of the circumcircle and incircle. Proposition 4. X57 is the perspector of the triangle bounded by the polars of A, B, C with respect to the circle through the excenters. Proof. As is easily verified, the equation of the circumcircle of the excentral triangle is a2 yz + b2 zx + c2 xy + (x + y + z)(bcx + cay + abz) = 0. The polars are the lines x s x a x a



+ + +



y b y s y b



They bound a triangle with vertices



+ + +



z c z c z s



= 0, = 0, = 0.
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 a(s2 − bc) b c − : : , s(s − b)(s − c) s − b s − c   b(s2 − ca) c a :− : , s−a s(s − c)(s − a) s − c   a s c(s2 − ab) : :− . s−a s−b s(s − a)(s − b) 



This clearly has perspector X57 .



Proposition 5. X57 is the perspector of the reflections of the Gergonne point in the intouch triangle. A



Y



Z



B



O X57



X



C



Figure 5.



More generally, the reflection triangle of P = (u : v : w) in the cevian triangle of P is perspective with ABC at     2 b2 c2 b2 + c2 − a2 a : ··· : ··· . u − 2+ 2+ 2+ u v w vw See [2]. For example, if P is the incenter, this perspector is the point X35 = (a2 (b2 + bc + c2 − a2 ) : b2 (c2 + ca + a2 − b2 ) : c2 (a2 + ab + b2 − c2 )) which divides the segment OI in the ratio OX35 : X35 I = R : 2r. Finally, we also mention from [5] that X57 is the orthocorrespondent of the incenter. This means that the trilinear polar of X57 , namely, the line s−b s−c s−a x+ y+ z=0 a b c
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intersects the sidelines BC, CA, AB at X, Y , Z respectively such that IX ⊥ IA, IY ⊥ IB, and IZ ⊥ IC. 3. A locus of perspectors As an extension of the result of [4], we consider, for a real number t, the triangle Xt Yt Zt with Xt , Yt , Zt dividing the segments XX1 , Y Y1 , ZZ1 in the ratio XXt : Xt X1 = Y Yt : Yt Y1 = ZZt : Zt Z1 = t : 1 − t. Proposition 6. The triangle Xt Yt Zt is perspective with ABC. The locus of the perspector is the Soddy line joining the incenter to the Gergonne point. Proof. We compute the coordinates of Xt , Yt , Zt . It is well known that BX = s − b, XC = s − c, etc., so that, in absolute barycentric coordinates, (s − c)B + (s − b)C , a



X=



Y =



(s − a)C + (s − c)A , b



Z=



(s − b)A + (s − a)B . c



C+A A+B Since the intouch triangle XY Z has (acute) angles B+C at X, 2 , 2 , and 2 Y , Z respectively, the pedal X1 of X on Y Z divides the segment in the ratio



A+B B C C +A : cot = tan : tan = s − c : s − b. 2 2 2 2 Similarly, Y1 and Z1 divide ZX and XY in the ratios Y X1 : X1 Z = cot



ZY1 : Y1 X = s − a : s − c,



XZ1 : Z1 Y = s − b : s − a.



In absolute barycentric coordinates, (s − b)Y + (s − c)Z a (b + c)(s − b)(s − c)A + b(s − c)(s − a)B + c(s − a)(s − b)C . = abc It follows that X1 =



Xt =(1 − t)X + tX1 t(b + c)(s − b)(s − c)A + b(s − c)(c − t(s − b))B + c(s − b)(b − t(s − c))C . abc In homogeneous barycentric coordinates, this is =



Xt =(t(b + c)(s − b)(s − c) : b(s − c)(c − t(s − b)) : c(s − b)(b − t(s − c)). The line IXt has equation bc(b − c)(s − a)x + c(s − b)(ab − 2s(s − c)t)y − b(s − c)(ca − 2s(s − b)t)z = 0. The line IXt intersects BC at the point Xt =(0 : b(s − c)(ca − 2s(s − b)t) : c(s − b)(ab − 2s(s − c)t)   b(ca − 2s(s − b)t) c(ab − 2s(s − c)t) : . = 0: s−b s−c
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Similarly, the lines IYt and IZt intersect CA and AB respectively at   a(bc − 2s(s − a)t) c(ab − 2s(s − c)t)  :0: , Yt = s−a s−c   a(bc − 2s(s − a)t) b(ca − 2s(s − b)t)  : :0 . Zt = s−a s−b The triangle Xt Yt Zt is perspective with ABC at the point   a(bc − 2s(s − a)t) b(ca − 2s(s − b)t) c(ab − 2s(s − c)t) : : . s−a s−b s−c As t varies, this perspector traverses a straight line. Since the perspector is the Gergonne point for t = 0 and the incenter for t = ∞, this line is the Soddy line joining these two points.  The Soddy line has equation (b − c)(s − a)2 x + (c − a)(s − b)2 y + (a − b)(s − c)2 z = 0. Here are some triangle centers on the Soddy line, with the corresponding values of t. The symbol ra stands for the radius of the A-excircle. t



perspector first barycentric coordinate



1



X77



2



X1442 X269 X481 X482 X175 X176 X1372 X1371 X1374 X1373



1 2 R s −R s 2R s −2R s 3R 2s −3R 2s R 2s −R 2s



a(b2 +c2 −a2 ) s−a a(b2 +bc+c2 −a2 ) s−a a 2 (s−a)



2ra − a 2ra + a ra − a ra + a 4ra − 3a 4ra + 3a 4ra − a 4ra + a



The infinite point of the Soddy point is the point X516 = (2a3 −(b+c)(a2 +(b−c)2 ) : 2b3 −(c+a)(b2 +(c−a)2 ) : 2c3 −(a+b)(c2 +(a−b)2 )).



It corresponds to t = R(4R+r) . The deLongchamps point X20 also lies on the s2 . Soddy line. It corresponds to t = 2R(2R+r) s2 4. Emelyanov’s first problem From the coordinates of Xt , we easily find the intersections At = AXt ∩ BC,



Bt = BXt ∩ CA,



Ct = CXt ∩ AB.
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These are At =(0 : b(s − c)(c − (s − b)t) : c(s − b)(b − (s − c)t), Bt =(a(s − c)(c − (s − a)t) : 0 : c(s − a)(a − (s − c)t), Ct =(a(s − b)(b − (s − a)t) : b(s − a)(a − (s − b)t) : 0).



(2)



They are collinear if and only if (a − (s − b)t)(b − (s − c)t)(c − (s − a)t) +(a − (s − c)t)(b − (s − a)t)(c − (s − b)t) = 0.



(3)



Since this is a cubic equation in t, there are three values of t for which At , Bt , Ct are collinear. One of these is t = 2 according to [4]. The other two roots are given by abc − abct + 2(s − a)(s − b)(s − c)t2 = 0.



(4)



Since abc = 4Rrs and (s − a)(s − b)(s − c) = r2 s, where R and r are respectively the circumradius and inradius, this becomes 2R − 2Rt + rt2 = 0. From this, t=



R±



√



(5)



R±d R2 − 2Rr = , r r



where d is the distance between O and I. We identify the lines corresponding to these two values of t. Proposition 7. Corresponding to the two roots of (4), the lines containing At , Bt , Ct are the tangents to the incircle perpendicular to the OI-line. Lemma 8. Consider a triangle ABC with intouch triangle XY Z, and a line L intersecting the sides BC, CA, AB at A , B  , C  respectively. The line L is tangent to the incircle if and only if one of the following conditions holds. (1) The intersection BB ∩ CC  lies on the line Y Z. (2) The intersection CC ∩ AA lies on the line ZX. (3) The intersection AA ∩ BB  lies on the line XY . Proof. Let A B  be a tangent to the incircle. By Brianchon’s theorem applied to the circumscribed hexagon AY B A XB it immediately follows that AA , Y X and B  B are concurrent. Now suppose AA , Y X and B  B are concurrent. Consider the tangent through  A (different from BC) to the incircle. Let B be the intersection of this tangent with AC. It follows from the preceeding that AA , Y X and B  B are concurrent. Therefore B must coincide with B . This means that A B  is a tangent to the incircle. 
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5. Proof of Proposition 7 The lines BBt and CCt intersect at the point  a  (b − (s − a)t)(c − (s − a)t) A = s−a b (c − (s − a)t)(a − (s − b)t) : s−b  c : (a − (s − c)t)(b − (s − a)t) . s−c This point lies on the line Y Z : −(s − a)x + (s − b)y + (s − c)z = 0 if and only if − a(b − (s − a)t)(c − (s − a)t) + b(c − (s − a)t)(a − (s − b)t) + c(a − (s − c)t)(b − (s − a)t) = 0. This reduces to equation (4) above. By Lemma 8, these two lines are tangent to the incircle. We claim that these are the tangents perpendicular to the line OI. From the coordinates given in (2), the equation of the line Bt Ct is (s − a)(a − (s − b)t)(a − (s − c)t) x a (s − b)(a − (s − c)t)(b − (s − a)t) y + b (s − c)(a − (s − b)t)(c − (s − a)t) z = 0. + c According to [6], lines perpendicular to OI have infinite point −



X513 = (a(b − c) : b(c − a) : c(a − b)). The line Bt Ct contains the infinite point X513 if and only if the same equation (4) holds. This shows that the two lines in question are indeed the tangents to the incircle perpendicular to the OI-line. References [1] [2] [3] [4] [5] [6]



E. Danneels, Hyacinthos message 8670, November 18, 2003. J.-P. Ehrmann, Hyacinthos message 7999, September 24, 2003. L. Emelyanov, Hyacinthos message 8645, November 16, 2003. L. Emelyanov, On the intercepts of the OI-line, Forum Geom., 4 (2004) 81–84. B. Gibert, Orthocorrespondence and orthopivotal cubics, Forum Geom., 3 (2003) 1–27. C. Kimberling, Encyclopedia of Triangle Centers, available at http://faculty.evansville.edu/ck6/encyclopedia/ETC.html. [7] P. Yiu, Hyacinthos message 8647, November 16, 2003. [8] P. Yiu, Hyacinthos message 8675, November 18, 2003. Eric Danneels: Hubert d’Ydewallestraat 26, 8730 Beernem, Belgium E-mail address: [email protected]
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A Theorem on Orthology Centers Eric Danneels and Nikolaos Dergiades



Abstract. We prove that if two triangles are orthologic, their orthology centers have the same barycentric coordinates with respect to the two triangles. For a point P with cevian triangle A B  C  , we also study the orthology centers of the triangle of circumcenters of P B C  , P C  A , and P A B  .



1. The barycentric coordinates of orthology centers Let A B  C  be the cevian triangle of P with respect to a given triangle ABC. Denote by Oa , Ob , Oc the circumcenters of triangles P B C  , P C  A , P A B  respectively. Since Ob Oc , Oc Oa , and Oa Ob are perpendicular to AP , BP , CP , the triangles Oa Ob Oc and ABC are orthologic at P . It follows that the perpendiculars from Oa , Ob , Oc to the sidelines BC, CA, AB are concurrent at a point Q. See Figure 1. We noted that the barycentric coordinates of Q with respect to triangle Oa Ob Oc are the same as those of P with respect to triangle ABC. Alexey A. Zaslasky [7] pointed out that our original proof [3] generalizes to an arbitrary pair of orthologic triangles. A
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Figure 1



Theorem 1. If triangles ABC and A B  C  are orthologic with centers P , P  then the barycentric coordinates of P with respect to ABC are equal to the barycentric coordinates of P  with respect to A B  C  . Publication Date: September 15, 2004. Communicating Editor: Paul Yiu.
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Proof. Since A P  , B  P  , C  P  are perpendicular to BC, CA, AB respectively, we have sin B  P  C  = sin A,



sin P  B  C  = sin P AC,



sin P  C  B  = sin P AB.



Applying the law of sines to various triangles, we have b P B



:



c P C 



1 1 :    c sin P C B b sin P  B  C  1 1 : = c sin P AB b sin P AC 1 1 : = AP · c sin P AB AP · b sin P AC 1 1 : = area(P AB) area(P AC) =area(P CA) : area(P AB). =



Similarly, P aA : P bB  = area(P BC) : area(P CA). It follows that the barycentric coordinates of P  with respect to triangle A B  C  are area(P  B  C  ) : area(P  C  A ) : area(P  A B  ) =(P  B  )(P  C  ) sin A : (P  C  )(P  A ) sin B : (P  A )(P  B  ) sin C b c a =   :   :   PA PB P C =area(P BC) : area(P CA) : area(P AB), the same as the barycentric coordinates of P with respect to triangle ABC.







This property means that if P is the centroid of ABC then P is also the centroid of A B  C  .
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2. The orthology center of Oa Ob Oc We compute explicitly the coordinates (with respect to triangle ABC) of the orthology center Q of the triangle of circumcenters Oa Ob Oc . See Figure 3. Let P = (x : y : z) and Q = (u : v : w) in homogeneous barycentric coordinates. then cx bx , CB  = x+z . In the notations of John H. Conway, the pedal A∗ of Oa BC  = x+y on BC has homogeneous barycentric coordinates (0 : uSC + a2 v : uSB + a2 w). See, for example, [6, pp.32, 49]. A



Oa C



B Q P



B



A∗



A



C



Figure 3



Note that BA∗ =



+a2 w



uSB (u+v+w)a



and A∗ C =



uSC +a2 v (u+v+w)a .



Also, by Stewart’s theorem,



c2 x2 + a2 z 2 + (c2 + a2 − b2 )xz , (x + z)2 b2 x2 + a2 y 2 + (a2 + b2 − c2 )xy . CC 2 = (x + y)2



BB 2 =



Hence, if ρ is the circumradius of P B C  , then a(BA∗ − A∗ C) =(BA∗ + A∗ C)(BA∗ − A∗ C) =(BA∗ )2 − (A∗ C)2 =(Oa B)2 − (Oa A∗ )2 − (Oa C)2 + (Oa A∗ )2 =(Oa B)2 − ρ2 − (Oa C)2 + ρ2 =BP · BB  − CP · CC  c2 x2 + a2 z 2 + (c2 + a2 − b2 )xz b2 x2 + a2 y 2 + (a2 + b2 − c2 )xy − (x + z)(x + y + z) (x + y)(x + y + z) 2 2 a (y − z)(x + y)(x + z) + b x(x + y)(x + 2z) − c2 x(x + z)(x + 2y) =− (x + y)(x + z)(x + y + z) =
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since the powers of B and C with respect to the circle of P B C  are BB  · BP = (Oa B)2 − ρ2 and CC  · CP = (Oa C)2 − ρ2 respectively. In other words, (c2 − b2 )u − a2 (v − w) u+v+w 2 a (y − z)(x + y)(x + z) + b2 x(x + y)(x + 2z) − c2 x(x + z)(x + 2y) , =− (x + y)(x + z)(x + y + z) or (a2 (y − z)(x + y)(x + z) − b2 (x + y)(xy + yz + z 2 ) + c2 (x + z)(y 2 + xz + yz))u −(a2 (x + y)(x + z)(x + 2z) − b2 x(x + y)(x + 2z) + c2 x(x + z)(x + 2y))v +(a2 (x + y)(x + z)(x + 2y) + b2 x(x + y)(x + 2z) − c2 x(x + z)(x + 2y))w = 0.



By replacing x, y, z by y, z, x and u, v, w by v,w, u, we obtain another linear relation in u, v, w. From these we have u : v : w given by u =(x2 − z 2 )y 2 SBB + (x2 − y 2 )z 2 SCC − x(2x + y)(x + z)(y + z)SAB − x(2x + z)(x + y)(y + z)SCA − 2(x + y)(x + z)(xy + yz + zx)SBC . and v obtained from u by replacing x, y, z, SA , SB , SC by v, w, u, SB , SC , SA respectively, and w from v by the same replacements. 3. Examples 3.1. The centroid. For P = G, Oa =(5SA (SB + SC ) + 2(SBB + 5SBC + SCC ) : 3SAB + 4SAC + SBC − 2SCC : 3SAC + 4SAB + SBC − 2SBB ). Similarly, we write down the coordinates of Ob and Oc . The perpendiculars from Oa to BC, from Ob to CA, and from Oc to AB have equations − (3SB + SC )y + (SB + 3SC )z = 0, (SB − SC )x (SC + 3SA )x + (SC − SA )y − (3SC + SA )z = 0, −(3SA + SB )x + (SA + 3SB )y + (SA − SB )z = 0. These three lines intersect at the nine-point center X5 = (SCA + SAB + 2SBC : SAB + SBC + 2SCA : SBC + SCA + 2SAB ), which is the orthology center of Oa Ob Oc . 3.2. The orthocenter. If P is the orthocenter, the circumcenters Oa , Ob , Oc are simply the midpoints of the segments AP , BP , CP respectively. In this case, Q = H.
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1 3.3. The Steiner point. If P is the Steiner point SB −S : C perpendiculars from the circumcenters to the sidelines are



1 SC −SA



 1 : SA −S , the B



SC y + SB z = 0, (SB − SC )x − + (SC − SA )y − SA z = 0, SC x −SB x + SA y + (SA − SB )z = 0. These lines intersect at the deLongchamps point X20 = (SCA + SAB − SBC : SAB + SBC − SCA : SBC + SCA − SAB ).   3.4. X671 . The point P = X671 = SB +SC1 −2SA : SC +SA1 −2SB : SA +SB1 −2SC is the antipode of the Steiner point on the Steiner circum-ellipse. It is also on the Kiepert hyperbola, with Kiepert parameter −arccot(13 cot ω), where ω is the Brocard angle. In this case, the circumcenters are on the altitudes. This means that Q = H. 3.5. An antipodal pair on the circumcircle. The point X925 is the second intersection of the circumcircle with the line joining the deLongchamps point X20 to X74 , the isogonal conjugate of the Euler infinity point. It has coordinates   1 1 1 : : . (SB − SC )(S 2 − SAA ) (SC − SA )(S 2 − SBB ) (SA − SB )(S 2 − SCC ) For P = X925 , the orthology Q of Oa Ob Oc is the point X68 , 1 which lies on the same line joining X20 to X74 . The antipode of X925 is the point   1 : ··· : ··· . X1300 = SA ((SAA − SBC )(SB + SC ) − SA (SB − SC )2 ) It is the second intersection of the circumcircle with the line joining the   orthocenter SB +SC SC +SA SA +SB 2 to the Euler reflection point X110 = SB −SC : SC −SA : SA −SB . For P = X1300 , the orthology center Q of Oa Ob Oc has first barycentric coordinate SAA (SBB + SCC )(SA (SB + SC ) − (SBB + SCC )) + SBC (SB − SC )2 (SAA − 2SA (SB + SC ) − SBC )) . SA ((SB + SC )(SAA − SBC ) − SA (SB − SC )2 )



In this case, Oa Ob Oc is also perspective to ABC at   1 : ··· : ··· . X254 = SA ((SAA − SBC )(SB + SC ) − SA (SBB + SCC )) By a theorem of Mitrea and Mitrea [5], this perspector lies on the line P Q. 1X



68



is the perspector of the reflections of the orthic triangle in the nine-point center.



2The Euler reflection point is the intersection of the reflections of the Euler lines in the sidelines



of triangle ABC.
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3.6. More generally, for ageneric point P on the circumcircle with coordinates  SB +SC (SA +t)(SB −SC ) : · · · : · · · , the center of orthology of Oa Ob Oc is the point 



(SB + SC )(F (SA , SB , SC ) + G(SA , SB , SC )t) : ··· : ··· SA + t







,



where F (SA , SB , SC ) =SAA (SBB + SCC )(SA + SB + SC ) + SAABC (SB + SC ) − SBB SCC (2SA + SB + SC ), G(SA , SB , SC ) =2(SAA (SBB + SBC + SCC ) − SBB SCC ). Proposition 2. If P lies on the circumcircle, the line joining P to Q always passes through the deLongchamps point X20 . Proof. The equation of the line P Q is  3 (SB − SC )(SA + t)(SA (SB − SC )2 cyclic



+ (SB + SC + 2t)(SAA (SBB − SBC + SCC ) − SBB SCC )x = 0.  3.7. Some further examples. We conclude with a few more examples of P with relative simple coordinates for Q, the orthology center of Oa Ob Oc . P X7 X8 X69 X80



first barycentric coordinate of Q 4a3 + a2 (b + c) − 2a(b − c)2 − 3(b + c)(b − c)2 4a4 − 5a3 (b + c) − a2 (b2 − 10bc + c2 ) + 5a(b − c)2 (b + c) − 3(b2 − c2 )2 3a6 − 4a4 (b2 + c2 ) + a2 (3b4 + 2b2 c2 + 3c4 ) − 2(b2 − c2 )2 (b2 + c2 ) 4a3 −3a2 (b+c)−2a(2b2 −5bc+2c2 )+3(b−c)2 (b+c) (b2 +c2 −a2 −bc)



In each of the cases P = X7 and X80 , the triangle Oa Ob Oc is also perspective to ABC at the incenter. References [1] [2] [3] [4]



E. Danneels, Hyacinthos message 10068, July 12, 2004. N. Dergiades, Hyacinthos messages 10073, 10079, 10083, July 12, 13, 2004. N. Dergiades, Hyacinthos messages 10079, July 13, 2004. C. Kimberling, Encyclopedia of Triangle Centers, available at http://faculty.evansville.edu/ck6/encyclopedia/ETC.html. [5] D. Mitrea and M. Mitrea, A generalization of a theorem of Euler, Amer. Math. Monthly, 101 (1994) 55–58. [6] P. Yiu, Introduction to the Geometry of the Triangle, Florida Atlantic University lecture notes, 2001. [7] A. A. Zaslavsky, Hyacinthos message 10082, July 13, 2004.
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A Grand Tour of Pedals of Conics Roger C. Alperin



Abstract. We describe the pedal curves of conics and some of their relations to origami folding axioms. There are nine basic types of pedals depending on the location of the pedal point with respect to the conic. We illustrate the different pedals in our tour.



1. Introduction The main ‘axiom’ of mathematical origami allows one to create a fold-line by sliding or folding point F onto a line L so that another point S is also folded onto yet another line M . One can regard this complicated axiom as making possible the folding of the common tangents to the parabola κ with focus F and directrix L and the parabola with focus S and directrix M . Since two parabolas have at most four common tangents in the projective plane and one of them is the line at infinity there are at most three folds in the Euclidean plane which will accomplish this origami operation. In the field theory associated to origami this operation yields construction methods for solving cubic equations, [1]. Hull has shown how to do the ‘impossible’ trisection of an angle using this folding, by a method due to Abe, [2]. In fact the trisection of Abe is quite similar to a classical method using Maclaurin’s trisectrix, [3]. The trisectrix is one of the pedals along the tour. One can simplify this origami folding operation into smaller steps: first fold S to the point P by reflection across the tangent of the parabola κ. The locus of points P for all the tangents of κ is a curve; finally, this locus is intersected with the line M . This ‘origami locus’ of points P is a cubic curve since intersecting with M will generally give three possible solutions. Since reflection of S across a line is just the double of the perpendicular projection S of S onto L, this ‘origami’ locus is the scale by a factor of 2 of the locus of S , also known as the pedal curve of the parabola, [3]. As a generalization we shall investigate the pedal curves of an arbitrary conic; this pedal curve is generally a quartic curve. Pedal of a conic. The points S of the pedal curve lie on the lines through S at the places where the tangents to the curve are perpendicular to these lines. Suppose that S is at the origin. The line through the origin perpendicular to αx + βy + γ = 0 is , y = − α2βγ . This suggests the line βx − αy = 0; these meet when x = − α2αγ +β 2 +β 2 Publication Date: October 1, 2004. Communicating Editor: Paul Yiu.
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x using the inversion transform (at the origin), the map given by x → x2 +y 2, y → y . x2 +y 2 A conic has the homogenous quadratic equation F (x, y, z) = 0 which can also be given by the matrix equation F (x, y, z) = (x, y, z)A(x, y, z)t = 0 for a 3 by 3 symmetric matrix A. It is well-known that the dual curve of tangent lines to a conic is also a conic having homogeneous equation F (x, y, z) = 0 obtained from the adjoint matrix A of A. Thus the pedal curve has the (inhomogeneous) equation obtained by applying the inversion transform to F (x, y, −z) = 0, evaluated at z = 1, [4]. The polar line of a point T is the line through the points U and V on the conic where the tangents from T meet the conic. It is important to realize the polar line of a point with respect to the conic κ having equation F = 0 can be expressed in terms of the matrix A. In terms of equations, if T has (projective) coordinates (u, v, w) then the dual line has the equation (x, y, z)A(u, v, w)t = 0. For example, when S is placed at the origin the dual line is (x, y, z)A(0, 0, 1)t = 0.



