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Summary The aim of this project was to investigate the effects of fibre shape on its ability to reinforce a fibre composite material. Analytical and finite element (FE) models of an axisymmetric fibre composite material were developed and used to achieve this aim. Fibres of cylindrical shape, ellipsoidal shape, with paraboloidal ends and with conical ends were considered: fibre geometry was further characterised by an axial ratio, q. The scope of this study covered elastic and plastic load transfer processes. The former corresponds to the initial loading stage whereby an applied tensile stress acting on a fibre composite causes stress in an elastic matrix to be transferred to an elastic fibre which is embedded in and adheres to the matrix. The latter corresponds to the next stage when, on progressive increase of the applied stress, the matrix yields and turns plastic and failure of adhesion at the fibre-matrix interface occurs. Two approaches were used to develop analytical models. In the first approach, equations were derived for calculating stress and displacement distributions in a general axisymmetic body. This approach was based on a stress function method for structural analysis of statically indeterminate problem. The equations derived were implemented to model a fibre composite undergoing elastic load transfer by prescribing appropriate boundary conditions. However, the approach led to no useful solutions. In the second approach, first-order ordinary differential equations for solving axial, σz, and surface radial, σr, stresses in a fibre were formulated by considering forces at equilibrium in a stress element in a fibre subjected to a fibre-matrix interfacial stress, τ. Equations for calculating these stresses to study plastic load transfer were derived from the differential equations by prescribing appropriate boundary conditions. σz was assumed to be constant in the radial direction of the fibre. For a cylindrical fibre, σz increases linearly, from zero at the ends, to a maximum value at the centre. At the other extreme, σz in a conical fibre was shown to be constant. The intermediate cases of a paraboloidal and an ellipsoidal fibre showed distributions of σz lying between these two extremes. The effectiveness, ξP, of a fibre shape for reinforcement was defined for the plastic study. It was found that
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the conical fibre possessed the highest value of ξP; the cylindrical fibre gave the lowest value of ξP. The FE method was used to study elastic and plastic load transfer processes. In both instances, negligible variation of σz was observed along the radial direction of these fibres. For the elastic load transfer study, the effects on σz of varying the following were investigated: q, from 200 to 1000; the ratio of the Young’s moduli of the fibre and the matrix Ef/Em, from 50 to 104; and Poisson’s ratio of the fibre, νf, and matrix, νm, from 0.3 to 0.49. It was found that νf and νm had negligible effect. Varying q has little effect on the shape of the distribution of σz and the magnitudes of σz. Varying Ef/Em has little effect on the shape of the stress distributions but larger values of Ef/Em results in larger magnitudes of σz. The effects of fibre shape on the stresses in a fibre were complicated by Ef/Em. At large values of Ef/Em, the magnitude of σz in the conical fibre was a minimum at the fibre centre and rose gradually to a maximum near the fibre end. Uniform distributions of σz were observed for paraboloidal and ellipsoidal fibres; these distributions lay between those from cylindrical and the conical fibres. At small values of Ef/Em, both the magnitudes and the axial distributions of σz were almost indistinguishable for all shapes of fibre. There was good qualitative agreement between data from a cylindrical fibre and previous analytical models. The effectiveness, ξE, of a fibre shape for reinforcement was defined for the elastic study. Of the four fibre shapes, the conical fibre possessed the highest value of ξE. For plastic load transfer, the FE method was used to check the axial distributions of σz and σr predicted by the analytical model. The effects on σz and σr of varying the following were investigated: q, from 2 to 104, Ef, from 1 to 1012 Pa, and νf from 0.1 to 0.49. It was found that νf and Ef have no effect on the stress in a fibre; q acts as a scaling factor. Results are in good agreement with the predictions of the analytical model. From this study, it was concluded that: (1) an important property of all the tapers considered is to make the distribution of σz in a fibre more uniform; (2) fibres with conical ends are more effective for reinforcing fibre composite materials than cylindrical fibres.
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'I still remember going to Hans Bethe and saying, “Hey Hans! I noticed something interesting. Here the plate goes around so…, and the reason it’s two to one is…” Hans said “Feynman, that’s pretty interesting, but what’s the importance of it? Why are you doing it?” Feynman [1992, p.174]



CHAPTER 1 Introduction



This thesis describes an investigation to determine how fibre shape provides reinforcement in fibre composite materials by theoretical and computer modelling. Fibre composite materials are made up of fibrous structures embedded in a matrix. They may be divided into synthetic and natural fibre composites; the latter are from plant, animal or mineral sources. The matrix component serves to bind the fibres, transfer loads to the fibres and protect them from external damage [Kelly & MacMillan 1986, p.240]. The fibres are responsible for resisting tensile force; they can do this by being stronger than the matrix [Gere & Timoshenko 1999, p.18]. The fibres are made of a material which has a larger stiffness than that of the matrix if the overall composite material is to be stiffer than the matrix [Kelly & Davies 1965; Kelly & MacMillan 1986, p.240]. This is where synthetic fibre composite materials become useful because they can be fabricated to desirable properties by an appropriate combination of material properties of the fibre and matrix to give a material of high strength and stiffness and low mass [Kelly 1993]. In natural fibre composite materials such as connective tissues in animals, where collagen fibrils provide tensile reinforcement, the same principles are exploited [Hukins 1982; Aspden 1994b].
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Recently, collagen fibrils were found to have paraboloidal ends. These were observed in the skin of sea-urchins [Trotter et al. 2000], ligaments of rats [DeVente et al. 1997] and human tissues cultured in the laboratory [Fertala et al. 1996; Hashizume et al. 1999]. These observations were supported by experimental results based on quantifying the profile of the fibrils [Trotter et al. 2000] and predictions based on computer simulations of a growing collagen fibril [Prockop & Fertala 1998]. Later studies also revealed that a fibril is symmetrical in shape about its centre [Trotter et al. 2000]. Muscles fibres were also observed to have tapered ends [Trotter & Purslow 1992; Purslow & Trotter 1994]. To account for how the paraboloidal ends of a collagen fibril provide reinforcement to the connective tissue, investigators have looked to the literature to understand how fibre shape affects the stress in a fibre composite material [Trotter & Purslow 1992; Trotter et al. 2000]. So far, studies on fibre shape have been concerned with investigating stresses in a matrix and at the fibre-matrix interface [Schuster & Scala 1964; Carrara & McGarry 1968]. These studies modelled a fibre composite material undergoing the process of elastic load transfer. This process corresponds to the initial loading stage whereby an applied tensile stress acting on a composite causes stress in an elastic matrix to be transferred to an elastic fibre which is embedded in and adhered to the matrix. These studies demonstrated that a uniform cylindrical (hereafter known as cylindrical) fibre resulted in shear stress concentration in the matrix around the fibre ends but no shear stress concentration was observed in the matrix containing a fibre with conical ends. Based on these results, it was suggested that the paraboloidal ends of a collagen fibril may help to reduce shear stress concentration in the matrix surrounding the fibril ends and hence may discourage failure at the interface between a fibril and its surrounding matrix [Trotter et al. 2000]. An investigation on the stresses in a fibre may help one understand how a tapered fibre reinforces a fibre composite materials to resist extension and how such a fibre may yield and fracture due to presence of a stress concentration. Since studies from Schuster and Scala [1964] and Carrara and McGarry [1968] were concerned with what went on in a matrix but not in a fibre, these studies do not lead to a complete understanding of the mechanism of reinforcement provided by tapered
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fibres. On the other hand, there are several studies of stresses in a fibre using analytical models [e.g., Cox 1952; Nairn 1997], numerical analyses based on finite element (FE) method [Owen & Lyness 1972; Agarwal et al. 1974] and experiments [Galiotis et al. 1984; Asloun et al. 1989]. However, these were carried out for cylindrical fibres and were not intended for studying how fibre shape affects stresses in a fibre. This thesis is intended to bridge the gap by studying stresses in a fibre, which need not be a cylinder, in a fibre composite material. The aim is to gain an understanding of how a taper, such as the paraboloidal shape observed in collagen fibrils, may be responsible for reinforcing a fibre composite material. The knowledge derived from this study may help us design better fibre composite materials for implantable medical devices. To achieve the aim of this study, I developed analytical and FE models of fibre composite materials. Fibres of cylindrical shape, ellipsoidal shape, paraboloidal ends and conical ends were considered. In my investigation, I modelled a fibre composite material undergoing two stages of changes. These were elastic load transfer and plastic load transfer. The latter corresponds to the next stage when, on progressive increase of the applied stress, the matrix yields and turns plastic and failure of adhesion at the fibre-matrix interface occurs. Essential to the study on load transfer is an understanding of how properties such as fibre slenderness (hereafter known as axial ratio), Young’s modulus and Poisson’s ratio affect the stresses in a fibre composite material [Carrara & McGarry 1968]. I have carried out these investigations for both elastic and plastic load transfer processes. The main part of this thesis is contained in Chapters 2 to 8. Chapter 2 and 3 provide the background to understanding my study. Chapter 2 describes the theory of elasticity and FE analysis in order that readers can refer to them as needed when the subjects are encountered elsewhere in the thesis. Chapter 3 discusses the stages of load transfer and how previous studies that modelled fibre composite materials during elastic and plastic load transfer were used to help me develop and implement my models. Chapter 4 to 7 describe my attempt to develop fibre composite models for studying how fibre shape affects the stresses in a fibre. In Chapter 4, I describe an approach for deriving equations for calculating stress and displacement distributions in a
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general axisymmetric body. The approach was based on a stress function method for structural analysis of a statically determinate problem. These equations were implemented for studying stresses in a fibre during the process of elastic load transfer. In Chapter 5, I describe an approach for deriving equations for calculating stress distributions in a fibre during the process of plastic load transfer. These stress equations were solved from first-order ordinary differential equations. These differential equations were formulated by considering forces at equilibrium in a stress element in a fibre composite model. Chapter 6 describes a FE model for studying plastic load transfer; results obtained were compared with predictions from the analytical model of Chapter 5. Chapter 7 describes a FE model for determining stresses in a fibre in a fibre composite material during elastic load transfer. Biological implications are suggested in Chapter 5 and 7. Chapter 8 summarizes what I did in this project. This includes my methods and results obtained from Chapter 4 to 7. Biological implications discussed in Chapter 5 and 7 were collated and discussed here. A section is included which describes suggestions for future work. The chapter wraps up with two general conclusions derived from this study: in short, these conclusions suggest that tapered fibres are best for reinforcing a fibre composite material. Several portions of the thesis have parts which, although important, would detract from the flow of the discussion in the main chapters if included within them. Where this is the case, the information contained in them has been referred to briefly, and details are given in a separate appendix (i.e., Appendix A to H). For the benefit of the reader, basic concepts and definitions of terms used throughout this thesis are provided in Appendix A. In this thesis, symbol, §, denotes section of a chapter. The abbreviation eq. denotes equation.
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(Graffiti found at New York's 8th Street Subway Station)



Singh [1998, p.257]



CHAPTER 2 Preliminaries



2.1 Introduction This chapter is intended to explain concepts used in this thesis. For this purpose, the reader may wish to refer to relevant parts of this chapter as they are needed when they are encountered in other chapters. This chapter covers two areas. These are elastic analysis of stress and strain and the finite element (FE) method which are explained in § 2.2 and 2.3, respectively. The discussion on the FE method is confined to structural analysis. In this section, brackets [ ] and { } found in mathematical expressions are intended to group terms. Where appropriate, grouping terms using these brackets enable these terms to be distinguished from others arising in the same expression. Brackets ( ) are used for accommodating terms in a differential operator, for enclosing entries in a matrix as well as for containing arguments of a function. A vector variable is denoted with an arrow above the variable. Upper case letters in bold print are reserved for matrices.
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2.2 Theory of Elasticity 2.2.1 Fundamentals Fundamental in the theory of elasticity is the determination of the state of stress and strain in an idealised model of a body submitted to the action of given forces under static condition. Stress and strain are tensors. Unlike a vector which has only magnitude and direction, a tensor possesses a magnitude, a direction and a plane on which it acts [NAFEMS 1992, p.23]. Unlike a vector, a tensor does not combine according to the parallelogram law of addition. Each stress and strain tensor contains nine components [Timoshenko & Goodier 1970, p.5-7]. Using symbols σ and τ to denote the components of the stress tensor, we have σxx, σyy and σzz for normal stresses acting perpendicularly to x, y and z planes of the Cartesian co-ordinate system, following the conventions adopted by Gere and Timoshenko [1999, p.475], where, e.g., the x plane is the plane perpendicular to the x axis. In these symbols, the first subscript indicates the direction of the normal to the plane under consideration and second the direction of the component of the stress. For shear stress components we have τxy, τyx, τyz, τzy, τxz and τzx. In these symbols, the first subscript indicates the plane on which the stress acts; the second gives the direction on that plane. The convention for assigning subscripts to these symbols, τ, applies as before for σ. Similarly, we have symbols ε and γ to denote the components of the strain tensor. We have εxx, εyy and εzz for normal strains in the x, y and z directions, respectively, while γxy, γyx, γxz, γzx, γyz and γzy denote shear strains [Ford & Alexandra 1977, p.141]. Subscripts for normal strains are used in the same as normal stress. For shear strains, we have, for instance, γxy which refers to the decrease in angle made between the two planes in a sheared body whereby these planes lie along the xz and yz planes [Gere & Timoshenko 1999, p.507]; more details are provided in § 2.2.2. Since τxy = τyx, τyz = τzy and τxz = τzx on perpendicular planes [Gere & Timoshenko 1999, p.476] and each γ component is related to the corresponding τ component (see eq. 2.6 and Ford & Alexandra [1977, p.194]) it follows that the nine components in a stress and strain tensor are reduced to six components.
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Static analysis of the states of stress and strain in the model involves determining fifteen unknown quantities: six stress components, six strain components and three displacement components [Ford & Alexandra 1977, p.195]. These quantities are related by differential equations of equilibrium, stress-strain equations and differential strain-displacement equations (§ 2.2.2). Chapter 4 and 5 of this thesis are about solving for stresses in a fibre composite model by static analysis using some or all of these equations. In static analysis, we treat a problem as determinate or indeterminate [NAFEMS 1992, p.12-13]. Fig. 2.1 illustrates the two possible routes for solving a static problem. Beginning with (1), assumptions about the model of a structure are made. In solving a statically determinate problem, the equations of equilibrium for stresses plus boundary conditions are sufficient [Ford & Alexandra 1977, p.195]. Hence, the route is (1) to (2) for determining stresses and followed by (4)-(3) if displacements are needed. Stresses in the structure can be determined without knowing the properties of the materials used in the model [Gere & Timoshenko 1999, p.80]. This chapter is concerned with materials that are homogeneous and isotropic and possess linear elastic properties (see Appendix A.2, A.3, A.4). Hence, we have two independent material properties, i.e., Young’s modulus, E, (Appendix A.3) and Poisson’s ratio, ν (Appendix A.5). A third material property, the shear modulus, G, is related to E and ν by eq. A.3. Note that E, ν and G are parameters for the stress-strain relationship.



Fig. 2.1 Structural analysis of static problem.



In a statically indeterminate problem, the equations of equilibrium (with boundary conditions) are not sufficient for solving the stresses completely [Gere & Timoshenko 1999, p.80]. Instead strains will have to be introduced. This is achieved using stress-strain relationships and ensuring that the strains are compatible with displacements through the use of compatibility conditions. In this case, the route is (1)-(2)-(4)-(3). Whichever route one takes, boundary conditions 7



will be needed. Chapter 4 describes an approach to model a fibre composite material by treating the problem as statically indeterminate; for statically determinate problem, see Chapter 5. Alternatively, one may formulate expressions for the stress and strain components in terms of an unknown stress function, Ψ, or otherwise known as Airy's stress function [Ford & Alexander 1977, p.207-211]. One solves Ψ from a fourth order differential eq. 2.10. Once Ψ is solved, determining expressions for the stress and strain become straightforward. The stress function method based on plane elasticity is described in § 2.2.3. Plane elasticity assumes certain conditions so that solutions to the model can be obtained in two dimensions (instead of three) and hence, is simpler to solve [Gere & Timoshenko 1999, p.473-548]. In § 2.2.4 I highlight stress and strain expressions in terms of Ψ for an axisymmetric model, which is described using cylindrical polar co-ordinates, r, φ, z, which denote the radial, azimuthal and axial co-ordinates, respectively. 2.2.2 Equations for solving stress and strain We shall use the idea of stress and strain elements to explain how equations for solving stress and strain components are developed. Fig. 2.2 illustrates a stress element in the form of a cube. A stress element forms a part of a model but is singled out to represent stresses at different faces on the element. A strain element is illustrated in Fig. 2.3.



Fig. 2.2. Stresses in an infinitesimal element in a model. (Not shown are stress components on the hidden faces.) In general, variation of stresses throughout the material implies that the value of, e.g., σxx + δσxx, on one face of the element is not the same as that on the opposite face, i.e., σxx.
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Let us first consider the stress element described by co-ordinates x, y, z. As pointed out in § 2.2.1, we wish to determine the state of stress at any point in a material. The basis of stress analysis assumes that a stress element can be considered to be infinitesimally small so that the state of stress is constant in magnitude throughout the element or vary linearly over the dimensions of the element; from this, we have the concept of stress at a point [Ford & Alexandra 1977, p.4-5]. By considering the equilibrium of forces on such an infinitesimal element one obtains the differential equations of equilibrium, ∂σ xx / ∂x + ∂τ xy / ∂y + ∂τ xz / ∂z + Bx = 0,



2.1



∂τ yx / ∂x + ∂σ yy / ∂y + ∂τ yz / ∂z + By = 0, ∂τ zx / ∂x + ∂τ zy / ∂y + ∂σ zz / ∂z + Bz = 0



[Ford & Alexander 1977, p. 194] where Bx, By and Bz are the components of body forces (per unit volume) which act throughout the volume of a body [Ford & Alexandra 1977, p.7]. They arise from the presence of the material under, e.g., gravitational or magnetic or inertial influences. When the body force is small compared with the stresses arising from externally applied forces it can be usually ignored in practice. The stress components may vary within the entire model. At the boundary, they must be such as to be in equilibrium with the external forces on the boundary of the model so that these forces may be regarded as a continuation of the internal stress distribution. Boundary conditions refer to force and displacement prescribed at specific locations, i.e., usually at the boundary or within a model, to solve a particular problem; depending on the problem, the corresponding stress or strain may also be used (§ 4.3.3). These conditions enable stress expressions specific to the problem to be determined from the corresponding arbitrary stress expressions resulting from the integration of the differential eq. 2.1. For statically determinate problems these differential equations and boundary conditions are sufficient for solving the problem (§ 2.2.1). However, as pointed out in § 2.2.1, in a statically indeterminate problem, the equilibrium eq. 2.1 and boundary conditions are insufficient for solving the problem. It is necessary to introduce strains through the use of compatibility equations to ensure that they are compatible with displacements. The basis of strain analysis assumes that an
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element (Fig. 2.3) within a body can be considered infinitesimally small so that the strain can be taken as constant throughout the element. Hence, the concept of strain at a point arises [Ford & Alexandra 1977, p.114].



(a)



(b)



Fig. 2.3 Small strains in an infinitesimal element: (a) illustrates normal strain. The element, whose original dimensions are δx, δy and δz, deforms giving rise to displacements in the x, y and z directions denoted by εxxδx, εyyδy and εzzδz, respectively. Here, εxx, εyy and εzz are defined in eq. 2.2. (b) illustrates shear strain for γxy component. Here, the original right angle corner of a cube bounded by plane yz and xz is diminished by the angle γxy (= α + β) which is defined in eq. 2.3. The other shear strains, γyz and γxz, are similarly obtained [Timoshenko & Goodier 1970, p.507].