2. Equation of a pedal of a conic Let S be at the origin. Suppose the (non-degenerate) conic equation is F (x, y, z) = ax2 + bxy + cy 2 + dxz + eyz + f z 2 = 0. Applying the inversion to the adjoint equation gives after a bit of algebra the relatively simple equation G = ∆(x2 + y 2 )2 + (x2 + y 2 )((4cd − 2be)x + (4ae − 2bd)y) + G2 = 0 where ∆ = 4ac − b2 is the discriminant of the conic; ∆ = 0 iff the conic is a parabola. In the case of a parabola, the pedal curve has a cubic equation. The origin is a singular point having as singular tangent lines the linear factors of the degree two term G2 = (4cf − e2 )x2 + (2ed − 4bf )xy + (4af − d2 )y 2 = 0. 3. Variety of pedals Fix a (non-empty) real conic κ in the plane and a point S. There are two points U and V on the conic with tangents τU and τV meeting at S; the corresponding pedal point for each of these tangents is S. Thus S is a double point. The type of singularity or double point at S is either a node, cusp or acnode depending on whether or not the two tangents are real and distinct, real and equal or complex conjugates. The perpendicular lines at S to τU and τV are the singular tangents. To see this notice that the dual line to S = (0, 0) is (x, y, z)A(0, 0, 1)t = 0 or equivalently dx + ey + 2f = 0. This line meets the conic at the points U , V which are on the tangents from S. Determining the perpendiculars through the origin S to these tangents, and multiplying the two linear factors yields after a tedious calculation precisely the second degree terms G2 of G. The variety of pedals depending on the type of conic and the type of singularity, are displayed in Figures 1-9, along with their associated conics, the singular point S, the singular tangents, dual line and its intersections with the conic (whenever possible).
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S



Figure 1. Elliptic node



S



Figure 2. Hyperbolic node
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Proposition 1. The pedal of the real conic κ has a node, cusp or acnode depending on whether S is outside, on, or inside κ. Proof. By the calculation of the second degree terms of G, the singular tangents at the point S of the pedal are the perpendiculars to the two tangents from S to the conic κ. Thus the type of node depends on the position of S with respect to the  conic since that determines how G2 factors over the reals.



S



Figure 3. Elliptic cusp



Figure 4. Hyperbolic cusp
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S



Figure 5. Elliptic acnode



S



Figure 6. Hyperbolic acnode



4. Bicircular quartics A quartic curve having circular double points is called bicircular. Proposition 2. A real quartic curve has the equation G = A(x2 + y 2 )2 + (x2 + y 2 )(Bx + Cy) + Dx2 + Exy + F y 2 = 0 for A = 0 iff it is bicircular with double point at the origin. Thus the pedal of an ellipse or hyperbola is a bicircular quartic with a double point at S. Proof. A quartic has a double point at the origin iff there are no terms of degree less than 2 in the (inhomogeneous) equation G = 0. There are double points at
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the circular points iff G(x, y, z) vanishes to second order when evaluated at the circular points; hence iff the gradient of G is zero at the circular points. Since ∂G 2 2 ∂z = 2zG2 + G3 ; this vanishes at the circular points iff G3 is divisible by x + y . Also G vanishes at the circular points iff G4 is divisble by x2 + y 2 . Thus the homogeneous equation for the quartic is G = (x2 + y 2 )(ux2 + vxy + wy 2 ) + ∂G z(x2 + y 2 )(Bx + Cy) + z 2 G2 = 0. Finally ∂G ∂x or equivalently ∂y will also vanish at the circular points iff ux2 + vxy + wy 2 is divisible by x2 + y 2 . Hence a bircular quartic with a double point at the origin has the equation as specified in the proposition and conversely. The conclusion for the pedal follows immediately from the equation given in Section 2.  We now show that any real bicircular quartic having a third double point can be realized as the pedal of a conic. Proposition 3. A bicircular quartic is the pedal of an ellipse or hyperbola. Proof. Using the equation for the pedal of a conic as in Section 2 we consider the system of equations A = 4ac−b2 , B = 4cd−2be, C = 4ae−2bdy, D = 4cf −e2 , E = 2ed − 4bf , F = 4af − d2 . One can easily see that this is equivalent to a (symmetric) matrix equation Y = X where X  is the adjoint of X; we want to solve for X given Y . In our case here, Y involves the variables A, B, . . . and X involves a, b, . . . Certainly det(Y ) = det(X)2 . Then we can solve using adjoints, X = Y  iff the quadratic form Q = Ax2 + Bxy + Cy 2 + Dxz + Eyz + F z 2 has positive determinant. However changing G to −G changes the sign of this determinant so we can represent all these quartics by pedals.  The type of singularity of a bicircular quartic with double point at S is determined from Proposition 1 and the previous Proposition. The type of singularity of the circular double points is determined by the low order terms of G when expanded at the circular points; since the circular point is complex it is nodal in general; a circular point is cuspidal when BC = 8AE and C2 − B 2 = 16A(D − F ) and then in fact both circular points are cusps. 5. Pedal of parabolas In the case that the conic is a parabola (∆ = 0) the pedal equation simplifies to a cubic equation. This pedal cubic is singular and circular. Proposition 4. A singular circular cubic with singularity at the origin has an equation G = (x2 + y 2 )(Bx + Cy) + Dx2 + Exy + F y 2 = 0 and conversely. This is the pedal of a parabola. Proof. The cubic is singular at the origin iff there are no terms of degree less than two; the curve is circular iff the cubic terms vanish at the circular points iff x2 + y 2 is a factor of the cubic terms. The pedal of a parabola having ∆ = 4ac − b2 = 0, means the cubic equation is G = (x2 + y 2 )((4cd − 2be)x + (4ae − 2bd)y) + (4cf − e2 )x2 + (2ed − 4bf )xy +
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(4af − d2 )y 2 = 0. Solving the system of equations as in Proposition 3 we have a simpler system since A = 0 but similar methods give the desired result. 



S



Figure 7. Parabolic node



6. Tangency of pedal and conic at their intersections The pedal of a conic κ meets that conic at the places T iff the normal line to κ at that point passes through S. Thus the intersection occurs iff the line ST is a normal to the curve. It follows from the fact that the conic and its pedal have a resultant which is a square (a horrendous calculation) that the pedal is tangent at all of its intersections with the conic. From Bezout’s theorem, the conic and pedal have eight intersections (counted with multiplicity) and since each is a tangency there are at most four actual incidences just as expected from the figures. Alternatively we can use elementary properties of a arbitrary curve C(t) with unit speed parameterizations having tangent τ and normal η to see that when S is at the origin, the pedal P (t) has a parametrization P (t) = C(t) · η(t)η(t) and tangent P  (t) = −k(t)(C(t)·τ (t)η(t)+C(t)·η(t)τ (t)) where k(t) is the curvature. Thus the tangent to P is parallel to τ iff C(t) · τ (t) = 0 iff C(t) is parallel to the normal η(t) iff the normal passes through S. 7. Linear families of pedals Because of the importance of a parabola in the origami axioms, we illustrate in Figure 10 a family of origami curves. Recall that the origami curve is the pedal of
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S



Figure 8. Parabolic cusp



S



Figure 9. Parabolic acnode



a parabola scaled by 2 from the singular point S. The origami curves determined by a fixed parabola and S varying on a line parallel to the directrix are all tangent
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to a fixed circle of radius equal to the distance from S to the directrix. In case S varies on the directrix, then all the curves pass through the focus F .



Figure 10. One parameter family of origami curves



References [1] R. C. Alperin, A mathematical theory of origami constructions and numbers, New York J. Math., 6, 119-133, 2000. http://nyjm.albany.edu [2] T. Hull, A note on ‘impossible’ paper folding, Amer. Math. Monthly, 103 (199) 240–241. [3] E. H. Lockwood, A Book of Curves, Cambridge University, 1963. [4] P. Samuel, Projective Geometry, Springer-Verlag, 1988 Roger C. Alperin: Department of Mathematics, San Jose State University, San Jose, California 95192, USA E-mail address: [email protected], [email protected]
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Garfunkel’s Inequality Nguyen Minh Ha and Nikolaos Dergiades



Abstract. Let I be the incenter of triangle ABC and U , V , W the intersections of the segments IA, IB, IC with the incircle. If the centroid G is inside the incircle, and D, E, F the intersections of the segments GA, GB, GC with the incircle. Jack Garfunkel [1] asked for a proof that the perimeter of U V W is not greater than that of DEF . This problem is hitherto unsolved. We give a proof in this note.



Consider a triangle ABC with centroid G lying inside its incircle (I). Let the segments AG, BG, CG, AI, BI, CI intersect the incircle at D, E, F , U , V , W respectively. Garfunkel posed the inequality ∂(U V W ) ≤ ∂(DEF ) as Problem 648(b) of Crux Mathematicorum [1, 2]. 1 Here, ∂(·) denotes the perimeter of a triangle. The problem is hitherto unresolved. In this note we give a proof of this inequality. We adopt standard notations: a, b, c, are the sidelengths of triangle ABC, s the semiperimeter and r the inradius. Lemma 1. If the centroid G of the triangle ABC is inside the incircle (I), then a2 < 4bc,



b2 < 4ca,



c2 < 4ab.



−→ 2



−→



−→



−→ 2



Proof. Because G is inside (I), we have IG ≤ r 2 , (AG − AI)2 ≤ r 2 , AG + −→2



−→



−→



AI − 2AG · AI ≤ r 2 . This inequality is equivalent to the following −→ 2 −→2 −→ −→ 2 −→ AG + (AI − r 2 ) − (AB + AC) · AI ≤ 0 3 2(b + c)(s − a) 2(b2 + c2 ) − a2 + (s − a)2 − ≤0 9 3 8(b2 + c2 ) − 4a2 + 9(b + c − a)2 − 12(b + c)(b + c − a) ≤ 0 3(b + c − a)2 + 2(b − c)2 ≤ 2(4bc − a2 ) which implies a2 < 4bc and similarly b2 < 4ac, c2 < 4ab.







Let the external bisectors of triangle U V W bound the triangle P QR, and intersect the incircle of ABC at U  , V  , W  respectively. Publication Date: October 15, 2004. Communicating Editor: Paul Yiu. The first author thanks Pham Van Thuan of Hanoi University for help in translation. 1Problem 648(a) asked for a proof of ∂(XY Z) ≤ ∂(U V W ), XY Z being the intouch triangle. See Figure 1. A proof by Garfunkel was given in [1].
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Lemma 2. If the centroid G of ABC is inside the incircle, then the points D, E, F are on the minor arcs U U  , V V  , W W  respectively. A



Q U



U X



R



Y



D Z I



G W



V B



C



X



P



Figure 1



Proof. If b = c then obviously U , D and U are the same point. Assume without loss of generality b > c. We set for brevity ϕ = A2 , θ = Note that U  is the midpoint of the arc V U W . We have   1 1 B C  ◦ ◦ 90 + − 90 − = θ. ∠U IU = (∠U IW − ∠U IV ) = 2 2 2 2



B−C 4 .



Let X  be the antipode of the touch point X of the incircle with BC. Since ∠U IV = ∠X  IW , the point U  is the mid point of the arc U X . We have   −→ −→ −→ −→ −→ −→ 1 AU  =AI + IU  = AI + IU + IX  2 cos θ   −→ −→ −→ −→ 1 =AI + sin ϕIA − IA − AX 2 cos θ   sin ϕ − 1 −→ 1 −→ = 1− AI − AX 2 cos θ 2 cos θ    sin ϕ − 1 b −→ c −→ = 1− AB + AC 2 cos θ 2s 2s   −→ 1 s−c s − b −→ − AB + AC 2 cos θ a a    sin ϕ − 1 b 1 s − c −→ = 1− − · AB 2 cos θ 2s 2 cos θ a    1 s − b −→ sin ϕ − 1 c − · AC. + 1− 2 cos θ 2s 2 cos θ a
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Since b > c, the centroid G lies inside the angle ∠IAC. To prove that D lies −→



on the minor arc U U  it is sufficient to prove that the coefficient of AC is greater −→



−→



than that of AB in the above expression of AU  . We need, therefore, to prove the inequality     1 s−b sin ϕ − 1 b 1 s−c sin ϕ − 1 c − · > 1− − · . 1− 2 cos θ 2s 2 cos θ a 2 cos θ 2s 2 cos θ a Factoring and grouping common terms, the inequality is equivalent to   1 b−c sin ϕ − 1 b − c · − 1− >0 2 cos θ a 2 cos θ 2s   b+c b−c − 2 cos θ + sin ϕ > 0 4s cos θ a (b + c + a sin ϕ)2 > 4a2 cos2 θ.



(1)



Using the well-known identity cos2 θ = 12 (1+cos 2θ), and a cos 2θ = (b+c) sin ϕ by the law of sines, inequality (1) can be written in the form (b + c + a sin ϕ)2 > 2a2 + 2a(b + c) sin ϕ (b + c)2 − a2 > a2 − a2 sin2 ϕ 2bc + 2bc cos A > a2 cos2 ϕ 4bc cos2 (A/2) > a2 cos2 ϕ 4bc > a2 . This inequality holds by Lemma 1 since G is inside the incircle. This shows that D is on the minor arc U U  . The same reasoning also shows that E and F are on  the minor arcs V V  , W W  respectively. Theorem (Garfunkel’s inequality). If the centroid G lies inside the incircle, then ∂(U V W ) ≤ ∂(DEF ). Proof. By Lemma 2, the points D, E, F lie on the minor arcs U U , V V  , W W  respectively. Let X be the intersection point of DE and QR, Y  be the intersection point of EF and RP , and Z be the intersection point of F D and P Q. Note that X  , Y  , Z  belong to the segments DE, EF , F D respectively. See Figure 2. It follows that ∂(DEF ) = DE + EF + F D = DX  + X  E + EY  + Y  F + F Z  + Z  D = (EX  + EY  ) + (F Y  + F Z  ) + (DZ  + DX  ) ≥ X  Y  + Y  Z  + Z  X  = ∂(X  Y  Z  ).



156



M. H. Nguyen and N. Dergiades R U



D X 



U



Q



E



Figure 2



Therefore, ∂(DEF ) ≥ ∂(X  Y  Z  ). On the other hand, triangle P QR is acute and triangle U V W is its orthic triangle. See Figure 1. By Fagnano’s theorem, we have ∂(X  Y  Z  ) ≥ ∂(U V W ). It follows that ∂(DEF ) ≥ ∂(U V W ). The equality holds if and only if triangle ABC is equilateral.  References [1] J. Garfunkel, Problem 648, Crux Math., 7 (1981) 178; solution, 8 (1982) 180–182. [2] S. Rabinowitz, Index to Mathematical Problems 1980-1984, MathPro Press, Westford, Massachusetts USA 1992, p. 469. Nguyen Minh Ha: Faculty of Mathematics, Hanoi University of Education, Xuan Thuy, Hanoi, Vietnam E-mail address: [email protected] Nikolaos Dergiades: I. Zanna 27, Thessaloniki 54643, Greece E-mail address: [email protected]
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On Some Actions of D3 on a Triangle Paris Pamfilos



Abstract. The action of the dihedral group D3 on the equilateral triangle is generalized to various actions on general triangles.



1. Introduction The equilateral triangle admits in a natural way the action of the dihedral group D3 . The elements f of the group act as reflexions (order 2: f2 = 1) or as rotations (order 3: f 3 = 1). If we relax the property of f from being isometry, we can define similar actions on an arbitrary triangle. In fact there are infinitely many actions of D3 on an arbitrary triangle, described by the following setting.
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Figure 1. Projectivity preserving a conic



It is well known that given six points A, A , B, B  , C, C  on a conic c, there is a unique projectivity preserving c and mapping A to A , B to B  and C to C  . Taking A , B  , C  to be permutations of the set A, B, C we see that there is a group G of projectivities that permute the vertices of the triangle t = (ABC) and preserve the conic c. It is not difficult to see that G is naturally isomorphic to the group of symmetries of the equilateral triangle. Thus from the algebraic point of view, the group action contains no significant information. But from the geometric point of view the situation is quite interesting. For example, fixing such a group, we can consider generalized rotations i.e. f ∈ G of order three f3 = 1, which applied to a point X ∈ c generate an orbital triangle X, Y = f (X), Z = f (f (X)). All these orbital triangles envelope a second conic which is also invariant under the group G. For definitions, general facts on triangles, transformations and especially projectivities I refer to [1]. For special conics, circumscribed on a triangle, this setting unifies several dispersed properties and presents them under a new light. Publication Date: October 28, 2004. Communicating Editor: Jean-Pierre Ehrmann.
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I shall illustrate this aspect by applying the above method to two special cases. Then I shall discuss an exceptional, similar setting, which results by replacing the circumconic with the circumcircle of the triangle and the projectivities by Moebius transformations. The first case will be that of the exterior Steiner ellipse of the triangle. 2. Steiner dihedral group of a triangle We start with a triangle t = (ABC) and its exterior Steiner ellipse. Then we consider the projectivities that preserve this conic and permute the vertices of the triangle. First I shall state the facts. The group, which I call the Steiner dihedral group of the triangle, comprises two kinds of maps: involutions, that resemble to reflections, and cyclic permutations of the vertices that resemble to rotations.
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Figure 2. Isotomic conjugation



The involutions are related to the sides of the triangle and coincide with the isotomic conjugations with respect to the corresponding medians: Side a of the triangle defines an involution on the conic: Ia (X) = Y , where XY is parallel to the side a and bisected by the median to a. Ia has the median to a as its line of fixed points, which coincides with the conjugate diameter of a relative to the conic. The corresponding isolated fixed point (Fregier point of the involution) is the point at infinity of line a. Analogous definitions and properties have the involutions Ib , Ic . More important seems to be the projectivity f = Ib ◦ Ia , of order three f 3 = 1, that preserves the conic and cycles the vertices of the triangle. I call it the isotomic rotation. As is the case with every projectivity f , preserving a conic, for all points X on c, the lines [X, f (X)] envelope another conic, which in this case is the inner Steiner ellipse. By the same argument all orbital triangles i.e. triangles of the form t = (X, f (X), f (f (X))), are circumscribed on the inner Steiner ellipse. More precisely the following statements are valid and easy to prove: (1) The centroid G of the triangle is the fixed point of f .
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Figure 3. Isotomic rotation



(2) Every point X of the plane defines an orbital triangle s = (X, f (X), f (f (X))), which has G for its centroid. (3) The orbital triangles s, as above, which have X on the external Steiner ellipse, are all circumscribed to the inner Steiner ellipse. They are precisely the only triangles that have these two ellipses as their external/internal Steiner ellipses. (4) The inner and outer Steiner ellipses generate a family of homothetic conics, with homothety center the centroid G of the triangle. For every point X of the plane the orbital triangle s generated by X has the corresponding conics-family-member c, passing through X, as its outer Steiner ellipse. Besides, for all points X on c, the corresponding orbital triangles circumscribe another conics-family-member c , which is the inner Steiner ellipse of all these triangles. (5) For a fixed orbital triangle t = (ABC), the orbit of its circumcenter O, defines a triangle u = (OP Q), whose median through O is the Euler line of the initial triangle t. The middle E of P Q is the center of the Euler circle of t. (6) The trilinear coordinates of points P = f (O) and Q = f (P ) are respectively:   sin 2C sin 2A sin 2B , , , P = sin A sin B sin C   sin 2B sin 2C sin 2A , , . Q= sin A sin B sin C
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Deferring for a later moment the proofs, I shall pass now to the analogous group, of projectivities, which results by replacing the external ellipse with the circumcircle of the triangle. For a reason that will be made evident shortly I call the corresponding group the Lemoine dihedral group of the triangle. 3. Lemoine dihedral group of a triangle We start with a triangle t = (ABC) and its circumcircle c. Then we consider the projectivities that preserve c and permute the vertices of the triangle. There are again two kinds of such maps. Involutions, and maps of order three.
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Figure 4. Lemoine reflexion



Side a of the triangle defines a projective involution Ia (X) = X  , by the properties Ia (A) = A and Ia (B) = C, Ia (C) = B. Its line of fixed points, is the symmedian line AD. The corresponding isolated fixed point (Fregier point) is the pole A∗ of the symmedian with respect to the circumcircle, which lies on the Lemoine axis L of the triangle. In the figure above, K is the symmedian point and Q is the projection of the circumcenter on the symmedian AD (is a vertex of the second Brocard triangle of t). From the invariance of cross-ratio and the fact that Ia maps L to itself, follows that (C∗ B ∗ K ∗ A∗ ) = 1, hence the symmedian bisects the angle B∗ QC ∗ . Joining Q with B∗ , C ∗ we find the intersections F , G of these lines with the Brocard circle (with diameter OK). Below (in §6) we show that F , G coincide with the Brocard points of the triangle. Ia could be called the Lemoine reflexion (on the symmedian through A). Analogous is the definition and the properties of the involutions Ib and Ic , corresponding to the other sides of the triangle. More important seems to be the projectivity f = Ib ◦ Ia , of order three f 3 = 1, which preserves the circumcircle and cycles the vertices of the triangle. I call it the Lemoine rotation. As before, for all points X on c, the lines [X, f (X)] envelope another conic, which in this case is the Brocard ellipse c of the triangle t. By the same argument all orbital triangles i.e. triangles of the form t = (X, Y = f (X), Z = f (f (X))),
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Figure 5. Lemoine rotation



are circumscribed on the Brocard ellipse. More precisely the following statements are valid and easy to prove: (1) f leaves invariant each member of the family of conics generated by the circumcircle and the Brocard ellipse of t. In particular the Lemoine axis of t remains invariant under f, and permutes points A∗ , B ∗ , C ∗ . (2) The symmedian (or Lemoine) point K of the triangle is the fixed point of f. (3) Every point X of the circle c defines an orbital triangle s = (X, f (X), f (f (X))), which has K as symmedian point. (4) The orbital triangles s, as above, which have X on c, are all circumscribed to the Brocard ellipse c . They are precisely the only triangles that have c and c as circumcircle and Brocard ellipse, respectively. (5) For a fixed orbital triangle t = (ABC), the orbit of its circumcenter O, defines a triangle u = (OP Q), whose median through O is the Brocard axis of the initial triangle t. (6) The triangle u is isosceles and symmetric on the Brocard axis. The feet G, F of the altitudes of u from P and Q, respectively, coincide with the Brocard points of t. (7) The triangles u, u = (P RF ) and u = (QRG) are similar. The similarity ratio of the two last to the first is equal to the sine of the Brocard angle. Deferring once again the proofs at the end (§6), I shall pass to a third group, using now inversions instead of projectivities. For a reason that will be made evident shortly I call the corresponding group the Brocard dihedral group of the triangle. 4. Brocard dihedral group of a triangle Once again we start with a triangle t = (ABC) and its circumcircle c. Then we consider the Moebius transformations that permute the vertices of t. It is true that through such maps the sides are not mapped to sides. We do not have proper maps of the triangle’s set of points onto itself, but we have a group that permutes
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its vertices, is isomorphic to D3 and, as we will see, has intimate relations with the previous one and the geometry of the triangle. Everything is based on the well known fact that a Moebius transformation is uniquely defined by prescribing three points and their images. Thus, fixing a vertex, A say, of the triangle and permuting the other two, we get a Moebius involution, Ia say. Analogously are defined the other two involutions Ib and Ic . I call them the Brocard reflexions of the triangle. Two of them generate the whole group. By the well known property of Moebius transformations, we know that all of them preserve the circumcircle c. b O
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Figure 6. Brocard reflexion



I cite some properties of Ia that are easy to prove: (1) On the points of the circumcircle the Brocard reflexion Ia coincides with the corresponding Lemoine reflexion. (2) Ia leaves invariant each member of the bundle of circles through its fixed points A and D (D being the intersection of the symmedian from A with the circumcircle). (3) Ia leaves invariant each member of the bundle of circles that is orthogonal to the previous one (i.e. the circles which are orthogonal to the symmedian AD and the circumcircle). (4) In particular Ia leaves invariant the symmedian from A and maps the symmedian point K to the intersection K∗ of the Lemoine axis with that symmedian. (5) Ia permutes the circles of the bundle generated by the circumcircle and the Lemoine axis of t. The same happens with the orthogonal bundle to the previous one, which is the bundle generated by the Apollonian circles of t.
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(6) Ia interchanges the circumcenter O with the pole A∗ of the symmedian at A. It maps also the Brocard axis b onto the circle through the isodynamic points and A∗ . (7) All the circles through O, Q are mapped by Ia to lines through A∗ . In particular the Brocard circle is mapped to the Lemoine axis. (8) The line AB is mapped by Ia to the circle through A, C, tangent to this line at A. (9) Ia maps the Brocard points F , G to the intersection points B∗ , C ∗ of the sides AC and AB with the Lemoine axis respectively. We pass now to the Moebius tansformation that recycles the vertices of the triangle t = (ABC). It is the product of two Brocard reflexions f = Ib ◦ Ia . It is of order three: f 3 = 1 and I call it the Brocard rotation. The geometric properties of this transformation are related to the so called characteristic parallelogram of it. This is generally defined, for every Moebius transformation (may be degenarated), as the parallelogram whose vertices are the two fixed points and the poles of f and of its inverse f −1 . A short discussion of this parallelogram will be found in §8. Here are the main properties of our Brocard Rotation. F(Y) A
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Figure 7. Brocard rotation



(10) On the points of the circumcircle c of t the Brocard Rotation coincides with the corresponding Lemoine rotation. (11) The characteristic parallelogram of f is a rhombus with two angles of measure π/3. The vertices at these angles are the fixed points of f . They also coincide with the isodynamic points of the triangle. The other vertices of the parallelogram (angles 2π/3) coincide with the inverses of the Brocard points with respect to the circumcircle. (12) f leaves invariant every circle of the bundle of circles, generated by the circumcircle of t and its Brocard circle (circle throuch circumcenter and Brocard points).
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(13) All circles of the bundle, which is orthogonal to the previous, pass through the isodynamic points J, J of t. Each circle c of this bundle is mapped to a circle c of the same bundle, which makes an angle of π/6 with c. In particular the Apollonian circles of the triangle are cyclically permuted by f. (14) Every point X of the plane defines an orbital triangle s = (X, f (X), f (f (X))),



(15)



(16)



(17) (18)



which shares with t the same isodynamic points J, J , hence Brocard and Lemoine axes. Conversely, every triangle whose isodynamic points are J and J  is an orbital triangle of f . The Brocard points of all the above orbital triangles s fill the two π/3angled arcs JP J  and JP  J  on the two circles with centers at the poles P, P  of f , joining the isodynamic points J and J . The orbital triangles s, as above, which have X on the circumcircle of t, are all circumscribed to the Brocard ellipse c of t. They are precisely the only triangles that have c and c as their circumcircle and Brocard ellipse, respectively. The other two points of the orbital triangle of the circumcenter O, are the two Brocard points of t. The second Brocard triangle A2 B2 C2 is an orbital triangle of f .



5. Proofs on Steiner A convenient method to define the two Steiner ellipses of a triangle, is to use a projectivity F , that maps the vertices of an equilateral triangle t = (A B  C  ) onto the vertices of an arbitrary triangle t = (ABC) and the center of t onto the centroid of t. As is well known, prescribing four points and their images, uniquely determines a projectivity of the plane. Thus the previous conditions uniquely determine F (up to permutation of vertices). Let a , b be the circumcircle and incircle, correspondingly of t . Their images a = F (a ) and b = F (b ) are correspondingly the exterior and interior Steiner ellipses of t.
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Figure 8. Creating the two Steiner ellipses of a triangle
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From the general properties of projectivities result the main properties of Steiner’s ellipses of the triangle t: (1) From the invariance of cross-ratio, and the fact that F preserves the middles of the sides, follows that F preserves also the line at infinity. Thus, the images of circles are ellipses. (2) The same reason implies, that the tangent to the outer ellipse at the vertex is parallel to the opposite side of the triangle. (3) The same reason implies, that the centers of the two ellipses coincide with G and the ellipses are homothetic with ratio 2, with respect to that point. (4) The invariance of cross-ratio implies also, that the Steiner involution, defined as the projectivity that fixes A and permutes B, C, coincides (on points of the conic) with the conjugation X → Y , where XY is parallel to a. It leaves the line at infinity fixed and coincides with the isotomic conjugation with respect to the median from A. The median being a conjugate direction to a with respect to the conic. (5) The Fregier point of the involution Ia is the point at infinity of line a = BC and the line of fixed points of Ia is the median from A. The isotomic rotation is the projectivity f = Ib ◦ Ia . One sees immediately that it has order three: f 3 = 1, that preserves the conic and cycles the vertices of the triangle. Besides it fixes the centroid G and cycles the middles of the sides. All the statements of §2, about orbital triangles, follow immediately from the previous facts and the property of f , to be conjugate, via F , to a rotation by 2π/3 about G . For the statement on the particular orbital triangle of the circumcenter O of t, it suffices to do an easy calculation with trilinears. Actually the Euler line passes also through the symmetric O of O with respect to G, which is one of the intersection points of the two conics of the figure below.
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Figure 9. Circumcenters of orbital triangles



166



P. Pamfilos



One of the conics is the member of the conics-family passing through O. The other ellipse has the same axes with the previous one and is the locus of the circumcenters of orbital triangles u = (X, f (X), f2 (X)), for X on the outer Steiner ellipse. O is the circumcenter of the triangle t = (A B  C  ) which is symmetric to t with respect to G. 6. Proofs on Lemoine A convenient method to define the Brocard ellipse of a triangle, is to use a projectivity F , that maps the vertices of an equilateral triangle t = (A B  C  ) onto the vertices of an arbitrary triangle t = (ABC) and the center of t onto the symmedian point of t. These conditions uniquely determine F (up to permutation of vertices).
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Figure 10. Creating the Brocard ellipse of a triangle



F maps the incircle of t to the Brocard ellipse of t and the circumcircle of t to the circumcircle of t. To see the later, notice that F preserves the cross ratio of a bundle of four lines through a point. Now the tangent of t at A , the two sides A B  , A C  and the median of t from A form a harmonic bundle. The same is true for the tangent of t at A the two sides AB, AC and the symmedian from A. Thus F maps the tangent of t at A to the tangent of t at A, and analogous properties hold for the other vertices. This forces the circumcircle of t to coincide with the image, under F , of the circumcircle of t . The other statement, on the Brocard ellipse, follows from the fact, that this ellipse is characterized as the unique conic tangent to the sides of the triangle at the traces of the symmedians from the opposite vertices. The main properties of the Lemoine reflexion Ia result from the fact that it is conjugate, via F , to the reflexion of t with respect to its median from A . Thus the line of fixed points of Ia coincides with the symmedian from A. The intersection point A∗ of the line BC with the tangent at A is the image, via F , of the point at infinity of the line B C  . Analogous properties hold for the points
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B ∗ and C ∗ . Since these points are known to be on the Lemoine axis, this implies that the line at infinity is mapped, via F , to the Lemoine axis of the triangle. All the lines through A∗ remain invariant under Ia , hence this point coincides with the Fregier point of the involution.
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Figure 11. Orbital triangles



The Lemoine rotation is the projectivity f = Ib ◦ Ia , of order three f 3 = 1, that preserves the circumcircle and cycles the vertices of the triangle. Besides it fixes the symmedian point K of the triangle and cycles the symmedians. f is conjugate, via F , to a rotation by 2π/3 about K . f leaves invariant the family of conics generated by the circumcircle and the Brocard ellipse. This family is the image, under F , of the bundle of concentric circles about K . In particular the line at infinity is mapped onto the Lemoine axis of t, which is also invariant under f . The conics of the family, left invariant by f , are all symmetric with respect to the Brocard diameter b. Besides all orbital triangles s = (A = X, B = f (X), C = f (f (X))) of f have the property shown in the above figure. In this figure the point A∗ is the intersection point of BC and the tangent at A of the conic-family member passing through A. Analogously are defined , B∗ and C ∗ . The three points lie on the Lemoine axis L of t and are cyclically permuted by f . The proof is a repetition of the argument on harmonic bundles at the beginning of the paragraph. This has though a nice consequence. First, if A is on the Brocard diameter b of t, which is the symmetry axis of all the conics of the invariant family, then the coresponding orbital triangle s is symmetric. Besides the lines AB and AC pass through two fixed points C∗ and B ∗ of L respectively. In fact, in that case, the tangent at A meets L at its point at infinity. Consequently the corresponding BC is parallel to L and s is isosceles. In addition, since f cycles the corresponding points A∗ , B ∗ , C ∗ , the two last points are the image of the point at infinity of L, under f and its image respectively. Thus they are independent of the position of A on b.



168



P. Pamfilos



A L



C



b



B* B C*



Figure 12. The orbit of the point at infinity of L
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Figure 13. Focal points of the conics



Below B ∗ , C ∗ will be identified with the inverses of the Brocard points of t with respect to the circumcircle. Notice that the Brocard points of t are the focal points of the Brocard ellipse and they lie on the Brocard circle with diameter OK. It is well known, that in general the focal points of a family of conics lie on certain cubics. For a reference, see our paper with Apostolos Thoma [2], where we investigated such cubics from a geometric point of view. In the present case the family consists of conics that are symmetric with respect to the Brocard axis and the cubic must be reducible and equal to the product of a circle and a line. In fact a calculation shows that the cubic is the union of the Brocard cirlce and the Brocard axis. All points X inside the circumcircle of t define family members whose focal points are on the Brocard circle. All points X outside the circumcircle of t define family members whose focal points are on the Brocard axis. For X varying on b there are two positions, where the legs of the orbital isosceli contain the foci of the corresponding conic-member through X. One of these points is the center O of the circumcircle. Notice that the family of conics is generated also from the
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Lemoine axis (squared) and the circumcircle. This representation makes simpler the computations of a proof of the last statements of §3, on the orbital triangle of the circumcenter. Another geometric proof of this fact may be derived from the arguments of the two next paragraphs. 7. Proofs on Brocard
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Figure 14. The isodynamic bundles of the triangle



In contrast to projectivities that need four, Moebius transformations are determined completely by three pairs of points. Imitating the procedures of the previous paragraphs, we define the Moebius transformation F that sends the vertices of an equilateral triangle t = (A B  C  ) to the vertices of an arbitrary triangle t = (ABC). Since Moebius transformations, preserve the set of circles and lines, the circumcircle of t is mapped on the circumcircle of t. Moreover the bundle of concentric circles to the circumcircle of t maps to the bundle Σ of circles generated by the circumcircle of t and its Lemoine axis. Below I call Σ the Brocard bundle of t. This is a hyperbolic bundle with focal (or limiting) points coinciding with the isodynamic points J, J of t. Since F is conformal it maps the lines from O to the circle bundle that is orthogonal to the previous one. All circles of this bundle pass through the isodynamic points. All these facts result immediately from the fact that the altitudes of t map onto the corresponding Apollonian circles of t. This in turn follows from the invariance of the complex cross ratio, by considering the cross ratio of the vertices (ABCD) = (A B  C  D ) = 1. D on the circumcircle is uniquely determined by this condition and coincides with the trace of the symmedian from A. The conformality of Moebius transforms implies also that the Apollonian circles meet at J at angles equal to π/3. Below I call the bundle Σ of circles through J, J the Apollonian bundle of t. Now to the proofs of the statements in §4. The first statement (1) is a general fact on Moebius transformations preserving a circle c. Given three pairs of points on c, there is a unique Moebius f and a unique projectivity f  preserving c and corresponding the points of the pairs. f and f coincide on points X ∈ c. In fact, taking cross ratios (ABCX) in complex or by
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projecting the points on a line, from a fixed point, Z ∈ c say, gives the same result. The same is true for the images (A B  C  X  ) under both transformations, thus the images of X under f and f  coincide.



A’ O’ B’



C’ D’



Figure 15. The Ia invariant bundles



The next two statements (2,3) follow immediately from the fact that Ia is conjugate, via F , to the Moebius transformation Ia fixing A , D and mapping B to C  . A short calculation shows that Ia preserves the circles passing through A , D and also preserves the circles of the orthogonal bundle to the previous one. These two Ia -invariant bundles, map under F to the corresponding Ia -invariant bundles of the statements. The previous argument shows also that the bundle of concentric circles at O is permuted by Ia , consequently the same is true for the bundle of lines through O . But these two bundles map under F to the main bundles of our configuration, the Brocard Σ and the Apollonian Σ correspondingly. This proves also statement (4). Next statement (5) follows from the invariance of cross ratio, along the Ia invariant symmedian from A, and the fact that the Lemoine axis is the polar of the symmedian point with respect to the circumcircle. A consequence of this, taking into account that Ia permutes the Brocard bundle, is that the Brocard circle of t maps via Ia to the Lemoine axis. From the previous considerations, on the Brocard and Apollonian bundles, follows that Ia does the following: (a) It interchanges O, P , (b) sends Q (the projection of the circumcenter on the symmedian) at the point at infinity, (c) maps the circles with center at Q to circles with the same property, (d) maps the lines e
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Figure 16. Ia on Brocard points



through Q to their symetrics e with respect to P Q (or the symmedian at A). As a consequence Ia maps the line QB∗ to the line QC ∗ and points G, F onto C∗ , B ∗ correspondingly. Consider now the image of line AB via Ia . By the properties just described, points A, B, C∗ are mapped onto A, C, G correspondingly. Also the point at infinity is mapped onto Q, thus the line maps to a circle r passing through the points (A, Q, C, G). It is trivial to show that the circle through the points (A, Q, C) is tangent to line AB at A. This identifies G with one of the two Brocard points of t. Statements (6-10) follow immediately from the previous remarks. Before to proceed to the proofs of the remaining statements of §4, let us review some facts about the characteristic parallelograms of Moebius transformations. 8. Characteristic parallelogram For proofs of properties of Moebius transformations and their characteristic parallelogram I refer to Schwerdtfenger [3]. The characteristic parallelogram of a Moebius transformation f has one pair of opposite vertices coinciding with the fixed points of f , the other pair of vertices coinciding with the poles of f and f −1 respectively. The parallelogram can be degenerated or have infinite sides. It characterizes completely f , when we know which vertices are the fixed points and which are the poles. In the image below F , F  are the fixed points of f , P is its pole and P  is the pole of f −1 . Triangles zF P , F z P  and zz F  are similar in that orientation. This defines the recipe by which we construct geometrically z  = f (z). Moebius transformations f permute the bundle Σ of circles which pass through their fixed points F , F  . Each circle a of Σ is mapped to a circle a of the same
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P Figure 17. Building the image z = f (z)



bundle, such that the angle at F is the same with the angle of the characteristic parallelogram at the pole P . In some sense the circles of Σ are rotated about the fixed points of f . The picture is complemented by the bundle Σ , which is orthogonal to the previous one. This is also permuted by f .



b’ z b F



a



P



a’



z’ P’



F’



Figure 18. Characteristic bundles of a Moebius transformation



The elliptic Moebius transformations are characterized by their property to leave invariant a circle. The circle then belongs to the bundle Σ , whose all members remain also invariant by f . In fact, in that case f is conjugate to a rotation, and by this conjugation the two bundles correspond to the set of concentric circles about
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the rotation-center (Σ ) and the set of lines through the rotation-center (Σ). In addition the parallelogram is then a rhombus. Now to the proofs of the properties of Brocard rotations f of §4, preserving the notations introduced there. Since these transformations preserve the circumcircle of the triangle t, they are elliptic. Since they are conjugate, via the map F , to Rotations by 2π/3, their characteristic parallelogram is a rhombus with an angle (at the pole) equal to 2π/3. From the properties of F we know that the fixed points of f coincide with the isodynamic points of the triangle and the Apollonian circles are members of the bundle Σ, permuted by f . The Lemoine axis, being axis of symmetry of the isodynamic points, contains the other vertices of the rhombus. The other bundle Σ , of circles left invariant by f , coincides with the bundle generated by the circumcircle and the Lemoine axis. Later bundle contains the Brocard circle. The statement on orbital triangles follows from the corresponding property of Lemoine rotations, since the two maps coincide on the circumcircle.
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Figure 19. Projections of Brocard points on Lemoine axis



The fact that the circumcenter O, together with the two Brocard points F , G build an orbital triangle of f , follows now easily from the fact that f = Ib ◦ Ia . In fact, from our discussion, on Brocard reflexions, we know that Ia maps the circumcenter onto A∗ , the intersection of side a = BC with the Lemoine axis. Then Ib , as shown there, maps A∗ to one Brocard point. A similar argument proves that applying again f we get the other Brocard point. Analogously one proves that the second Brocard triangle is also an orbital triangle of f . All the statements (10-19) follow from the previous remarks. Especially the statement about the fact that P, P are the projections, from the circumcenter O, of the Brocard points, on the Lemoine axis, follows also easily from our arguments. In fact, the equibrocardian isosceles triangle t = (ABC) of the previous picture, is also an orbital triangle of the corresponding Lemoine rotation. From there we know that its legs pass through the fixed points B∗ , C ∗ . These points are identified as the images of the point at infinity of the Lemoine axis
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under the Lemoine Rotation. But this rotation coincides also with the Brocard rotation on that axis. This identifies P, P  with the other vertices of the characteristic parallelogram. 9. Remarks (1) For every point P of the triangle’s plane (e.g. some triangle center), one can define a projectivity F analogous to the one used in the two examples and establishing the conjugacy of the group G with the dihedral D3 . The projectivity F is required to map the vertices of the equilateral triangle to the vertices of the arbitrary triangle t. In addition, it is required to map the center P of the equilateral to the selected point P . These conditions completely determine F and there are several phenomena, generalizing the previous examples. The bundle of circles centered at P  maps to a family Σ of conics. One of these conics, c ∈ Σ, circumcscribes t, one other being inscribed and touching the triangle’s side at the feet of the cevians from P . One can define analogously the action of D3 , preserving c and permutting the vertices of the triangle. The properties of this action, reflect naturally properties of the point P with respect to triangle t. The action leaves invariant the whole family Σ.
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Figure 20. The limit points of the conics-family



Also, using essentially the same arguments as in the examples, one can show, that the line at infinity maps via F to the trilinear polar of P . The trilinear polar being then a singular member (double line) L of Σ. Besides all orbital triangles t = (ABC) which have a side, BC say, parallel to this line, have the other two sides passing through two fixed points C∗ , B ∗ of L, whereas the tangent to the member-conic c circumscribing the triangle at the other point A of the triangle is also parallel to L. The line b = P A, passes through the middle M of B∗ C ∗ and is the conjugate direction to L, with respect to every conic of the family. In this case also the corresponding projective rotation f recycles points B∗ , C ∗ and the point
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at infinity of line L. (2) The data L, P and the location of points B∗ , C ∗ on L uniquely determine the invariant family of conics Σ and the related orbital triangles. In fact, once B∗ , C ∗ are known, the line M P , where M is the middle of B∗ , C ∗ , is conjugate to the direction of L, with respect to all the conics of Σ. A point A on this line can be determined, so that a special orbital triangle ABC can be constructed from the previous data. In fact, point B on AB ∗ satisfies the condition that the four points (ACB B ∗ ) = 1, form a harmonic ratio. A triangle ABC is immediately constructed, so that BB∗ and BB  are its bisectors and BC is parallel to L. Consequently the projectivity F can be defined, and from this the whole family is also constructed.
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Figure 21. Special orbital triangle determined from B∗ , C ∗ , P



(3) The previous considerations give a nice description of the set of triangles having a given line L and a given point P ∈ / L as their trilinear polar with respect to P . They are orbital triangles of actions of the previous kind and they fall into families. Each family is characterized by the location of its limit points B∗ , C ∗ on L. (4) An easy calculation shows that the focal points of the members of Σ describe a singular cubic, self-intersecting at P . Besides the asymptotic line of this cubic coincides with b. When P is the Symmedian-point, the corresponding cubic coincides with the reducible one, consting of the Brocard circle and the Brocard line. (5) Inscribed conics and corresponding actions of D3 , permutting their contact points with the sides of the triangle, could be also considered. They offer though nothing new, since they are equivalent to actions of the previous kind. (6) In all the above groups of projectivities, the rotations are identical to the projectivities fixing the point P and cycling the vertices. One could start from such a projectivity and show the existence and invariance of the resepective family of conics. I prefer however the variant with the circumconics which introduces them
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Figure 22. The focal cubic of the invariant family



into the play right from the beginning. (7) The Brocard action is a singularium. It does not fit completely into the framework of circumconics and projectivities. As we have seen however, it has a close relationship to the Lemoine dihedral group. On Brocard Geometry there is an alternative exposition by John Conway [4], described in a letter to Hyacinthos . (8) Finally a comment on the many figures used. They are produced with EucliDraw. This is a program, developed at the University of Crete, that does quickly the job of drawing interesting figures. It has many tools that do complicated jobs, reflecting the fact that it uses a conceptual granularity a bit wider than the very basic axioms. I am quite involved in its development and hope that other geometers will find it interesting, since it does quickly its job (sometimes even correctly), and new tools are continuously added. The program can be downloaded and tested from www.euclidraw.com. References [1] [2] [3] [4]
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Generalized Mandart Conics Bernard Gibert



Abstract. We consider interesting conics associated with the configuration of three points on the perpendiculars from a point P to the sidelines of a given triangle ABC, all equidistant from P . This generalizes the work of H. Mandart in 1894.



1. Mandart triangles Let ABC be a given triangle and A B  C  its medial triangle. Denote by ∆, R, r the area, the circumradius, the inradius of ABC. For any t ∈ R ∪ {∞}, consider the points Pa , Pb , Pc on the perpendicular bisectors of BC, CA, AB such that the signed distances verify A Pa = B  Pb = C  Pc = t with the following convention: for t > 0, Pa lies in the half-plane bounded by BC which does not contain A. We call Tt = Pa Pb Pc the t-Mandart triangle with respect to ABC. H. Mandart has studied in detail these triangles and associated conics ([5, 6]). We begin a modernized review with supplementary results, and identify the triangle centers in the notations of [4]. In the second part of this paper, we generalize the Mandart triangles and conics. The vertices of the Mandart triangle Tt , in homogeneous barycentric coordinates, are Pa = − ta2 : a∆ + tSC : a∆ + tSB , Pb =b∆ + tSC : −tb2 : b∆ + tSA , Pc =c∆ + tSB : c∆ + tSA : −tc2 , where SA =



b2 + c2 − a2 , 2



SB =



c2 + a2 − b2 , 2



SC =



a2 + b2 − c2 . 2



Proposition 1 ([6, §2]). The points Pa , Pb , Pc are collinear if and only if t2 + Rt + 1 2 Rr = 0, i.e., √ R ± OI R ± R2 − 2Rr = . t= 2 2 The two lines containing those collinear points are the parallels at X10 (Spieker center) to the asymptotes of the Feuerbach hyperbola. Publication Date: November 12, 2004. Communicating Editor: Paul Yiu. The author thanks Paul Yiu for his help in the preparation of this paper.
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In other words, there are exactly two sets of collinear points on the perpendicular bisectors of ABC situated at the same (signed) distance from the sidelines of ABC. See Figure 1.
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Figure 1. Collinear Pa , Pb , Pc



Proposition 2. The triangles ABC and Pa Pb Pc are perspective if and only if (1) t = 0: Pa Pb Pc is the medial triangle, or (2) t = −r: Pa , Pb , Pc are the projections of the incenter I = X1 on the perpendicular bisectors. In the latter case, Pa , Pb , Pc obviously lie on the circle with diameter IO. The two triangles are indirectly similar and their perspector is X8 (Nagel point). Remark. For any t, the triangle Qa Qb Qc bounded by the parallels at Pa , Pb , Pc to the sidelines BC, CA, AB is homothetic at I (incenter) to ABC. Proposition 3. The Mandart triangle Tt and the medial triangle A B  C  have the same area if and only if either : (1) t = 0: Tt is the medial triangle, (2) t = −R, (3) t is solution of: t2 + Rt + Rr = 0.
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This equation has two distinct (real) solutions when R > 4r, hence there are three Mandart triangles, distinct of A B  C  , having the same area as A B  C  . See Figure 2. In the very particular situation R = 4r, the equation gives the unique



A B' B



C' C



A'



O



Figure 2. Three equal area triangles when R > 4r



solution t = −2r = − R2 and we find only two such triangles. See Figure 3.
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Figure 3. Only two equal area triangles when R = 4r



Proposition 4 ([5, §1]). As t varies, the line Pb Pc envelopes a parabola Pa . The parabola Pa is tangent to the perpendicular bisectors of AB and AC, to the line B C  and to the two lines met in proposition 1 above. Its focus Fa is the
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projection of O on the bisector AI. Its directrix a is the bisector A X10 of the medial triangle. See Figure 4.
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Figure 4. The parabola Pa



Similarly, the lines Pc Pa and Pa Pb envelope parabolas Pb and Pc respectively. From this, we note the following. (i) The foci of Pa , Pb , Pc lie on the circle with diameter OI. (ii) The directrices concur at X10 . (iii) The axes concur at O. (iv) The contacts of the lines Pb Pc , Pc Pa , Pa Pb with Pa , Pb , Pc respectively are collinear. See Figure 5. These three parabolas are generally not in the same pencil of conics since their jacobian is the union of the perpendicular at O to the line IX10 and the circle centered at X10 having the same radius as the Fuhrmann circle: the polar lines of any point on this circle in the parabolas concur on the line and conversely. 2. Mandart conics Proposition 5 ([6, §7]). The Mandart triangle Tt and the medial triangle are perspective at O. As t varies, the perspectrix envelopes the parabola PM with focus X124 and directrix X3 X10 .
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Figure 5. The three parabolas Pa , Pb , Pc



We call PM the Mandart parabola. It has equation  x2 = 0. (b − c)(b + c − a) cyclic



Triangle ABC is clearly self-polar with respect to PM . The directrix is the line X3 X10 and the focus is X124 . PM is inscribed in the medial triangle with perspector X1146 = ((b − c)2 (b + c − a)2 : · · · : · · · ), the center of the circum-hyperbola passing through G and X8 with respect to this triangle. The contacts of PM with the sidelines of the medial triangle lie on the perpendiculars dropped from A, B, C to the directrix X3 X10 . PM is the complement of the inscribed parabola with focus X109 and directrix the line IH. See Figure 6. Proposition 6 ([5, 2, p.551]). The Mandart triangle Tt and ABC are orthologic. The perpendiculars from A, B, C to the corresponding sidelines of Pa Pb Pc are concurrent at   a : ··· : ··· . Qt = aSA + 4∆t As t varies, the locus of Qt is the Feuerbach hyperbola.
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Figure 6. The Mandart parabola



Remark. The triangles A B  C  and Tt are also orthologic at Qt , the complement of Qt . Denote by A1 B1 C1 the extouch triangle (see [3, p.158, §6.9]), i.e., the cevian triangle of X8 (Nagel point) or equivalently the pedal triangle of X40 (reflection of I in O). The circumcircle CM of A1 B1 C1 is called Mandart circle. CM is therefore the pedal circle of X40 and X84 (isogonal conjugate of X40 ), the cevian circumcircle of X189 (cyclocevian conjugate of X8 ). CM contains the Feuerbach point X11 . Its center is X1158 , intersection of the lines X1 X104 and X8 X40 . The second intersection with the incircle is X1364 and the second intersection with the nine-point circle is the complement of X934 . See Figure 7. The Mandart ellipse EM (see [6, §§3,4]) is the inscribed ellipse with center X9 (Mittenpunkt) and perspector X8 . It contains A1 , B1 , C1 , X11 and its axes are parallel to the asymptotes of the Feuerbach hyperbola. See Figure 7. The equation of EM is: 