To relate strain to displacement in a material, we consider an infinitesimally small element (in a model of a body) which deforms under an external applied load (Fig. 2.3). For small normal strain, e.g., 0.5% [Gordon 1978, p.50], strain-displacement equations, relating the small normal strain (Fig. 2.3a) to the corresponding displacement are given by ε xx = ∂u / ∂x, ε yy = ∂v / ∂y, ε zz = ∂w / ∂z



2.2



[Ford & Alexander 1977, p.194]. Shear strains (Fig. 2.3b) are related to displacements u, v (not to be confused with ν, which denotes Poisson’s ratio, see § 2.1) and w in the x, y and z directions, respectively, as follows,



γ xy = ∂u / ∂y + ∂v / ∂x, γ yx = ∂v / ∂z + ∂w / ∂y, γ zx = ∂w / ∂x + ∂u / ∂z



2.3



[Ford & Alexander 1977, p.194]. Note that u, v and w are functions of x, y and z. Since we can express each strain component in terms of u, v and w, components of strain are not all independent of each other and hence cannot be given arbitrarily as functions of x, y and z. [Ford & Alexandra 1977, p.141]. In order to ensure that the strains are compatible with displacements (without expressly referring to the
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displacements), we have the compatibility conditions, expressed by the following equations 2 2 ∂ 2ε xx ∂ ε yy ∂ γ xy + = , ∂y 2 ∂x 2 ∂x∂y 2 ∂ 2ε ∂ 2ε zz ∂ γ yz . 2yy + , = ∂z ∂y 2 ∂y∂z ∂ 2ε zz ∂ 2ε xx ∂ 2 γ zx , + = ∂x 2 ∂z 2 ∂z∂x



∂γ ∂γ 2∂ 2ε xx ∂ ∂γ = − yz + zx + xy , ∂y∂z ∂x ∂x ∂y ∂z 2 2∂ ε yy ∂ ∂γ yz ∂γ zx ∂γ xy , = − + ∂z∂x ∂y ∂x ∂y ∂z 2∂ 2ε zz ∂ ∂γ yz ∂γ zx ∂γ xy = + − ∂x∂y ∂z ∂x ∂y ∂z
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[Ford & Alexander 1977, p. 129-130]. εxx, εyy and εzz can be expressed in terms of stresses by superimposing the effects of the individual stress components. For instance, εxx due to σxx, σyy and σzz are equal to σxx/E, -νσyy/E and -νσzz/E, respectively. (Shear stresses do not give normal strains.) Thus, we have ε xx = {1 / E}[σ xx − ν{σ yy + σ zz }],



2.5



ε yy = {1 / E}[σ yy − ν{σ zz + σ xx }], . ε zz = {1 / E}[σ zz − ν{σ xx + σ yy }],



γxy, γyz and γxz can also be expressed in terms of the corresponding shear stress components. We note, as in Fig. 2.3b, τxy causes a distortion of the element such that the z face becomes a rhombus; then γxy can be related to τxy by Hooke’s law in shear. (σxx, σyy and σzz have no effect on γxy.) Similarly the same can be argued for the relationships between the other shear strains and stresses. Thus we have, γ xy = τ xy / G , γ yz = τ yz / G , γ zx = τ zx / G



2.6



[Ford & Alexander 1977, p. 194]. Note that when we investigate the strain in a material, material properties must be considered (§ 2.2.1). Hence, eq. 2.5 and 2.6 contains E, G and ν. 2.2.3 Stress function



It was pointed out in § 2.2.1 that for many static problems it is an advantage to introduce a stress function, Ψ, which is determined by solving a fourth order differential eq. 2.10. Once Ψ is solved, stress and strain components can be determined. This is the stress function method. The plane elasticity problem will
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be used here as an example for illustrating the stress function method. Finally a solution to Ψ will have to satisfy the compatibility equations; in a plane elasticity problem, ensuring that it satisfies will depend entirely upon whether the plane stress or plane strain is considered. The conditions leading to plane strain are εzz = γyz = γxz = 0, τxz = τyz = 0 while σxx, σyy, σzz, τxy , εxx, εyy and γxy may have none zero values [Gere & Timoshenko 1999, p.518]. Hence, the only deformation occurring in a material in plane strain is in the xy plane; εx, εy and γxy are not zero. Neglecting body forces, the equations of equilibrium (i.e., eq. 2.1) are reduced to ∂σ xx / ∂x + ∂τ xy / ∂y = 0, ∂τ yx / ∂x + ∂σ yy / ∂y = 0, . ∂σ zz / ∂z = 0.



2.7



The compatibility equations (i.e., eq. 2.4) are reduced to 2 2 ∂ 2ε xx ∂ ε yy ∂ γ xy + = . ∂y 2 ∂x 2 ∂x∂y



2.8



Airy proposed the following expressions relating Ψ to the stress components,



σ xx =



∂2Ψ ∂ 2Ψ ∂ 2Ψ , σ = , τ = − yy xy ∂x 2 ∂y 2 ∂x∂y



2.9



[Ford & Alexander 1977, p. 207]. Working through eq. 2.5, 2.7, 2.8 and 2.9, we arrive at a fourth order differential equation ∂4Ψ ∂2Ψ ∂ 4Ψ + + 4 = ∇ 2 (∇ 2 Ψ ) = 0 4 ∂x∂y ∂y ∂x



2.10



[Ford & Alexandra 1977, p.207-209] where the symbol ∇2, expressed in Cartesian co-ordinates, is ∇ 2 = ∂ 2 / ∂x 2 + ∂ 2 / ∂y 2 + ∂ 2 / ∂z 2 .



2.11



It follows that when Ψ is solved, the states of stress and strain at any point in a given material can be found by using eq. 2.5 and 2.9 for plane strain. Unlike plane strain, the conditions leading to plane stress are σzz = τxz = τyz = 0 and γxz = γyz = 0 while the remaining stresses and strains may have non-zero values
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[Gere & Timoshenko 1999, p.518]. Neglecting body forces, the equations of equilibrium (eq. 2.1) are reduced to the same form given in eq. 2.7. By considering eq. 2.7, 2.5 and 2.4, one arrives at a final expression which is the same as eq. 2.10 [Ford & Alexandra 1977, p.209-211]. Finally, when Ψ is solved, the states of stress and strain at any point in a given material is found using eq. 2.5 and 2.9. 2.2.4 Axisymmetric body



Fig. 2.4 An axisymmetric solid. The axis of the body defines the z-axis of the cylindrical polar co-ordinate system (r, φ, z) whose origin, which need not lie within the body, is denoted by O.



Fig. 2.4 shows an axisymmetric model of a body which may be solved by the stress function method. In cylindrical polar co-ordinate system, u, v and w refer to the



radial,



circumferential and axial



displacements,



respectively;



these



displacements are functions of r, φ and z (c.f. § 2.2.2). We consider the case of torsionless, axisymmetric deformation. In this case, u, v and w are such that v = 0 and u and w are independent of φ. The stress components, σrr, σφφ and σzz and τrz are also independent of φ while τrφ = τφz = 0. Similarly this can be said of strain components, εrr, εφφ, εzz and γrz . Here, the conventions for assigning subscripts to symbols ε and σ apply as before for the Cartesian case (§ 2.2.1). However, σrr and σzz, which are functions of r and z, are not to be confused with two other symbols in which σ is dependent on only z; in this case, I have assigned one subscript to these symbol, i.e., σz and σr. We will encounter more of σz and σr in Chapter 3, 5 to 8. Now, the ∇2 operator (§ 2.2.3), in cylindrical polar co-ordinates, is ∇2 =



∂2 1 ∂ 1 ∂2 ∂2 1 ∂ ∂ 1 ∂2 ∂2 + + + = r + + ∂r 2 r ∂r r 2 ∂φ 2 ∂z 2 r ∂r ∂r r 2 ∂φ 2 ∂z 2



2.12
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[Spiegel 1968, p.126]. Ψ is solved using eq. 2.10 (and 2.12). The stress components relating to Ψ are σ rr =



∂ ∂ 2Ψ ν∇ 2 Ψ − 2 , ∂z ∂r



2.13



σ φφ =



∂ 1 ∂Ψ , ν∇ 2 Ψ − ∂z r ∂r



2.14



σ zz =



∂ ∂ 2Ψ [2 − ν ]∇ 2 Ψ − 2 , ∂z ∂z



2.15



τ rz =



∂ ∂ 2Ψ [1 − ν]∇ 2 Ψ − 2 ∂r ∂z



2.16



[Timoshenko & Goodier 1970, p.381]. Symbols, εrr, εφφ, εzz and γrz are related to u and w as follows ε rr = ∂u / ∂r , ε zz = ∂w / ∂z , εφφ = u / r , γ rz = ∂w / ∂r + ∂u / ∂z



2.17



[Timoshenko & Goodier 1970, p.380] where 1 ∂ 2Ψ , 2G ∂r∂z



2.18



1 ∂2Ψ 2{1 − ν}∇ 2 Ψ − 2 + w0 2G ∂z



2.19



u=



w=



[Timoshenko & Goodier 1970, p.381]. Here, w0 is a constant of integration. It follows that expressions for εrr, εφφ, εzz and γrz can be determined from eq. 2.17 once u and w are found from eq. 2.18 and 2.19. Alternatively, we can determined the strain components by substituting eq. 2.13 to 2.16 into the following equation, ε rr = {1 / E}[σ rr − ν{σφφ + σ zz }],



2.20



ε φφ = {1 / E}[σ φφ − ν{σ rr + σ zz }], ε zz = {1 / E}[σ zz − ν{σ rr + σ φφ}]



which are the stress-strain relations in cylindrical polar co-ordinates [Ford & Alexandra 1977, p.273].
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2.3 Finite element analysis 2.3.1 Overview



In many engineering problems, e.g., structural, electromagnetic, thermal and fluid analyses, finding a solution that satisfies equilibrium and compatibility is difficult for all but the most elementary problems. Equilibrium and compatibility issues have been explained in § 2.2.1. The difficulty in determining analytical solutions has been demonstrated in Chapter 4 for a fibre composite material undergoing elastic load transfer. Chapter 7 describes how a similar model for elastic load transfer could be solved and analysed using finite element (FE) method. To deal with the difficulty of obtaining analytical solutions, engineers resort to numerical methods such as FE and finite difference methods. The FE method was developed by Courant in 1943 [Moaveni 1999, p.5]; the finite difference method was introduced by Runge in 1908 [Timoshenko & Goodier 1970, p.515]. In contrast to analytical solutions, which show the stress and strain at any point within a model, these numerical methods approximate exact solutions at discrete points called nodes [Moaveni 1999, p.2]. This is achieved by a discretization process which divides the geometric model into a number of small sub-regions known as elements. The discretised model is referred as an FE model and the elements are collectively known as a mesh. Each element is joined to its neighbours by nodes; this is made possible by enforcing conditions that make each element boundary compatible with each of its neighbours while satisfying the region boundary conditions. The distribution of elements in the mesh is known as mesh density. The advantages and attractiveness of FE over finite difference methods have been addressed by Moaveni [1999, p.2-5]. For the present, it suffices to say that the FE method is a more robust method than finite difference method for a wide range of problems especially involving complicated geometry or boundary conditions. The theory of FE analysis is discussed in § 2.3.2 beginning with displacement within a FE model. For the purpose of illustration, we will revisit the plane elasticity problem (§ 2.2.3). From displacement, one arrives at expressions for stress and strain which are highlighted in § 2.3.3. In § 2.3.4 I explain the principle
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of virtual work used for formulating the FE method. An axisymmetric FE model is discussed in § 2.3.5. In § 2.3.6 I emphasise useful points which I have used in my study for checking my FE analyses. 2.3.2 Displacement



The plane elasticity problem will be used here as an example for illustrating the FE method. In this case, we will be dealing with a problem described in two dimensions. Fig. 2.5 shows (a) a continuum subdivided into triangular elements joined at their nodes and (b) a triangular element. Indicated in (a) and (b) are the global Cartesian co-ordinates, X and Y, which are used for describing the model and other quantities which concern the entire model. The local co-ordinates, x and y, (introduced as Cartesian co-ordinates in § 2.2.1) describe the element and quantities concerning the element.



(a)



(b)



Fig. 2.5 Elements in a FE model. (a) A region of the model showing how it was subdivided into triangular elements joined at their nodes. (b) A triangular element. In (a), the global co-ordinate system (X, Y) is shown, and every node in the assemblage of triangles has a distinct global number, denoted by i, j and k here. Each element is also identified with a number (as illustrated by triangles shaded in grey). In (b) the nodes are always numbered in succession moving counterclockwise. Each node of the element has two degrees of freedom since it can undergo displacements, U and V. Since there are three nodes per element, we say that the element has six degrees of freedom.



Let the symbols U(X,Y) and V(X,Y) be displacement components in the X and Y direction, respectively, at any point (X,Y) in the element. Suppose U(X,Y) and V(X,Y) are linear in X and Y over the entire domain of the continuum, i.e., U ( X , Y ) = α1 + α 2 X + α 3Y ,



2.21



V ( X , Y ) = β1 + β 2 X + β 3 Y .
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[Rockey et al. 1975, p.59]. Here, the symbols, α and β, are constants and are known as generalised co-ordinates; they are determined by solving eq. 2.21 at the nodal co-ordinates (Xi,Yi), (Xj,Yj) and (Xk,Yk) simultaneously where I have designated i, j and k for nodes within an element (Fig. 2.5b). The displacement components U(X,Y) and V(X,Y) account for the internal displacement at any point in the element based on the nodal displacements vector, δ e , which is expressed as δ e = (U i ,Vi , U j ,V j , U k , Vk ) . T



2.22



Now, (U(X,Y), V(X,Y)) is related to δ e via a matrix, N, i.e., U ( X ,Y ) = Nδ e V ( X ,Y )



2.23



[Rockey et al. 1975, p.61]; this equation is derived from eq. 2.21 and 2.22. Here N contains entries known as shape functions or interpolation functions which describes global co-ordinates of the nodes, i.e. (Xi,Yi), (Xj,Yj) and (Xk,Yk), and any point, (X,Y), within the element. 2.3.3 Element stress and strain



In plane stress and plane strain problems the strain components, εxx, εyy and γxy at any point in an element within the FE model can be represented as a single column matrix which is related to δ e , via a strain-displacement matrix, B, i.e., ε xx



2.24



ε yy = Bδe γ xy



[Rockey et al. 1975, p.64]. B contains entries expressed in terms of global coordinates of the nodes in the element. (Note that εzz has been left out in plane elasticity study; in plane strain study εzz = 0.) The stress components, σxx, σyy and τxy, at any point in an element can also be represented as a single column matrix and are related to the strain components, via an elasticity matrix D, as follows
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σ xx



ε xx



2.25



σ yy = D ε yy τ xy γ xy



[Rockey et al. 1975, p.66]. The entries in D are expressed in terms of E and ν; expressions for the entries in plane stress differs from those in plane strain [Rockey et al. 1975, p.65-66]. 2.3.4 Implementation



So far the discussion has covered equations for determining stress and strain in an element in a FE model (§ 2.3.3) when the displacement is known at any point within the element. For the FE method to be useful, it must be able to predict stress and strain at any point within the FE model based on information collected from all the elements; solutions to the stress and strain must also satisfy equilibrium and compatibility issues discussed in § 2.2.1. This is made possible using a technique based on the principle of virtual work [Rockey et al. 1975, p.5; NAFEMS 1992, p.13-27]. The minimisation of potential energy mentioned in some textbooks is simply an equivalent statement to the principal of virtual work [NAFEMS 1992, p.15]. The principle of virtual work equates internal virtual work done within a structure to the external virtual work done on the structure [NAFEMS 1992, p.15]. Virtual work is defined as the product of the final magnitude of the external force and displacement as distinguished from the usual definition of work done, which is the integral of the external force and displacement (i.e., the area under the curve). Implementing this principle for the FE model gives an individual element stiffness matrix, ke, which is determined by the expression, ke =



s



B T DBds



2.26



integrated over the volume, S, of the model. Here B and D, the strain-displacement and elasticity matrices introduced in § 2.3.3, respectively, are to be found before hand. Note that ke relates the element nodal force vector, Q e (which is the sum of body force and surface traction on the element), to the displacement within the element by the expression,
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k eδe = Qe .



2.27



Next, by superposition of ke from all the elements within the FE model, i.e., K=



ke ,



2.28



we arrive at the global stiffness matrix, K, which relates the global nodal displacement vector, δ , to the applied nodal force vector, Q , as follows, Kδ = Q .



2.29



Here, δ and Q are derived from the superposition of δ e and Q e , respectively, over all the elements. The way is now cleared to determine the stress and strain within the FE model. First, δ is evaluated using eq. 2.29 by inverting K. From δ , we can find out δ e at every element in the model. From δ e , we see that the nodal strain components at any point in the FE model is determined from eq. 2.24; following from this, we determine the stress components using eq. 2.25. 2.3.5 Axisymmetric solid



In my study, the FE models which I have developed are axisymmetric (see Chapter 6 & 7). The FE model corresponding to an axisymmetric solid (e.g., Fig. 2.4) can be described by the global cylindrical polar co-ordinates (R, Θ, Z). Since my study does not involve torsion, so the displacement of any point can be obtained by considering a radial, U, and an axial, W, displacement component which are independent of Θ, and the displacement in the circumferential direction vanishes. For a similar argument see § 2.2.4. FE models of axisymmetric solids contain finite elements of revolution. Each element consists of a solid ‘ring’ (toroid) whose cross-section takes on the basic shape (§ 2.3.6) of the particular element chosen. For an example of a toroidal element see Fig. 6.7 which illustrates such an element corresponding to a plane triangular element (Fig. 2.5b). Like the plane triangular element, it also has six degree of freedoms and therefore six unknown coefficients, i.e., generalised coordinates, α1, α2, α3, β1, β2 and β3. These co-ordinates may be related by a set of equations similar to that of eq. 2.21 with R and Z replacing X and Y. Then the
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stiffness and stress matrices derive from this element are quite similar to those for the plane elasticity triangular element (§ 2.3.3). 2.3.6 Performing a FE analysis



A typical FE analysis involves three main stages: pre-processing, processing and post-processing [Rockey et al. 1975, p.179]. Pre-processing is concerned with the creation of a geometric model (idealised or accurate) of the body. In processing, the computer is used to solve the problem. In post-processing one selects the best method to present the results for analysis. In my study, results of stress distributions within a fibre were displayed. Details of how each of these stages is carried out are described in § 6.2.1 (plastic load transfer) and § 7.2.1 (elastic load transfer). It is important to have a sense of judgement of the problem to be analysed [Baguley & Hose 2000]. This involves three aspects. One, knowing the results between what may be expected, e.g., obtained from analytical model, and what is predicted by FE analysis. Two, checking the results against known values where possible. For example, the normal stress at a free surface may be equal to the applied stress (e.g., § 7.2.6) or zero (e.g., § 7.2.4). Three, carrying out sensitivity tests on the effects of input parameters on the solutions (§ 3.5.6, 6.2.3, 7.2.3). It is important to note that elements are ranked according to the order of the interpolation or shape function [NAFEMS 1992, p.33-34]. A definition of shape function has been provided in § 2.3.2. Lower order elements, e.g., linear elements (eq. 2.21), give errors in the results when approximating a non-linear geometry such as a curve; in particular, the lower interpolation function may cause the highest curvature on a line to be slightly away from a stress concentration [NAFEMS 1992, p.88]. On the other hand, a higher order interpolation function corresponding to a higher order element, e.g., a cubic element, is less likely to give error. It is also important to note that every element is defined in terms of a basic shape e.g., for a quadrilateral it is a square. When an element is distorted from the basic shape, it is found to give less accurate results [NAFEMS 1992, p.97]. Higher order elements, e.g., cubic shape functions for triangular elements, are better equipped at
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handling distortion than the corresponding lower order elements, e.g., those described by linear equations (e.g., eq. 2.21) [NAFEMS 1992, p.98]. At the user’s discretion, the distortion may be ignored if good agreement exists between the FE results and other analyses, e.g., an analytical approach. The mesh density within an FE model is an important factor influencing the accuracy of the solution [Niazy 1998; NAFEMS 1992, p.94-95]. If the mesh density is too coarse, the inherent element approximations may not give an accurate solution; if it is too fine, the cost of the analysis may not be justifiable in proportion to the results obtained. The desired mesh density requires that one must have an idea of the stress distributions; it may be gained by carrying out an initial FE analysis using a coarse mesh to inspect for areas of the structure which have high stress gradients. A fine mesh is required where there are high rates of change of, e.g., stress in the vicinity of a discontinuity. The geometric model may also provide clues about areas with potentially high rates of change of stress. For instance, a discontinuity (in the geometry, or loading or material properties) produces a local disturbance to the stress distributions, i.e., stress concentrations (Appendix A.6). Based on St Venant’s Principle the disturbance dies away with distance so that only a local stress concentration appears [NAFEMS 1992, p.95]. Hence a graduated mesh density, specifying fine mesh density in the local stress concentration area and coarser mesh density over the die-away length away from the discontinuity, can be used. Again, the order of the element should be considered when determining the mesh density [NAFEMS 1992, p.94]. A linear element requires a finer mesh than a paraboloidal one, which, in turn, requires a finer mesh than a cubic element.
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‘…experience will often dictate the design. Still the theorist has the final word.’ H L Cox