(c + a − b)2 (a + b − c)2 x2 − 2(b + c − a)2 (c + a − b)(a + b − c)yz = 0



cyclic
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Figure 7. The Mandart circle and the Mandart ellipse



From this, we see that CM is the Joachimsthal circle of X40 with respect to EM : the four normals drawn from X40 to EM pass through A1 , B1 , C1 and F  = ((b + c − a)((b − c)2 + a(b + c − 2a))2 : · · · : · · · ), the reflection X11 in X9 . 1 The radical axis of CM and the nine-point circle is the tangent at X11 to EM and also the polar line of G in PM . The projection of X9 on this tangent is the point X1364 we met above. Hence, CM , the nine-point circle and the circle with diameter X9 X11 belong to the same pencil of (coaxal) circles ([6, §§8,9]). The radical axis of CM and the incircle is the polar line of X10 in PM . Proposition 7. [6, §§1,2] The Mandart triangle Tt and the extouch triangle are orthologic. The perpendiculars drawn from A1 , B1 , C1 to the corresponding sidelines of Tt = Pa Pb Pc are concurrent at S. As t varies, the locus of S is the HM passing through the traces of X8 and X190 =   rectangular hyperbola 1 1 1 b−c : c−a : a−b We call HM the Mandart hyperbola. It has equation    (b − c) (c + a − b)(a + b − c)x2 + (b + c − a)2 yz = 0 cyclic 1This point is not in the current edition of [4].
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and contains the triangle centers X8 , X9 , X40 , X72 , X144 , X1145 , F  , and F  antipode of X11 on CM . Its asymptotes are parallel to those of the Feuerbach hyperbola. HM is the Apollonian hyperbola of X40 with respect to EM . See Figure 8. Mandart circle
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Figure 8. The Mandart hyperbola



3. Locus of some triangle centers in the Mandart triangles We now examine the locus of some triangle centers of Tt = Pa Pb Pc when t varies. We shall consider the centroid, circumcenter, orthocenter, and Lemoine point. Proposition 8. The locus of the centroid of Tt is the parallel at G to the line OI. Proposition 9. The locus of the circumcenter of Tt is the rectangular hyperbola passing through X1 , X5 , X10 , X21 (Schiffler point) and X1385 . 2 The equation of the hyperbola is    (b − c) bc(b + c)x2 + a(b2 + c2 − a2 + 3bc)yz = 0. cyclic 2X



1385



is the midpoint of OI.
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It has center X1125 (midpoint of IX10 ) and asymptotes parallel to those of the Feuerbach hyperbola. The locus of the orthocenter of Tt is a nodal cubic with node X10 passing through O, X1385 , meeting the line at infinity at X517 and the infinite points of the Feuerbach hyperbola. The line through the orthocenters of the t-Mandart triangle and the (−t)-Mandart triangle passes through a fixed point. The locus of the Lemoine point of Tt is another nodal cubic with node X10 . 4. Generalized Mandart conics Most of the results above can be generalized when X8 is replaced by any point M on the Lucas cubic, the isotomic cubic with pivot X69 . The cevian triangle of such a point M is the pedal triangle of a point N on the Darboux cubic, the isogonal cubic with pivot the de Longchamps point X20 . 3 For example, with M = X8 , we find N = X40 and M  = X1 = I. Denote by Ma Mb Mc the cevian triangle of M (on the Lucas cubic) and the pedal triangle of N (on the Darboux cubic). N∗ is the isogonal conjugate of N also on the Darboux cubic. We now consider – γM , inscribed conic in ABC with perspector M and center ωM , which is the complement of the isotomic conjugate of M . It lies on the Thomson cubic and on the line KM  (K = X6 is the Lemoine point), – ΓM , circumcircle of Ma Mb Mc with center ΩM , midpoint of N N ∗ . ΓM is obviously the pedal circle of N and N∗ and also the cevian circle of M◦ , cyclocevian conjugate of M (see [3, p.226, §8.12]). M◦ is a point on the Lucas cubic since this cubic is invariant under cyclocevian conjugation. Since γM and ΓM have already three points in common, they must have a fourth (always real) common point Z. Finally, denote by Z the reflection of Z in ωM . See Figure 9. Table 1 gives examples for several known centers M on the Lucas cubic.4 Those marked with ∗ are indicated in Table 2; those marked with ? are too complicated to give here. Table 1 M N M N∗ M◦ ωM ΩM Z Z



X8 X40 X1 X84 X189 X9 X1158 X11 ∗



X2 X3 X2 X4 X4 X2 X5 X115 ∗



X4 X4 X3 X3 X2 X6 X5 X125 ∗



X7 X1 X9 X1 X7 X1 X1 X11 X1317



X20 X1498 X4 ∗ X1032 X1249 ? X122 ∗



X69 X20 X6 X64 X253 X3 ? X125 ∗



X189 X84 X223 X40 X8 X57 X1158 ∗ ∗



X253 X64 X1249 X20 X69 X4 ? X122 ∗



X329 X1490 X57 ∗ X1034 X223 ? ∗ ∗



X1032 ∗ ∗ X1498 X20 X1073 ? ? ?



X1034 ∗ ∗ X1490 X329 X282 ? ∗ ∗



3It is also known that the complement of M is a point M  on the the Thomson cubic, the isogonal



cubic with pivot G = X2 , the centroid. 4Two isotomic conjugates on the Lucas cubic are associated to the same point Z on the nine-point circle.
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Table 2



Triangle center Z  (X8 ) Z  (X2 ) Z  (X4 ) Z  (X20 ) Z  (X69 ) Z(X189 ) Z  (X189 ) Z  (X253 ) Z(X329 ) Z  (X329 ) N ∗ (X20 ) N ∗ (X329 ) N (X1032 ) M  (X1032 )



N (X1034 ) M  (X1034 )



Z(X1034 ) Z  (X1034 )



M  (X1034 )



Z(X1034 ) Z  (X1034 )



First barycentric coordinate (b + c − a)(2a2 − a(b + c) − (b − c)2 )2 (2a2 − b2 − c2 )2 (2a2 −b2 −c2 )2 SA 4 2 2



((3a − 2a (b + c2 ) − (b2 − c2 )2 ) ·(2a8 − a6 (b2 + c2 ) − 5a4 (b2 − c2 )2 + 5a2 (b2 − c2 )2 (b2 + c2 ) −(b2 − c2 )2 (b4 + 6b2 c2 + c4 ))2 SA (2a4 − a2 (b2 + c2 ) − (b2 − c2 )2 )2 (b − c)2 (b + c − a)2 (a3 + a2 (b + c) − a(b + c)2 − (b + c)(b − c)2 (2a2 −a(b+c)−(b−c)2 )2 a3 +a2 (b+c)−a(b+c)2 −(b+c)(b−c)2 (2a4 −a2 (b2 +c2 )−(b2 −c2 )2 )2 3a4 −2a2 (b2 +c2 )−(b2 −c2 )2 2 2 3 2



(b − c) (b + c − a) (a + a (b + c) − a(b + c)2 − (b + c)(b − c)2 (a3 + a2 (b + c) − a(b + c)2 − (b + c)(b − c)2 ) ·(2a5 − a4 (b + c) − 4a3 (b − c)2 + 2a2 (b − c)2 (b + c) +2a(b − c)2 (b2 + c2 ) − (b − c)2 (b + c)3 )2 1/(a8 − 4a6 (b2 + c2 ) + 2a4 (3b4 − 2b2 c2 + 3c4 ) −4a2 (b2 − c2 )2 (b2 + c2 ) + (b2 − c2 )2 (b4 + 6b2 c2 + c4 )) a/(a6 − 2a5 (b + c) − a4 (b + c)2 + 4a3 (b + c)(b2 − bc + c2 ) −a2 (b2 − c2 )2 − 2a(b + c)(b − c)2 (b2 + c2 ) + (b − c)2 (b + c)4 ) 1/(a8 − 4a6 (b2 + c2 ) + 2a4 (3b4 − 2b2 c2 + 3c4 ) −4a2 (b2 − c2 )2 (b2 + c2 ) + (b2 − c2 )2 (b4 + 6b2 c2 + c4 )) 2 8 (a (a − 4a6 (b2 + c2 ) + 2a4 (3b4 − 2b2 c2 + 3c4 ) −4a2 (b2 − c2 )2 (b2 + c2 ) + (b2 − c2 )2 (b4 + 6b2 c2 + c4 ))/ (3a4 − 2a2 (b2 + c2 ) − (b2 − c2 )2 ) a/(a6 − 2a5 (b + c) − a4 (b + c)2 + 4a3 (b + c)(b2 − bc + c2 ) −a2 (b2 − c2 )2 − 2a(b − c)2 (b + c)(b2 + c2 ) + (b − c)2 (b + c)4 ) a(a6 − 2a5 (b + c) − a4 (b + c)2 + 4a3 (b + c)(b2 − bc + c2 ) −a2 (b2 − c2 )2 − 2a(b − c)2 (b + c)(b2 + c2 ) + (b − c)2 (b + c)4 )/ 3 (a + a2 (b + c) − a(b + c)2 − (b + c)(b − c)2 ) (b − c)2 (b + c − a)(a3 + a2 (b + c) − a(b + c)2 − (b + c)(b − c)2 )2 ·(a6 − 2a5 (b + c) − a4 (b + c)2 + 4a3 (b + c)(b2 − bc + c2 ) −a2 (b2 − c2 )2 − 2a(b − c)2 (b + c)(b2 + c2 ) + (b − c)2 (b + c)4 )) (b + c − a)(2a5 − a4 (b + c) − 4a3 (b − c)2 + 2a2 (b − c)2 (b + c) +2a(b − c)2 (b2 + c2 ) − (b2 − c2 )3 )2 )/(a6 − 2a5 (b + c) − a4 (b + c)2 +4a3 (b + c)(b2 − bc + c2 ) − a2 (b2 − c2 )2 − 2a(b − c)2 (b + c)(b2 + c2 ) +(b − c)2 (b + c)4 ) a(a6 − 2a5 (b + c) − a4 (b + c)2 + 4a3 (b + c)(b2 − bc + c2 ) −a2 (b2 − c2 )2 − 2a(b − c)2 (b + c)(b2 + c2 ) + (b − c)2 (b + c)4 )/ 3 (a + a2 (b + c) − a(b + c)2 − (b + c)(b − c)2 ) (b − c)2 (b + c − a)(a3 + a2 (b + c) − a(b + c)2 − (b + c)(b − c)2 )2 ·(a6 − 2a5 (b + c) − a4 (b + c)2 + 4a3 (b + c)(b2 − bc + c2 ) −a2 (b2 − c2 )2 − 2a(b − c)2 (b + c)(b2 + c2 ) + (b − c)2 (b + c)4 )) (b + c − a)(2a5 − a4 (b + c) − 4a3 (b − c)2 + 2a2 (b − c)2 (b + c) +2a(b − c)2 (b2 + c2 ) − (b2 − c2 )3 )2 )/(a6 − 2a5 (b + c) − a4 (b + c)2 +4a3 (b + c)(b2 − bc + c2 ) − a2 (b2 − c2 )2 −2a(b − c)2 (b + c)(b2 + c2 ) + (b − c)2 (b + c)4 )
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Proposition 10. Z is a point on the nine-point circle and Z is the foot of the fourth normal drawn from N to γM . Proof. The lines N Ma , N Mb , N Mc are indeed already three such normals hence ΓM is the Joachimsthal circle of N with respect to γM . This yields that ΓM must pass through the reflection in ωM of the foot of the fourth normal. See Figure 9. 
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Figure 9. The generalized Mandart circle and conic



Remark. Z also lies on the cevian circumcircle of M# isotomic conjugate of M and on the inscribed conic with perspector M# and center M  . Proposition 11. The points Ma , Mb , Mc , M , N , ωM and Z  lie on a same rectangular hyperbola whose asymptotes are parallel to the axes of γM . Proof. This hyperbola is the Apollonian hyperbola of N with respect to γM .







Proposition 12. The rectangular hyperbola passing through A, B, C, H and M is centered at Z. It also contains M , N ∗ , ωM and M # . Its asymptotes are also parallel to the axes of γM . Remark. This hyperbola is the isogonal transform of the line ON and the isotomic transform of the line X69 M .
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5. Generalized Mandart triangles We now replace the circumcenter O by any finite point P = (u : v : w) not lying on one sideline of ABC and we still call A B  C  its pedal triangle. For t ∈ R ∪ {∞}, consider Pa , Pb , Pc defined as follows: draw three parallels to BC, CA, AB at the (signed) distance t with the conventions at the beginning of the paper. Pa , Pb , Pc are the projections of P on these parallels. See Figure 10.
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Figure 10. Generalized Mandart triangle



In homogeneous barycentric coordinates, these are the points SC u + a2 v SB u + a2 w + taSC : 2∆ · + taSB , u+v+w u+v+w SC v + b2 u SA v + b2 w + tbSC : −b3 t : 2∆ · + tbSA , Pb =2∆ · u+v+w u+v+w SB w + c2 u SA w + c2 v + tcSB : 2∆ · + tcSA : −c3 t. Pc =2∆ · u+v+w u+v+w



Pa = − a3 t : 2∆ ·



The triangle Tt (P ) = Pa Pb Pc is called t−Mandart triangle of P . Proposition 13. For any P distinct from the incenter I, there are always two sets of collinear points Pa , Pb , Pc . The two lines L1 and L2 containing the points are
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parallel to the asymptotes of the hyperbola which is the isogonal conjugate of the parallel to IP at X40 5. They meet at the point : (a((b + c)bcu + cSC v + bSB w) : · · · : · · · ). They are perpendicular if and only if P lies on OI. Proof. Pa , Pb , Pc are collinear if and only if t is solution of the equation : abc(a + b + c)t2 + 2∆ Φ1 (u, v, w) t + 4∆2 Φ2 (u, v, w) = 0 where Φ1 (u, v, w) =







bc(b + c)u



Φ2 (u, v, w) =



and



cyclic







(1)



a2 vw.



cyclic



We notice that Φ1 (u, v, w) = 0 if and only if P lies on the polar line of I in the circumcircle and Φ2 (u, v, w) = 0 if and only if P lies on the circumcircle. The discriminant of (1) is non-negative for all P and null if and only if P = I. In this latter case, the points Pa , Pb , Pc are “collinear” if and only if they all coincide with I. Considering now P = I, (1) always has two (real) solutions.  Figure 11 shows the case P = H with two (non-perpendicular) lines secant at X65 orthocenter of the intouch triangle.



A C'



Pb



B' Pc H Pb Pa Pc X65 Pa
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Figure 11. Collinear Pa , Pb , Pc with P = H



Figure 12 shows the case P = X40 with two perpendicular lines secant at X8 and parallel to the asymptotes of the Feuerbach hyperbola. When P is a point on the circumcircle, equation (1) has a solution t = 0 and one of the two lines, say L1 , is the Simson line of P : the triangle A B  C  degenerates 5X



40



is the reflection of I in O.
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Figure 12. Collinear Pa , Pb , Pc with P = X40



into this Simson line. L1 and L2 meet on the ellipse centered at X10 passing through X11 , the midpoints of ABC and the feet of the cevians of X8 . This ellipse is the complement of the circum-ellipse centered at I and has equation :  (a + b − c)(a − b + c)x2 − 2a(b + c − a)yz = 0. cyclic



Figure 13 shows the case P = X104 with two lines secant at X11 , one of them being the Simson line of X104 . Following equation (1) again, we observe that, when P lies on the polar line of I in the circumcircle, we find to opposite values for t: the two corresponding points Pa are symmetric with respect to the sideline BC, Pb and Pc similarly. The most interesting situation is obtained with P = X36 (inversive image of I in the circumcircle) since we find two perpendicular lines L1 and L2 , parallel to the asymptotes of the Feuerbach hyperbola, intersecting at the midpoint of X36 X80 6. See Figure 14. Construction of L1 and L2 : the line IP 7 meets the circumcircle at S1 and S2 . The parallels at P to OS1 and OS2 meet OI at T1 and T2 . The homotheties with center I which map O to T1 and T2 also map the triangle ABC to the triangles A1 B1 C1 and A2 B2 C2 . The perpendiculars P A , P B  , P C  at P to the sidelines of ABC meet the corresponding sidelines of A1 B1 C1 and A2 B2 C2 at the requested points. 6X



80



is the isogonal conjugate of X36 .



7We suppose I = P .
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Figure 13. Collinear Pa , Pb , Pc with P = X104
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Figure 14. Collinear Pa , Pb , Pc with P = X36
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Proposition 14. The triangles ABC and Pa Pb Pc are perspective if and only if k is solution of : Ψ2 (u, v, w) t2 + Ψ1 (u, v, w) t + Ψ0 (u, v, w) = 0



(2)



where :



 1 (b − c)(b + c − a)SA u, Ψ2 (u, v, w) = − abc(a + b + c)(u + v + w)2 2 cyclic



 1 Ψ1 (u, v, w) = (a + b + c)(u + v + w)∆ −2bc(b − c)(b + c − a)SA u2 2 cyclic 2 + a (b − c)(a + b + c)(b + c − a)2 vw ,  (3a4 − 2a2 (b2 + c2 ) − (b2 − c2 )2 )u(c2 v 2 − b2 w2 ). Ψ0 (u, v, w) =∆2 cyclic



Remarks. (1) Ψ2 (u, v, w) = 0 if and only if P lies on the line IH. (2) Ψ1 (u, v, w) = 0 if and only if P lies on the hyperbola passing through I, H, X500 , X573 , X1742 8 and having the same asymptotic directions as the isogonal transform of the line X40 X758 , i.e., the reflection in O of the line X1 X21 . (3) Ψ0 (u, v, w) = 0 if and only if P lies on the Darboux cubic. See Figure 15. The equation (2) is clearly realized for all t if and only if P = I or P = H: all t−Mandart triangles of I and H are perspective to ABC. Furthermore, if P = H the perspector is always H, and if P = I the perspector lies on the Feuerbach hyperbola. In the sequel, we exclude those two points and see that there are at most two real numbers t1 and t2 for which t1 − and t2 −Mandart triangles of P are perspective to ABC. Let us denote by R1 and R2 the (not always real) corresponding perspectors. We explain the construction of these two perspectors with the help of several lemmas. Lemma 15. For a given P and a corresponding Mandart triangle Tt (P ) = Pa Pb Pc , the locus of Ra = BPb ∩ CPc , when t varies, is a conic γa . Proof. The correspondence on the pencils of lines with poles B and C mapping the lines BPb and CPc is clearly an involution. Hence, the common point of the two lines must lie on a conic.  This conic γa obviously contains B, C, H, Sa = BB  ∩ CC  and two other points B1 on AB, C1 on AC defined as follows. Reflect AB ∩ P B in the bisector AI to get a point B2 on AC. The parallel to AB at B2 meets P C  at B3 . B1 is the intersection of AB and CB3 . The point C1 on AC is constructed similarly. See Figure 16. Lemma 16. The three conics γa , γb , γc have three points in common: H and the (not always real) sought perspectors R1 and R2 . Their jacobian must degenerate 8X



500



= X1 X30 ∩ X3 X6 , X573 = X4 X9 ∩ X3 X6 and X1742 = X1 X7 ∩ X3 X238 .
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Figure 15. Proposition 14



into three lines, one always real LP containing R1 and R2 , two other passing through H. Lemma 17. LP contains the Nagel point X8 . In other words, X8 , R1 and R2 are always collinear. With P = (u : v : w), LP has equation :  a(cv − bw) cyclic



b+c−a



x=0



LP is the trilinear polar of the isotomic conjugate of point T , where T is the barycentric product of X57 and the isotomic conjugate of the trilinear pole of the line P I. The construction of R1 and R2 is now possible in the most general case with one of the conics and LP . Nevertheless, in three specific situations already mentioned, the construction simplifies as we see in the three following corollaries. Corollary 18. When P lies on IH, there is only one (always real) Mandart triangle Tt (P ) perspective to ABC. The perspector R is the intersection of the lines HX8 and P X78 . Proof. This is obvious since equation (2) is at most of the first degree when P lies on IH. 
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γa Figure 16. The three conics γa , γb , γc and the perspectors R1 , R2
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Figure 17. Only one triangle Pa Pb Pc perspective to ABC when P lies on IH



In Figure 17, we have taken P = X33 and R = X318 .
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Remark. The line IH meets the Darboux cubic again at X1490 . The corresponding Mandart triangle Tt (P ) is the pedal triangle of X1490 which is also the cevian triangle of X329 . Corollary 19. When P (different from I and H) lies on the conic seen above, there are two (not always real) Mandart triangles Tt (P ) perspective to ABC obtained for two opposite values t1 and t2 . The vertices of the triangles are therefore two by two symmetric in the sidelines of ABC. In the figure 18, we have taken P = X500 (orthocenter of the incentral triangle).
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Figure 18. Two triangles Pa Pb Pc perspective with ABC having vertices symmetric in the sidelines of ABC



Corollary 20. When P (different from I, H, X1490 ) lies on the Darboux cubic, there are two (always real) Mandart triangles Tt (P ) perspective to ABC, one of them being the pedal triangle of P with a perspector on the Lucas cubic. Since one perspector, say R1 , is known, the construction of the other is simple: it is the “second” intersection of the line X8 R1 with the conic BCHSaR1 . Table 3 gives P (on the Darboux cubic), the corresponding perspectors R1 (on the Lucas cubic) and R2 . Table 3 P R1 R2



X1 X3 X4 X20 X40 X64 X84 X1498 X7 X2 X4 X69 X8 X253 X189 X20 X8 X4 X388 X10 ∗ X515 ∗ Table 4
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Triangle center First barycentric coordinate a8 −4a6 (b+c)2 +2a4 (b+c)2 (3b2 −4bc+3c2 )−4a2 (b2 −c2 )2 (b2 +c2 )+(b−c)2 (b+c)6 b+c−a a4 −2a2 (b+c)2 +(b2 −c2 )2 ) a3 +a2 (b+c)−a(b+c)2 −(b+c)(b−c)2



R2 (X64 ) R2 (X1498 )



In Figure 19, we have taken P = X40 (reflection of I in O).
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Figure 19. Two triangles Pa Pb Pc perspective with ABC when P = X40



Proposition 21. The triangles A B  C  and Pa Pb Pc have the same area if and only if (1) t = 0, or ,9 (2) t = − bc(b+c)u+ca(c+a)v+ab(a+b)w 2R(a+b+c)(u+v+w)



(3) t is a solution of a quadratic equation 10 whose discriminant has the same sign of  b2 c2 (b + c)2 u2 + 2a2 bc(bc − 3a(a + b + c))vw. f (u, v, w) = cyclic 9This can be interpreted as t = − d(P ) · R, where d(X) denotes the distance from X to the polar d(O)



line of I in the circumcircle.



  10abc(a + b + c)(u + v + w)2 t2 + 2∆(u + v + w) 



bc(b + c)u t + 8∆2 (a2 vw + cyclic



b2 wu + c2 uv) = 0.
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The equation f (x, y, z) = 0 represents an ellipse E centered at X35 axes are parallel and perpendicular to the line OI. See Figure 20.
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Figure 20. The ”critical” ellipse E



According to the position of P with respect to this ellipse, it is possible to have other triangles solution of the problem. More precisely, if P is – inside E, there is no other triangle, – outside E, there are two other (distinct) triangles, – on E, there is only one other triangle. Proposition 22. As t varies, each line Pb Pc , Pc Pa , Pa Pb still envelopes a parabola. Denote these parabolas by Pa , Pb , Pc respectively. Pa has focus the projection −−→ −−→ Fa of P on AI and directrix a parallel to AI at Ea such that P Ea = cos A P Fa . Note that the direction of the directrix (and the axis) is independent of P . Pa is still tangent to the lines P B , P C  , B  C  . In this more general case, the directrices a , b , c are not necessarily concurrent. This happens if and only if P lies on the line OI and, then, their common point lies on IG. Proposition 23. The Mandart triangle Tt (P ) and the pedal triangle of P are perspective at P . As t varies, the envelope of their perspectrix is a parabola. 11Let I  be the inverse-in-circumcircle of the excenter I , and define I  and I  similarly. The a a c b



triangles ABC and Ia Ib Ic are perspective at X35 which is a point on the line OI.
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The directrix of this parabola is parallel to the line IP∗ . It is still inscribed in the pedal triangle A B  C  of P and is tangent to the two lines L1 and L2 met in proposition 13. Remark. Unlike the case P = X8 , ABC is not necessary self polar with respect to this Mandart parabola. Proposition 24. The Mandart triangle Tt (P ) and ABC are orthologic. The perpendiculars A, B, C tothe corresponding sidelines of Pa Pb Pc are concurrent  from a2 at Q = at+2∆u : · · · : · · · . As t varies, the locus of Q is generally the circumconic which is the isogonal transform of the line IP . This conic has equation







a2 (cv − bw)yz = 0.



cyclic



It is tangent at I to IP , and is a rectangular hyperbola if and only if P lies on the line OI (P = I). When P = I, the triangles are homothetic at I and the perpendiculars concur at I. References [1] Brocard H. and Lemoyne T. Courbes G´eom´etriques Remarquables. Librairie Albert Blanchard, Paris, third edition, 1967. [2] F.G.-M. Exercices de g´eom´etrie. 1920, Gabay reprint, 1991. [3] Kimberling C. Triangle Centers and Central Triangles. Congressus Numerantium 129, Winnipeg, Canada, 1998. [4] Kimberling C. Encyclopedia of Triangle Centers. http://www2.evansville.edu/ck6/encyclopedia. [5] Mandart H. Sur l’hyperbole de Feuerbach, Mathesis, 1893, pp.81-89. [6] Mandart H. Sur une ellipse associ´ee au triangle, Mathesis, 1894, pp. 241-245. Bernard Gibert: 10 rue Cussinel, 42100 - St Etienne, France E-mail address: [email protected]
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Another Proof of Fagnano’s Inequality Nguyen Minh Ha



Abstract. We prove Fagnano’s inequality using the scalar product of vectors.