Quoted by Gordon [1978, p.305]



CHAPTER 3 Stresses in fibre composites



3.1 Introduction The aim of this chapter is to describe the background relevant for understanding how models of fibre composite materials were developed previously and in my study. I shall compare and assess previous analytical models and numerical analyses intended for investigating the behaviour of a fibre composite material. In my discussion on analytical models, rather than recording developments, I have chosen to highlight certain aspects of the model, and to discuss equations for solving stresses and solutions. Where necessary, further details are provided in Appendix D. In my discussion on numerical analyses, I have focused on models developed using finite element (FE) analysis. For details on the theory of FE analysis, see § 2.3. The following symbols that appear frequently in this chapter are now described. ro and L denote the radius and half-length of a fibre, respectively. rm and Lm denote the matrix radius and half-length, respectively. rfs represents the mid-point between adjacent fibres, measured between fibre axes. In Rosen’s model [Rosen 1965], ra and rb denote radii of the average material and matrix binder, respectively, while Gb is the shear modulus of the matrix binder. For material
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properties, we have Ef , Em, νf and νm. The symbols E and ν, which denote Young’s modulus and Poisson’s ratio, respectively, were introduced in § 2.2.1. Where symbols contain subscripts f and m these refer to the fibre and matrix, respectively. q refers to fibre axial ratio which is defined as L/ro; it measures the fibre slenderness (for further details, see § 3.4.4). The slenderness of a taper is quantified by the fibre aspect ratio, Q, which is used for a fibre, symmetric about its centre, having uniform cylindrical shape along the bulk of the central region but thereafter tapers to the ends. Q is defined as the ratio of the tapered length of a fibre (from the tip of the taper to the beginning of the taper) to the maximum radius along the taper. σc refers to the applied stress along the fibre axis direction.



τo refers to the matrix yield stress in shear. εm denotes axial strain in a matrix. The following symbols were introduced in § 2.2.4: σz, which denotes the axial stress in the fibre (unless otherwise stated), σr, which denotes the surface radial stress on the fibre. σc and τ denote the applied tensile stress and interfacial shear stress acting on the r-z plane of the cylindrical polar co-ordinate system (r, φ, z) (§ 2.2.4), respectively. σz, σr and τ are functions of z only and are not to be confused with



σzz, σrr and τrz which are functions of r and z (§ 2.2.4). Brackets { }, [ ] and ( ) in mathematical expressions are used as before (§ 2.1).



3.2 Load transfer in fibre composite 3.2.1 Stages of changes



When a fibre composite material is subjected to a progressively increasing σc, it undergoes several stages of change until it fractures. Following the description of the behaviour of a linear elastic material (Appendix A.3), the behaviour of a typical fibre composite material containing linearly elastic components may be described by the stress-strain relationship as shown in Fig. 3.1 [Agarwal & Broutman 1990, p.66]. This example also assumes that the fibre is stronger and stiffer than the matrix. In this case, Kelly and MacMillan [1986, p.247] pointed out that the deforming fibre composite may proceed through some or all of the following stages of changes (depending on the materials of the components [see Kim & Mai 1993]). These are (1) elastic load transfer; (2) plastic load transfer; (3) plastic composite and (4) fracture of the fibre or the matrix. The following
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sections, § 3.2.2 to 3.2.4, will discuss how these stages correspond to the stressstrain relationship in Fig. 3.1. Explanation presented in these sections are found in Kelly and MacMillan [1986, p.247, 258-271] and Agarwal and Broutman [1990, p.65-66], unless otherwise stated.



Fig. 3.1. σ-ε curves for a fibre composite matrix [Agarwal & Broutman 1990, p.66]. Blue curves describe the material at a fibre volume fraction of Vf = 100%, i.e., an all-fibre material; dotted and solid lines represent ductile and brittle fibres, respectively. The solid red line correspond to when Vf = 0% which essentially implies an all-matrix material. Black curves represent the composite material corresponding to Vf = 50% and = 25%; solid and dotted lines correspond to the composite material containing brittle and ductile fibres, respectively. Red and blue circles denote matrix and fibre yield points, respectively. × represents fracture points. (I), (II) and (III) refer to elastic load transfer, plastic load transfer and plastic composite, respectively; subscript 1 denotes the case of brittle fibres while 2 and 3 denotes the case of ductile fibres. For evidence of these behaviours see Kelly & MacMillan [1986. p.249].



3.2.2 Elastic load transfer



Elastic load transfer corresponds to the initial loading stage. During this stage, the fibre and matrix deform elastically and perfect adhesion (also known as bonding, in a general sense) exists at the interface of the fibre and matrix. In analytical analysis, the interface is regarded as infinitesimally thin although in practice this may not be true [Kim & Mai 1993]. Several explanations have been proposed for the existence of adhesion. Kim and Mai [1993] pointed out factors such as wetting and adsorption, chemical, electrostatic, thermal and mechanical. At anywhere in the fibre and matrix, the axial displacements will be different because of the difference in elastic moduli of the two components. Consequently,
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the stresses in the matrix and fibre will also be different. (However, regions in the fibre and matrix close to the interface will experience similar axial displacements in order to ensure continuity of displacements.) The fibres can carry the major portion of the load since Ef > Em. Consequently displacements in the matrix are larger than in the fibre. For the stress-strain curve (black lines) shown in Fig. 3.1, elastic load transfer stage is labelled by (I). 3.2.3 Plastic load transfer



As σc progressively increases, it may lead to failure in the matrix and of the adhesion at the interface; both of which may or may not occur at the same time. In this case, since the fibre is stronger than the matrix (§ 3.2.1), failure of the matrix occurs first [Lin et al. 1972] (§ 3.6.2). The deforming matrix yields and becomes plastic (Appendix A.2, A4) whilst the fibre deforms elastically. Failure of the interface occurs if the interfacial shear stress exceeds the ultimate adhesion stress [Owen & Lyness 1972] (Appendix A.2). As a result, continuity of elastic displacement at the interface is destroyed. The fibre and matrix move relative to each other [Kim & Mai 1993]; a ductile matrix will (plastic) flow over the fibre surface. During plastic flow, τ is considered to be equal to the matrix yield stress in shear, τo, which is assumed to be a constant [Kelly & MacMillan 1986, p.264]. In Fig. 3.1, plastic load transfer stage is labelled by (II). 3.2.4 Plastic composite and fracture



As σc progressively increases, composites with brittle fibres may fracture at the fracture strain of the fibres; in this case, the plastic composite stage is not observed. However, if the fibres are ductile, then the fibres yield and become plastic (Appendix A.2). This may be accounted for in Fig. 3.1 by the stage corresponding to a plastic composite which is labelled as (III). In this case, the fracture strain of the composite may be larger than the fracture strain of fibres. From here onwards, as σc progressively increases, either the fibre fragments or matrix fractures first, depending on their work of fracture (Appendix A.7). Thereafter, the entire composite breaks up.
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3.3 Analytical models for elastic load transfer 3.3.1 Descriptions of models



This section examines analytical models developed for elastic load transfer. Models proposed by Cox [1952], Rosen [1965] and Nairn [1997] are discussed here. Of these, Cox’s model is well-documented [e.g., Holister & Thomas 1966, p.14-17; Kelly & MacMillan 1986, p.258-264; Gibson 1994, p.162-164]. Nairn [1997] also added a report on an FE analysis to his paper (§ 3.5). Applications of these models are found in interfacial studies, particularly looking at stress distributions near the ends of a broken fibre [Kim & Mai 1993]. The following applies to the models described here. The fibre composite models have axial and mirror symmetry; they are conveniently described using cylindrical polar co-ordinates. Here, the origin, O, of the co-ordinate system is at the centre of the model and the axis of symmetry is along the z-axis. For illustrations of fibre composite models, I have used green and yellow colours to represent a fibre and a matrix, respectively. This chapter deals with short (otherwise known as discontinuous) fibres. A short fibre is one which has length shorter than the composite length; in a continuous fibre, its length is comparable to that of the composite [Agarwal & Broutman 1990, p.9]. The orientation of short fibres in the composite material is straight and parallel to the composite axis; so the composite material bears tensile stress along its axis. Here, I am concerned with fibre and matrix materials that are isotropic and homogeneous with linearly elastic properties. For explanations of these terms, see Appendix A.2 and A.3. When a fibre composite material is in tension under σc, the fibre and matrix material deform so that the mode of deformation is, therefore, torsionless and axisymmetric. Generated in this way, τ induces σz within the fibre which are all independent of φ (§ 2.2.4).
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In § 3.3.2 I describe the model and boundary conditions. Equations used for solving the models are presented in § 3.3.3. Solutions to the models are discussed in § 3.3.4. 3.3.2 Comparison of models



Analytical models of fibre composite materials proposed by Cox [1952] and Rosen [1965] and, more recently, Nairn [1997] for elastic load transfer are known as shear-lag models. These are illustrated in Fig. 3.2.



(a)



(b)



(c)



(d)



Fig. 3.2 Descriptions of fibre composite models. These models proposed by Cox [1952], Rosen [1965] and Nairn [1997] are illustrated by upper right-hand quadrants in (a), (b) and (c), respectively. Each complete model is obtained by rotating the quadrant about the axis of the model define by the z-axis and reflecting about the origin, O, at the centre of the model. (d) shows an example of a complete model [Nairn 1997].



Three main differences exist among these models. The first difference is with regards to the matrix. Rosen's model assumed that σz = 0 throughout the matrix binder (Fig. 3.2b) and that the binder carries only shear stress. In Cox’s model, the matrix is assumed to extend radially to the realm of adjacent fibres; there was no mention about how the matrix extends longitudinally beyond the end, EF (Fig. 3.2a). In Nairn’s model, no matrix material was present beyond CE (Fig. 3.2c). In this case, the length of the matrix was the same as that of the fibre; this feature was
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implemented in my model (§ 4.3). A justification for this is found in the next paragraph which concerns the implementation of σc. The second difference concerns how σc is implemented. The simplest is that seen in Rosen’s and Nairn’s models which modelled the external force acting directly at the end planes of the average material, DE (Fig. 3.2b), and matrix, CD (Fig. 3.2c), respectively. While Nairn did not justify why he applied σc at CD, my interpretation of this is that it models the matrix beyond CD carrying σzz(r,z) = σc. This interpretation was supported by evidence from my FE results (§ 7.2.6). Cox assumed that the difference (eq. D.9) in the displacements in the fibre and in the matrix at a distance of rfs from the fibre axis (Fig. 3.3a) arises from stressing the composite material by σc. The third difference concerns how perfect adhesion at the interface is modelled. Models from Cox and Nairn implemented this by prescribing that the axial displacements from the matrix and the fibre are the same at the interfaces AF (Fig. 3.2a) and AD (Fig. 3.2c), respectively. (For Cox’s model, refer to the argument leading to eq. D.30). In Rosen’s model, he assigned a binder between the fibre and the average material. The binder acts to transfer stress from matrix to the fibre by shearing (eq. D.81).



(a)



(b)



Fig. 3.3 Fibre arrangement in a fibre composite material. (a) Crosssection view showing hexagonal fibre packing configuration for Cox's model [Piggott 1980, p.84]. (b) Longitudinal view [Agarwal et al. 1974].



Common to the shear-lag models is the assumption that the end of a fibre carry no stress; this is prescribed as a boundary condition for solving the shear lag equations (§ 3.3.4). Physically, this means that the matrix does not transfer any stress to the fibre at the fibre end-plane by normal stress. Agarwal et al. [1974] suggested that such a model corresponded to a fibre arrangement as shown in Fig. 28



3.3b. Here the matrix near the fibre end carries a proportion of the entire load while the rest of this is shared by the neighbouring fibres. Thus during elastic load transfer, the stress in a single fibre builds up away from the end. In my attempt to develop a model for elastic load transfer, I have also prescribed the boundary condition of zero stress transfer (§ 4.3.3). My attempts to adapt Cox's and Rosen's model for a non-cylindrical fibre produced no useful result because of a difficulty in determining an expression for τ; further details are provided in Appendix D.10. I have also attempted to develop an analytical model based on Nairn's model [Nairn 1997] but this approach led to no useful solution. Further details are provided in Chapter 4. 3.3.3 Equations for determining stresses



Models proposed by Cox [1952], Rosen [1965] and Nairn [1997] were intended to predict the behaviour of stress distributions in a fibre. These stress distributions were determined from second order linear differential equations having a general form d 2σ / dz 2 − C1σ( z ) + C2 = 0



3.1



where C1 and C2 are constants and, depending on the model, σ is either σz or τ (also see Appendix D.6). Cox arrived at a second order linear differential equation in σz. The starting point of Cox's method was a first-order differential equation expressed by eq. D.4. This equation was derived from a force-equilibrium differential eq. D.8 as justified by Lawrence [1972] (Appendix D.3). Rosen proposed an alternative model to Cox which led to a second order linear differential equation in σz (eq. D.90). Note that in his original paper Rosen reported eq. D.12 instead. However, as demonstrated in Appendix D.8, a check on his approach showed that there was no unique stress solution. Hence, my attempt to correct Rosen's approach led me to eq. D.90; when this is solved, the solutions of τ and σz agreed with his results (Appendix D.9).
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Nairn developed an approach based on the stress function method (§ 2.2.3). As mentioned in § 2.2.3 and 2.2.4, this method requires one to solve analytically for



Ψ in a fourth order differential equation as demonstrated by Filon [1902]. Instead Nairn introduced an arbitrary assumption about the form for Ψ, i.e., Ψ = f ( z ) + g1 (r ) z + g 2 (r )



3.2



where f is a function of z, g1 and g2 are some functions of r, satisfying eq. 2.10. And unlike Rosen’s method which determined τ as part of a complete solution (Appendix D.8), Nairn had to assume a form for τrz, i.e.,



τrz = f 0 ( z )r / 2 + f1 ( z ) / r



3.3



in order to help him derive a solution for τ. Here, f0 and f1 are some functions of z to be determined. Nairn made a further simplification to his formulation by assuming that σzz is reduced to σz. I have avoided introducing these arbitrary assumptions into my formulation of a model for elastic load transfer even though my approach was based on the stress function method (§ 4.2.5, 4.2.6). 3.3.4 Solutions



Since models proposed by Cox [1952], Rosen [1965] and Nairn [1997] led to similar expressions of second order linear differential equations for solving σz,(eq. 3.1), it follows that the solutions are also similar i.e.,



σ z = C3[1 − cosh(βz ) / cosh(β L)]



3.4



but differed only up to the constants C3 and β. A plot of σz versus z is shown in Fig. 3.4a. Appendix D.7 and D.9 describe how expressions for σz from Cox's and Rosen's models, respectively, were obtained. In general these models predict that β is dependent on material properties and dimensions of the fibre and the matrix. Accuracy of β predicted by analytical models was doubted by Nairn; he suggested that β in these equations should be treated as an adjustable parameter to fit empirical results. Cox predicted that C3 = E f ε m .



3.5



Kelly and MacMillan [1986, p.260] interpreted εm as the composite axial strain, εc. I believe both interpretations are valid because C3 is the upper limit of σz in a 30



continuous fibre (§ 3.3.1). Whereas in a continuous fibre the axial strain in a fibre,



εf, which cannot exceed εc nor εm, is ε f = εm = εc



3.6



[Kelly & Davies 1965]. To attain the value of C3, the discontinuous fibre will have to be very slender which means making L >> ro (see Fig. D.1). Of course, if ro is kept fixed, then L will need to be comparable to the length of the composite so that this gives a continuous fibre composite (§ 3.3.1).



(a)



(b)



Fig. 3.4 Distributions of (a) axial stress distribution in a fibre and (b) interfacial shear stress along half a fibre predicted by shear lag models [Cox 1952; Rosen 1965; Nairn 1997].



The other result derived by Cox [1952], Rosen [1965] and Nairn [1997] is an expression for τ. This is expressed in a general form as τ = C4 sinh(β z ) / cosh(βL) .



3.7



Here, C4 is a constant proportional to C3 and β (see eq. D.11). Herein lies the power of Rosen’s approach for it allowed for the determination of τ as part of a complete solution (Appendix D.9) unlike Nairn’s approach (§ 3.3.3). Furthermore, Rosen's model attempted to predict stresses in a fibre influence solely by the matrix binder in an infinitely large composite i.e., as ra >> rb,



C4 ≈



2{Gb / E f } [rb − ro ]ro



.



3.8



In contrast, solutions from Nairn’s model are influenced by a finite matrix thickness and length (Fig. 3.2c, d). Solutions from Cox’s model are influenced by



rfs. Note that eq. 3.7 predicts that τ is highest around the fibre end but decreases to zero at the fibre centre (Fig. 3.4b). This suggests that transfer of stress from the
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matrix to the fibre occurs predominantly at the fibre end [Kelly & MacMillan 1986, p.261-262]. However, in non-cylindrical fibres, my FE study showed that stress transfer is not confined predominantly to the fibre end (Appendix E.2). My attempt to provide an alternative approach to these shear-lag models using the stress function method did not lead to useful solutions. However, the method offers several interesting insights to the problem. Details are found in Chapter 4.



3.4 Analytical model for plastic load transfer 3.4.1 Introduction



This section examines analytical models developed for plastic load transfer (§ 3.2.3). The main focus is on a model proposed by Kelly and Tyson [1965] and Kelly and Davies [1965] which is referred to as the shear-sliding model by Landis and McMeeking [1999]. The shear-sliding model was developed to explain how the matrix yields plastically and flows past the fibre which is stretched by shear forces acting at the interfaces [Kelly & Tyson 1965; Kelly & Davies 1965]. The shear-sliding model was developed for a uniform cylindrical fibre. Like Cox’s, this model is also well-documented [Holister & Thomas 1966, p.33-37; Kelly & MacMillan 1986; Gibson 1994, p.159]. It was used to predict a quantity known as fibre critical length [Kelly & Davies 1965; Aspden 1994a] which offers an insight to the interfacial adhesion strength and the maximum length of a fibre at its ultimate stress (Appendix A.2) during plastic load transfer. Recently, the shearsliding model has been adapted in several studies [Hsueh 1994; Kim & Mai 1995; Wu et al. 1997; Landis & McMeeking 1999; Liu et al. 1999] to gain an understanding of single-fibre fragmentation tests and fibre pull-out tests [Kim & Mai 1993]. This section begins with a discussion of the shear-sliding model (§ 3.4.2). In § 3.4.3, I discuss equations for solving stresses in a fibre during plastic load transfer; solutions determined from these equations are discussed in § 3.4.4. All models addressed here follow the description presented in § 3.3.1 with one exception: the matrix material is now plastic.
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3.4.2 Model descriptions and boundary conditions



Fig. 3.5 illustrates a fibre composite model undergoing plastic load transfer. General definitions and assumptions about the model are provided in § 3.3.1 with one exception: the matrix material is now plastic of course, instead of linearly elastic. A similar model, but adapted for fibres which need not be a cylinder, was used in my study on plastic load transfer (Fig. 5.1).