In 1775, I. F. Fagnano, an Italian mathematician, proposed the following extremum problem. Problem (Fagnano). In a given acute-angled triangle ABC, inscribe a triangle XY Z whose perimeter is as small as possible. Fagnano himself gave a solution to this problem using calculus. The second proof given in [1] repeatedly using reflections and the mirror property of the orthic triangle was due to L. Fej´er. While H. A. Schwarz gave another proof in which reflection was also used, we give another proof by using the scalar product of two vectors. A Z K J H



B



X



I



Y



C



Figure 1



Let AI, BJ and CK be the altitudes of triangle ABC and H its orthocenter. Suppose that X, Y, Z are arbitrary points on the lines BC, CA and AB respectively. See Figure 1. We have
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Y Z + ZX + XY ZX · KI XY · IJ Y Z · JK + + = JK KI IJ −→ −→



−→



−→



−→



−→



Y Z ·JK ZX · KI XY · IJ + +  JK KI IJ −→



−→



−→



−→



−→



−→



−→



−→



−→



−→



−→



−→



(Y J + JK + KZ) · JK (ZK + KI + IX) · KI (XI + IJ + JY ) · IJ + + JK KI IJ −→ −→ −→ −→ −→ −→     −→ −→ −→  KI IJ IK JK JI KJ  + +Y J · + +ZK · + . =JK + KI + IJ + XI · IJ IK JK JI KI KJ =



Since triangle ABC is acute-angled, its altitudes bisect the internal angles of its orthic triangle IJK. It follows that the vectors −→



−→



IJ IK + , IJ IK



−→



−→



JK JI + , JK JI −→



−→



−→



KI KJ + KI KJ −→



−→



are respectively perpendicular to the vectors XI, Y J, ZK. It follows that Y Z + ZX + XY  JK + KI + IJ. −→



−→



(1)



−→



If the equality in (1) occurs, then the vectors Y Z, ZX, XY point in the same direc−→ −→ −→



tions of the vectors JK, KI, IJ respectively. Hence there exist positive numbers α, β and γ such that −→



−→



Y Z = αJK, −→



−→



−→



−→



−→



−→



ZX = β KI, XY = γ IJ . −→



−→



Now we have αJK + β KI + γ IJ = 0 . It follows from this and the equality −→



−→



−→



−→



JK + KI + IJ = 0 that α = β = γ. Consequently, −→



−→



−→



−→



−→



−→



Y Z = αJK, ZX = αKI, XY = α IJ , which implies that Y Z = αJK, ZX = αKI, XY = αIJ, and Y Z + ZX + XY = α(JK + KI + IJ). −→



Note that the equality in (1) occurs, we have α = β = γ = 1. Then Y Z = −→



−→



−→



−→



−→



JK, ZX = KI, XY = IJ , which means that X, Y, Z respectively coincides with I, J, K. Conversely, if X, Y , Z coincide with I, J, K respectively, then equality sign occurs in (1). In conclusion, the triangle XY Z has the smallest possible perimeter when X, Y , Z coincide with I, J, K respectively.
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Reference [1] A. Bogomolny, http://www.cut-the-knot.org/Curriculum/Geometry/Fagnano.shtml Nguyen Minh Ha: Faculty of Mathematics, Hanoi University of Education, Xuan Thuy, Hanoi, Vietnam E-mail address: [email protected]
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Further Inequalities of Erd˝os-Mordell Type Walther Janous To the memory of Murray S. Klamkin



Abstract. We extend the recent generalization of the famous Erd˝os-Mordell inequality by Dar and Gueron in the American Mathematical Monthly.



1. Introduction In the recent note [1] the following generalization of the famous Erd˝os - Mordell inequality has been established. (For a proof of the original inequality see for instance [2]). For a triangle A1 A2 A3 , we denote by ai the length of the side opposite to Ai , i = 1, 2, 3. Let P be an interior point. Denote the distances of P from the vertices Ai by Ri and from the sides opposite Ai by ri . For positive real numbers λ1 , λ 2 , λ 3 ,    r2 r3 r1 , (1) λ1 R1 + λ2 R2 + λ3 R3 ≥ 2 λ1 λ2 λ3 √ + √ + √ λ1 λ2 λ3 This inequality appears in [3, p.318, Theorem 15] without proof and with an incorrect characterization for equality. In [3, Chapter XI] and [4, Chapter 12], there are quoted very many extensions and variations of the original Erd˝os - Mordell inequality. It is the goal of this note to prove a further generalization containing the results of [1] and to apply it to specific points in a triangle, resulting in new inequalities for several elements of triangles. 2. The inequalities Let λ1 , λ2 , λ3 and t denote positive real numbers, with 0 < t ≤ 1. Theorem 1. λ1 R1t + λ2 R2t + λ3 R3t ≥ 2t







 λ1 λ2 λ3



rt rt rt √1 + √2 + √3 λ1 λ2 λ3



 .



(2)



2t 2t Equality holds if and only if λ1 : λ2 : λ3 = a2t 1 : a2 : a3 and P is the circumcenter of triangle A1 A2 A3 .
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Proof. As for instance in [1] we have a3 a2 a1 a3 a2 a1 R2 ≥ r3 + r1 , R3 ≥ r1 + r2 . R1 ≥ r2 + r3 , a1 a1 a2 a2 a3 a3 Using the power means inequality we obtain (for 0 < t < 1)  t  t a3 t  a3 t + a2 a2 r r3t r + r 2 a1 a1 2 a1 3 R1t ≥ 2t a1 ≥ 2t · 2 2 and two similar inequalities. Applying several times the elementary estimation x + x1 ≥ 2 for x > 0 we obtain λ1 R1t + λ2 R2t + λ3 R3t   t   t  t  t  t  t a3 a2 a1 a3 a2 a1 λ + λ λ + λ λ + λ 2 3 3 1 1 2 a3 a3 a1 a1 a2  a2  r1t + r2t + r3t  ≥2t  2 2 2 ≥2t







λ2 λ3 r1t +











λ3 λ1 r2t +



λ1 λ2 r3t







as claimed. The conditions of equality are derived as in [1].  In view of the obvious inequality (x + y)t > xt + y t for x, y > 0, we have the following theorem. Theorem 2. For t > 1, λ1 R1t



+



λ2 R2t



+



λ3 R3t



 t   r2t r3t r1 ≥ 2 λ1 λ2 λ3 √ + √ + √ . λ1 λ2 λ3



(3)



As a consequence of Theorem 1 we get Theorem 3. 3



λi i=1 rit



λi Rti



≥



3



√ ≥ 2t λ1 λ2 λ3 3i=1



√ 2t λ1 λ2 λ3 (R1 R2 R3 )t 3i=1



t i=1 λi (Ri ri )



3



t i=1 λi ri



3



3



i=1



√ 1 t, λi Ri



(R√i ri )t , λi



≥



(5)



√ ≥ 2t λ1 λ2 λ3 (r1 r2 r3 )t 3i=1



√ ≥ 2t λ1 λ2 λ3 (r1 r2 r3 )t 3i=1



λi i=1 (Ri ri )t



(4)



√ 2t λ1 λ2 λ3 (R1 R2 R3 )t



3



i=1



Rt √i . λi



√



√ 1 t, λi ri



1 , λi (Ri ri )t



(6) (7) (8)



The proofs of these inequalities follow from Theorem 1 upon application of transformations such as √ 2 R3 (i) inversion with respect to the circle C(P, R1 R2 R3 ) resulting in Ri → R1 R Ri and ri → Ri ri for i = 1, 2, 3, r2 r3 for i = 1, 2, 3, (ii) reciprocation of A1 A2 A3 yielding Ri → r1 rr2i r3 and ri → r1R i and
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(iii) isogonal conjugation. For the details consult [3, pp. 293 - 295]. Remarks. (1) From (5) and (6) the following inequality is easily derived. 3 3 √ 4 



 λi λi t t 4 t ≥ 4 λ λ λ (r r r ) . (R1 R2 R3 ) 1 2 3 1 2 3 t Ri rit i=1



(9)



i=1



whereas (7) and (8) lead to the “converse” of (9), i.e., √ 3 3



4t 4 λ1 λ2 λ3  1 4 t λ r ≥ λi Rit . i i (r1 r2 r3 )t (R1 R2 R3 )t i=1



(10)



i=1



(2) We leave it as an exercise to the reader to derive an analogue of Theorem 2. It should be noted that the above inequalities include very many results of [3, 4] as special cases. 3. Applications to special triangle points In this section we show that the theorems above, when specialized to suitably chosen interior points P , imply an abundance of new interesting triangle inequalities. 3.1. Let P be the incenter I of A1 A2 A3 . Then r1 = r2 = r3 = r, the inradius of A1 A2 A3 , and Ri = Ai I = r csc A2i , i = 1, 2, 3. Thus, from (8), we obtain, upon recalling that A2 A3 r A1 sin sin = , sin 2 2 2 4R the following inequality for 0 < t ≤ 1: 3 3  r t 



 1 A t Ai √ csct i . ≥ λ1 λ2 λ3 (11) λi sin 2 2R 2 λi i=1 i=1 3.2. Let P be the centroid G of A1 A2 A3 . Then Ri = Ai G = 23 mi , and ri = hi 3 , where, for i = 1, 2, 3, mi and hi denote respectively the median and altitude emanating from vertex Ai . Therefore, as an example, (4) becomes, for 0 < t ≤ 1, 3



λi i=1



hti ,



hti



≥







λ1 λ2 λ3



3



i=1



√



1 . λi mti



(12)



i = 1, 2, 3, then If we put λi = t  √ t  √ t √ h2 h3 h3 h1 h1 h2 + + ≤ 3. (13) m1 m2 m3 This inequality should be compared with the following one by Klamkin and Meir in [3, p. 215]: h1 h2 h3 + + ≤ 3, m1 m2 m3 where (h1 , h2 , h3 ) is any permutation of (h1 , h2 , h3 ).
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Via the median - duality transforming an arbitrary triangle A1 A2 A3 into one formed by its medians ([3, pp.109 - 111]), inequality (13) becomes t  t  t  h2 h3 h1 + √ + √ ≤ 3. (14) √ m2 m3 m3 m1 m1 m2 Finally, in (12), we put λi =  3



1 ati



R F



for i = 1, 2, 3. A short calculation gives



t



2



≥



3  √ t



ai i=1



mi



.



(15)



Here, we make use of the identity a1 a2 a3 = 4RF , where F denotes the area of A1 A2 A3 . The median - dual of this inequality in turn reads   √ 3 √



mi t m1 m2 m3 t ≤3 . (16) ai 2F i=1



Of course, if in (12) had we put λi = µati with µi > 0, i = 1, 2, 3, we would obtain i an even more general but less elegant inequality. Remarks. (1) Clearly, many further inequalities could be deduced by the methods of this section. We leave this as an exercise to the reader. √ √ √ (2) As the right hand side of inequality (1) indeed reads 2( λ2 λ3 r1 + λ3 λ1 r2 + λ1 λ2 r3 ), it is enough to assume λ1 , λ2 , λ2 nonnegative throughout this note. References [1] S. Dar and S. Gueron, A weighted Erd˝os-Mordell inequality, Amer. Math. Monthly, 108 (2001) 165–167. [2] H. Lee, Another proof of the Erd˝os-Mordell inequality, Forum Geom., 1 (2001) 7–8. [3] D. S. Mitrinovi´c, J. E. Peˇcari´c and V. Volenec, Recent Advances in Geometric Inequalities, Kluwer Acad. Publ., Dordrecht 1989. ˇ Djordjevi´c, R. R. Jani´c, D. S. Mitrinovic and P. M. Vasic, Geometric Inequal[4] O. Bottema, R.Z. ities, Wolters-Noordhoff Publ., Groningen 1968. Walther Janous: Ursulinengymnasium, F¨urstenweg 86, A-6020 Innsbruck, Austria E-mail address: [email protected]
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Inscribed Squares Floor van Lamoen



Abstract. We give simple constructions of various squares inscribed in a triangle, and some relations among these squares.



1. Inscribed squares Given a triangle ABC, an inscribed square is one whose vertices are on the sidelines of ABC. Two of the vertices of an inscribed square must fall on a sideline. There are two kinds of inscribed squares. A Ca+



+ Ba



− Ba



Ca−



X+ B A+ B



A+ C



C A X−



A− C



Figure 1A



B



A− B



C



Figure 1B



1.1. Inscribed squares of type I. The Inscribed squares with two adjacent vertices on a sideline of ABC can be constructed easily from a homothety of a square erected on the side of ABC. Consider the two squares erected on the side BC. Their centers are the points with homogeneous barycentric coordinates (−a2 : SC + εS : SB + εS) for ε = ±1. Here, we use standard notations in triangle ), we geometry. See, for example, [4, §1]. By applying the homothety h(A, a2εS +εS obtain an inscribed square Sqε (A) = AεB AεC Baε Caε with center εS )(−a2 : SC + εS : SB + εS) a2 + εS =(a2 : SC + εS : SB + εS),



Xε =h(A,



and two vertices (AεB and AεC ) on the sideline BC. See Figure 1. Similarly there are the inscribed squares Sqε (B) and Sqε (C). We give the coordinates of the centers and vertices of these squares in Table 1 below. Publication Date: December 6, 2004. Communicating Editor: Paul Yiu.
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Table 1. Centers and vertices of inscribed squares of type I Sqε (A)



Sqε (B)



Xε = (a : SC + εS : SB + εS) AεB = (0 : SC + εS : SB ) AεC = (0 : SC : SB + εS) ε Ba = (a2 : 0 : εS), 2



Caε = (a2 : εS : 0)



Sqε (C)



Yε = (SC + εS : b : SA + εS) Aεb = (0 : b2 : εS)



Zε = (SB + εS : SA + εS : c2 ) Aεc = (0 : εS : c2 )



ε BC = (SC : 0 : SA + εS) ε BA = (SC + εS : 0 : SA ) Cbε = (εS : b2 : 0)



Bcε = (εS : 0 : c2 )



2



ε CA = (SB + εS : SA : 0) ε CB = (SB : SA + εS : 0)



Proposition 1. The triangle Xε Yε Zε and ABC perspective at the Vecten point   1 1 1 : : . Vε = SA + εS SB + εS SC + εS For V+ and V− are respectively X485 and X486 of [3]. 1.2. Inscribed squares of type II. Another type of inscribed squares has two opposite vertices on a sideline of ABC. There are three such squares Sqd (A), Sqd (B), Sqd (C). The square Sqd (A) has two opposite vertices on the sideline BC. Its center X can be found as follows. The perpendicular at X to BC intersects CA and AB at Ba and Ca such that Ba X + Ca X = 0. If X = (0 : v : w), it is easy to see that av , Ba X =CX · tan C = SC (v + w) aw . Ca X =BX · tan B = SB (v + w) It follows that Ba X + Ca X = 0 if and only if v : w = −SC : SB , and the center of Sqd (A) is the point X = (0 : −SC : SB ) on the line BC. The vertices can be easily determined, as given in Table 2 below. Table 2. Centers and vertices of inscribed squares of type II Sqd (A) X = (0 : −SC : SB ) A+ = (0 : −SC − S : SB + S) A− = (0 : −SC + S : SB − S) Ba = (−a2 : 0 : 2SB ) Ca = (−a2 : 2SC : 0)



Sqd (B) Y = (SC : 0 : −SA ) Ab = (0 : −b2 : 2SA )



Sqd (C) Z = (−SB : SA : 0) Ac = (0 : 2SA : −c2 )



B+ = (SC + S : 0 : −SA − S) B− = (SC − S : 0 : −SA + S) Cb = (2SC : −b2 : 0)



Bc = (2SB : 0 : −c2 ) C+ = (−SB − S : SA + S : 0) C− = (−SB + S : SA − S : 0)



2. Some collinearity relations Proposition 2. (a) The centers X, Y , Z are the intercepts of the orthic axis with the sidelines of triangle ABC. (b) For ε = ±1, the points Aε , Bε and Cε are collinear. The line containing them is parallel to the orthic axis.
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Proof. The line containing the points Aε , Bε and Cε has equation (SA + εS)x + (SB + εS)y + (SC + εS)z = 0. 



See Figure 2.



Cb B+ C−



Y Ba A B− H Ac



Ab A+



X



B



A−



C



Z Bc Ca



C+



Figure 2



Proposition 3. (a) The centers X, Yε , Zε of the squares Sqd (A), Sqε (B), Sqε (C) are collinear. ε passes through the center X of Sqd (A). (b) The line BCε CB ε ε (c) The line BA CA passes through the point Aε . Proof. (a) The line joining Yε and Zε has equation −εSx + SB y + SC z = 0 as is easily verified. This line clearly contains X = (0 : −SC : SB ).
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ε has equation (b) The line BCε CB



−(SA + εS)x + SB y + SC z = 0. It clearly passes through X. ε C ε has equation (c) The line BA A −SA x + (SB + εS)y + (SC + εS)z = 0. It contains the point Aε = (0 : −SC − εS : SB + εS). See Figure 3 for ε = 1.







Remark. For ε = ±1, the lines in (b) and (c) above are parallel. Ba A + BA + CA



Y+ Cb+ X A+



Bc+



Z+



+ BC



+ CB



B



A+ A+ c b



A−



C



Ca



Figure 3 + + − − Let TA := BA CA ∩ BA CA = (SB − SC : SA : −SA ). The lines ATA and BC are parallel. The three points TA , TB , TC are collinear. The line connecting them has equation



SA (SB + SC − SA )x + SB (SC + SA − SB )y + SC (SA + SB − SC )z = 0. Each of the squares of type II has a diagonal perpendicular to a sideline of triangle ABC. These diagonals clearly bound a triangle perspective to ABC with perspectrix the orthic axis. By [1] we know that the perspector lies on the circumcircle. Specifically, it is X74 , the Miquel perspector of the orthic axis. ε C ε , C ε Aε , Aε B ε bound a triangle perspective with ABC at the The lines BA A B B C C Kiepert perspector   1 1 1 : : . K(ε · arctan 2) = 2SA + εS 2SB + εS 2SC + εS For ε = +1 and −1 respectively, these are X1131 and X1132 of [3]. The same ε , Aε C ε , Aε B ε . perspector is found for the triangle bounded by the lines BCε CB C A B A
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3. Inscribed squares and Miquel’s theorem We first recall Miquel’s theorem. Theorem 4 (Miquel). Let A1 B1 C1 be a triangle inscribed in triangle ABC. There is a pivot point P such that A1 B1 C1 is the image of the pedal triangle of P after a rotation about P followed by a homothety with center P . All inscribed triangles directly similar to A1 B1 C1 have the same pivot point. A corollary of this theorem is for instance given in [2, Problem 8(ii), p.245]. Corollary 5. Let X be a point defined with respect to the pedal triangle AP BP CP triangle of P . The images of X after the pivoting as in Miquel’s theorem lie on a line. Proof. Let A2 B2 C2 be the image of AP BP CP after pivoting, and let Y be the image of X. Clearly triangles P AP A2 , P BP B2 , P CP C2 , and P XY are similar right triangles. This shows that Y lies on the line through X perpendicular to XP .  Miquel’s pivot theorem and Corollary 5 together give an easy explanation of Proposition 3(c). See Figure 4. B A



B



C



C



Figure 4



We have already seen that the centers of the inscribed squares of type II lie on the orthic axis. By Proposition 3(a), these centers are the intersections of the corresponding sides of the triangles X+ Y+ Z+ and X− Y− Z− of the inscribed squares of type I. This means that the triangles X+ Y+ Z+ and X− Y− Z− are perspective. The perspector is symmedian point K = (a2 : b2 : c2 ).
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4. Squares with vertices on four given lines Let us consider a fourth line in the plane of ABC. With the help of the inscribed squares of type I, we can construct two sets of three squares inscribing a fourline {a, b, c, d}, depending on the line containing the vertex opposite to that on d. Let ABC be the triangle bounded by the lines a, b, c. For ε = ±1, there is a square Sqε (a) := Aεa Baε Daε Caε with a pair of opposite vertices on a and d. The vertex on ε C ε ∩ d. See the solution of Problem 55(a) of [5, p.146]. The d is simply Daε = BA A ε C ε by other vertices of the square are determined by the same division ratio (of BA A ε Da ): ε ε ε ε ε ε ε CA : CA Da = Aεb Aεc : Aεc Aεa = BCε Bcε : Bcε Baε = Cbε CB : CB Ca . BA



See Figure 5 for ε = +1. In fact, if Daε = (SC + εS, 0, SA ) + t(SB + εS, SA , 0), then Aεa =(0, b2 , εS) + t(0, εS, c2 ), Baε =(SC , 0, SA + εS) + t(εS, 0, c2 ), Caε =(εS, b2 , 0) + t(SB , SA + εS, 0), and the center of the square is the point Xaε = (SC + εS, b2 , SA + εS) + t(SB + εS, SA + εS, c2 ).



A Da+ Ca+ + BA



+ CA



Xa+ Cb+ Z+



Y+



+ CB



B



Bc+ + BC



Ba+ A+ a



A+ A+ c b



C



Figure 5



It is now clear that the position of Aεa relative to Aεb and Aεc fixes Daε as well, even if we do not have a given line d. Similarly we Dbε and Dcε are fixed by Bbε and Ccε respectively. We may thus take Aεa , Bbε and Ccε to be the traces of a point P = (u : v : w) and see if the corresponding Daε , Dbε and Dcε are collinear. A
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simple calculation gives Daε =((SB − εS)v + (SC − εS)w : εSv − b2 w : εSw − c2 v), Dbε =(εSu − a2 w : (SC − εS)w + (SA − εS)u : εSw − c2 u), Dcε =(εSu − a2 v : εSv − b2 u : (SA − εS)u + (SB − εS)v). Also, the centers of the squares Sqd (A), Sqd (B), Sqd (C) are the points Xaε =(−(SB − εS)v − (SC − εS)w : (SA − εS)v + b2 w : c2 v + (SA − εS)w), Ybε =(a2 w + (SB − εS)u : −(SC − εS)w − (SA − εS)u : (SB − εS)w + c2 u), Zcε =((SC − εS)u + a2 v : b2 u + (SC − εS)v : −(SA − εS)u − (SB − εS)v). Proposition 6. Let Aεa , Bbε and Ccε be the traces of a point P = (u : v : w). (a) The three points Daε , Dbε and Dcε are collinear if and only if P lies on the circumcubic  u((2SA + SB )v 2 + (2SA + SB )w2 ) 4a2 b2 c2 uvw + S 2 cyclic











=εS 2S 2 uvw +







u((2c2 a2 − SAB )v 2 + (2a2 b2 − SCA )w2 ) .



cyclic



(b) The centers of the squares Sqd (A), Sqd (B), Sqd (C) are collinear if and only if  u(c2 v 2 + b2 w2 ) 2a2 b2 c2 uvw + S 2 cyclic



 =εS 2S 2 uvw +











a2 u(c2 v 2 + b2 w2 ) .



cyclic



Remarks. (1) The locus of P for which Daε Dbε Dcε and ABC are perspective is the isogonal cubic with pivot (a2 + εS : b2 + εS : c2 + εS). (2) The locus of P for which Xaε Ybε Zcε and ABC are perspective is the isogonal cubic with pivot H. Here are some examples of the perspectors for P on the cubic. Table 3. Perspectors of Xaε Ybε Zcε for ε = ±1 P I O H X485 X486 X487 X488



ε = +1 I X372 =  (a2 (SA − S) : · · · : · · · ) X486 =



1 SA −S



: ··· : ···



G 2 (a  − S : ··· : ···) 



b2 c2 +S SA −a2 SA +S



ε = −1 I X371 =  (a2 (SA + S) : · · · : · · · )



1 BC −(SA +SB +SC )S



: ··· : ···







X485 = 2



: ··· : ···







1 SA +S



: ··· : ···



(a + S : · · · : · · · ) G  SA −a2



 SA −S



: ··· : ···



1 b2 c2 +SBC +(SA +SB +SC )S



: ··· : ···
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(3) In comparison with Proposition 6 (a), if instead of traces, we take Aεa , Bbε and to be the pedals of a point P on the sidelines of ABC, then the locus of P for which Daε , Dbε and Dcε are collinear turns out to be a conic, though with equation too complicated to record here.



Ccε



References [1] J. T. Groenman, Problem 578, Nieuw Archief voor Wiskunde, ser. 3, 28 (1980) 202; solution, 29 (1981) 115–118. [2] C. Kimberling, Triangle centers and central triangles, Congressus Numerantium, 129 (1998) 1–285. [3] C. Kimberling, Encyclopedia of Triangle Centers, available at http://faculty.evansville.edu/ck6/encyclopedia/ETC.html. [4] F. M. van Lamoen and P. Yiu, The Kiepert pencil of Kiepert hyperbolas, Forum Geom., 1 (2001) 125–132. [5] I. M. Yaglom, Geometric Transformations II, Random House, New York, 1968. Floor van Lamoen: St. Willibrordcollege, Fruitlaan 3, 4462 EP Goes, The Netherlands E-mail address: [email protected]
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On the Existence of Triangles with Given Lengths of One Side and Two Adjacent Angle Bisectors Victor Oxman



Abstract. We give a necessary and sufficient condition for the existence of a triangle with given lengths of one side and the two adjacent angle bisectors.



1. Introduction It is known that given three lengths 1 , 2 , 3 , there is always a triangle whose three internal angle bisectors have lengths 1 , 2 , 3 . See [1]. In this note we consider the question of existence and uniqueness of a triangle with given lengths of one side and the bisectors of the two angles adjacent to it. Recall that in a triangle ABC with sidelengths a, b, c, the bisector of angle A (with opposite side a) has length    A a2 2bc cos = bc 1 − . (1) = b+c 2 (b + c)2 We shall prove the following theorem. Theorem 1. Given a, 1 , 2 > 0, there is a unique triangle ABC with BC = a, and the lengths of the bisectors of angles B, C equal to 1 and 2 if and only if   2 2 1 + 2 < 2a < 1 + 2 + 21 − 1 2 + 22 . 2. Uniqueness First we prove that if such a triangle exists, then it is unique. Denote the sidelengths of the triangle by a, x, y. If the angle bisectors on the sides x and y have lengths 1 and 2 respectively, then from (1) above, 



t2 y =(a + x) 1 − , x  t1 x =(a + y) 1 − , y where t1 =



21 a , t2



=



22 a,



(t1 < y, t2 < x).



Publication Date: December 13, 2004. Communicating Editor: Paul Yiu.
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Let t > 0. We consider the function y : (t, ∞) → (0, ∞) defined by  t y(x) = (a + x) 1 − . x Obviously, y is a continuous function on the interval (t, ∞). It is increasing and has an oblique asymptote y = x + a − 2t . It is easy to check that y < 0 in (t, ∞), so that y is a convex funcion and its graph is below its oblique asymptote. See Figure 1. y = x+a−



y



t 2



y =x+a−



y



y = y(x)



t2 2



y = y2 (x) x = x1 (y)



y =x−a+



x



x



Figure 1



Now consider the system of equations



t1 2



Figure 2







t (4) y =(a + x) 1 − , x  t (5) x =(a + y) 1 − . y It is obvious that if a pair (x, y) satisfies (4), the pair (y, x) satisfies (5), and conversely. These equations therefore define inverse functions, and (5) defines a concave function (0, ∞) → (t, ∞) with an oblique asymptote y = x − a + 2t . Applying to functions y = y2 (x) and x = x1 (y) defined by (2) and (3) respectively, we conclude that the system of equations (2), (3) cannot have more than one solution. See Figure 2. Proposition 2. If the side and the bisectors of the adjacent angles of triangle are respectively equal to the side and the bisectors of the adjacent angles of another triangle, then the triangles are congruent. Corollary 3 (Steiner-Lehmus theorem). If a triangle has two equal bisectors, then it is an isosceles triangle. Indeed, if the bisectors of the angles A and C of triangle ABC are equal, then triangle ABC is congruent to CBA, and so AB = CB.
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3. Existence Now we consider the question of existence of a triangle with given a, 1 and 2 . First of all note that in order for the system of equations (2), (3) to have a solution, it is necessary that x + a − t22 > x − a + t21 . Geometrically, this means that 2 = the asymptote of (2) is above that of (3). Thus, 2a > t1 +t 2  2a > 21 + 22 .



21 +22 2a ,



and (6)



For the three lengths a, x, y to satisfy the triangle inequality, note that from (2) and (3), we have y < a + x and x < a + y. If x > a or y > a, then clearly x + y > a. We shall therefore restrict to x < a and y < a. Let BC be a given segment of length a. Consider a point Y in the plane such that the bisector of angle B of triangle Y BC has a given length 1 . It is easy to see from (1) that the length of BY is given by y=



a1 2a cos θ2 − 1



if ∠CBY = θ.



(7)



1 Let α = 2 arccos 2a . (7) defines a monotonic increasing function y = y(θ) : a1 (0, α) → 2a−1 , ∞ . It is easy to check that for θ ∈ (0, α),



y>



a1 > y cos θ. 2a − 1



The locus of Y is a continuous curve ξ1 beginning at (but not including) a point a1 . It has an oblique asymptote which M on the interval BC with BM = 2a− 1 forms an angle α with the line BC. See Figure 3. Since we are interested only in the case y < a, we may assume a > 1 . The angle α exceeds 2π 3 .



ξ2 ξ1 B



M



Figure 3



C



B



C



M



Figure 4



Consider now the locus of point Z such that the bisector of angle C of triangle ZBC has length 2 < a. The same reasoning shows that this is a curve ξ2 bea2 , which ginning at (but not including) a point M on BC such that M  C = 2a− 2
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2 has an oblique asymptote making an angle 2 arccos 2a with CB. Again, this angle . See Figure 4. exceeds 2π 3 The two curves ξ1 and ξ2 intersect if and only if BM > BM , i.e., BM + M  C > a. This gives 2 1 + > 1. 2a − 1 2a − 2 Simplifying, we have 4a2 − 4a(1 + 2 ) + 31 2 < 0, or   1 + 2 − 21 − 1 2 + 22 < 2a < 1 + 2 + 21 − 1 2 + 22 .



Since a > 1 , 2 , the first inequality always holds. Comparison with (6) now completes the proof of Theorem 1. In particular, for the existence of an isosceles triangle with base a and bisectors √ 2 of the equal angles of length , it is necessary and sufficient that 2 < a < 32 . Reference [1] P. Mironescu and L. Panaitopol, The existence of a triangle with prescribed angle bisector lengths, Amer. Math. Monthly, 101 (1994) 58–60. Victor Oxman (Western Galilee College): Derech HaYam 191a, Haifa, 34890, Israel E-mail address: [email protected]
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A Purely Synthetic Proof of the Droz-Farny Line Theorem Jean-Louis Ayme



Abstract. We present a purely synthetic proof of the theorem on the Droz-Farny line, and a brief biographical note on Arnold Droz-Farny.



1. The Droz-Farny line theorem In 1899, Arnold Droz-Farny published without proof the following remarkable theorem. Theorem 1 (Droz-Farny [2]). If two perpendicular straight lines are drawn through the orthocenter of a triangle, they intercept a segment on each of the sidelines. The midpoints of these three segments are collinear. L Y



A Mb



L



Z



Y



Mc H Z X



Ma



B



X



C



Figure 1.



Figure 1 illustrates the Droz-Farny line theorem. The perpendicular lines L and through the orthocenter H of triangle ABC intersect the sidelines BC at X, X  , CA at Y , Y  , and AB at Z, Z  respectively. The midpoints Ma , Mb , Mc of the segments XX  , Y Y  , ZZ  are collinear. It is not known if Droz-Farny himself has given a proof. The Droz-Farny line theorem was presented again without any proof in 1995 by Ross Honsberger [9, L
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p.72]. It also appeared in 1986 as Problem II 206 of [16, pp.111,311-313] without references but with an analytic proof. This “remarkable theorem”, as it was named by Honsberger, has been the subject of many recent messages in the Hyacinthos group. If Nick Reingold [15] proposes a projective proof of it, he does not yet show that the considered circles intersect on the circumcircle. Darij Grinberg taking up an elegant idea of Floor van Lamoen presents a first trigonometric proof of this “rather difficult theorem” [5, 12, 3] which is based on the pivot theorem and applied on degenerated triangles. Grinberg also offers a second trigonometric proof, which starts from a generalization of the Droz-Farny’s theorem simplifying by the way the one of Nicolaos Dergiades and gives a demonstration based on the law of sines [6]. Milorad Stevanovi´c [17] presents a vector proof. Recently, Grinberg [8] picks up an idea in a newsgroup on the internet and proposes a proof using inversion and a second proof using angle chasing. In this note, we present a purely synthetic proof. 2. Three basic theorems Theorem 2 (Carnot[1, p.101]). The segment of an altitude from the orthocenter to the side equals its extension from the side to the circumcircle.



A



Hb



O Hc



H



B



C Ha F



Figure 2.



Theorem 3. Let L be a line through the orthocenter of a triangle ABC. The reflections of L in the sidelines of ABC are concurrent at a point on the circumcircle. See [11, p.99] or [10, §333].
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Theorem 4 (Miquel’s pivot theorem [13]). If a point is marked on each side of a triangle, and through each vertex of the triangle and the marked points on the adjacent sides a circle is drawn, these three circles meet at a point. A



J



K



P



B



I



C



Figure 3.



See also [10, §184, p.131]. This result stays true in the case of tangency of lines or of two circles. Very few geometers contemporary to Miquel had realised that this result was going to become the spring of a large number of theorem. 3. A synthetic proof of Theorem 1 The right triangle case of the Droz-Farny theorem being trivial, we assume triangle ABC not containing a right angle. Let C be the circumcircle of ABC. Let Ca (respectively Cb , Cc ) be the circumcircle of triangle HXX (respectively HY Y  , HZZ  ), and Ha (respectively Hb , Hc ) be the symmetric point of H in the line BC (respectively CA, AB). The circles Ca , Cb and Cc have centers Ma , Mb and Mc respectively. Y Cb



C A



Hb



Mb



O Ca



X



Y



H



X



Ma B



C



Ha



Figure 4.



According to Theorem 2, Ha is on the circle C. XX being a diameter of the circle Ca , Ha is on the circle. Consequently, Ha is an intersection of C and Ca , and
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the perpendicular to BC through H. In the same way, Hb is an intersection of C and Cb , and the perpendicular to CA through H. See Figure 4.
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Figure 5.



Consider the point Hc , the symmetric of H in the line AB. According to Theorem 2, Ha is on the circle C. Applying Theorem 3 to the line XY Z through H, we conclude that the lines Ha X, Hb Y and Hc Z intersect at a point N on the circle C. See Figure 5. Applying Theorem 4 to the triangle XN Y with the points Ha , Hb and H (on the lines XN , N Y and Y X respectively), we conclude that the circles C, Ca , and Cb pass through a common point M . Mutatis mutandis, we show that the circles C, Cb , and Cc also pass through the same point M . The circle Ca , Cb , and Cc , all passing through H and M , are coaxial. Their centers are collinear. This completes the proof of Theorem 1. 4. A biographical note on Arnold Droz-Farny Arnold Droz, son of Edouard and Louise Droz, was born in La Chaux-de-Fonds (Switzerland) on February 12, 1856. After his studies in the canton of Neufchatel, he went to Munich (Germany) where he attended lectures given by Felix Klein, but he finally preferred geometry. In 1880, he started teaching physics and mathematics in the school of Porrentruy (near Basel) where he stayed until 1908. He is known for having written four books between 1897 and 1909, two of them about ´ geometry. He also published in the Journal de Math´ematiques Elementaires et
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Figure 6.



Sp´eciales (1894, 1895), and in L’interm´ediaire des Math´ematiciens and in the Educational Times (1899) as well as in Mathesis (1901). As he was very sociable, he liked to be in contact with other geometers likes the Italian Virginio Retali and the Spanish Juan Jacobo Duran Loriga. In his free time, he liked to climb little mountains and to watch horse races. He was married to Lina Farny who was born also in La Chaux-de-Fonds. He died in Porrentruy on January 14, 1912 after having suffered from a long illness. See [4, 14]. References [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12]
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A Projective Generalization of the Droz-Farny Line Theorem Jean-Pierre Ehrmann and Floor van Lamoen Dedicated to the fifth anniversary of the Hyacinthos group on triangle geometry



Abstract. We give a projective generalization of the Droz-Farny line theorem.



Ayme [1] has given a simple, purely synthetic proof of the following theorem by Droz-Farny. Theorem 1 (Droz-Farny [1]). If two perpendicular straight lines are drawn through the orthocenter of a triangle. they intercept a segment on each of the sidelines. The midpoints of these three segments are collinear. In this note we give and prove a projective generalization. We begin with a simple observation. Given triangle ABC and a point S, the perpendiculars to AS, BS, CS at A, B, C respectively concur if and only if S lies on the circumcircle of ABC. In this case, their common point is the antipode of S on the circumcircle. Now, consider 5 points A, B, C, I, I  lying on a conic E and a point S not lying on the line II  . Using a projective transformation mapping the circular points at infinity to I and I  , we obtain the following. Proposition 2. The polar lines of S with respect to the pairs of lines (AI, AI ), (BI, BI  ), (CI, CI  ) concur if and only if S lies on E. In this case, their common point lies on E and on the line joining S to the pole of II with respect to E. The dual form of this proposition is the following. Theorem 3. Let  and  be two lines intersecting at P , tangent to the same inscribed conic E, and d be a line not passing through P . Let X, Y , Z (respectively X  , Y  , Z  ; Xd , Yd , Zd ) be the intersections of  (respectively  , d) with the sidelines BC, CA, AB. If Xd is the harmonic conjugate of Xd with respect to (X, X  ), and similarly for Yd and Zd , then Xd , Yd , Zd lie on a same line d if and only if d touches E. In this case, d touches E and the intersection of d and d lies on the polar of P with respect to E. Publication Date: December 22, 2004. Communicating Editor: Bernard Gibert. The authors thank Paul Yiu for his help in the preparation of this paper.



226



J.-P. Ehrmann and F. M. van Lamoen



An equivalent condition is that A, B, C and the vertices of the triangle with sidelines ,  , d lie on a same conic. More generally, consider points Xd , Yd and Zd such that the cross ratios (X, X  , Xd , Xd ) = (Y, Y  , Yd , Yd ) = (Z, Z  , Zd , Zd ). These points Xd , Yd , Zd lie on a line d if and only if d is tangent to E. This follows easily from the dual of Steiner’s theorem and its converse: two points P , Q lie on a conic through four given points A, B, C, D if and only if the cross ratios (P A, P B, P C, P D) = (QA, QB, QC, QD). If in Theorem 3 we take for d the line at infinity, we obtain the following. Corollary 4. The midpoints of XX , Y Y  , ZZ  lie on a same line d if and only if  and  touch the same inscribed parabola. In this case, if  and  touch the parabola at M and M  , d is the tangent to the parabola parallel to M M . An equivalent condition is that the circumhyperbola through the infinite points of  and  passes through P . We shall say that (,  ) is a pair of DF-lines if it satisfies the conditions of Corollary 4 above. Now, if  and  are perpendicular, we get immediately: (a) if P = H, then (,  ) is a pair of DF-lines because H lies on any rectangular circumhyperbola, or, equivalently, on the directrix of any inscribed parabola. This is the Droz-Farny line theorem (Theorem 1 above). (b) if P = H, then (,  ) is a pair of DF-lines if and only if they are the tangents from P to the inscribed parabola with directrix HP , or, equivalently, they are the parallels at P to the asymptotes of the rectangular circumhyperbola through P . Remarks. (1) The focus of the inscribed parabola touching  is the Miquel point F of the complete quadrilateral formed by AB, BC, CA, , and the directrix is the Steiner line of F . See [3]. (2) If the circle through F and with center P intersects the directrix at M , M , the tangents from P to the parabola are the perpendicular bisectors of F M and F M . (3) The tripoles of tangents to an inscribed parabola are collinear in a line through G. (4) Let A , B , C be the intercepts of  on the sides of ABC. Let Ar , Br , Cr be the reflections of these intercepts through the midpoints of the corresponding sides. Then Ar , Br , and Cr are collinear on the “isotomic conjugate” of . Clearly, the isotomic conjugates of lines from a pencil are tangents to an inscribed conic and vice versa. In the case of inscribed parabolas, as above, the isotomic conjugates of the tangents are a pencil of parallel lines. It is trivial that lines dividing in equal ratios the intercepted segments by two parallel lines are again parallel. So, by isotomic conjugation of lines this holds for tangents to a parabola as well. These remarks lead to a number of simple constructions of pairs of DF-lines satisfying a given condition.
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The Twin Circles of Archimedes in a Skewed Arbelos Hiroshi Okumura and Masayuki Watanabe



Abstract. Any area surrounded by three mutually touching circles is called a skewed arbelos. The twin circles of Archimedes in the ordinary arbelos can be generalized to the skewed arbelos. The existence of several pairs of twin circles, under certain conditions, is demonstrated.



1. Introduction Let O be an arbitrary point on the segment AB in the plane and α, β and γ the semicircles on the same side of the diameters AO, BO and AB, respectively. The area surrounded by the three semicircles is called an arbelos or a shoemaker’s knife (see Figure 1). The common internal tangent of α and β divides the arbelos into two curvilinear triangles and the incircles of these triangles are congruent. They are called the twin circles of Archimedes or Archimedean twin circles. The authors of [3] pose the following question: Is it possible to find any interesting properties of a “skewed arbelos”, in which the centers of the three circles α, β and γ are not collinear (see Figure 2), without resorting to trigonometry? In this article, we show several interesting properties of the skewed arbelos, one of them being the existence, in certain situations, of up to four pairs of twin circles. This property is a generalization of the existence of the twin circles of Archimedes in the ordinary arbelos. γ γ β β
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Figure 1.
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Publication Date: December 29, 2004. Communicating Editor: Paul Yiu. The authors express their sincere thanks to the referee for valuable useful comments that improved this paper.
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2. The skewed arbelos Throughout this paper, α and β are circles with centers (a, 0) and (0, −b) for positive real numbers a and b, touching externally at the origin O, and γ is another circle touching α and β at points different from O. We do not exclude the case, when γ touches α and β externally or when γ is one of the common external tangents of α and β. There are always two different areas surrounded by α, β and γ (if γ touches α and β externally, we still consider the exterior infinite area to be surrounded by these three circles). We select one of these areas in the following way (see Figure 3): If γ touches α and β externally from above, we choose the finite area, if γ touches α and β internally, we choose the upper area, and if γ touches α and β externally from below, we choose the infinite area. We call this area the skewed arbelos formed by the circles α, β and γ.



γ β α



O



Figure 3.



Now we define four sets of tangent circles (or four chains of circles). If we include the lines parallel to the y-axis (circles of infinite radius) among the circles touching the y-axis, there are always two different circles touching γ, α and the y-axis, which do not pass through the tangency point of α and γ. We label the one − + inside of the skewed arbelos as α+ 0 and the other one as α0 . The circles β0 and β0− touching γ, β and the y-axis are defined similarly (see Figure 4). There are also two circles touching α, α+ 0 and the y-axis, one intersecting γ and the other + + + not. We label the former as α+ −1 and the latter as α1 . The circles α2 , α3 , · · · can + be defined inductively in the following way: Assuming the circles α+ i−1 and αi are + + defined, αi+1 is the circles touching α, αi and the y-axis and different from α+ i−1 . + , α , · · · are defined similarly. Now the entire chain of circles The circles α+ −2 −3 + + + + {· · · , α+ −2 , α−1 , α0 , α1 , α2 , · · · } is defined. The other three chains of circles − − − − {· · · , α− −2 , α−1 , α0 , α1 , α2 , · · · }, + + , β−1 , β0+ , β1+ , β2+ , · · · }, {· · · , β−2 − − {· · · , β−2 , β−1 , β0− , β1− , β2− , · · · },
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+ − + − + − where α− −1 , β−1 and β−1 intersect γ, are defined similarly. If αi , αi , βi and βi − + − are proper circles, there radii are denoted by a+ i , ai , bi and bi , respectively. If, + for example, αi is a line parallel to the y-axis, we consider the reciprocal value of its radius to be zero, even though we cannot define the radius a+ i itself.
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Figure 4.



Figure 5.



+ + If α+ k is a proper circle and the centers of αk and αi lie on the same side of + the x-axis for all proper circles α+ i (i > k), we define σ(αk ) = 1, otherwise we + + define σ(αk ) = −1. If αk is a line parallel to the y-axis, we define σ(α+ k ) = 1. − + − The numbers σ(αk ), σ(βk ), σ(βk ) are defined similarly. If γ touches α and β − + − internally, σ(α+ 0 ) = σ(α0 ) = 1 and consequently, σ(αi ) = σ(αi ) = 1 for all non-negative integers i. Let si and tj be the y-coordinates of the tangency points − + − of the circles α+ i and αj with the y-axis. If αi (or αj ) is a line, we consider − si = 0 (or tj = 0). We define σ(α+ i , αj ) = 1, when si tj > 0 and si ≤ tj , or − + − when si tj ≤ 0 and si ≥ tj , otherwise σ(α+ i , αj ) = −1. The number σ(βi , βj ) is defined similarly. If the centers of the three circles α, β and γ are collinear, we get an ordinary arbelos. In this case, the radii of the twin circles, which we denote as rA , are equal to ab/(a + b).
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Theorem 1. For any integers p and q,     + −  2 σ(αq ) p + q  + −  σ(αp )   = √ + √  +  σ(αp , αq )  rA a a+ a− p q and for given circles α and β, the value on the right side does not depend on the circle γ. Proof. Let p and q be arbitrary √ integers. We invert the figure in the circle with center O and radius k = 2 ab, and label the images of all circles with a prime  + − − (see Figure 5). The circles α+ 0 and β0 always lie above the circles α0 and β0 − respectively. σ(α+ p ) = 1 (resp. σ(αq ) = 1) is equivalent to the fact that the center  − + − of α+ p (resp. αq ) lies in the region y ≥ 0 (resp. y ≤ 0) and σ(αp , αq ) = 1  is equivalent to the fact that the y-coordinate of the center of α+ p is greater than  −  or equal to the y-coordinate of the center of αq . Since α is a line parallel to the  − y-axis, the circles α+ p and αq are congruent, and we denote their common radius   as a . Similarly, we denote the common radius of the circles βp+ and βq− as b . Let  − + − us assume that α+ 0 , α0 , αp and αq touch the y-axis at the points S, T , P and Q. If α+ p is a proper circle, the inversion center O is also the center of homothety + of the circles α+ p and αp with homothety coefficient equal to the square of the radius of the inversion circle (i.e., to the power of inversion) divided by the power  + 2 + O(α+ p ) of the point O to the inverted circle αp : k /O(αp ). Hence, the radius of + 2  + α+ p can be expressed as ap = k a /O(αp ) [5, p. 50]. The reciprocal value of this 2  + radius is then 1/a+ p = |OP | /(4aba ). The last equation holds even if αp is a line parallel to the y-axis. Similarly, the reciprocal value of the radius of the circle α− q 2  is equal to 1/a− q = |OQ| /(4aba ). The segment length of the common external + −   tangent of the externally touching  circles γ , α0 , or γ , α0 between the tangency points is equal to |ST |/2 = 2 (a + b )a . Consequently,    + − + )|OP | + σ(α− )|OQ| σ(α σ(α σ(α ) ) p q p q −  −  = σ(α+ √ √  +  σ(α+ p , αq ) p , αq ) + − 2 ab a ap aq      + b )a + 2(p + q)a  4 (a  ||ST | + + |P Q| √ √ √ √ = . = √ √ = 2 ab a 2 ab a 2 ab a Since 4aa = 4bb = 4ab by the definition of inversion, we get a = b and b = a, and we finally obtain    



   + − σ(α σ(α ) ) 1 p + q 1   p q −     √ + + , α ) + = 2 σ(α+ .  p q  a b a  a+ a− p q 2pa



2qa |



The proof of the theorem is now complete.
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We can get a similar expression for the radii of the circles βr+ and βs− for any − integers s and r. According to the proof of Theorem 1, the circles α+ p and αq coincide if and only if P = Q and this is also equivalent to 



p+q a . 1+ =− b 2 Hence, we obtain the following corollary: + + + + − Corollary 2. The two chains {· · · , α+ −2 , α−1 , α0 , α1 , α2 , · · · } and {· · · , α−2 , − − − α− −1 , α0 , α1 , α2 , · · · } coincide if and only if there is an integer n such that



a n2 = − 1. b 4 − In this event, α+ p = α−|n|−p for any integer p. For given circles α and β, this property does not depend on the circle γ . From the inverted skewed arbelos (see Figure 5), it is easy to see that the circles − + − α+ p , αp , βq and βq have two common tangent circles for any integers p and q. The line passing through the center Oγ  of the circle γ and perpendicular to the y-axis is also perpendicular to the lines α and β  and to the circle γ . Let δ be the circle, which is inverted into this line. Since inversion preserves angles between circles or lines, the circle δ is centered on the y-axis and perpendicular to the circles α, β and γ. Consequently, the inversion in δ with positive power leaves the y-axis and these − + − circles in place and exchanges α+ p , αp and βq and βq , respectively. Since the inversion center is also the center of homothety of a circle and its image (external, if the inversion center is outside of the circle, and internal in the opposite case), − the external center of similitude of the circles α+ p and αp is the same point on the y-axis (the center of the circle δ) for any integer p. This point is also the external center of similitude of βq+ and βq− for any integer q. − − + Since σ(α+ p , α−p ) = σ(βq , β−q ) = 1 for any integers p and q, we get the following corollary: Corollary 3. For any integers p and q, − σ(α− ) σ(βq+ ) σ(β−q σ(α+ 2 p) −p )     + = + =√ − − rA a−p b−q a+ b+ p q



and for given circles α and β, the constant value on the right side does not depend on the circle γ. Corollary 4. If γ touches α and β internally, 1 1 1 2 1  + = + =√ rA a+ a− b+ b− 0 0 0 0 and for given circles α and β, the constant value on the right side does not depend on the circle γ. From the last corollary, it is obvious that Theorem 1 is a generalization of the existence of the twin circles of Archimedes in the ordinary arbelos.
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3. The n-th twin circles of Archimedes (symmetrical case) In this section, we demonstrate that in certain situations, a skewed arbelos also has a twin circle property, which is a generalization of the twin circles of Archimedes in an ordinary arbelos. We use the same notations as in the previous section. If − + − one circle of the set {α+ n , α−n , α−n , αn } is congruent to one circle from the set − + {βn+ , β−n , β−n , βn− } for some integer n, the congruent pair is called a pair of the n-th twin circles of Archimedes. The twin circles of Archimedes in the ordinary arbelos are represented by one pair of the 0-th twin circles. If the circles α, β and γ form an ordinary arbelos, √ the intersection of γ with the y-axis in the √ region y > 0 has the coordinates (0, 2 ab). For a real number z, the point (0, 2 ab/z) is denoted by Vz and we consider V0 to be the point at infinity on the y-axis. We show that Vn±1 are closely related to some pairs of the n-th twin circles of Archimedes. There are also other points on the y-axis, related to pairs of the n-th twin circles of Archimedes. For a real number z, consider the following points with the y-coordinates Wz++ : Wz−− : Wz+− : Wz−+ :