Fig. 3.5 Description of a fibre composite model undergoing plastic load transfer. Here half the length of a fibre is shown (whose profile is outlined by dashes). The internal axial stresses generated at z and z + δz are represented by σz(z) and σz(z+δz), respectively. Here, δz is the length of the fibre element.



As mentioned in § 3.2.3, failure of the interface occurs when the interfacial shear stress, τ, exceeds the ultimate adhesion stress [Owen & Lyness 1972]. Should this happened, Kelly and MacMillan [1986, p.264] proposed that τ = τo, which is the matrix yield stress in shear. For a plastic matrix which does not strain-harden (Appendix A.2), Kelly and Davies [1965] proposed that τo is the frictional force per unit area which the matrix exerts as it slides over the fibre. Hsueh [1994] proposed that τ = µ fr σ rc



3.9



where µfr is a dimensionless constant related to the interfacial coefficient friction and σrc denotes a compressive interfacial normal stress which may be related to a residual clamping stress as a result of shrinkage on cooling of the matrix. An alternative approach is to determine τ as part of a complete solution. However, to the best of my knowledge, no attempt has yet been made to do this. In my analytical model for studying plastic load transfer, τ is regarded as a constant denoted by τo (eq. 5.13). Further details are found in § 5.3.1.
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To model plasticity of the matrix without involving a full treatment based on the theory of plasticity [Ford & Alexandra 1977, p.393-666], Kelly and Davies [1965] and Kelly and Tyson [1965] prescribed a boundary condition requiring that at the fibre end-plane σz = 0 to account for plastic matrix flowing around the fibre end. This approach was adopted in my analytical model (§ 5.3.1). 3.4.3 Equations for determining stresses



Kelly and Tyson [1965] and Kelly and Davies [1965] determined σz in a uniform cylindrical fibre from a first-order ordinary differential equation, dσ z / dz + 2τ o / ro = 0 .



3.10



This equation was derived based on the consideration of forces at equilibrium in a stress element (see Fig. 3.5 and § 2.2.2). This approach assumes that σz is uniformly distributed over the cross-section of a fibre. Details of the derivation can be found in Agarwal and Broutman [1990, p.122-123]. I have used this approach to derive a general expression for a fibre which need not be cylindrical in shape (eq. 5.6). Details are found in § 5.2. Aspden [1994a] studied plastic load transfer using Filon’s solutions for σzz [Filon 1902]. An expression for σzz was determined based on a fourth order differential equation as shown in eq. 2.10. My main reason for not using this approach for plastic load transfer study is discussed in § 3.4.4. 3.4.4 Solutions



The solution to the shear-sliding model was determined by solving eq. 3.10, with the prescribed boundary condition to model plasticity of the matrix proposed by Kelly and Davies [1965] and Kelly and Tyson [1965] (§ 3.4.2). The solution was found to be



σ z = 2τ o q[1 − z / L] .



3.11



q = L / ro



3.12



Here, q is expressed as



[Aspden 1994a]. Note that the definition of q is slightly different for a tapered fibre which is truncated (see § 5.3.2, 5.3.3 and 5.3.4). Fig. 3.6a shows that σz peaks 34



at the fibre centre and decreases linearly to zero at the fibre end. This suggests that in a cylindrical fibre, σz concentrates at the fibre centre during plastic load transfer; for the elastic case, σz build up around the fibre centre but falls off slowly and then rapidly, near the fibre ends (Fig. 3.4a). As mentioned in § 3.4.3, Aspden [1994a] uses Filon’s solution for σzz, expanded in Fourier series as follows,



σ zz (r , z ) =



n=∞ n=0



A1, n I0 (kn r ) + A2, n rI1 (kn r )



cos(k n z ) ,



3.13



for studying stresses in a fibre during plastic load transfer. Here kn = (2n+1)π/2L where n = 0, 1, 2,…∞. In § 4.2.3 and 4.3.4, I shall demonstrate that kn is a standing stress wave parameter whose value can be found when one prescribes a boundary condition that no stress is transmitted from the matrix to the fibre via the stressfree fibre end. Also in eq. 3.13 are coefficients A1,n and A2,n which depend on the material properties and are also functions of n; these are determined by making assumptions about τrz and σrr at the fibre surface. Aspden assigned τrz(ro,z) = τ = τo (consistent with the approach adopted by the shear-sliding model) and σrr(ro,z) = 0. The results obtained by Aspden showed quantitative agreement with that calculated using eq. 3.11; this served as a check for eq. 3.11.



(a)



(b)



Fig. 3.6 Distributions of (a) axial stress, σz (obtained from 3.11), and (b) interfacial shear stress, τ, along half a fibre based on the shear-sliding model.



Hence, the approaches leading to eq. 3.11 and 3.13 gave similar results with the former equation being much simpler than the latter. For this reason, I have decided to adapt the approach leading to eq. 3.11 for studying fibres, which need not be cylindrical, during plastic load transfer (Chapter 5) because there is no advantage to be gained in the other approach.
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3.5 Numerical analyses for elastic load transfer 3.5.1 Finite element analysis



This section examines studies concerning FE analyses of fibre composite models for elastic load transfer. In the literature, we have studies carried out by Carrara and McGarry [1968] and Nairn [1997] which were intended to analyse stress concentrations in the matrix region surrounding the fibre end. They served to gain an insight into the behaviour of the matrix prior to yielding which analytical models could not predict. The study carried out by Carrara and McGarry was more comprehensive than that reported by Nairn. Specifically, the former dealt with essential issues in FE modelling: dimensioning the FE model and sensitivity of the FE model to properties. In this section, the discussion will center around the study carried out by Carrara and McGarry [1968]. The FE model is discussed in § 3.5.2. Issues related to meshing and optimization are presented in § 3.5.3; boundary conditions are discussed in § 3.5.4. In § 3.5.5 I address an issue concerning dimensioning the FE model. Issues related to sensitivity of the FE model to fibre and matrix properties are discussed in § 3.5.6. In § 3.5.7 I highlight important results from the study carried out by Carrara and McGarry. Throughout this section, Nairn’s study will be discussed where appropriate to highlight its deficiencies. 3.5.2 Model descriptions



Fig. 3.7 illustrates an asymmetric FE model of a cylindrical fibre embedded in a matrix proposed by Carrara and McGarry [1968] which is typical of those used not only for elastic load transfer, e.g., Nairn [1997], but also for my plastic load transfer study (§ 3.6). FE analysis of asymmetric model has been discussed in § 2.3.5. Further details concerning definitions and assumptions about the fibre composite material corresponding to the FE model shown in Fig. 3.7 are provided in § 3.3.1. I have also adopted this model for my study in Chapter 7. In the study carried out by Carrara and McGarry, they also considered tapered ends, namely ellipsoidal shape and conical ends. To implement tapered ends, they modelled a fraction of the length of AF (beginning at A) as uniform cylindrical; 36



the other fraction of AF described the taper. The slenderness of these tapered ends were described by Q. When considering fibres with tapered ends in my study, the taper has a maximum radius at the centre of the fibre, A, and taper off to a minimum at the fibre end, F (see Fig. 7.1b). Hence, in my study, Q = q.



Fig. 3.7 Sketch of a 3D axisymmetric FE model [Carrara & McGarry 1968] represented in 2D for an upper right quadrant. This mesh configuration is adopted in many studies for elastic and plastic load transfer including mine (see Chapter 7). The FE model possesses both axisymmetry and mirror symmetry so only a quarter of the model is needed for the analysis.



3.5.3 Meshing and optimization



Quadrilaterals (four-node) elements were used by Carrara and McGarry (Fig. 3.7). In my study I have used quadrilateral (eight-node) elements; they contain mid-side nodes which are absent in the four-node element used by Carrara and McGarry. Being a higher order element (§ 2.3.6), the eight-node element provides a more accurate representation of curve profile such as a paraboloidal or ellipsoidal shape [NAFEMS 1992, p.88, 98] than a four-node one, which is a lower order element (§ 2.3.6) and which will require more elements to achieve the same task. As mentioned in § 2.3.6 it is important to assign appropriate mesh density to different sites in an FE model in order to achieve a compromise between accuracy and cost of analysis. Fig. 3.7 shows that larger elements are used where little changes in stresses are expected; progressively smaller elements are introduced where the stress gradient gets larger. This approach has been adapted for my study, as described in § 7.2.5, as well as in others, e.g., Carrara and McGarry [1968].



37



3.5.4 Boundary conditions



Carrara and McGarry [1968] modelled perfect adhesion at the interface by coupling corresponding nodes in the fibre and matrix that lie along the interface. This approach was adopted in my FE model (§ 7.2.4). At the fibre end, shear-lag models predict that there is no stress transfer from the matrix to the fibre by normal stress (§ 3.3.2). For the cylindrical fibre, Carrara and McGarry modelled this by assigning low 'fictitious' values of Young's modulus to the elements at the fibre end, EF (Fig. 3.7). However, they found that there was no appreciable difference between results obtained from this model and another one containing a homogeneous matrix. A similar result was also observed in an experiment [MacLaughlin 1966]. In my FE study, I have chosen to model the zero stress transfer by an alternative method. This involves detaching the fibre end, EF, from the matrix; I found this method to be useful because it allowed a check that



σz near the fibre end was close to zero (§ 7.2.4) as a means of obtaining a reliable FE model. Carrara and McGarry prescribed uniform axial displacements across the matrix end-plane, CD (Fig. 3.7), to subject their FE model in tension. However, in my study (§ 7.2.4), I have applied a uniform stress, σc, across CD, similar to Nairn’s approach for his FE model [Nairn 1997]. My reason for adopting this approach has to do with scaling the results, σz (§ 7.2.3). Carrara and McGarry implemented no constraint along the matrix surface, BC. While they did not justify why they did it, I have found this approach useful for my study (§ 7.2.6). This is because I could exploit it to determine a value for rm in my FE model to simulate an infinitely large matrix (§ 3.5.5). 3.5.5 Dimensioning the model



It is necessary to investigate the sensitivity of a FE model of a fibre composite material to its dimensions to ensure convergence of results [Carrara & McGarry 1968; Wu et al. 1997]. Unfortunately, there are many FE studies which did not investigate the sensitivity of the results to dimensional quantities, e.g., the studies
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of elastic load transfer by Nairn [1997]. In these studies, the usefulness of the results is doubtful. For dimensional quantities, Carrara and McGarry found that rm = 10ro and Lm = 1.35L in order that edge effects would not alter the stresses appreciably in the area of the fibre. In my FE study, I found that rm = 750ro and Lm = 2L; these were different from those of Carrara and McGarry because the upper and lower limits of



Ef/Em and q used in my study were not only different but covered a wider range of values (§ 3.5.6, 7.2.6). 3.5.6 Fibre and matrix properties



The sensitivity of any FE model to properties associated with the materials and geometric components in the model must be considered if a single value is to be used later on [Meakin & Hukins 2001]. Citing specific values obtained experimentally for a property is unsatisfactory without an understanding of scatter in these values; results obtained from arbitrary or specific values are inconclusive because they offer no information about the sensitivity of, e.g., stresses, to that quantity [Deleonardo 2000; Reh et al. 2000]. Unfortunately, when it comes to modelling fibre composite materials, several studies did not investigate for these properties of the model, e.g., Ef, Em, νf, νm and q [e.g., Termonia 1987; Nairn 1997]. The usefulness of the results obtained from these studies is doubtful. In my study, I have developed an approach to help me assess the sensitivity of stresses in a fibre to fibre and matrix properties (§ 7.2.3). Material properties which I considered were Ef/Em, νf, νm and q. The upper and lower limits of Ef/Em and q spanned much wider range of values than those covered by Carrara and McGarry [1968], who considered Ef/Em ∈[2, 100] but q = 28. However, they varied Q from 0 to 10 (Q = 0 corresponded to a cylindrical fibre). Carrara and McGarry gave single values for νf and νm; perhaps they assumed that these had negligible effect on the stresses in the model. This assumption was confirmed by my study (§ 7.2.3).
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3.5.7 Results



In the study reported by Carrara and McGarry [1968] results of τ obtained from their FE model was compared quantitatively with those predicted from Cox's model. They found that there was agreement around the fibre centre but not towards the fibre end. In order to help them calculate τ from Cox's model, rm (= 10ro; see eq. D.32) was used in place of rfs (eq. D.3) and the results were obtained at single values of Ef/Em (= 18.3) and q (= 28). Since Carrara and McGarry applied strain rather than σc to the model, they were able to input the value of this applied strain into εm in eq. D.6 to determine immediate results before arrived at τ. No attempt was made to verify for other values of Ef/Em and q. In order to compare my FE results with shear-lag model [e.g., Cox 1952], I carried out a qualitative comparison by fitting eq. 3.4 and 3.7 for σz and τ, respectively, to my FE results using a non-linear regression method (§ 7.3.2). The method reported by Carrara and McGarry which involved assigning input values into the parameters in the equations for σz and τ was avoided because εm was not known in my study.



(a)



(b)



Fig. 3.8 Plots of τm/σc versus Q [Carrara & McGarry 1968]. (a) At Ef/Em = 100 (red), = 18.3 (blue) and = 2 (grey) corresponding to model containing fibre of ellipsoidal ends. (b) Ef/Em = 18.3 corresponding to an ellipsoidal (solid line) and a conical (dashed line) fibre. Here, σc is the stress corresponding to the applied strain on the matrix, εm.



Carrara and McGarry demonstrated that for a fibre with ellipsoidal ends, τm, the maximum shear stress in the matrix, was more sensitive to Q at high Ef/Em (Fig. 3.8a). Similar results were obtained for stresses in an ellipsoidal fibre in my study but here q, instead of Q, was considered (Fig. E.5). Since stress concentration arises from geometric discontinuity (Appendix A.6), Carrara and McGarry suggested that the decrease in τm with respect to conical ends may be explained by
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the degree of discontinuity at the point (where τm was found) where the cylindrical surface joined with the conical surface. When Q increased, the angle, θ, between the tangent of the conical surface and the fibre axis decreased in a conical fibre end model. At sufficiently large Q, θ was so small that the conical surface was almost parallel to the fibre axis. Then the conical surface may be treated to join continuously with the cylindrical portion and so the discontinuity was not appreciable. Hence τm was small at large Q. In my study, the geometric discontinuity was probably too small to give rise to τm or τ (Fig. E.1) at the fibre centre because the lower limit of q considered was = 200, which was 20 times higher than the upper limit of Q used by Carrara and McGarry.



3.6 Numerical analyses for plastic load transfer 3.6.1 Finite element analysis



This section assesses fibre composite models for plastic load transfer developed using finite element (FE) methods. As explained in § 3.2.3, plastic load transfer is characterised by a plastic matrix and adhesion failure at the fibre-matrix interface. There are reports on FE analyses that deal with either elastic-plastic analysis, i.e., plasticity of matrix, with perfect interfacial adhesion [Lin et al. 1972; Agarwal et



al. 1974; Agarwal & Bansal 1977] or linear elastic fibre and matrix materials in the presence of interfacial adhesion failure [Owen & Lyness 1972]. (Recently, Tripathi et al. [1996] has implemented elastic-plastic analysis while Wu et al. [1997] modelled interfacial adhesion failure to study fibre fragmentation; see § 3.2.4.) Now, for a complete analysis of plastic load transfer both plasticity of the matrix and interfacial adhesion failure must be implemented together. However, no such attempt at a complete analysis has been made to the best of my knowledge; perhaps this points to a technical difficulty in the implementation. In this section, I shall address studies from Owen and Lyness [1972] and Lin et al. [1972] for their contributions towards a complete analysis of plastic load transfer. The geometry of FE models of fibre composite materials described in these studies was similar to those proposed for the elastic case (Fig. 3.7). There are three issues which I shall like to address here. The first concerns the importance of dimensioning the FE model which has been emphasized in § 3.5.5.
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Unfortunately, studies from Lin et al. [1972], Owen and Lyness [1972], Agarwal



et al. [1974] and Agarwal and Bansal [1977] did not justify how the dimensions of the models were determined. Therefore, results obtained from these studies will not be useful and any discussion on their results can only be limited to the context of their input values for the dimensional parameters. The second issue concerns the sensitivity of the FE model to fibre and matrix properties as emphasized in § 3.5.6. Results obtained from Lin et al. [1972] (not to mention Agarwal et al. [1974] and Agarwal & Bansal [1977]) are also not particularly useful because they fail to address this issue. Hence, any discussion on these results is limited to the context of the input values for these properties. Finally, the third issue concerns the boundary condition describing how the matrix is subjected to a prescribed displacement to cause the model to be in tension. For example, Owen and Lyness [1972] and Lin et al. [1972] prescribed displacements along CD (Fig. 3.7) in the direction of the fibre axis. Agarwal et al. [1974] prescribed axial and radial displacements at the matrix end-plane, CD, and surface, BC, respectively. Analyses were carried out until the desired axial strain in the matrix was achieved [Agarwal et al. 1974], until the fibre or the matrix reached its ultimate stress [Lin et al. 1972], or until interfacial adhesion failure occurred [Owen & Lyness 1972]. However, in my study, I have applied a (constant magnitude) stress along the fibre surface (§ 6.2.6) to cause the fibre to be in tension. In § 3.6.2 I present a discussion on the elastic-plastic analysis carried out by Lin et



al. [1972]. A discussion on the study of interfacial adhesion failure carried out by Owen & Lyness [1972] is presented in § 3.6.3. Further details of definitions and assumptions of the models addressed in this section are found in § 3.3.1; I draw the reader’s attention to one exception and that is the fibre and matrix materials in Lin



et al. [1972] were not restricted to only linear elastic properties but may take plastic properties as well.
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3.6.2 Elastic-plastic analysis



Lin et al. [1972] analysed materials in the fibre and matrix whose properties changed from linearly elastic to plastic using an elastic-plastic analysis (Appendix A.4). Their aims were to investigate which of the two materials yielded first for given material ultimate strengths and how plasticity propagated in the material after it has yielded. The FE method was implemented using the incremental plastic theory obeying the von Mises yield criterion [Hill 1950, p.33; Becker 2001, p.7, 25, 29]. Here, the global stiffness matrix, K, was assembled from elastic element stiffness matrices when the material was in elastic state (eq. 2.28); when the material yielded, K was assembled from plastic element stiffness matrices. The procedure to carry out the computation involved linear incremental loading steps to evaluate displacement in the force-displacement relation (eq. 2.29). During plasticity, K was modified to conform to the plastic state at the end of the preceding loading step. Lin et al. [1972] demonstrated that for a fibre whose ultimate strength was higher than that of a matrix, the first to reach elastic limit and yield was the matrix. In my study, to model plasticity in the matrix I have adopted the approach proposed by Kelly and Davies [1965] and Kelly and Tyson [1965] (§ 3.4.2). Further details are provided in § 6.2.6. 3.6.3 Interfacial adhesion failure



Adhesion failure in shear at the fibre-matrix interface is a non-linear problem which cannot be analysed using the usual elastic-plastic analysis [Owen & Lyness 1972]. To study adhesion failure, Owen and Lyness proposed an expression describing a non-linear relationship between τ and σn, the stress normal to the fibre surface i.e.,



τ = α + σ n tan β



3.14



where α and β are parameters specifying the failure conditions and may be strain dependent. For the FE model, a bond element was developed and assigned to the interface to model adhesion and failure along the interface. In other words, at the onset of loading, the bond element would model perfect adhesion at the interface.
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Then, on progressive increase in loading, each bond element would decide when failure occurred at its location by monitoring the build-up of τ and compared the net value of τ with the maximum allowable adhesion stress. To minimize computational time, Owen and Lyness used an initial stress technique which was executed iteratively. Each iteration operated on the original stiffness matrix of the whole structure but avoided repetitive computation of the element stiffness. They argued that the result was valid as long as material non-linearity was confined to local areas (the interface region) of the structure. Owen and Lyness [1972] demonstrated that adhesion failure initially occurred at the fibre end and progressed towards the fibre centre. The peak value of τ for the elastic solution (Fig. 3.4b) was displaced progressively towards the fibre centre due to successive failure of bond elements; the distribution of τ along the debonded length was approximately similar to the predictions made by the shearsliding model (Fig. 3.6b). This effect was observed experimentally by Holister et



al. [1969]. The distribution of σz in a fibre in the bonded length was similar in trend to that predicted by the shear-lag model (Fig. 3.4a). However, the distribution of σz along the debonded length was uniform instead of linearly decreasing as predicted by the shear-sliding model (Fig. 3.6a). The method of modelling adhesion failure in my study differs from the approach presented by Owen and Lyness. I have adopted the approach proposed by Kelly and Davies [1965] and Kelly and Tyson [1965] (§ 3.4.2). Further details are provided in § 6.2.6.



3.7 Conclusions This chapter discussed the background relevant for understanding fibre composite models proposed in my study. The background discussed and compared past studies on analytical models and numerical analyses intended for studying the behaviour of a fibre composite material and compared them with my studies. This covered studies on elastic and plastic transfer load. Appendix D provides further details of derivations, developments and explanations of analytical models that were highlighted here.
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'The person who proves Fermat's Last Theorem is not the person that puts in the most work, it's the person who delivers the final and complete proof.' Singh [1998, p.290]



CHAPTER 4 Towards a complete model



4.1 Introduction This chapter describes the development of an analytical model of a fibre composite material and the implementation of the model for elastic load transfer study. This study is intended to investigate the effect of fibre shape on stresses within a fibre in a fibre composite material during elastic load transfer. Elastic load transfer has been explained previously (§ 3.2.2). Where appropriate in this chapter, I have included details of the mathematical derivation of essential results. However, where these hinder, rather than help, in the flow of the discussion, the reader is referred to Appendix C for further details. This chapter is divided into two parts. The first part (§ 4.2) describes a stress function method for determining the stress function, Ψ, for a general axissymmetric body, using the fourth-order differential eq. 2.10 (in cylindrical polar co-ordinates, r, φ, z, see § 2.2.4). For an explanation of the stress function method, see § 2.2.3. Then Ψ is used to obtain mathematical expressions for stress and displacement components. Displacement, rather than strain, is determined because it is easier to derive the latter by differentiating the displacement (see eq. 2.17). The results obtained from this approach were applied to model a fibre composite
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material undergoing elastic load transfer (§ 4.3); this approach avoids making an assumption about τ, the interfacial shear stress (§ 3.3.3), unlike many shear-lag models [Cox 1952; Nairn 1997]. The plastic case is also applicable but this would require a different set of boundary conditions than the elastic case. One possible boundary condition would be to make an assumption about τ in the same way as that proposed by Aspden [1994a]. However, as pointed out in § 3.4.4, no advantage can be gained from this because Aspden’s model was also based on the stress function method and his results showed good agreement with those obtained from the simpler shear-sliding model [Kelly & Tyson 1965; Kelly & Davies 1965]. The following symbols appearing frequently in this chapter have been used as before. These are ro and L, which denote the radius and half-length of a fibre, respectively, and rm and Lm, which denote the matrix radius and half-length, respectively (§ 3.1). In this study, I am concerned with materials for the fibre and matrix that are homogeneous, isotropic and possess linearly elastic properties (I have pointed these out previously in § 3.3.1). Symbols Ef, Em, νf and νm denote material properties (§ 3.1). Here, E and ν denote Young’s modulus and Poisson’s ratio, respectively. q refers to fibre axial ratio (eq. 3.12). Subscripts f and m refer to the fibre and matrix, respectively. Symbols σzz, σrr and τrz refer to stress components of the stress tensor, u and w refer to displacement components, all of which are described in cylindrical polar co-ordinates and used as before in § 2.2.4.



σc denotes the applied tensile stress on the model (§ 3.1). Variables ρ and kr are used interchangeably depending on the situation; the latter is a product of k, a constant of integration, and r. Brackets [ ], { } and ( ) in mathematical expressions are used in the same way as before (§ 2.1).
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4.2 General solutions 4.2.1 Overview



My analytical approach for modelling a fibre composite material was based on the stress function method (§ 2.2.3) for solving an axis-symmetric body (Fig. 2.4). This approach treats the problem as statically indeterminate (§ 2.2.1). Further details concerning definitions and assumptions about the general axisymmetric model addressed in this section were provided in § 2.2.4. Ideally the general solution for Ψ has to be derived analytically from eq. 2.10. My approach to solve Ψ was adapted from Filon [1902] and Timonshenko and Goodier [1970, p.422-424]. I would have adopted the solutions proposed by Filon [1902] and not developed my own approach if Filon’s solutions were useful but they were not. The reason was that they were derived from a different fourth order differential equation, which could not be verified to the best of my knowledge, unlike that given by eq. 2.10. Solutions proposed by Timonshenko and Goodier [1970, p.422-424] were not complete but nevertheless satisfy eq. 2.10. As mentioned in § 3.3.3, I have not adopted the approach proposed by Nairn [1997] who claimed to have solutions to the fibre composite problem using an approach based on the stress function. The reason was that he chose to assume a certain convenient (arbitrary) form for Ψ instead of deriving Ψ analytically. My approach to obtain general solutions for an axis-symmetric body involves several steps. One starts by solving the stress function, Ψ, in eq. 2.10 for a general axis-symmetric body (Fig. 2.4) via intermediate functions Ω1 and Ω2 (§ 4.2.2 to 4.2.5). Next, the solution for Ψ is substituted into eq. 2.13 to 2.16 to derive equations for the stress components and into eq. 2.18 and 2.19 to derive equations for the displacement components (§ 4.2.6).
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4.2.2 Establishing intermediate functions Ω1 and Ω2



I shall now explain how intermediate functions Ω1 and Ω2, which are functions of



r and z, are established. Following an argument presented by Filon [1902], suppose



Ω1 represents a solution to Laplace’s equation, i.e., ∇ 2Ω1 (r , z ) = 0 .



4.1



From eq. 2.10, we can relate Ω1 to Ψ by



Ω1 (r , z ) = ∇ 2 Ψ (r , z ) .



4.2



If Ω2 is a solution of eq. 4.2, i.e.,



Ω1 (r , z ) = ∇ 2Ω 2 (r , z )



4.3



then it is a solution of eq. 2.10. It can then be seen from eq. 4.1 that Ω1 also satisfies eq. 2.10. The following describes how a solution to eq. 2.10 is determined based on establishing Ω1 and Ω2. 4.2.3 Solving for Ω1



Since co-ordinates r and z are orthogonal (independent) we can express Ω1 as a product of two functions, i.e.,



Ω1 ( r , z ) = f (r ) g ( z )



4.4



[O’Neil 1991, p.1150] where f(r) and g(z) are functions of r and z, respectively. From eq. 4.1, noting that we are using ∇2 expressed in the cylindrical polar coordinate system (eq. 2.12), we have 4.5



1 d2 f 1 df 1 d2 g + + =0 f (r ) dr 2 rf (r ) dr g ( z ) dz 2 or, by moving terms containing g to the right side of eq. 4.5, we get



4.6



1 d2 f 1 df 1 d2g + = − . f (r ) dr 2 rf (r ) dr g ( z ) dz 2



Since r and z are independent, we can fixed the right side by choosing z = zo , i.e., 1 d2 f 1 df 1 d2g + = − f (r ) dr 2 rf (r ) dr g ( z o ) dz 2



4.7 . z = zo
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In this way, the left side of eq. 4.7 must equal to the right side for all z. Thus the expression on the left side of eq. 4.7 must be equal to a constant but the expression on the right side of eq. 4.6 must also be equal to the same constant [O’Neil 1991, p.1150]. Denoting the constant by k, we have, i.e. 1 d2 f 1 df 1 d2 g + = − = k2 f (r ) dr 2 rf (r ) dr g ( z ) dz 2



4.8



[O’Neil 1991, p.1150]. We find 1 d2g = −k 2 , 2 g ( z ) dz



4.9



1 d2 f 1 df + = k2. 2 f ( r ) dr rf ( r ) dr



4.10



Note that eq. 4.9 is similar to the classic expression that describes a standing wave. In this case, it describes a standing stress wave [Crawford 1968, p.54]. A solution to this equation satisfying eq. 4.9 is a combination of linearly independent sine and cosine functions, g ( z ) = A1 cos(kz ) + A2 sin(kz )



4.11



[Crawford 1968, p.55] where A1 and A2 are constants. Eq. 4.11 can be rewritten as g ( z ) = B1 sin(kz + α)



4.12



where B1 ( = √[A12+A22]) and α ( = tan-1[A2/A1]) are constants. Rearranging the terms in eq. 4.10, expressed in terms of ρ, we arrive at ρ2d 2 f / dρ2 + ρdf / dρ + [ρ2 − n 2 ] f (ρ) = 0 .



4.13



Here, we have introduced a variable n (which is equal to 0 in this case). Note also that eq. 4.13 is Bessel's differential equation of order n = 0. Solutions to eq. 4.13 are satisfied by Bessel's functions, J0 and Y0, of the first kind of zeroth order, i.e., n = 0. For details on Bessel’s functions, see e.g., O’Neil [1991, p.216, 376, 384]. Each of these functions possesses an imaginary argument ikr. General solutions to eq. 4.13 is written as a linear combination of J0 and Y0, i.e., f ( r ) = B2 J 0 (ikr ) + A3 Y0 (ikr )



4.14



where B2 and A3 are constants. In order to arrive at a physically reasonable solution, the second term is ignored by assigning A3 = 0 because Y0(ikr) (= K0(kr))
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tends to a value of infinity as r approaches zero (Fig. 4.1b). Note that by definition J0(ikr) = I0(kr) [Spiegel 1968, p.138] where I0 is the modified Bessel function of zeroth order, i.e., n = 0. (Fig. 4.1a illustrates the behaviour of I0.) Hence eq. 4.14 becomes f ( r ) = B2 I 0 (kr ) .



4.15



Substituting expressions for g (eq. 4.12) and f (eq. 4.14) into eq. 4.4, we find that the solution to eq. 4.1 is Ω1 ( r , z ) = C1I 0 (kr ) sin(kz + α)



4.16



where C1 = B1B2. (Appendix C.2 provides a check on the solution of Ω1, given by eq. 4.16, to ensure that it was correct.)



(a)



(b)



Fig. 4.1 Plots of modified Bessel's functions versus ρ. (a) Io & I1 and (b) Ko & K1 versus ρ [Spiegel 1968, p.141].



4.2.4 Solving for Ω2



Having determined Ω1 the next step is to find Ω2. It is convenient to rewrite Ω2 as Ω 2 = Ω 21 + Ω 22 ,



4.17



Ω 21 ( r, z ) = h1 ( r )l1 ( z )



4.18



Ω 22 ( r, z ) = h2 ( r )l2 ( z )



4.19



where



and



are solutions to eq. 2.10. Here, h1 and h2 are functions of r and l1 and l2 are functions of z. Note that we have applied the method of separation of functions similar to that described in § 4.2.3. Now from eq. 4.3, 4.4, and 4.18, we find f (r ) g ( z ) = ∇ 2 (hi (r )li ( z ))



4.20



where subscript i = 1, 2. From this we have
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f (r ) g ( z ) =



li ( z ) d dh d 2l r i + hi (r ) 2i . r dr dr dz



4.21



Rearranging eq. 4.21, we find f (r ) g ( z ) 1 d dh 1 d 2li = r i + . hi (r )li ( z ) hi (r )r dr dr li ( z ) dz 2



4.22



Consider two cases as follows, l1 ( z ) = D1 g ( z )



4.23



h2 ( r ) = D2 f ( r )



4.24



and



where D1 and D2 are constants (see similar approach by Filon [1902]). Eq. 4.22 becomes f (r ) 1 d dh 1 d2 g = r 1 + D1h1 (r ) h1 (r )r dr dr g ( z ) dz 2



4.25



which, when rewritten as such 1 d dh f (r ) 1 d2 g r 1 − =− = k2 h1 (r )r dr dr D1h1 (r ) g ( z ) dz 2



4.26



gives two equations, one of which is eq. 4.9 and the other is 1 d dh f (r ) r 1 − = k2 . h1 (r )r dr dr D1h1 (r )



4.27



1 dh1 1 d 2 h1 f (r ) + − = k2 2 h1 (r )r dr h1 (r ) dr D1 h1 (r )



4.28



Expanding eq. 4.27



and multiplying both sides of the equation by h1(r)r2 , we have r



dh1 d 2 h1 r 2 f (r ) + r2 − = k 2 r 2 h1 (r ) 2 dr D1 dr



4.29



or, in terms of ρ (to solve the differential equation in ρ instead of r), ρ2



d 2 h1 dh1 ρ2 f (ρ) 2 + ρ − ρ h ( ρ ) = . 1 dρ2 dρ D1k 2



4.30



In order for h1(ρ) to satisfy eq. 4.30 we choose
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h1 (ρ) = B3ρI1 (ρ)



4.31



[Timosheko & Goodier 1970, p.423]. Here, I1 is the modified Bessel function of the order n = 1 and B3 is a constant. A possible solution to eq. 4.3 is (described in r and z), Ω 21 ( r, z ) = C 2 krI1 ( kr ) sin(kz + α)



4.32



i.e., by substituting the expressions for h1 (from eq. 4.31) and l1 (eq. 4.12, 4.23) into eq. 4.18. Here, C2 = B1B3D1. Appendix C.3 provides a check of the solution of Ω21, given by eq. 4.32, to ensure that it was correct. Now consider the second case, i.e., eq. 4.24. We substitute eq. 4.24 into eq. 4.22 to arrive at g ( z) 1 d df 1 d 2l2 r + = 2 f (r )r dr dr l2 ( z ) dz D2l2 ( z )



4.33



so that on rearranging, we have g ( z) 1 d df 1 d 2l2 r =− + . 2 f (r )r dr dr l2 ( z ) dz D2l2 ( z )



4.34



By adopting the same approach which leads to eq. 4.8, we equate eq. 4.34 to the constant, k, used as before in eq. 4.8, i.e., 1 d df 1 d 2l2 g(z) r =− + = k2 2 f (r )r dr dr l2 ( z ) dz D2l2 ( z )



4.35



which gives two equations, one of which is eq. 4.10 and the other is −



1 d 2 l2 g ( z) + = k2. 2 l2 ( z ) dz D2 l2 ( z )



4.36



Rearranging eq. 4.36 we find d 2l2 / dz 2 − k 2l2 ( z ) = g ( z ) / D2 .



4.37



A solution satisfying eq. 4.37 is l 2 ( z ) = B4 z sin(kz + β)



4.38



containing constants B4 and β, where β = α − π/ 2.



4.39



52



Substitute the expressions for h2 (from eq. 4.15 and 4.24) and l2 (from eq. 4.38) into eq. 4.19 we find Ω 22 (r , z ) = C 3 z sin(kz + β)I 0 (kr )



4.40



where C3 = B1B4D2. Appendix C.4 provides a check on the solution of Ω22, given by eq. 4.40, to ensure that it was correct. 4.2.5 A solution for Ψ



Combining solutions from eq. 4.16, 4.32 and 4.40, i.e., Ψ = Ω1 + Ω 21 + Ω 22 ,



4.41



we arrive at a general solution to eq. 2.10 in the form Ψ( r, z ) = [C1I 0 ( kr ) + C2 krI1 ( kr )] sin(kz + α) + C3 zI 0 ( kr ) sin(kz + β)



4.42



or, noting that β = α - π/2 in eq. 4.39, we find Ψ( r, z ) = [C1I 0 (kr ) + C2 krI1 (kr )] sin(kz + α) − C3 zI 0 ( kr ) cos(kz + α) .



4.43



4.2.6 Displacement and stress equations



The stress function, Ψ, for a general axis-symmetric body that possesses homogeneous and isotropic material properties is described by eq. 4.42 or 4.43. Subsequently, general equations for the displacement and stress components can be derived using Ψ. In this study u, w, σzz, and, τrz equations were obtained by substituting Ψ into eq. 2.18, 2.19, 2.15 and 2.16, respectively, and evaluating them. We have, u=− w=



k 2G



k 2G



kC1I1 + kC 2 krI 0 − C3 I1



kC1 I 0 + k[4{1 − ν}I 0 + krI1 ]C 2 + +2{1 − 2ν}C 3 I 0



− C3 I 0 kz cos(kz + α) σ zz = k 2



cos(kz + α) + C3kzI1 sin(kz + α) , sin(kz + α)



4.44 4.45



+ w0 ,



kC1I0 + kC2 [2{2 − ν}I0 + krI1 ] + {1 − 2ν}C3I0



cos(kz + α)



4.46



+ C3kzI0 sin(kz + α) ,
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τ rz = k 2



kC1 I1 + k[2{1 − ν}I1 + krI 0 ]C 2 − 2νI1C 3



4.47



sin(kz + α)



− C 3 kzI1 cos(kz + α) . Details of the derivations of eq. 4.44, 4.45, 4.46 and 4.47 can be found in Appendix C.7, C.8 and C.9. In § 4.3 I describe how these equations were implemented to predict the displacement and stress in a fibre composite model for the case of elastic load transfer.



4.3 Analysis of elastic load transfer 4.3.1 Description of the model



For the fibre composite models addressed in this section, further details concerning definitions and assumptions were provided in § 3.3.1. The model containing a cylindrical fibre has a configuration similar to Fig. 3.2c. For models containing tapered fibres, an example is shown in Fig. 4.2. Here, rc denotes the radius at truncated end of the conical fibre. The conical fibre is truncated because this makes it possible to prescribe a zero stress transfer across its ends as a boundary condition, used as before in shear-lag models, e.g., Cox [1952], for a cylindrical case (§ 3.3.2). However, note that in Cox’s model, he used this boundary condition to solve for σz from the differential eq. 3.1; in my model, I needed it for solving the unknown constants in eq. 4.44 to 4.47.



Fig. 4.2 Description of an upper-right quadrant of a fibre composite model containing a conical fibre.



The fibre shape in the model is described by a fibre profile function, P(L,q,z), i.e., r = P ( L, q , z )



4.48
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which is a function of L, q and z. For example, for a uniform cylindrical fibre, the profile, i.e., along AD of Fig. 3.2c, is r = P = L/q



4.49



for 0 ≤ z ≤ L. Note that the outer surface of the matrix is given by, for 0 ≤ z ≤ Lm, r = rm .