√ √ √ −2 ab( a+ b) √ √ √ , z ( a+ b)+2 a+b √ √ √ −2 ab( a+ b) √ √ √ , z ( a+ b)−2 a+b √ √ √ −2 ab( a− b) √ √ √ , z ( a− b)+2 a+b √ √ √ −2 ab( a− b) √ √ √ . z ( a− b)−2 a+b



the x-axis, we get the points V−z , Reflecting the points Vz , Wz++ and Wz+− in √ √ √ √ −− −+ a + b < 2, Wn++ and Wn−− W−z and W−z . Since 2 ≤ 2 a + b/ cannot be the point at infinity on the y-axis for any integer n, but it can happen that each of Wn+− and Wn−+ is identical with the point at infinity for some a, b and integer n. If the circle γ passes, for example, through both Vn+1 and Vn−1 , we say that γ passes through Vn±1 . Theorem 5. Let n be an integer and a = b. ++ + (i) 1/a+ n = 1/bn if and only if the circle γ passes through Vn±1 or Wn±1 . If γ passes through Vn±1 , 



2 1 1 1 n √ +√ +√ a rA b



(1)



 √ 2   √ 1 1 1 a− b √ n √ +√ +√ . √ rA a b a+ b



(2)



1 1 + = + = an bn ++ , and if γ passes through Wn±1



1 1 + = + = an bn
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− −− (ii) 1/a− −n = 1/b−n if and only if the circle γ passes through Vn±1 or Wn±1 . If γ passes through Vn±1 ,
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a− −n
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b− −n



 



2 1 1 1 = −n √ + √ + √ a rA b
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+− − (iii) 1/a+ −n = 1/bn if and only if the circle γ passes through Vn±1 or Wn±1 . If γ passes through Vn±1 ,
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+ −+ (iv) 1/a− n = 1/b−n if and only if the circle γ passes through Vn±1 or Wn±1 . If γ passes through Vn±1 ,



1 1 − = + = an b−n







2 1 1 1 n √ −√ +√ a rA b



−+ and if γ passes through Wn±1 ,



1 1 − = + = an b−n



 √ 2   √ 1 1 1 a+ b √ n √ −√ +√ . √ a rA b a− b
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Figure 6. Proof. Let S and T be the intersections of γ and the y-axis, where S lies on the arc or the line forming the boundary of the skewed arbelos. We denote the ycoordinates of S and T by s and t. If the circle γ touches α and β internally, t < 0 < s, otherwise s < t. We invert the figure in the circle centered at O and √ with radius 2 ab as in the proof of Theorem 1 (see Figure 6), label the images  +  of all circles and points with a prime and denote the radii of α+ n and βn by a    and b . Then we obtain a = b and b = a. Let the line parallel to the x-axis and   passing through S intersect the line α at the point P . Let γ and α+ 0 touch α at  the points Q and R, respectively, and let Oγ  be the center of the circle γ . From the right triangle formed by the√lines Oγ  S  , S  P and the line through Oγ  parallel to the y-axis, we get |P Q| = 2 a b . The segment length of the common external  tangent ofthe touching circles γ , α+ 0 between the tangency points is equal to |QR| = 2 (a + b )a . Hence, the reciprocal radius of α+ n is equal to 



O(α+ (s − |P Q| + |QR| + 2na )2 1 n ) = = 4aba 4aba a+ n √  (s − 2 a b + 2 (a + b )a + 2na )2 =  √ 4aba  (s − 2 ab + 2 (a + b)b + 2nb)2 = , 4ab2 



where s is the y-coordinate of the point S and O(α+ n ) is the power of the point  + + + O to the inverted circle αn . Therefore, 1/an = 1/bn is equivalent to √  √  (s − 2 ab + 2 (a + b)a + 2na)2 (s − 2 ab + 2 (a + b)b + 2nb)2 . = 4ab2 4a2 b
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This quadratic equation for s has two roots:



and



√ s = 2(n + 1) ab.



(3)



 √ 4 ab(a + b) √ . s = −2(n − 1) ab − √ a+ b



(4)







Since ss = 4ab, these are equivalent to



√ 2 ab s= n+1



and



√ √ √ −2 ab a+ b √ s= . √ √ (n − 1) a+ b +2 a+b



++ + Hence, 1/a+ n = 1/bn is equivalent to S = Vn+1 or S = Wn−1 . If S = Vn+1 , then √ t = s − 2|P Q| = 2(n − 1) ab,



where t is the y-coordinate of the point T  . Hence, √ 2 ab 4ab , t=  = t n−1 ++ ++ implies T = Wn+1 . Assume now and we obtain T = Vn−1 . Similarly, S = Wn−1 that the circle γ passes through Vn±1 . If S = Vn−1 and T = Vn+1 , we would have √ 4ab 4ab − = −4 ab < 0, s  − t = s t   which contradicts to the fact s > t . Therefore, S = Vn+1 and s is given by equation (3). Consequently, we arrive to equation (1):  2 √  



 − 2 ab + 2 (a + b)b + 2nb 2 s 1 1 1 1 √ √ + + = = n . √ 4ab2 rA a a+ b n ++ ++ ++ , S = Wn−1 . For if S = Wn+1 , we would again have If γ passes through Wn±1



√ 4ab 4ab − = −4 ab < 0, s t which is a contradiction. Using equation (4), we arrive to equation (2):



2 √  √ 4 ab(a+b) √ −2n ab + 2 (a + b)b + 2nb − √a+ b 1 = 4ab2 a+ n  √ 2  √ 1 1 1 a− b √ = n √ +√ +√ . √ rA a b a+ b s  − t =
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Cases (ii), (iii) and (iv) can be proved similarly as case (i). The reciprocal radii + − 1/a− −n , 1/a−n and 1/an are equal to √  (s − 2 ab − 2 (a + b)b + 2nb)2 (s − |P Q| − |QR| + 2na )2 1 = = , 4aba 4ab2 a− −n √  (s − 2 ab + 2 (a + b)b − 2nb)2 (s − |P Q| + |QR| − 2na )2 = = , 4aba 4ab2 a+ −n  √ (s − 2 ab − 2 (a + b)b − 2nb)2 (s − |P Q| − |QR| − 2na )2 1 = = . 4aba 4ab2 a− n One root of the quadratic equations corresponding to cases (ii), (iii) and (iv) is always given by equation (3) and the other roots are  √ 4 ab(a + b)  √ , (5) s = − 2(n − 1) ab + √ a+ b  √ 4 ab(a + b)  √ , (6) s = − 2(n − 1) ab − √ a− b  √ 4 ab(a + b)  √ . (7) s = − 2(n − 1) ab + √ a− b 1



 If the circle γ passes through the point Vn±1 , we label the arbelos as (Vn±1 ). The ++ −− +− −+ ), (Wn±1 ), (Wn±1 ) and (Wn±1 ) are defined similarly. Reflecting arbeloi (Wn±1 ++ +− the arbeloi (Vn±1 ), (Wn±1 ), (Wn±1 ) in the x-axis yields the arbeloi (V−n±1 ), −− −+ ), (W−n±1 ), respectively. Equation (3) is obtained, when the signs of the (W−n±1   √ √  expressions s −2 ab+2 (a + b)b+2nb and s −2 ab+2 (a + b)a+2na are + the same. This implies that in (Vn±1 ), the centers of the circles α+ n and βn lie on the same side of the x-axis. On the other hand, equation (4) is obtained, when the ++ ), signs of these expressions are different from each other. Consequently, in (Wn±1 + lie on the opposite sides of the x-axis. Similarly, we and β the centers of α+ n n can find, on which sides of the x-axis lie the centers of the n-th twin circles of Archimedes in the remaining arbeloi. These results are arranged in Table 1. ++ −− +− −+ (Vn±1 ) (Wn±1 ) (Wn±1 ) (Wn±1 ) (Wn±1 ) + + + + − − same αn , βn α−n , βn αn , β−n − side α− , β −n −n − + α− , β − opposite α+ α+ n , βn −n , βn −n −n + side α− n , β−n



Table 1.
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According to Theorem 5, there are four different pairs of the n-th twin circles of Archimedes in (Vn±1 ), for any non-zero integer n (see Figure 9). In this case, γ touches α and β externally from below for n ≤ −1, internally for n = 0, externally from above for n ≥ 1. The twin circles of Archimedes in the ordinary arbelos (V0±1 ) and their radii are obtained for n = 0. Figures 7 and 8 show the other pairs ++ +− ) and (W0±1 ). The 0-th of the 0-th twin circles of Archimedes in the arbeloi (W0±1 −− −+ twin circles of Archimedes in (W0±1 ) and (W0±1 ) are obtained by reflecting these figures in the x-axis and exchanging all plus and minus signs in the notation.



β



β0+



α



β



β0−



++ W0+1



γ



α



+− W0+1



++ W0−1



γ α+ 0



+ ++ Figure 7. a+ 0 = b0 for (W0±1 )



+− W0−1



α+ 0



− +− Figure 8. a+ 0 = b0 for (W0±1 )



If γ is the common external tangent of α and β touching these circles from above, it passes through V1±1 , because this tangent bisects the segment OV1 [2]. Hence, we get the following corollary (see Figure 9): Corollary 6. If γ is the common external tangent of α and β, touching these circles + − − + − − + from above, then (i) a+ 1 = b1 , (ii) a−1 = b−1 , (iii) a−1 = b1 , (iv) a1 = b−1 , and 1 1 1 1 1 1 1 1 = + + = = + + . (v)  + − + − − + − a a b b a+ a b b −1 −1 −1 −1 1 1 1 1 √ √ √ Proof. Since 1/ a, 1/ b, 1/ rA satisfy the triangle inequality, relation (v) immediately follows from Theorem 5. 
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β0− α− 1
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Figure 9.



− − − a+ −1 = b1 , a−1 = b−1 for (V1±1 )



α− 0



+ − + Magnified, a+ 1 = b1 , a1 = b−1



Theorem 7. Any circle touching α and β at points different from O passes through Vz±1 for some real number z. The proper circle touching α and β at points different from O and passing through Vz±1 for a real number z = ±1 can be given by the equation  √ 2  



2z ab a+b 2 b−a 2 + y− 2 = (8) x− 2 z −1 z −1 z2 − 1 and conversely. The common external tangents of α and β can be expressed by the equations √ (9) (a − b)x ∓ 2 aby + 2ab = 0, which are obtained from equation (8) by approaching z to ±1. Proof. We √ again invert the circles α, β and γ in the circle centered at O and with radius 2 ab as in the proofs of Theorems 1 and 5 and use the same notation. The circle γ is then carried into the circle γ with radius c = a + b, because a = b and b = a. The intersection of the skewed arbelos boundary and the y-axis can be expressed as Vz+1 for some real number z. Let t be the y-coordinate of the other intersection of γ and the y-axis. These intersections are carried into √the   intersections of γ√and the y-axis with √ the y-coordinates s = 4ab/s = 2(z+1) ab and t = s − 4√ ab = 2(z − 1) ab (see the proof of Theorem 5), leading to t = 4ab/t = 2 ab/(z − 1). Hence, the other intersection of γ and the y-axis
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is identical with the point Vz−1 . Assume that γ is a proper circle passing through Vz±1 for a real number z = ±1 and let (x √0 , y0 ) be the coordinates of the center of γ. Obviously, y0 = (s + t )/2 = 2z ab and x0 = (2a − 2b )/2 = b − a, where (x0 , y0 ) are the coordinates of the center of γ . The inversion center at the coordinate origin O is also the center of homothety of the circles γ and γ , with homothety coefficient equal to h = 4ab/O(γ ). Since O(γ  ) = s t = 4(z 2 − 1)ab, this homothety coefficient is equal√to h = 1/(z − 1)2 . Hence, x0 = x0 h = (b − a)/(z 2 − 1), y0 = y0 h = 2z ab/(z 2 − 1) and the radius of the circle γ is c = c h = (a + b)/|z 2 − 1|, which leads to equation (8). The converse follows from the fact that (8) determines a circle touching α and β at points different from O and passing through Vz+1 at the skewed arbelos boundary and this circle is then expressed by (8) again as we have already demonstrated. If z → ±1 and we neglect the terms quadratic in z2 − 1 in (8), the remaining factors z2 − 1 cancel out and we arrive to equation (9).  4. Relationship of two skewed arbeloi In this section, we analyze further properties of the skewed arbeloi (Vn±1 ), ++ −− +− −+ ), (Wn±1 ), (Wn±1 ) and (Wn±1 ) for an arbitrary integer n and also con(Wn±1 sider properties of the circle orthogonal to α and β. We assume that the circles α and β are fixed. For these arbeloi, the circles formerly denoted by α+ m for an integer + . Similarly, we relabel and their radii as a m are now labeled explicitly as α+ n,m n,m + − the circles formerly denoted by α− m , βm and βm and their radii. The circle passing through Vz±1 and touching α and β at points different from O is denoted by γz for a real number z. If γz is a proper circle, it is expressed by (8), and the circle γn ++ +− forms (Vn±1 ) with α and β. Reflecting the arbeloi (Vn±1 ), (Wn±1 ) and (Wn±1 ) −− −+ in the x-axis yields the arbeloi (V−n±1 ), (W−n±1 ), (W−n±1 ), respectively. There∓ ∓ ± fore 1/a± n,m = 1/a−n,m and 1/bn,m = 1/b−n,m in the arbelos pairs (Vn±1 ) and ++ −− +− −+ ) and (W−n±1 ); (Wn±1 ) and (W−n±1 ), but this is trivial. (V−n±1 ); (Wn±1 ++ −− are symmetrical in Since the y-coordinates of the points Vn±1 , Wn±1 and Wn±1 ± ± a and b, the radii bn,m can be obtained from an,m by replacing a with b and b with ++ −− ) and (Wn±1 ). On the other hand, the y-coordinates a in the arbeloi (Vn±1 ), (Wn±1 +− −+ of the points Wn±1 and Wn±1 are not symmetrical in a and b. Hence, we cannot +− −+ ) and (Wn±1 ). Using the same draw the same conclusion for the arbeloi (Wn±1 notations as in the proof of Theorem 5, from equation (3) for the arbelos (Vn±1 ), we get  2 √ 



2  − 2 ab ± 2 (a + b)b ± 2mb s m 1 n 1 = = √ ±√ ±√ . 4ab2 rA a a± b n,m ++ ), Using equation (4) for the arbelos (Wn±1  2 √ √ m n a− b 1 1 √ √ = √ −√ +√ , a a+ b a + b rA n,m
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1



a− n,m



 =



2 √ √ m n 3 a+ b 1 √ √ √ +√ + √ . a b a + b rA



−− ), Using equation (5) for the arbelos (Wn±1  2 √ √ 3 a+ b 1 1 m n √ √ = √ −√ − √ , a a+ b a + b rA n,m



1



a− n,m



 =



2 √ √ a− b 1 m n √ +√ −√ √ √ . a b a + b rA



+− ), Using equation (6) for the arbelos (Wn±1  2 √ √ n m a+ b 1 1 √ √ = √ −√ +√ , a a+ b a − b rA n,m



1



a− n,m 1



b+ n,m 1



b− n,m







2 √ √ m 3 a− b 1 n √ √ √ +√ + √ , a b a − b rA







2 √ √ 3 b− a 1 m n √ −√ − √ , √ √ a b b − a rA



=



=



 =



2 √ √ m n b+ a 1 √ +√ −√ . √ √ a b b − a rA



−+ ), Using equation (7) for the arbelos (Wn±1  2 √ √ m 3 a− b 1 n 1 √ √ = √ −√ − √ , a a+ b a − b rA n,m



1



a− n,m 1



b+ n,m 1



b− n,m







2 √ √ m n a+ b 1 √ √ √ +√ −√ , a b a − b rA







2 √ √ m n b+ a 1 √ −√ +√ , √ √ a b b − a rA



=



=  =



2 √ √ 3 b− a 1 m n √ +√ + √ . √ √ a b b − a rA



By comparing the above equations, we obtain the following theorem (see Figure 10):
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γ0 β



γ1 + β0,1



α+ 1,0



α



+ Figure 10. a+ 1,0 = b0,1 for (V1±1 ) and (V0±1 )



Theorem 8. Let n and m be integers. + + + (i) For (Vn±1 ) and (Vm±1 ), we have 1/a+ n,m = 1/bm,n , 1/bn,m = 1/am,n , − − − 1/a− n,−m = 1/bm,−n , and 1/bn,−m = 1/am,−n . ++ ++ + + + (ii) For (Wn±1 ) and (Wm±1 ), we have 1/a+ n,m = 1/bm,n and 1/bn,m = 1/am,n . −− −− − − − (iii) For (Wn±1 ) and (Wm±1 ), we have 1/an,−m = 1/bm,−n and 1/bn,−m = 1/a− m,−n . +− +− − ) and (Wm±1 ), we have 1/a+ (iv) For (Wn±1 n,−m = 1/bm,n . −+ −+ + − (v) For (Wn±1 ) and (Wm±1 ), we have 1/an,m = 1/bm,−n . −− ++ + + − ) and (Wm±1 ), we have 1/a− (vi) For (Wn±1 n,m = 1/bm,−n and 1/bn,m = 1/am,−n . +− −+ − − + (vii) For (Wn±1 ) and (Wm±1 ), we have 1/a+ n,m = 1/bm,n and 1/bn,−m = 1/am,−n . α is the circle touching α, γ and γ and For different real numbers z and w, ζz,w z w passing through neither the tangency point of α and γz nor the tangency point of β is defined. In the figure α and γw and different from β. Similarly the circle ζz,w formed by (V0±1 ) and (V1±1 ), two other congruent pairs of inscribed circles can be found (see Figure 11).



Theorem 9. The circle inscribed in the curvilinear triangle formed by γ0 , the yα . axis, and one of the twin circles of Archimedes touching β is congruent to ζ0,1 To prove this theorem, we use the following result of the old Japanese geometry [7] (see Figure 12): Lemma 10. Assume that the circle C with radius r is divided by a chord t into two arcs and let h be the distance from the midpoint of one of the arcs to t. If two externally touching circles C1 and C2 with radii r1 and r2 also touch the chord t and the other arc of the circle C internally, then h, r, r1 and r2 are related as 



1 2 2r 1 . + + =2 r1 r2 h r1 r2 h Proof. The centers of C1 and C2 can be on the opposite sides of the normal dropped on t from the center of C or on the same side of this normal. From the right triangles formed by the centers of C and Ci (i = 1, 2), the line parallel to t through the center of C, and the normal dropped on t from the center of Ci , we have   √ | (r − r1 )2 − (h + r1 − r)2 ± (r − r2 )2 − (h + r2 − r)2 | = 2 r1 r2 ,
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where we used the fact that the segment length of the common external tangent of √ C1 and C2 between the tangency points is equal to 2 r1 r2 . The formula of the lemma follows from this equation.  Now we can prove Theorem 9. The distance between the common external tangent of α and β and the midpoint of the minor arc of the circle γ0 formed by this tangent is 2rA [2]. According to Lemma 10, the radii of the two inscribed circles are the root of the same quadratic equation 



(a + b)2 1 1 a+b + + =2 . r a ab a2 br From Figure 11, it is obvious that one root of this quadratic equation is equal to b.  The other root is then a2 b/(a + 2b)2 .



β ζ0,1



V1



γ0



C1



γ1



C2



t α ζ0,1



β



B



α O



C



h



A



Figure 11. Two small congruent pairs



Figure 12.



√ Now we consider circles orthogonal to α and β. Let t = (a + b)/ ab and let (z be the circle with a diameter OVz for a real number z, where we consider (0 is identical with the x-axis. The mapping γz → (z gives a one to one correspondence between the circles touching α and β at points different from O and the circles orthogonal to α and β. The circle (1 intersects α and γ1 perpendicularly at their tangency point and the line segment AV1 also passes through this point [2]. Theorem 11. Let z and w be real numbers. (i) The circle (z intersects α and γz perpendicularly at their tangency point and the line segment AVz also passes through this point. (ii) Let w = 0. The circle (z is orthogonal to any circle touching γz−w and γz+w . In α perpendicularly at their tangency point. If particular (z intersects α and ζz−w,z+w the two circles γz−w and γz+w intersect, (z also passes through their intersection. (iii) The two circles γz and γw touch if and only if z − w = ±t. The circle (z touches γz−t/2 and γz+t/2 at their tangency point. (iv) The reciprocal radius of (zt is |z|/rA . Proof. √We once again invert the circles in the circle centered at O and with radius 2 ab as in the proofs of Theorems 1, 5 and 7 and use the same notation.
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The circle γz is√then carried into the circle γz  touching α at a point with the as shown in the proof of Theorem 7 and (z is carried into y-coordinate 2z ab √ the line (z  : y = 2z ab. This implies that (z intersects α and γz at their tangency point perpendicularly. The last part of (i) follows from the fact that the three points A , the tangency point of α and γz  and Vz  lie on a circle passing through O in this order. (ii) follows from the fact that the two circles γz−w  and γz+w     are√symmetrical √ in the line (z . The two circles γz and γw touch if and only if 2z ab − 2w ab = ±2(a + b) and this is equivalent to z − w = ±t. This gives the first half part of (iii). The remaining part of (iii) and (iv) are now obvious.  α touches α at a fixed point for any non-zero real number w, The circle ζz−w,z+w which is the intersection of α and (z by (ii) of the theorem. For any chain of circles touching α and β, the reciprocals of the radii of their associated circles orthogonal to α and β and the circles in this chain form a geometric progression by the first half part of (iii) and (iv) of the theorem, where we assume that the radius of the associated circle touching the x-axis from below has minus sign. In particular, starting with the ordinary arbelos, we get the chain of circles



{· · · , γ−2t , γ−t , γ0 , γt , γ2t , · · · } and the reciprocal radius of the circle (nt associated with γnt in this chain is n/rA . In the case n = 1, we get the well-known fact that the circle orthogonal to α, β and the inscribed circle of the ordinary arbelos is congruent to the twin circles of Archimedes in the ordinary arbelos [1]. Now let us consider some other special cases of Theorem 11. In Figure 11, the circle with center V1 passing through O, α (also β and ζ β ) perpendicularly at their tangency i.e., (1/2 , intersects α and ζ0,1 0,1 point and also intersects γ0 and γ1 at their intersections. These results are obtained by letting z = w = 1/2 in (ii). The circle ((n+1/2)t with radius rA /(n + 12 ) touches γnt and γ(n+1)t at their tangency point by (iii) and (iv). In particular the circle (t/2 , which is double the size of the twin circles of Archimedes in the ordinary arbelos, α (also β and ζ β ) perpendicularly at their tangency point and intersects α and ζ0,t 0,t also touches γ0 and γt at their tangency point (see Figure 13). β ζ0,t



γt/2



γ0 γt



α ζ0,t



t/2 B



O



α A



β



Figure 13.
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There is a tangent between (t/2 and each of the twin circles of Archimedes in the ordinary arbelos which is parallel to the y-axis. In order to avoid the overlapping circles, reflected twin circles of Archimedes in the x-axis are drawn in Figure 13. From (8) we can see that the circle γt/2 (also γ−t/2 ) touches the x-axis.