4.50



The models described in Fig. 3.2c and Fig. 4.2 show the fibre having the same length as the matrix; this is similar to the model proposed by Nairn [1997]. A reason for adopting this has to do with modelling σzz in the matrix beyond CD; this has been explained previously (§ 3.3.2). 4.3.2 General equations



I shall now set up general equations for the stress and displacement expressions, i.e., eq. 4.44, 4.45, 4.46 and 4.47, obtained in § 4.2.6 for studying a fibre composite material undergoing elastic load transfer (§ 3.2.2). Here, because symbols for stress and displacement components are used in the same way for both fibre and matrix, the only way to distinguish them is by the subscripts, f and m, found in the variables in these equations. For the matrix, the displacement and stress equations are, u=−



km 2Gm



kmC1m I1m + kmC2 m km rI0 m − C3m I1m



4.51



cos(km z + α m )



+ C3m km zI1m sin(km z + α m ) , w=



km 2Gm



4.52



k m C1m I 0 m + k m [4{1 − ν m }I 0 m + k m rI1m ]C 2 m



+ 2{1 − 2ν m }C 3m I 0 m σ zz = km



2



sin(k m z + α m ) − C 3m I 0 m k m z cos(k m z + α m )



+ w0,m ,



kmC1m I0 m + kmC2 m [2{2 − ν m }I0 m + km rI1m ]



+ {1 − 2ν m }C3m I0 m



4.53



cos(km z + α m ) + C3m km zI0 m sin(km z + α m ) ,
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τ rz = k m



4.54



k m C1m I1m + k m [2{1 − ν m }I1m + k m rI 0 m ]C 2 m



2



− 2ν m I1m C 3m



sin(k m z + α m ) − C 3m k m zI1m cos(k m z + α m ) ,



where I0m = I0(kmr) and I1m = I1(kmr). For the fibre, these are u=−



kf



k f C1 f I1 f + k f C 2 f k f rI 0 f − C 3 f I1 f



2G f



cos(k f z + α f )



4.55



+ C 3 f k f zI1 f sin(k f z + α f ) , w=



kf



4.56



k f C1 f I 0 f + k f [4{1 − ν f }I 0 f + k f rI1 f ]C 2 f



2G f



+ 2{1 − 2ν f }C 3 f I 0 f



σ zz = k f



sin(k f z + α f ) − C 3 f I 0 f k f z cos(k f z + α f )



k f C1 f I0 f + k f C2 f [2{2 − ν f }I0 f + k f rI1 f ]



2



+ {1 − 2ν f }C3 f I0 f τrz = k f



+ w0 f ,



2



cos(k f z + α f ) + C3k f zI0 f sin(k f z + α f ) ,



k f C1 f I1 f + k f [2{1 − ν f }I1 f + k f rI0 f ]C2 f



− 2ν f I1 f C3 f



4.57



4.58



sin(k f z + α f ) − C3 f k f zI1 f cos(k f z + α f ) ,



where I0f = I0(kfr) and I1f = I1(kfr). Note that eq. 4.51 to 4.58 are characterised by unknown constants, namely, km, C 1m, C 2m, C 3m, αm ,βm, kf, C1f, C2f, C3f, αf and βf. 4.3.3 Boundary conditions



I shall now describe the boundary conditions (§ 2.2.2) that I have prescribed to solve for the constants km, C 1m, C 2m, C 3m, αm ,βm, kf, C1f, C2f, C3f, αf and βf. Now, u and w at any point in the composite on the cross-sectional plane normal to the z-axis at O must satisfy the following boundary conditions u ( r , z ) = u ( r ,− z ) ,



4.59



w( r, z ) = − w( r,− z ) ,



4.60



respectively. Since w = 0 at the composite centre, we have a boundary condition in the fibre and matrix at z = 0 expressed as 56



w( r,0) = 0 .



4.61



In § 4.3.1 and 3.3.2, I pointed out that for a sufficiently large matrix, σzz(r,z)= σc in the bulk of the matrix beyond CE (Fig. 3.2c). By considering the force, Fc, associated with σc, along CD of a cylindrical fibre (Fig. 3.2c) and also for any tapered fibre (Fig. 4.2) a boundary condition for this can be expressed as such, rm ro



σ zz (r , L)2πrdr = Fc .



4.62



Here, σzz(r,L) corresponds to the principal stress component in the z-direction [the maximum normal stress, in this case, see Gere & Timoshenko 1999, p.482]. consequently, shear stress, τrz, is zero on the z-plane, i.e., z = L, where the principal stress acts. The corresponding boundary condition for τrz in the matrix is τ rz (r , L) = 0 .



4.63



In the fibre, the plane ends, i.e., z = L, are not stressed [Cox 1952] so that these are free surfaces. Then, σzz(r,L) in the fibre can be described by a boundary condition, σ zz (r , L) = 0 .



4.64



During elastic load transfer, perfect adhesion exists between the fibre and matrix. The axial displacement at the interface, calculated using eq. 4.52 and 4.56, should be the same. For a uniform cylindrical fibre whose profile is described by eq. 4.49, at the interface (r = ro = L/q; also see eq. 3.12), we have a boundary condition described by L 0



ε zz , f (ro , z )dz =



L 0



ε zz , m (ro , z )dz



4.65



where εzz is the axial strain used as before, see eq. 2.17. 4.3.4 Solutions and problems



I shall now discuss how the unknown constants found in eq. 4.51 to 4.58 are determined using the boundary conditions presented in § 4.3.3. This is shown for the case of a cylindrical fibre. When solving for these constants, it is important to note that for the values of these constants to be useful, they must satisfy eq. 4.51 to 4.58 simultaneously for r ∈ [0, rm] and z ∈ [0, L]. I should like to point out that in determining these unknown constants using the boundary conditions, one arrives at an interim result consisting of one or more 57



system of equations. If the system of equations is non-linear , i.e., unknown constants express as a product coefficient in a term (see e.g., eq. 4.74 and 4.86), it may be possible to assign one or more unknowns with appropriate values to arrive at a final result that is useful. As an example, see NAFEMS [1992, p.14] for a 3bar pin-jointed problem. On the other hand, when it is linear and already in its reduced form [O’Neil 1991, p.671], if the number of unknowns equals the number of equations, this leads to unique values for the constants. However, if the number of unknowns is more than the equations (e.g., eq. 4.85, 4.96), then at least one independent unknown can take any value in the general solution and we have no unique values for all unknowns constants. To begin, we consider the boundary condition expressed by eq. 4.59. This requires that u be an even function of z. On the other hand, the axial displacement, w, is an odd function of z (eq. 4.60). For these to be true in the matrix and fibre, we set αm = αf = 0 for all r and z. In turn, we arbitrarily set w0m = w0f = 0 to satisfy the condition, expressed by eq. 4.61, at the composite centre, i.e., z = 0. We find, for the matrix,



u=−



km 2Gm



kmC1m I1m + kmC2 m km rI0 m − C3m I1m
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cos(km z )



+ C3m km zI1m sin(km z ) ,



w=



km 2Gm



+ 2{1 − 2ν m }C3m I 0 m σ zz = km



2



2



sin(k m z ) − C3m I 0 m k m z cos(k m z ) , 4.68



kmC1m I0 m + kmC2 m [2{2 − ν m }I0 m + k m rI1m ]



+ {1 − 2ν m }C3m I0 m τ rz = k m



4.67



k m C1m I 0 m + k m [4{1 − ν m }I 0 m + k m rI1m ]C 2 m



cos(km z ) + C3m k m zI0 m sin(km z ) ,



k m C1m I1m + k m [2{1 − ν m }I1m + k m rI 0 m ]C 2 m − 2ν m I1m C3m



sin(k m z )



4.69



− C 3m k m zI1m cos(k m z ) ,
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and for the fibre, u=−



kf



k f C1 f I1 f + k f C 2 f k f rI 0 f − C 3 f I1 f



2G f



4.70 cos(k f z )



+ C 3 f k f zI1 f sin(k f z ) , w=



kf



4.71



k f C1 f I 0 f + k f [4{1 − ν f }I 0 f + k f rI1 f ]C 2 f



2G f



+ 2{1 − 2ν f }C 3 f I 0 f



σ zz = k f



sin(k f z ) − C 3 f I 0 f k f z cos(k f z )



k f C1 f I0 f + k f C2 f [2{2 − ν f }I0 f + k f rI1 f ]



2



+ {1 − 2ν f }C3 f I0 f τrz = k f



+ w0 f ,



2



cos(k f z ) + C3k f zI0 f sin(k f z ) ,



k f C1 f I1 f + k f [2{1 − ν f }I1 f + k f rI0 f ]C2 f



− 2ν f I1 f C3 f



4.72



4.73



sin(k f z ) − C3 f k f zI1 f cos(k f z ) .



Implementing the boundary condition expressed by eq. 4.63 on eq. 4.69, i.e., τrz = km



2



kmC1m I1m + km [2{1 − ν m }I1m + km rI0 m ]C2 m



− 2ν m I1mC3m



sin(km L) − C3m k m LI1m cos(k m L)



4.74



= 0.



Note that eq. 4.74 is non-linear in C1m, C2m, C3m and km. For this equation to be satisfied for all r ∈ [ro, rm], we make suitable adjustment to the constants C1m, C2m,



C3m and km. We find, 2n − 1 π, 2L = 0,



k m = k m ,n =



C2m C1m,n =



2ν m C 3m ,n



4.75 4.76 4.77



k m,n



(Appendix C.9.2) where n = 1, 2, …∞ which in turn satisfy eq. 4.66 to 4.69.



59



While it is mathematically possible that either C1m or C3m or both be independent of km,n, this is not useful in practice because it will lead to an anomaly in which the constants are determined without referring to the fibre (Appendix C.9.2). If the constants in the stress and displacement expressions for the matrix do not have anything to do with the fibre, then it implies that both matrix and fibre are acting independently of one another which is not what is intended. Hence, we rewrite C1m and C3m as C1m,n and C3m,n, respectively, to account for their dependent on km,n. We find that τrz is a standing stress wave within the matrix whose modes of vibration are specified by n (Fig. 4.3). Using these results expressed in eq. 4.75 to 4.77, eq. 4.66 to 4.69 become



u = Σn = 0 − n =∞



k m ,n C 3m,n 2Gm



w = Σn =0



n =∞



{2ν − 1}I1m,n cos(k m ,n z ) + I1m ,n k m ,n z sin(k m ,n z ) ,



k m,n C 3m ,n 2Gm



σ zz = Σn = 0 k m, n C3m, n n =∞



2



2I 0 m,n sin(k m ,n z ) − I 0 m ,n k m ,n z cos(k m ,n z ) , I0 m , n cos(km , n z ) + I0 m, n k m, n z sin(km , n z ) ,



τ rz = Σn =0 − k m,n C 3m,n n =∞



2



4.78 4.79 4.80 4.81



I1m, n k m,n z cos(k m ,n z )



where I0m,n = I0(km,nr) and I1m,n = I1(km,nr).



(a)



(b)



Fig. 4.3 Standing stress wave in the matrix at r ∈ [ro, rm]. This is shown for wave-length λm having a value of (a) L/2 (i.e., n = 1) and (b) 3L/2 (i.e., n = 2). Here, we note that λm = π/km [Crawford 1968, p.55]; km is defined by eq. 4.75.



Now, consider the boundary condition expressed by eq. 4.62. By substituting eq. 4.80, at z = L, into eq. 4.62 we find



Σ



n =∞



rm



n =0



ro



2



km , n C3m, n



cos(k m, n L) + km, n L sin(km , n L) I0 m, n 2πrdr



= Fc



4.82
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or 2 π Σn = 0 C 3 m , n n =∞



rm ro



4.83



[cos(k m,n L) + k m ,n L sin(k m, n L)] ⋅



I 0 (k m,n r )k m, n rd(k m ,n r )



= Fc .



Noting that k m , n rm k m , n ro



4.84



rm



I 0 m,n (k m ,n r )k m,n rd(k m, n r ) =



I1 (k m , n r ) k m , n r ro



= I1 (k m ,n rm )k m,n rm - I1 (k m ,n ro )k m, n ro , eq. 4.83 becomes 2 π Σn = 0 C 3 m , n n=∞



[cos(k m, n L) + k m ,n L sin(k m ,n L)] ⋅



- I1 (k m, n ro )k m,n ro



I1 (k m, n rm )k m ,n rm



4.85



= Fc .



We find that eq. 4.85 is linear in C3m′s but contains an infinite number of unknown constants, i.e., C1f , C2f, C3m,0, C3m,1, C3m,2,…, C3m,∞. Next, consider the boundary condition described by eq. 4.64. Substituting eq. 4.72 into eq. 4.64 we have σ zz = k f



2



4.86



k f C1 f I0 f + k f C2 f [2{2 − ν f }I0 f + k f rI1 f ]



+ {1 − 2ν f }C3 f I 0 f



cos(k f L) + C3k f LI 0 f sin(k f L)



= 0.



Now, eq. 4.86 is non-linear in C1f, C2f, C3f and kf. For it to be satisfied for all r ∈ [0, ro], we make suitable adjustment to the constants C1f, C2f, C3f and kf. We find 2p +1 π, 2L C3 f = 0



k f ,p =



4.87 4.88



(see Appendix C.9.3) where p = 0,1,2, …∞. Hence, eq. 4.87 and 4.88 give an expression for σz which corresponds to a standing stress wave within the fibre whose modes of vibration are specified by p (similar to the case of the matrix). Using eq. 4.87 and 4.88 for eq. 4.70 to 4.73 we arrive at,
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u = Σ pp == 0∞ − w = Σ pp == ∞0 −



kf ,p



cos(k f , p z ) , sin(k f , p z ) ,



k f , pC1 f I0 f , p + k f , pC2 f {2[2 − ν f ]I0 f , p + k f , p rI1 f , p } cos(k f , p z ) ,



2



τrz = Σ pp == ∞0 k f , p



2G f



k f , pC1 f I1 f , p + k f C2 f k f , p rI0 f , p



k f , pC1 f I0 f , p + k f , p {4[1 − ν f ]I0 f , p + k f , p rI1 f , p }C2 f



2G f



σ zz = Σ pp == ∞0 k f , p



kf ,p



k f , pC1 f I1 f , p + k f , p {2[1 − ν f ]I1 f , p + k f , p rI0 f , p }C2 f



2



sin(k f , p z ) ,



4.89 4.90 4.91 4.92



where I0f,n = I0(kf,nr) and I1f,n = I1(kf,nr). Now, consider the boundary condition described by eq. 4.65. Substituting the second expression in eq. 2.17 into eq. 4.65. On the left hand side of eq. 4.65 we have, for the fibre, L 0



ε z , f (ro , z )dz = w(ro , L) − w(ro ,0)



4.93



while on the right hand side, for the matrix, we have L 0



ε z , m (ro , z )dz = w(ro , L) − w(ro ,0) .



4.94



Substituting the expressions for w for a fibre and a matrix given by eq. 4.90 and 4.79, respectively, into 4.93 and 4.94, respectively, and then equating them, we arrive at



Σ



p =∞ p =0



kf ,p [k f , pC1 f I0 (k f , p ro ) + k f , p [4{1 − ν f }I0 (k f , p ro ) 2G f



+ k f , p rI1 (k f , p ro )]C2 f ]sin(k f , p L) = Σ n = 0



n =∞



4.95



km, nC3m , n [2I0 (k m, p ro ) sin(km , n L)] 2Gm



or C1 f



Σ



+ C2 f



p=∞ p=0



Σ



= Σn = 0



n =∞



k f ,p 2G f



p =∞ p =0



k f ,p 2G f



k m , n C 3m , n 2G m



k f , p I 0 (k f , p ro )



sin(k f , p L)



4.96



k f , p [4{1 − ν f }I 0 (k f , p ro ) + k f , p rI1 (k f , p ro )] sin(k f , p L) 2I 0 (k m , p ro ) sin(k m ,n L)



where we assume that C1f and C2f are independent of p. We find that eq. 4.96 is linear in C1f , C2f, C3m,0, C3m,1 … C3m,∞. For these to take unique values (other than
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the trivial case, i.e., C1f = C2f = C3m,0 = C3m,1 = …C3m,∞ = 0), we shall need a system of infinite number of equations whereby all the equations are linear in C1f , C2f C3m,0, C3m,1 … C3m,∞. Since we do not have such a system of equations, this means that there is a solution for which at least one of the constants, C1f , C2f, C3m,0, C3m,1, C3m,2,…, C3m,∞, can take any values. This is not useful. 4.3.5 Discussions



An approach has been described in this section to obtain a solution for a fibre composite material undergoing elastic loading. Unfortunately, this approach has led to a situation requiring the determination of unique values for an infinite number of unknown constants, C1f, C2f, C3m,0, C3m,1, … , C3m,∞, from only a handful of linear equations, i.e., eq. 4.85 and 4.96. In other words, at least one of these constants can take any values. Hence, no useful solution was obtained from the approach described for modelling elastic load transfer. As an alternative, I have developed an FE model of a fibre composite material undergoing elastic load transfer from which useful results were obtained; for further details see Chapter 7.
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On one occasion Richard Feynman and I attended a physics lecture by a visiting professor. We got there early and took the front row seats. Feynman noticed that the professor had left his notes on the seat beside him… proceeded to look through the notes, put the notes back down and the professor came back in. During the … lecture, the professor stated, “I have spent a considerable time working out the derivation of this particular formula...” and Feynman stated, “Ahh, the solution is obvious! It's.....” The professor was dumbfounded as Feynman gave the solution. Seckel http://www.scs-intl.com/online/



CHAPTER 5 Analytical transfer



model



for



plastic



load



5.1 Introduction This chapter describes the development of an analytical model of a fibre composite material and the implementation of the model for plastic load transfer study. The aim of this study is to investigate the effect of fibre shape on stresses within a fibre in a fibre composite material during plastic load transfer. Several portions of the work presented here have been published elsewhere [Goh et al. 1999]. The analytical model which I have implemented in this chapter for studying plastic load transfer is based on an approach which solves for stresses in a fibre from a first order differential equation similar to that proposed by Kelly & Davies [1965] for their shear-sliding model (eq. 3.10). This equation is derived directly by considering equilibrium of forces in an elemental cross-section of infinitesimal thickness (§ 3.4.2). This approach is simpler because it solves for axial stresses, σz (used as before, see § 3.1) and fibre surface radial stresses, σr, in one variable, i.e., z, unlike the previous approach described in Chapter 4 which solves for stresses in r and z. This assumes that σz is constant across any cross-section in the model (§ 5.2). Evidence supporting this has been demonstrated by FE analyses (§ 6.3). In §



5.3 I describe how I implemented the model for studying plastic load transfer. My reason for investigating plastic load transfer using this method rather than using the previous approach (Chapter 4) is discussed in § 3.4.4. Although the differential equations derived for solving σr and σz are applicable for investigating elastic load transfer (Appendix D.3), the main problem is that one needs to make an assumption about τ since it is not known before hand. As yet, various forms proposed for τ [Cox 1952; Nairn 1997] provide no satisfactory justifications (§ 3.3.3, Appendix D.3). On the other hand, for plastic load transfer, the assumption about τ which I have used for my study has a physical basis (§ 5.3.1) [Kelly & Tyson 1965; Kelly & MacMillan 1986, p.251; Agarwal & Broutman 1990, p.123-124]. In addition to symbols σz, σr and τ, the following symbols that appear frequently in this chapter are used as in previous chapters. We have, ro and L which denote the radius and half-length of a fibre, respectively (§ 3.1). rc represents the truncated radius at the tip of a tapered fibre (used as before in § 4.3.1); R represents the truncated ratio. q denotes fibre axial ratio (§ 3.1, eq. 3.12). σo refers to the maximum value of σz and τo refers to the interfacial shear stress corresponding to the matrix yield stress in shear (§ 3.2.3), respectively. Σz denotes the average value of σz. ξp refers to the effectiveness of reinforcement of a fibre shape for plastic load transfer. Brackets [ ], { }, ( ) implemented in mathematical expressions are used in the same manner as before (§ 2.1). In this study, macro commands for calculating formulae and plotting graphs of stress distributions were written and executed using Matlab version 5.0 (The MathWorks, Inc., Massachusetts, MA).
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5.2 Formulation of a general model 5.2.1 Model descriptions



For details concerning definitions and assumptions about the model of a fibre composite material discussed here see § 3.3.1. The only exception is that since the approach to formulating the model treats the problem as statically determinate (§ 2.2.1) strain is not investigated and hence no material properties will be considered for this model. Fig. 5.1 illustrates the model from which I formulate first-order ordinary differential equations for solving σz and σr.



Fig. 5.1. Description of a fibre composite model. The fibre axis defines the z-axis of the cylindrical polar co-ordinate system whose origin, O, is at the centre of the fibre axis. The interfacial shear stress, written as a function of z, i.e., τ(z), at z makes an angle, θ, with the z-axis. The internal axial stresses generated at z and z+δz are represented by σz(z) and σz(z+δz), respectively. Here, δz is the length of the fibre element. The curvature length of the fibre element is represented by δs. r(z) represents the radius of the fibre at z.



5.2.2 Derivation of differential equations



Consider an infinitesimal element of the fibre of length, δz (Fig. 5.1), under the action of forces at equilibrium. Here, a similar consideration was mentioned previously for a particular case of a cylindrical fibre (§ 3.4.2). The element is loaded by τ. In general, τ varies along the length of the fibre; it gives rise to an interfacial force tangential to the surface of the element. This force can be resolved into two components: one parallel to the axis of the fibre given by τ.2πr.δs.cosθ and the other in the radial direction given by τ.2πr.δs.sinθ at the fibre surface. Here δs is the length of the surface of the element. The axial stresses generated at z
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and z+δz are represented by σz(z) and σz(z+δz), respectively. The radial stress generated at the surface of the fibre element at z is given by σr(z). When the element is at equilibrium, the magnitude of the resultant force on the element in the z direction is zero. This can be expressed as − σ z ( z ) πr 2 + σ z ( z + δz) π[r + δr ]2 + τ2 πrδs.cos θ ≈ 0 .



5.1



Here δr is the change in r between z and z + δz. Noting that δs.cosθ ≈ δz, eq. 5.1 can be expanded and simplified to give − σ z ( z )r 2 + σ z ( z + δz ){r 2 + 2rδr + [δr ]2 } + 2 τrδz ≈ 0 .



5.2



Then eq. 5.2 is rearranged to give [σ z ( z + δz ) − σ z ( z )]r 2 + 2rδrσ z ( z + δz ) + σ z ( z + δz)[δr ]2 + 2 τrδz ≈ 0 .



5.3



Neglecting terms containing δr with powers higher than unity and dividing throughout by δz gives σ z ( z + δz ) − σ z ( z ) 2 δr r + 2rσ z ( z + δz) + 2 τr ≈ 0 . δz δz



5.4



In the limit as δz → 0 r2



dσ z dr + 2rσ z ( z ) + 2 τr = 0 , dz dz



5.5



which can be further simplified to d(σ z r 2 ) / dz + 2τr = 0 .



5.6



Hence, eq. 5.6 provides a solution to the axial stress distribution in the fibre for any fibre shape if the interfacial stress is known. In the special case of fibres with constant radius, r, eq. 5.6 reduces to the form proposed by Kelly and Davies [1965], i.e., dσ z / dz + 2 τ / r = 0 .



5.7



Similarly, in the radial direction, as the magnitude of the resultant force on the surface of the element is also zero, we have σ r 2 πrδz − τ 2 πrδs.sin θ ≈ 0 .



5.8



Noting that δs.sinθ ≈ δr, eq. 5.8 becomes
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σ r δz − τδr ≈ 0 .



5.9



Divide throughout by δz gives σ r − τδr / δz ≈ 0 .



5.10



σ r ( z ) = τdr / dz .



5.11



In the limit as δz → 0,



Hence, eq. 5.11 gives a value for σr along the surface of the fibre for any fibre shape if the interfacial shear stress is known. As pointed out in § 2.2.1, the derivation of differential eq. 5.7 and 5.11 for determining stresses in the fibre composite model is based on a static analysis which treats the problem of solving the model as statically determinate (§ 2.2.1). Hence this excludes all consideration of material properties as the analysis does not involve strain.



5.3 Analysis of plastic load transfer 5.3.1 Definitions and assumptions



This section discusses definitions and assumptions used to implement the analytical model for plastic load transfer study of stresses in a fibre. Description of the model follows from that presented in § 3.3.1 except that materials properties will not be considered in this study as explained before (§ 5.2.1). The following shapes of a fibre are considered: cylindrical shape, ellipsoidal shape, paraboloidal ends and conical ends (Fig. 5.2). A fibre with conical ends was mentioned previously (§ 4.3.1). The cylindrical fibre is introduced here for the purpose of comparison. Expressions describing the profiles of conical, paraboloidal and ellipsoidal fibres are described in § 5.3.2, 5.3.3 and 5.3.4, respectively. Now, σz and σr can be found by solving eq. 5.7 and 5.11. The solutions to these equations depend on two other factors in addition to fibre shape; these are the nature of τ and, for eq. 5.6, the boundary condition applied. These differential equations were then solved for the four fibre shapes considered. A general solution to σz is described in Appendix C.10.



68



For each type of fibre shape, the axial position along the fibre was scaled by dividing z on the z-axis by L to give a fractional co-ordinate, Z = z / L,



5.12



in order to ensure that results of stresses can be compared for fibres of different lengths.



(a)



(b)



(c)



(d)



Fig. 5.2. Profiles of fibre shape for (a) a cylinder, (b) an ellipsoid and (c) a paraboloid and (c) a cone all with circular cross-sections.



In order to obtain an expression for τ, I used the approach of Kelly and Tyson [1965] and Kelly and Davies [1965] who assumed that the matrix surrounding the fibres was plastic (§ 3.4.1). Then flow of the matrix along the fibre induces an interfacial shear stress τo τ( Z ) = − τ o 0



0 ≤ Z ≤1 −1 ≤ Z < 0



5.13



elsewhere



where τo, i.e., the matrix yield stress in shear, is a constant (§ 3.4.2). This model can be justified at the molecular level since a constant magnitude for τ, along the interface, implies a constant number of interactions per unit area between matrix macromolecules and fibre surface throughout the fibre [Kim & Mai 1993]. Shear of the interface involves overcoming these intermolecular forces at the interface. A constant number of interactions per unit area is to be expected if the macromolecular composition of the matrix and the fibre do not change along the length of the fibre. An alternative approach is to determine an expression for τ as part of the complete solution, by imposing a further condition; when this approach is adopted, the matrix is usually assumed to be elastic as shown by the shear-lag model proposed by Rosen [1965] (§ 3.3.4, Appendix D.4). (Rosen’s model featured a cylindrical fibre but my attempt to adapt this model to study tapered
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fibre led to no useful solution as explained in Appendix D.10.) However, as pointed out in § 3.4.2, no attempt has yet been carried out for the plastic case. A boundary condition is required to solve eq. 5.6. At the ends of the fibre, the interface ceases to exist so that no stress transfer occurred and, hence, σ z ( Z = 1) = 0 .



5.14



As pointed out in § 3.4.2, this modelled a plastic matrix by accounting for plastic matrix flow around the fibre end [Kelly & Davies 1965; Kelly & Tyson 1965]. For tapered fibres, it is not possible to solve eq. 5.6 directly because at the fibre end, Z = 1, the fibre radius r = 0 and there is no solution. In order to obtain a solution, consider the fibre to be truncated by a small amount (Fig. 5.2) so that the fibre half-length, L, is now defined to the truncated end where the radius is rc. If this is defined as a fraction of the radius at the fibre mid-point, ro, then R = rc / ro .



5.15



The equations for the fibre shape then have to be expressed in terms of R and the solutions to eq. 5.6 also contain R. The final solution for the non-truncated fibre may be found by setting R = 0 in these expressions. Since the axial stress distribution depends on fibre shape, some shapes are likely to be more effective in reinforcing a composite than others. For effective reinforcement, the average axial stress, Σz, given by



Σz =



1 0



σ z ( Z )dZ ,



5.16



[Kelly & Davies 1965] should be as high as possible while , σo, defined as σ o = Max (σ z ( Z )), Z ∈ [0,1]



5.17



should be as low as possible, in order to avoid fracture. Thus we can define the effectiveness, ξP, of a fibre shape by ξP = Σ z / σo .



5.18



The greater the value of ξP, the more effective is the fibre at reinforcing the composite.
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This concept can be illustrated by the case of a cylindrical fibre. Then eq. 5.7 can be solved to give eq. 3.11 (Appendix C.11). Eq. 3.11 shows that σz reaches its maximum value, σo, at Z = 0 (see Fig. 3.6a, but note that this corresponds to z = 0) given by σ o = σ z ( Z = 0) = 2τq .



5.19



From eq. 5.16 and 5.18 the total stress is given by 5.20



1



Σ z = 2τq[1 − Z ]dZ . 0



Evaluating the integration in eq. 5.20, we arrive at Σ z = 2τq[ Z − Z 2 / 2]10 = τq .



5.21



Dividing the expressions of Σz (eq. 5.21) by that of σo (eq. 5.19) gives the result that ξP = 1/2 for a cylindrical fibre. 5.3.2 Conical fibre



The profile of a conical fibre can be described by r ( Z ) = {L / q}[1 − {1 − R}Z ]



5.22



(Appendix C.14). Then eq. 5.6 was solved to obtain σz within 0 < Z < 1, subject to the boundary condition to eq. 5.14 to give 1 R σ z ( Z ) = τq 1− 1− R 1 − {1 − R}Z



5.23



2



.



(Appendix C.14). To obtain σr distribution along the fibre surface, eq. 5.11 was solved to give σ r ( Z ) = −{τ / q}[1 − R] .



5.24



In the limiting case as R equals zero, eq. 5.23 and 5.24 become σ z ( Z ) = τq



5.25



σ r (Z ) = −τ / q ,



5.26



and



respectively.
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From eq. 5.16 and 5.25, Σz in a conical fibre is given by Σz =



1 0



5.27



τqdZ = τq .



Eq. 5.27 shows that σz is constant for a conical fibre so that σo = τq. Then, for eq. 5.18, gives ξP = τq/τq = 1. 5.3.3 Paraboloidal fibre



The profile of a paraboloidal fibre is described by r ( Z ) = [ L / q ] 1 − {1 − R 2 }Z



5.28



(Appendix C.13). Now, eq. 5.6 was solved to obtain σz distribution within 0 < Z < 1, subject to the boundary condition of eq. 5.14 to give σ z ( Z ) = τq



4/3 1 − R2



1 − [1 − R 2 ]Z −



R3 1 − [1 − R 2 ]Z



5.29



(Appendix C.13). To obtain σr distribution along the fibre surface, eq. 5.11 was solved to give σr (Z ) = −



τ 2q



1 − R2



5.30



1 − [1 − R 2 ]Z



(Appendix C.13). When R equals zero, eq. 5.29 and 5.30 become σ z (Z ) =



4 τq 1− Z 3



5.31



τ 2q



5.32



and σ r (Z ) = −



1 , 1− Z



respectively. Substituting eq. 5.31 into eq. 5.16, Σz in a paraboloidal fibre is found to be Σz =



1 0



(4τq / 3) 1 − Z dZ = 8τq / 9



5.33



(Appendix C.13). According to eq. 5.31, σo = 4τq/3 when Z = 0. Substituting values of Σz and σo, for a paraboloidal fibre, into eq. 5.18 gives a value for ξp = 2/3. 72



5.3.4 Ellipsoidal fibre



The profile of an ellipsoidal fibre is described by r ( Z ) = [ L / q ] 1 − {1 − R 2 }Z 2



5.34



(Appendix C.12). Eq. 5.6 was solved to obtain σz distribution within 0 < Z < 1, subject to the boundary condition of eq. 5.14 to give σ z ( Z ) = τq



R sin −1 ( 1 − R 2 ) − sin −1 ( Z 1 − R 2 ) + 1 − [1 − R 2 ]Z 2 { 1 − R 2 }[1 − {1 − R 2 }Z 2 ]



5.35



Z



−



1 − [1 − R 2 ]Z 2



(Appendix C.12). To obtain σr distribution along the fibre surface, eq. 5.11 was solved to give σr ( Z ) = −



τ q



5.36



Z [1 − R 2 ] 1 − [1 − R 2 ]Z 2



(Appendix C.12). When R equals zero, eq. 5.35 and 5.36 become π / 2 − sin −1 Z Z σ z ( Z ) = τq − 2 1− Z 1− Z2



5.37



τ q



5.38



and σ r (Z ) = −



Z 1− Z2



,



respectively. Substituting eq. 5.35 into eq. 5.16, Σz in a paraboloidal fibre is found to be Σz =



1 0



τq



π / 2 − sin −1 Z Z − dZ = 0.83τq . 2 1− Z 1− Z 2



5.39



(Appendix C.12). The final result was obtained by solving the integral numerically using the trapezoidal rule [Press et al. 1995, p.131-132] (Appendix G.2). According to eq. 5.37, σo = πτq/2 when Z = 0. Thus, for an ellipsoidal fibre, ξP = 0.53.
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5.4 Predictions The expressions obtained for σz are multiples of τq (eq. 5.25, 5.31 and 5.37) and those for σr are multiples of τ/q (eq. 5.26, 5.32 and 5.38). Using these as scale factors for the calculated stresses means that the results may be displayed in a dimensionless form and readily applied to any fibre of known q for any value of τ.
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Fig. 5.3. Graphs of σz/τq versus Z along half a fibre for the following shapes a cone (green), a paraboloid (blue) and an ellipsoid (black). The red line denotes the stresses obtained for a cylindrical fibre.



Fig. 5.3 compares distributions of σz/τq for a conical fibre, a paraboloidal fibre, an ellipsoidal and a cylindrical fibre. A comparison with distributions of σz/τq obtained from the cylindrical fibre enables the effect of a taper to be assessed. Note that the distribution of σz/τq distribution in a uniform cylindrical fibre peaks at the fibre centre and decreases linearly to zero at the fibre end; this has been demonstrated elsewhere [Kelly & Davies 1965; Aspden 1994a]. For the conical fibre the distribution of σz/τq is uniform. In contrast, distributions of σz/τq from the paraboloidal and ellipsoidal fibre are not; they have distributions which are intermediate between the two extremes of the cylinder and the cone. Fig. 5.4 compares σrq/τ for conical, paraboloidal and ellipsoidal fibres. For a conical fibre, the radius, r, decreases linearly with Z, leading to a uniform compressive distributions of σrq/τ. However, at the end of the fibre r = 0, so that there is a discontinuity in the distribution. For the paraboloidal and ellipsoidal fibres, the compressive σrq/τ is non-uniformly distributed. These distributions also tend to infinity as r tends to zero. This arises because the profiles around these fibre tips possess large gradients and hence can be regarded as discontinuities
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similar to the discontinuities highlighted by Carrara and McGarry [1968] in their study (§ 3.5.7). Note that for a cylindrical fibre, σrq/τ is zero everywhere on the surface (eq. 3.11).
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Fig. 5.4 Graphs of σrq/τ versus Z along half a fibre for the following shapes a cone (green), a paraboloid (blue) and an ellipsoid (red). The negative signs indicate compressive stresses. The black line denotes the stresses for a cylindrical fibre.



5.5 Discussions 5.5.1 Effects of fibre shapes



An important property of all the tapers considered, particularly a cone, is to make the distribution of σz/τq in a fibre more uniform during plastic load transfer. As pointed out in § 5.4, in a uniform cylindrical fibre, σz/τq increases linearly from zero, at the ends, to a maximum value at the centre (Fig. 5.3); at the other extreme, the distribution of σz/τq in a conical fibre is uniform. The intermediate cases of a paraboloidal and an ellipsoidal fibre lead to distributions of σz/τq which lie between the two extremes, as shown in Fig. 5.3; stresses in these fibres also concentrates around the fibre centre but their peak values are lower compared to the cylindrical fibre. The effects of fibre shape on distributions of σz/τq may indicate how a fibre may yield and fracture. By concentrating axial stresses around the fibre centre, as demonstrated by cylindrical, ellipsoidal and paraboloidal fibres, these may cause the fibres to yield and fracture (Appendix A.6, A.7) around the fibre centres. On the other hand, a uniform stress distribution along the length of a conical fibre makes the fibre less likely to fail.
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As shown in Fig. 5.4, in tapered fibres there is also a σr (compressive) but its magnitude is much smaller than that of σz; in a cylindrical fibre, σr = 0 throughout the fibre surface. The small σr observed among the three tapered fibres indicate that their influence on fibre failure is small compared to σz. The magnitude of σr is smaller than σz in all fibre shapes except near the ends of a paraboloidal and ellipsoidal fibre. 5.5.2 Effectiveness of reinforcement



The effectiveness of reinforcement during plastic load transfer has been calculated for different fibre shapes (§ 5.3.1 to 5.3.4). Fig. 5.5 shows the results of ξP as plotted for the four fibre shapes. The graph shows that the cone has the highest effectiveness of reinforcement during plastic load transfer, followed by a paraboloid, an ellipsoid and a cylinder.
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Fig. 5.5 Effectiveness of reinforcement, ξP, for plastic load transfer.



These results, together with those shown in Fig. 5.3, suggest that a conical fibre is most effective for reinforcement because the entire length of the fibre is utilised to accommodate high Σz with an absence of σo. By avoiding σo a conical fibre may be less susceptible to yielding and fracture. In addition, if one consider the volumes of the four fibre shapes as expressed by Vcylr = 2πL3 / q 2 Vellip = [4 / 3]πL3 / q 2 Vpara = πL3 / q 2



5.40



Vcone = [2 / 3]πL3 / q 2
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[Spiegel 1968, p.8-10] where Vcylr, Vellp, Vpara and Vcone denote the volumes of cylindrical, ellipsoidal, paraboloidal and conical fibres, respectively one notes that Vcylr > Vellp > Vpara > Vcone. Hence conical fibres has another advantage over cylindrical fibres: its volume. Since a cone has only one-third the volume of a cylinder (eq. 5.40) of the same L and ro conical fibres represent a more efficient use of a given volume of reinforcing material than cylindrical fibres. 5.5.3 Biological implications



It was mentioned in Chapter 1 that collagen fibrils were observed to have paraboloidal ends. This raises the question of how the shape offers reinforcement to the connective tissue. To answer this question I looked to the stress-strain behaviour of the tissue. When a ligament is loaded in tension under a progressively increasing force it follows a pattern which is illustrated by the stress-strain relationship in Fig. B.2 (Appendix B.3). Frank and Shrive [1995] suggested that the linear portion (i.e., stage 2) of this curve corresponded to the stage when all the crimp in the fibre is removed and all fibrous components in the ligament act to resist the extension. As pointed out in § 3.2.2 and 3.2.3, under an increasing applied tensile stress, a typical fibre composite material, containing either brittle or ductile elastic fibres, gives a linear stress-strain relationship starting from the origin until the yield point of the fibre material, i.e., (I) & (II) (Fig. 3.1). By considering the portion of this curve between the yield point of the matrix material and the yield point of the fibre material, i.e., (II), this may give us a clue to understanding what is going on in stage 2 of the stress-strain curve for the connective tissue (Fig. B.2). Based on this clue, I conclude that in the later part of stage 2 (Fig. B.2), one or both of the following may have occurred: (a) sites in the extra-cellular matrix around the fibrils yields and turns plastic; (b) adhesion failure at the fibril-matrix interface. If both occur, plastic load transfer may be said to be taking place between the matrix and fibrils. If plastic load transfer occurs, then the following suggests how a fibril provide reinforcement to the tissue during this time. Based on the distribution of σz/τq obtained for a paraboloidal fibre (Fig. 5.3), I conclude that the fibril yields a distribution of σz/τq such that the magnitude of σz/τq peaks at the fibril centre and
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decreases non-linearly to zero at the fibril end. The presence of stress concentrations around the fibril centre may encourage the fibril to yield and fracture. However, a comparison of the distribution of σz/τq among the four shapes reveals that the paraboloidal fibril possesses a more uniform distribution than those from the ellipsoidal and cylindrical ends; the peak stress σo/τq is also lower than the other two. Hence the paraboloidal fibril is less likely to fail and fracture as compared to cylindrical and ellipsoidal ends. As predicted by the analytical model, q acts as a scaling factor for σz/τq (§ 5.4). A high value of q leads to a high value of σz for a given τ (and vice versa). Collagen fibrils were observed to possess a high and fairly constant q value of around 2000 as observed by Trotter and Koob [1989]. The consequent of a fibril possessing a high value of q is that it leads to a high value of σz (for a given value of τ). This is desirable if the fibre is to be utilised to its fullest by being maximally stressed before its ultimate stress during plastic load transfer.
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'…The role of mathematical physics is to ask questions; it is only experience that can answer them…' H Poincare



Quoted by Bernstein [1973, p.125]



CHAPTER 6 Finite element analysis for plastic load transfer



6.1 Introduction This chapter describes an investigation to study the effect of fibre shape on stresses within a fibre in a fibre composite material during plastic load transfer using finite element (FE) analysis. Several portions of the work described here have been published elsewhere [Goh et al. 2000]. There are two reasons for studying plastic load transfer using FE analysis. Firstly, it was needed to check the predictions of the theory described in Chapter 5. To carry out this check, stresses, σz and σr obtained from FE analysis were compared with those obtained from the analytical theory. In this chapter, symbols σz and σr denote the axial stress in the fibre and radial stress along the fibre surface which are functions of z; these symbols, together with τ which refers to the interfacial shear stress, were used as before in previous chapters (§ 3.1). Secondly, it was needed to investigate the radial distribution of σz and σr which may not be constant and cannot be predicted by the analytical approach. In § 6.2 I describe my method for investigating the stresses in the fibre using FE analysis. My results are presented in § 6.3. A discussion of this study with a focus 79



on the comparison of results between FE analysis and analytical model, is presented in § 6.4. I have used macro commands for calculating formulae of stress predicted from the analytical model and plotting graphs of stress distributions developed for the study described in Chapter 5 (§ 5.1) using Matlab version 5.0 (The MathWorks, Inc., Massachusetts, MA). FE model of the corresponding geometric model was created using ANSYS version 5.4 (educational) (ANSYS Inc., Houston, PA). In addition to symbols σz, σr and τ, the other symbols which appear frequently in this chapter are used as before in previous chapters. We have, ro and L, which denote the radius and half-length of a fibre, respectively (§ 3.1). For fibre properties we have Ef and νf which denote Young’s modulus and Poisson’s ratio, respectively (§ 3.1); q denotes the fibre axial ratio (eq. 3.12). Dimensionless axial distance, Z (eq. 5.12), rather than z, was used in plots of stress distributions. Brackets [ ], { } and ( ) in mathematical expressions are used in the same manner as before (§ 2.1).