5. The n-th twin circles of Archimedes (asymmetrical case) To investigate further possibilities of the existence of pairs of the n-th twin circles of Archimedes, we define several other points on the y-axis, which are also related to some of those pairs. Consider the following points on the y-axis with given y-coordinates: Xn,+ : Xn,− : Yn,+ : Yn,− : Also, ++ Zn,+



:



++ : Zn,− −− : Zn,+ −− : Zn,− +− : Zn,+ +− : Zn,− −+ : Zn,+ −+ : Zn,−



√ √ √ −2 ab( a− b) √ √ √ √ , n( a+ b)+( a− b) √ √ √ −2 ab( a− b) √ √ √ √ ; n( a+ b)−( a− b) √ √ √ −2 ab( a+ b) √ √ √ √ , n( a− b)+( a+ b) √ √ √ −2 ab( a+ b) √ √ √ √ . n( a− b)−( a+ b)



√ √ √ 2 ab( a+ b) √ √ √ √ √ , n( a− b)+( a+ b)−2 a+b √ √ √ 2 ab( a+ b) √ √ √ √ √ , n( a− b)−( a+ b)−2 a+b √ √ √ 2 ab( a+ b) √ √ √ √ √ , n( a− b)+( a+ b)+2 a+b √ √ √ 2 ab( a+ b) √ √ √ √ √ , n( a− b)−( a+ b)+2 a+b √ √ √ 2 ab( a− b) √ √ √ √ √ , n( a+ b)+( a− b)−2 a+b √ √ √ 2 ab( a− b) √ √ √ √ √ , n( a+ b)−( a− b)−2 a+b √ √ √ 2 ab( a− b) √ √ √ √ √ , n( a+ b)+( a− b)+2 a+b √ √ √ 2 ab( a− b) √ √ √ √ √ . n( a+ b)−( a− b)+2 a+b



++ ++ +− +− , Zn,− , Zn,+ and Zn,− in Reflecting the points Xn,+ , Xn,− , Yn,+ , Yn,− , Zn,+ −− −− −+ the x-axis, we get the points X−n,− , X−n,+ , Y−n,− , Y−n,+ , Z−n,− , Z−n,+ , Z−n,− √ √ √ √ −+ and Z−n,+ , respectively. Since −1 < ( a − b)/( a + b) < 1, Xn,+ and Xn,− cannot be the point at infinity on the y-axis for any integer n, if a = b. However, any of the other points can be identical with the point at infinity for some a and b and integer n. The proof of the next theorem is similar to the proof of Theorem 5.



Theorem 12. Let n be an arbitrary integer and a = b.
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+ ++ (i) 1/a+ n = 1/b−n if and only if the circle γ passes through Xn,± or Zn,± . If γ passes through Xn,± , 2



√ 1 a+b 1 1 √ −1 + = + = n√ rA an b−n a− b ++ and if γ passes through Zn,± ,  √ √ 2  √ 1 a+b a− b 1 1 √ −1 √ n√ . √ + = + = rA an b−n a− b a+ b −− − (ii) 1/a− −n = 1/bn if and only if the circle γ passes through Xn,± or Zn,± . If γ passes through Xn,± , 2



√ 1 a+b 1 1 √ +1 − = − = n√ rA a−n bn a− b −− and if γ passes through Zn,± ,  √ √ 2  √ 1 a+b a− b 1 1 √ +1 √ n√ . √ − = − = rA a−n bn a− b a+ b − +− (iii) 1/a+ −n = 1/b−n if and only if the circle γ passes through Yn,± or Zn,± . If γ passes through Yn,± , 2



√ 1 a+b 1 1 √ −1 + = − = n√ rA a−n b−n a+ b +− and if γ passes through Zn,± ,  √ √ 2  √ 1 a+b a+ b 1 1 √ −1 √ n√ . √ + = − = rA a−n b−n a+ b a− b −+ + (iv) 1/a− n = 1/bn if and only if the circle γ passes through Yn,± or Zn,± . If γ passes through Yn,± , 2



√ 1 a+b 1 1 √ +1 − = + = n√ rA an bn a+ b −+ and if γ passes through Zn,± ,  √ √ 2  √ 1 a+b a+ b 1 1 √ +1 √ n√ . √ − = + = rA an bn a+ b a− b



Each of the propositions (i), (ii), (iii) and (iv) in Theorems 5 and 11 asserts the existence of two different pairs of the n-th twin circles of Archimedes in two different arbeloi, but the ratio of their radii is independent of n and the circle γ and √ √ √ ±2 √ . always equal to ( a + b)/( a − b)
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α β1−



X1,+



α− −1



γ + β−1



β1+



Y1,−



α+ −1



X1,− α+ 1



β



α γ α− 1 Y1,+ − β−1



+ − − Figure 14. a+ 1 = b−1 , a−1 = b1 for (X1,± )



− − + a+ −1 = b−1 , a1 = b1 for (Y1,± )



If the circle γ passes through the points Xn,± , we label the arbelos as (Xn,± ). ++ −− +− −+ ), (Zn,± ), (Zn,± ) and (Zn,± ) are defined similarly. ReThe arbeloi (Yn,± ), (Zn,± ++ +− ) and (Zn,± ) in the x-axis, we get (X−n,± ), (Y−n,± ), flecting (Xn,± ), (Yn,± ), (Zn,± −− −+ ) and (Z−n,± ), respectively. Table 2 shows, on which sides of the x-axis (Z−n,± lie the centers of the n-th twin circles of Archimedes in these arbeloi. According to Theorem 12, there are two pairs of the n-th twin circles of Archimedes in the arbeloi (Xn,± ) and (Yn,± ) (see Figure 14).



same side opposite side



(Xn,± ) + α+ n , β−n − α−n , βn−



(Yn,± )



++ (Zn,± )



−− (Zn,± )



− + − + − α+ −n , β−n αn , β−n α−n , βn − + αn , βn



Table 2.



+− −+ (Zn,± ) (Zn,± ) + − − + α−n , β−n αn , βn
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6. Another twin circle property We demonstrate the existence of another pair of twin circles in the case, when the circle γ and the line joining the centers of α and β intersect. This pair of twin circles is a generalization of the circles W6 and W7 in [4]. A related result can be seen in [6]. We start by proving the following lemma: Lemma 13. Let A0 B0 be the diameter of the circle γ parallel to the x-axis and intersecting the y-axis at the point O . Let a0 = |A0 O | and b0 = |B0 O |, where A0 and B0 lie on the same sides of the y-axis as the circles α and β, respectively. If γ touches α and β internally, a/b = a0 /b0 and if γ touches α and β externally, a/b = b0 /a0 . Proof. Assume that γ touches α and β internally and a < b (see Figure 15). Let Oα , Oβ and Oγ be the centers of α, β and γ and F the foot of the normal dropped from Oγ to the x-axis. By Pythagorean theorem we get |Oγ Oα |2 − |Oα F |2 = |Oγ Oβ |2 − |Oβ F |2 . Substituting |Oγ Oα | = (a0 + b0 )/2 − a, |Oγ Oβ | = (a0 + b0 )/2 − b, |Oα F | = a + |Oγ O |, |Oβ F | = b − |Oγ O | and |Oγ O | = (a0 + b0 )/2 − a0 , we obtain a/b = a0 /b0 . The case, when γ touches α and β externally, can be proved in a similar way. 



β B0
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A0 α



Q LQ



Oγ



Oβ F γ



P LP



Figure 15.



Theorem 14. Let AO and BO be the diameters of the circles α and β on the xaxis. Let P and Q be the intersections of the circle γ with the x-axis, choosing P and Q so that A, P , Q, B follow in this order on the x-axis, if we regard it as a circle of infinite radius closed through the point at infinity. Let LP and LQ be the lines through P and Q perpendicular to the x-axis. The circle touching the y-axis from the side opposite to β and the tangents to β from an arbitrary point on LP is congruent to the circle touching the y-axis from the side opposite to α and the tangents to α from an arbitrary point on LQ .



250



H. Okumura and M. Watanabe



Proof. We use the same notation as in Lemma 13 and its proof. Assume that γ touches α and β internally and a < b. According to Lemma 13, there is a real number k, such that a = a0 k and b = b0 k. Hence, |Oγ F |2 =((a0 + b0 )/2 − b0 k)2 − (b0 k − d)2 , |QF |2 =|Oγ Q|2 − |Oγ F |2 = 2a0 b0 k + d2 , where d = |OF | = (b0 − a0 )/2. Let rb be the radius of the circle touching the y-axis from the side opposite to α and the common external tangents of α from an arbitrary point on LQ . Similarly, let ra be the radius of the circle touching the y-axis from the side opposite to β and the common external tangent of β from an arbitrary point on LP . From the similarity of the circle with radius rb and the circle α, we have √ √ d2 + 2a0 b0 k + d − rb d2 + 2a0 b0 k + d + a0 k , = rb a0 k √ 1 d2 + 2a0 b0 k − d 1 + . = rb a0 k a0 b0 k Similarly we obtain √ 1 d2 + 2a0 b0 k + d 1 + . = ra b0 k a0 b0 k But we can easily show that 1/ra − 1/rb = 0 or ra = rb . The case, when γ touches α and β externally, can be proved in a similar way.  Theorem 14 holds even in the case, when γ is one of the common external tangents of the circles α and β, if we consider γ to intersect the x-axis at the point at infinity. In this case, if a < b, these twin circles are congruent to α. If γ touches α and β internally, the minimum radii of these twin circles are equal to rA , which is the case of the ordinary arbelos. If γ touches α and β externally, the radii of the twin circles are maximum in the case, when γ touches the x-axis. Let r be the maximum radius of the twin circles, c the radius of γ and d the distance of the tangency point of γ with the x-axis from the origin O and assume a < b. In this case c2 = (c + a)2 − (d − a)2 = (c + b)2 − (d + b)2 . Eliminating c and solving this equation for d, we get d = 4ab/(b − a). From the similarity of the circle α and the corresponding twin circle, (d − a)/a = (d + r)/r, which implies r = 2rA . Consequently, we obtain that if a < b, rA < a < 2rA , and the the common radii of the twin circles take the minimum value rA for the ordinary arbelos, a when γ is one of the common external tangents of α and β, and the maximum value 2rA when γ touches the x-axis. Since the circle γ touching the x-axis is identical with γ±t/2 as mentioned at the end of §4, there is one more circle congruent to the twin circles in the last case, which is the circle (±t/2 associated to γ±t/2 by (iv) of Theorem 11 (see Figure 13).
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7. Conclusion We have demonstrated several interesting properties of the skewed arbelos, which could not have been found by consider the ordinary one. Since we confined our discussion largely to a generalization of the twin circles of Archimedes, it appears to be worth the effort to investigate other topics related to the skewed arbelos. We conclude our paper by proposing a problem. Let α, β and γ be three circles forming a skewed arbelos, i.e., γ is given by equations (8) or (9), and let δ be a circle touching α and β at their tangency point O and intersecting γ. The circle δ divides the skewed arbelos into two curvilinear triangles. Find (or construct) the circle δ, such that the incircles of the two curvilinear triangles are congruent (see Figure 16).
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A Generalization of the Kiepert Hyperbola Darij Grinberg and Alexei Myakishev



Abstract. Consider an arbitrary point P in the plane of triangle ABC with cevian triangle A1 B1 C1 . Erecting similar isosceles triangles on the segments BA1 , CA1 , CB1 , AB1 , AC1 , BC1 , we get six apices. If the apices of the two isosceles triangles with bases BA1 and CA1 are connected by a line, and the two similar lines for B1 and C1 are drawn, then these three lines form a new triangle, which is perspective to triangle ABC. For fixed P and varying base angle of the isosceles triangles, the perspector draws a hyperbola. Some properties of this hyperbola are studied in the paper.



1. Introduction We consider the following configuration. Let P be a point in the plane of a triangle ABC, and AA1 , BB1 and CC1 be the three cevians of P . For an arbitrary nonzero angle ϕ satisfying −π2 < ϕ < π2 , we erect two isosceles triangles BAb A1 and CAc A1 with the bases BA1 and A1 C and base angle ϕ, both externally to triangle ABC if ϕ > 0, and internally otherwise. The same construction also ϕ. gives the points Bc , Ba , Ca , Cb , with isosceles triangles all with base angle  This configuration depends on triangle ABC, the point P and ϕ ∈ − π2 , π2 \ {0}. A Ba



Ca



C1 B1
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Figure 1.



We study an interesting locus problem associated with this configuration. Publication Date: December 29, 2004. Communicating Editor: Paul Yiu. The authors thank Professor Paul Yiu for his assistance and for the contribution of results which form a great part of §5.
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2. The coordinates of the vertices In this paper we work with homogeneous barycentric coordinates, and make use of John H. Conway’s notations. See [1] for some basic properties of the Conway symbols. We begin by calculating the barycentric coordinates of the apices of our isosceles triangles. Let (u : v : w) be the homogeneous barycentric coordinates of the point P . Proposition 1. The apices of the isosceles triangles on BA1 and A1 C are the points Ab =(−a2 w : 2Sϕ v + (SC + Sϕ )w : (SB + Sϕ )w),



(1)



Ac =(−a2 v : (SC + Sϕ )v : 2Sϕ w + (SB + Sϕ )v).



(2)



Proof. Let Aϕ be the apex of the isosceles triangle with base BC and base angle ϕ. It is well known that the point Aϕ has the coordinates (−a2 : SC + Sϕ : SB + Sϕ ). The line Ab A1 is parallel to the line Aϕ C; hence, using directed segments, we have BAb w BA1 = , so that (identifying every point with the vector to the point = Ab Aϕ A1 C v from an arbitrarily chosen origin),  2  a w (SC + Sϕ )w vB + wAϕ (SB + Sϕ )w = − : +v : . Ab = v+w 2Sϕ 2Sϕ 2Sϕ Here, we have used the fact that the sum of the coordinates of the point Aϕ is −a2 + (SB + SC ) + 2Sϕ = 2Sϕ . This yields the coordinates of Ab given in (1) above. Similarly, Ac is as given in (2). The four remaining apices can be computed readily.  Let La be the line joining the apices Ab and Ac . It is routine to compute the barycentric equation of the line La . Proposition 2. The equation of the line La is (3) (SB v 2 + SC w2 + Sϕ (v + w)2 )x + a2 w2 y + a2 v 2 z = 0.  π π Proof. For ϕ ∈ − 2 , 2 \ {0}, the equation of the line joining Ab and Ac is     x y z   2  = 0. −a w 2Sϕ v + (SC + Sϕ )w (SB + Sϕ )w   2  −a v (SC + Sϕ )v 2Sϕ w + (SB + Sϕ )v  



This simplifies into (3) above. Similarly, we define Lb and Lc . Their equations can be easily written down: b2 w2 x + (SC w2 + SA u2 + Sϕ (w + u)2 )y + b2 u2 z =0, 2 2



2 2



2



2



2



c v x + c u y + (SA u + SB v + Sϕ (u + v) )z =0.



(4) (5)
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3. The triangle formed by the lines La , Lb , Lc Consider the triangle bounded by the lines La , Lb and Lc . This has vertices A2 = Lb ∩ Lc ,



B2 = Lc ∩ La ,



C2 = La ∩ Lb .



Theorem 3. The triangle bounded by the lines La , Lb , Lc is perspective with ABC. Their axis of perspectivity is the trilinear polar of the barycentric square of the point P . Proof. Let A0 = BC ∩ La , B0 = CA ∩ Lb , and C0 = AB ∩ Lc . In homogeneous barycentric coordinates, these are the points A0 = (0 : −v 2 : w2 ),



B0 = (u2 : 0 : −w2 ),



C0 = (−u2 : v 2 : 0)



respectively, and are all on the line x y z + + = 0. (6) u2 v 2 w2 It follows from the Desargues theorem that ABC and the triangle bounded by the lines La , Lb , Lc are perspective. Note that the axis of perspectivity (6) is the trilinear polar of the point (u2 : v 2 : w2 ), the barycentric square of P .1 It is independent of ϕ.  The perspector of the triangles, however, varies with ϕ. We work out its coordinates explicitly. The vertices of the triangle in question are A2 = Lb ∩ Lc ,



B2 = Lc ∩ La ,



C2 = La ∩ Lb .



From (4) and (5), the line joining A2 to A has equation c2 (v 2 (SC w2 + SA u2 + 2Sϕ (w + u)2 ) − b2 w2 u2 )y − b2 (w2 (SA u2 + SB v 2 + 2Sϕ (u + v)2 ) − c2 u2 v 2 )z = 0. Similarly, by writing down the equations of the lines BB2 and CC2 , we easily find the perspector of the triangles ABC and A2 B2 C2 . Theorem 4. For any point P and any angle ϕ, the perspector of the triangles ABC and A2 B2 C2 is the point   a2 : ··· : ··· KP (ϕ) = −SB v 2 (w2 − u2 ) + SC w2 (u2 − v 2 ) + u2 (v + w)2 Sϕ (7) Strictly speaking, the perspector KP (ϕ) is not defined in the cases ϕ = 0 and ϕ = π2 . However, in these two cases we can define the perspectors as the limits of the perspector when the angle approaches 0 and π2 , respectively. The coordinates of these limiting perspectors can be obtained from (7) by substituting ϕ = 0 and π2 respectively. 1If we take the harmonic conjugates A , B  and C  of the points A , B , C with respect to the 0 0 0 0 0 0



sides BC, CA, AB respectively, then the lines AA0 , BB0 and CC0 concur at the trilinear pole of the line A0 B0 C0 , which is the barycentric square of P . This gives an interesting construction of the barycentric square of a point. For another construction, see [2].
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1 u2







a2  − SC u12 −



1 v2
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4. The locus of the perspector From the coordinates of the perspector KP (ϕ) given in (7), it is clear that the point lies on the isogonal conjugate of the line joining the points P1 =(u2 (v + w)2 : v 2 (w + u)2 : w2 (u + v)2 ), P2 =(−SB v 2 (w2 − u2 ) + SC w2 (u2 − v 2 ) : · · · : · · · )       1 1 1 1 − − − SC : ··· : ··· . = SB w2 u2 u2 v 2 Obviously P1 is an interior point of triangle ABC. It is more interesting to note that P2 is an infinite point, evidently of the line       1 1 1 1 1 1 − − − x + SB y + SC z = 0. (8) SA v 2 w2 w2 u2 u2 v 2   Note that v12 − w12 : w12 − u12 : u12 − v12 is also an infinite point, of the line (6). From (8), these two lines are orthogonal. See [3, p.52]. Theorem 5. Let P = (u : v : w). The locus KP is the isogonal conjugate of the line through the point (u2 (v + w)2 : v 2 (w + u)2 : w2 (u + v)2 ) perpendicular to the trilinear polar of (u2 : v 2 : w2 ).



A generalization of the Kiepert hyperbola



257



If P is not the centroid 2 and if this line does not pass through any of the vertices of ABC or its antimedial triangle, then the locus KP is a circum-hyperbola, 3 which is rectangular if and only if P lies on the quintic a2 v 2 w2 (v − w) + b2 w2 u2 (w − u) + c2 u2 v 2 (u − v) =uvw(u + v + w)((b2 − c2 )u + (c2 − a2 )v + (a2 − b2 )w).



(9)



We shall study the degenerate case in §6 below. 5. Special cases 4 4 4 5.1. The orthocenter. If P = H, the  orthocenter, P1 = (a : b : c ) and the  1 1 1 : SBB : SCC is the line SAA x + SBB y + SCC z = 0. The trilinear polar of SAA perpendicular from P1 to this line is the line



c2 − a2 a2 − b2 b2 − c2 x + y + z = 0, a2 b2 c2 which is clearly the Brocard axis OK. The locus KH is therefore the Kiepert hyperbola K. A typical point on K is the Kiepert perspector   1 1 1 : : K(θ) = SA + Sθ SB + Sθ SC + Sθ which is the perspector of the triangle of apices of isosceles triangles of base angles θ erected on the sides of triangle ABC. Theorem 6. KH (ϕ) = K(θ) if and only if cot ϕ(cot ω + cot θ) + cot θ cot ω + 1 = 0,



(10)



where ω is the Brocard angle of triangle ABC. Proof. From (7),



 KH (ϕ) =



1 SBC − SAA + a2 Sϕ



 : ··· : ···



.



This is the same as K(θ) if and only if ((SCA − SBB + b2 Sϕ )(SAB − SCC + c2 Sϕ ), · · · , · · · ) =k((SB + Sθ )(SC + Sθ ), · · · , · · · ) for some k. These conditions are satisfied if and only if k = (SA + SB + SC + Sϕ )2 , and



Sθ Sϕ + (SA + SB + SC )(Sθ + Sϕ ) + S 2 = 0. This latter condition translates into (10) above.







2K (ϕ) = K, the symmedian point, for every ϕ. G 3In fact, being the isogonal conjugate of the line P P , this is a circumconic. Since the line P P 1 2 1 2



intersects the circumcircle of triangle ABC (as P1 is an interior point), it is a circum-hyperbola. The isogonal conjugate of the point P2 is the fourth point of intersection of the circumscribed hyperbola with the circumcircle of triangle ABC.
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Note that the relation (10) is symmetric in ϕ, ω, and θ. From this we obtain the following interesting corollary. Corollary 7. KH (ϕ) = K(θ) if and only if KH (θ) = K(ϕ). Here are some examples of corresponding ϕ and θ. ϕ θ



π 4 − π4



− π4 π 4



ω −ω − arctan(sin 2ω) 0



5.2. The incenter. If P = I, the incenter, we have P1 = (a2 (b + c)2 : b2 (c + a)2 : c2 (a + b)2 ) = X1500 . The point P2 is the infinite point of the perpendicular to the Lemoine axis, namely, X511 = (a2 (a2 (b2 + c2 ) − (b4 + c4 )) : · · · : · · · ), the same as the case P = H. The hyperbola KI is the circum-hyperbola through X98 and   1 1 1 : : . X1509 = (b + c)2 (c + a)2 (a + b)2 The center of the hyperbola is the point ((b − c)2 f (a, b, c)g(a, b, c) : (c − a)2 f (b, c, a)g(b, c, a) : (a − b)2 f (c, a, b)g(c, a, b)), where f (a, b, c) =a5 − a3 (b2 + bc + c2 ) − a2 (b + c)(b2 + c2 ) − abc(b + c)2 − b2 c2 (b + c), g(a, b, c) =a5 − a3 (2b2 + bc + 2c2 ) − a2 (b + c)(2b2 + bc + 2c2 ) − a(b4 − b3 c − 2b2 c2 − bc3 + c4 ) − bc(b + c)3 . 5.3. The Gergonne point. If P is the Gergonne point, P1 is the symmedian point K and the infinite point of the perpendicular to the trilinear polar of   1 1 1 : : X279 = (b + c − a)2 (c + a − b)2 (a + b − c)2 is X517 = (a(a2 (b + c) − 2abc − (b + c)(b − c)2 ) : · · · : · · · ). The hyperbola passes through the centroid and X104 and has center (a2 (b − c)2 (a3 − a2 (b + c) − a(b − c)2 + (b + c)(b2 + c2 ))2 : · · · : · · · ).   5.4. P = X671 . The point X671 = 2a2 −b12 −c2 : 2b2 −c12 −a2 : 2c2 −a12 −b2 lies on the quintic (9). It is the reflection of the centroid in the Kiepert center X115 . If P = X671 , the locus KP is the rectangular hyperbola whose center is the point ((b2 − c2 )2 (2a2 − b2 − c2 )(a4 − b4 + b2 c2 − c4 ) : · · · : · · · ) on the nine-point circle.
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5.5. P on a sideline. If P is a point on a sideline of triangle ABC, say, BC, then P1 = (0 : 1 : 1) is the midpoint of BC, and P2 = (−a2 : SC : SB ) is the infinite point of the A-altitude. It follows that P1 P2 is the perpendicular bisector of BC. Its isogonal conjugate is the circum-hyperbola whose center is the midpoint of BC. It also passes through the antipode of A in the circumcircle. 6. The degenerate case The locus KP is a circum-hyperbola if and only if the line P1 P2 does not contain a vertex of the triangle. The equation of the line P1 P2 is of the form U (P )x + V (P )y + W (P )z = 0, where U (P ) = v 2 (w + u)2 (w2 (u2 SA + v 2 SB ) − c2 u2 v 2 ) − w2 (u + v)2 (v 2 (u2 SA + w2 SC ) − b2 u2 w2 ), and V (P ) and W (P ) are obtained from U (P ) by cyclic permutations of (u, v, w), (a, b, c) and (SA , SB , SC ). The locus of the perspectors KP is degenerate (i.e., it is not a hyperbola) if and only if at least one of the three coefficients U (P ), V (P ) and W (P ) in the equation of the line P1 P2 is zero, i.e., if the point P lies on at least one of the three curves of 8 degree defined by the equations U (P ) = 0, V (P ) = 0 and W (P ) = 0. Each of these three curves contains the vertices of the triangle ABC, its centroid G, and also the vertices of the antimedial triangle Ga Gb Gc . Moreover, for any two of these three curves, the only real common points are these 7 points just listed. We conclude with the following observations. • If P is one of the vertices A, B and C, then the locus KP is not defined. It is possibly an isolated singularity of one or more of the curves U (P ) = 0, V (P ) = 0, and W (P ) = 0. • If P is a vertex of the antimedial triangle, then the locus KP is the corresponding sideline of the triangle ABC. For example, KGa = BC. • If P = G, the centroid of triangle ABC, then KP consists of one single point, the symmedian point K of triangle ABC. • In all other degenerate cases, the hyperbola degenerates into a pair of lines, one of them being a sideline of the triangle, while the other one passes through the opposite vertex (but does not coincide with a sideline). If we put   1 1 1 , , , (u, v, w) = y+z−x z+x−y x+y−z the equation U (P ) = 0 defines the quartic curve yz(SB y 2 − SC z 2 ) SA (y − z)(y 2 + z 2 ) + SB y 3 − SC z 3 with respect to the antimedial triangle of ABC. Figure 3 shows an example of these curves in which the vertex B is an isolated singularity of the curves U (P ) = 0 and W (P ) = 0. x=
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U(P ) = 0



V (P ) = 0



A



G



W (P ) = 0 C



B



Figure 3.
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