6.2 Method 6.2.1 Overview



A model of a cylindrical fibre was developed to establish the dimensions of the model and the optimum FE meshes to be used for all models. The aim was to ensure convergence of the calculated σz and σr in the fibre to have consistent values for the range of q and material properties, Ef and νf investigated. This was done by selecting values for q, Ef and νf towards the extremes of realistic values, though some limitations were placed on the values of q by the modelling process (§ 6.2.5). So for each fibre shape, eight models were solved representing the eight combinations of upper and lower limits of q, Ef and νf. ro was increased (while L was kept at a value of unity) in turn until σz and σr converged to a steady value (§ 6.2.5). At each stage of developing the models, the FE mesh was optimised (§ 6.2.4). Optimisation was carried out when the dimensions of the models were determined (§ 6.2.5), followed by investigation of the sensitivity of properties of the models
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investigated (§ 6.2.3) and lastly the final models were created based on a common set of ro (with L assigned unit length), q, Ef and νf. Then the other tapered fibre shapes were modelled. Modifications to the mesh around the tapered fibre ends were carried out to accommodate the different shapes (§ 6.2.2). The following sections will describe the development of the models in more detail. 6.2.2 Description of models



The models used in this study are similar to those used in the previous study (Fig. 5.2) with one exception: these models are not truncated at the fibre ends. Further definitions and assumptions concerning these models can be found in § 3.3.1 with one exception: the property of the matrix material is plastic (§ 6.2.6).



(a)



(b)



(c)



Fig. 6.1 Computer models showing the upper right quadrant of a (a) cylinder, (b) paraboloid and (c) cone. Each model was created from keypoints (red), joined by lines to enclose an area (green). In practice, many more keypoints (= 25) are used to describe the fibre profile in (b).



The shape of the fibre surface was defined by the equations which describe the appropriate cross-section for 0 ≤ z ≤ L. For a uniform cylinder this is given by eq. 4.49. Ellipsoidal, paraboloidal and conical fibres are defined by eq. 5.34, 5.28, and 5.22, respectively, by letting R = 0 in these equations. These equations were used to generate keypoints (i.e., co-ordinates) that described the profiles of the twodimensional models for each of the four fibres (Fig. 6.1). The keypoints were linked up by lines which, when completed, enclosed an area that described the upper-right quadrant of the computer model. 6.2.3 Fibre properties



Fibres were modelled as having q values lying in between 10 and 104 for a cylindrical fibre; the upper limit was chosen to represent the extreme of realistic values. For tapered fibres, values of q considered spanned from 10 to 102; larger values of q (> 102) proved difficult to mesh (§ 6.2.4). In both cases, q = 10 represented the lower limit for which a feasible and useful model could be
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produced (§ 6.2.5). The limits to the q values were obtained by fixing L at unit length in order to compare results obtained for different fibres, and calculating the corresponding ro from eq. 3.12. (Here the units used are immaterial as long as they are consistent.) So axial distance, z, along the fibre axis was scaled by L when comparing results from different models (§ 6.1). As before in § 3.3.1, in this study, I am concerned with fibre material that is homogeneous, isotropic and is linearly elastic. The effect of varying Ef from 1 Pa to 1012 Pa and νf, from 0.1 to 0.3, on σz and σr were found to be negligible; this agreed with the predictions from my analytical models (§ 5.3). Thus, Ef and νf were arbitrarily assigned 1 Pa and 0.3, respectively. Fig. 6.2 displays the results for the effect on σz and σr of varying q for a cylindrical fibre. Stresses σz and σr were scaled by qτ and τ/q, respectively, so making them effectively dimensionless; absolute values of these stresses can be calculated for given values of τ and q. τ is a scaling factor because of the linear elastic properties of the material; these properties were defined in the element type for the FE model (§ 6.2.4). As pointed out earlier, q was explored for values of 10 and 104 at Ef and νf of (1012 Pa, 0.3), (1 Pa, 0.3), (1012 Pa, 0.1) and (1 Pa, 0.1). It was observed that distributions of σz/τq overlapped and also for σrq/τ. These indicate that q not only acts as a scaling factor for σz and σr but also has no effect on the distributions. Similar conclusions were observed in tapered fibres. Results for the effect on σz and σr of varying Ef in a cylindrical fibre are shown in Fig. 6.3. Ef was explored for values corresponding to four combinations of the upper and lower limits of q and νf, i.e., (104, 0.3), (10, 0.3), (104, 0.1) and (10, 0.1). It was observed that the curves at the upper and lower limits of Ef overlapped in each of these graphs; this implies that σz/τq and σrq/τ are independent of Ef . (Similar results were observed in tapered fibres.) The same can be said of νf. Fig. 6.4 shows the results for the effect of varying νf on stresses in a cylindrical fibre. νf was explored for values corresponding to the upper and lower limit at q and Ef of (104, 1012 Pa), (10, 1012 Pa), (104, 1 Pa) and (10, 1 Pa). Stresses are independent of νf in the same way as with Ef. (Similar results were also observed in tapered fibres.)
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(d) Fig. 6.2 Effects of varying q on the stresses in a fibre. This is illustrated by distributions of σz/τq (left) and σrq/τ (right) versus z along the axis of half a cylindrical fibre corresponding to the four combinations of extreme 12 12 values of (Ef ,νf ), i.e., (a) (10 Pa, 0.3), (b) (1 Pa, 0.3), (c) (10 Pa, 0.1) and (d) (1 Pa, 0.1). Upper and lower extreme values of q were 10 (line) 4 and 10 (dashes).
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(d) Fig. 6.3 Effects of varying Ef on the stresses in a fibre. This is illustrated by distributions of σz/τq (left) and σrq/τ (right) versus z along the axis and surface of half a cylindrical fibre corresponding to the four combinations 4 4 of extreme values of (q, νf ), i.e., (a) (10 , 0.3), (b) (10, 0.3), (c) (10 , 0.1) and (d) (10, 0.1), Upper and lower extreme values of Ef were 1Pa (line) 12 and 10 Pa (dashes).
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(d) Fig. 6.4 Effects of varying νf on the stresses in a fibre. This is illustrated by distributions of σz/τq (left) and σrq/τ (right) versus z along the axis and surface of half a cylindrical fibre corresponding to the four combinations 4 12 12 of extreme values of (q, Ef ),i.e. (a) (10 , 10 Pa), (b) (10, 10 Pa), (c) 4 (10 , 1 Pa) and (d) (10, 1 Pa). Upper and lower extreme values of ν f were 0.1 (line) and 0.3 (dashes).
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6.2.4 Meshing and optimization



Models containing tapered fibres were initially meshed using the default mesh generator (known as free meshing) in ANSYS. Mapped meshing was used for the cylindrical fibre model. Free meshing produced elements assembled in a nonregular fashion; mapped meshing produced regularly shaped elements. The latter is desirable because it provides control on the element size and shape during mesh optimization; however, mapped meshing can only be implemented on a geometry with four or more sides, such as a rectangle representing a 2D picture of a cylinder. Mesh optimization was carried out by exploring different types of elements (e.g., 8-node quadrilateral, 6-node triangular) and varying the size of the element and shape in order that the final mesh led to stress distributions which were smooth curves [Niazy 1998] and optimized the level of agreement (§ 2.3.6) with analytical models (Chapter 5). Quadrilateral elements were used for a cylindrical fibre but triangular ones were found to be better for tapered fibres, according to these criteria for mesh optimization. Final FE meshes obtained for the four fibre shapes were different in order to accommodate the different shapes (§ 6.2.2). Elements were defined to be linearly elastic prior to meshing (§ 6.2.3). A difficulty with free meshing is that it leaves the user with little control over element size and shape in the interior region of the model. For a tapered fibre, at high value of q (> 20), the mesh gave a single row of elements along the fibre length. This was not useful because the fewer the number of elements (§ 2.3.6) across the fibre, the more inaccurate it would be to describe the stress field along the radial direction of the fibre; it also added difficulty in getting σr to vary smoothly along the fibre surface (see artefacts in the distributions of σrq/τ in Fig. 6.6 for q > 20). In tapered fibres, no useful models were obtained for q > 102. Each model of a fibre shape was assigned the largest possible number of elements corresponding to a total number of nodes close to the maximum (32000 nodeseducational version) allowed by ANSYS so that the geometry was adequately described by the elements to produce accurate results (§ 2.3.6). The number of elements used for each model of a fibre shape ranged approximately 13000 to
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15000 and each model was solved within 4 to 6 minutes on a SUN Ultra-sparc workstation. 6.2.5 Dimensioning the FE model



The effects of the size of the model has been addressed in § 3.5.5. Note that the dimensions of the model, ro and L, are dependent on one another through q (eq. 3.12). Hence I kept one fixed (i.e., L = 1; § 6.2.3) and varied ro to investigate the effects on σz and σr due to varying the size of the model. I explored values of ro lying between 10-4 and 0.5 units, corresponding to values of q of 104 and 2, respectively (these represented extremes of realistic values) for the cylindrical model. Note that the unit of length is defined by assigning L a value of one (§ 6.2.3). Fig. 6.5 display results of σz/τq and σrq/τ obtained from a cylindrical fibre model for ro ∈ [10-4, 0.5]. When ro decreases from 0.5 to 10-4 the effects on the stresses due to varying ro diminishes: distributions of σz/τq converge at about ro = 0.1 (i.e., q = 10). Magnitudes of σz/τq in the model are not affected by further decrease in ro. The convergent effect for distributions of σrq/τ was not appreciable but smaller values of ro (i.e., < 10-3 or corresponding to q > 103) gave fluctuating values σrq/τ near the fibre centre and fibre end; these are artefacts because there was no clear physical reason for expecting such behaviour. For tapered shapes, I also explored values of ro lying between 10-4 and 0.5 units (see Fig. 6.6). No useful models were obtained when attempting to use values of ro ∈ [10-4, 10-2) (§ 6.2.4). The lower limit of ro for which useful models could be obtained was found to be 10-2 (corresponding to q = 102). Hence, the feasible range for exploring ro was within [10-2, 0.5]. When ro was decreased from 0.5 to 10-2 the effects on the stresses due to varying ro diminished: distributions of σz/τq converged at about ro = 0.1 (corresponding to q = 10). However, at small values of ro (∈ [10-2, 0.05) or corresponding to q ∈ (20, 102]), fluctuating values of σrq/τ occurred (see § 6.2.4 and Fig. 6.6). Hence in order to reduce the effect on the stresses due to varying the size of the model, the smallest possible value of ro to be used for all the final models was 0.1 (corresponding to q = 10).
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(d) Fig. 6.5 Effects of ro on the distributions of σz/τq (left) and σrq/τ (right) versus z along the axis and surface, respectively, of half a cylindrical fibre. The values of ro used were 0.5 (dot), 0.2 (circle), 0.1 (asterisk), 0.01 -3 -4 (diamond), 10 (cross) and 10 (square) while L = 1 unit. Results were obtained for the four combinations of extreme values of (Ef ,νf ), i.e., (a) 12 12 (10 Pa, 0.3), (b) (1 Pa, 0.3), (c) (10 Pa, 0.1) and (d) (1 Pa, 0.1).
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(d) Fig. 6.6 Effects of ro on the distributions of σz/τq (left) and σrq/τ (right) versus z along the axis and surface, respectively of half a conical fibre. The values of ro used were 0.5 (dot), 0.2 (circle), 0.1 (asterisk), 0.05 (diamond), 0.025 (cross) and 0.0125 (square) and 0.01 (plus) while L = 1 unit. Results were obtained for the four combinations of extreme values 12 12 of (Ef ,νf ), i.e., (a) (10 Pa, 0.3), (b) (1 Pa, 0.3), (c) (10 Pa, 0.1) and (d) (1 Pa, 0.1).
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6.2.6 Boundary conditions



To ensure that the model had the symmetry described in § 5.2.1, the nodes lying along OA (Fig. 5.2) were constrained to prevent any displacement in the zdirection. To implement this constraint, I specified zero displacement at these nodes.



Fig. 6.7 A toroidal (e.g., triangular) element. τ (blue arrow) acts over the surface in the direction from i to j. This element, of radii ri and rj and thickness lij, is located at the surface (green in colour) of a fibre. Here, i, j and k are labels for the nodes.



An applied surface stress, constant in magnitude and acting along the fibre surface was implemented in my model to model τ when adhesion failure occurred (§ 3.2.3). τ was assigned a value of unity (because of the linear elastic properties of the material, σr and σz can be scaled to any required value depending on τ). The force components associated with τ needed for FE computations were determined as follows. Consider τ acting over an area of a toroidal element (located at the surface of the fibre, see Fig. 6.7) given by the surface area of a frustum, of a cone Ai, expressed as Ai = πlij [ri + rj ]



6.1



[Spiegel 1968, p.9] where li is the distance between the ith and jth nodes; ri and rj are the radii of the frustum. Here, τ acts in the direction from the ith node to the jth node. The interfacial force, Fi, acting on the ith node along AB is given by Fi = τAi



6.2



Fi = τπlij [ri + rj ]



6.3



or
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To implement Fi in the FE model, it was required to resolve Fi into components parallel with, i.e., Fz ,i = Fi cos(θ)



6.4



Fr ,i = Fi sin(θ)



6.5



and perpendicular to



the z-axis of the cylindrical polar co-ordinate system (Fig. 5.2). Then Fz,i and Fr,i at the ith node were determined and was repeated for all the other nodes at the fibre surface but excluding those located at the end of tapered fibres (Fig. 5.2b-d) and along BC of a cylindrical fibre (Fig. 5.2a). These excluded were assigned zero force to simulate a plastic matrix flowing over the fibre end (§ 3.4.2).



6.3 Results Distributions of σz/τq for the different shapes of fibre are shown in Fig. 6.8. For the uniform cylindrical fibre, σz/τq rose linearly, in the axial direction, from zero at its end to a maximum value; σz/τq had its greatest value of 2 at the centre of the fibre (Fig. 6.8a). For the ellipsoidal (Fig. 6.8b) and paraboloidal (Fig. 6.8c) fibres, σz/τq also increased from zero at the end but was distributed more evenly than for the uniform cylinder. In the ellipsoidal fibre, σz/τq reached a maximum value of about 1.5 at the centre; in the paraboloidal fibre it reached a value of about 1.3. σz/τq was constant along the whole length of the conical fibre with σz/τq = 1 (Fig. 6.8d). In general, variation across the fibre radius for a cylindrical fibre was negligible; an exception occurred at the surface, near the plane of symmetry, but is likely to be an artefact of the modelling procedure. This is an artefact because there is no clear physical reason for expecting oscillatory behaviour at this region, i.e., the stress distribution is expected to be smoothly varying. There was no apparent dependence of σz/τq on radius for a conical fibre and, as before, the ellipsoidal and paraboloidal fibres had distributions intermediate between the extremes of the uniform cylinder and the cone.
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Distributions of σr at the fibre surface are defined by the radial component of the applied shear stress, which is compressive; the distribution of σr values is shown in Fig. 6.9 for all four fibre shapes. In practice, σrq/τ was plotted, instead of the stress, σr, for the reason discussed in § 6.2.3. For the cylindrical fibre, σrq/τ is zero across the whole radius over most of the length of the fibre; however, σrq/τ becomes increasingly compressive at the fibre end and there is a region of tensile stress near the fibre centre (Fig. 6.9a). These non-zero values of σrq/τ may be the result of an artefact of the modelling procedure which otherwise would show good agreement with predictions from the analytical model. The conical fibre shows no variation of σrq/τ (Fig. 6.9d). There is a constant compressive σrq/τ over the whole cross-section of the fibre, corresponding to the radial component of the applied shear stress. Once again the ellipsoidal and paraboloidal fibres show behaviour intermediate to these extremes. The distribution of σrq/τ in the ellipsoidal fibre (Fig. 6.9b) is similar to that of the cylinder while that of the paraboloidal fibre (Fig. 6.9c) shows a distribution closer to that of the cone. In general, other than the artefacts which I have pointed out, variation across the fibre radial direction for all shapes was negligible.
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6.4 Discussion The axial distribution of σz/τq determined from the FE models is in excellent agreement with theoretical predictions. Fig. 6.10a compares the FE results with the theoretical axial distribution of σz/τq for a cylinder. The theoretical expression was calculated using the model proposed by Kelly and Tyson [1965] and Kelly and Davies [1965] for a plastic matrix (§ 3.4.2 & § 5.3.1) which is a special case of the general theory for fibres of any shape (see Chapter 5). A similar result for the cylinder has also been obtained previously [Aspden 1994a] (§ 3.4.4) by applying Filon’s analysis [Filon 1902]. Similarly good agreement between FE results and the theoretical axial distribution of σz/τq was obtained for ellipsoidal (Fig. 6.10b), paraboloidal (Fig. 6.10c) and conical fibres (Fig. 6.10d). In these cases, the theory for tapered fibres (Chapter 5) was used to calculate the theoretical stress distributions. Similarly good agreement between FE results and the theoretical axial distributions of σrq/τ was observed (Fig. 6.11). Thus the FE models agree with the predictions of theory, if τ is considered to be constant along the length of a fibre. However, FE models have two further applications. Firstly, previously the FE method has been used to investigate stresses in a matrix and distribution of τ for a uniform cylindrical elastic fibre surrounded by an elastic matrix [Carrara & McGarry 1968] (§ 3.5.7). Now I have demonstrated how it could be used to investigate stress distributions in fibres, which need not be uniform cylinders, when embedded in a plastic matrix. Secondly, current theories (Chapter 5) are restricted to predicting the axial distributions of σrq/τ, at the fibre surface only, and of σz/τq along the fibre axis only. In contrast, FE models can provide information on the full three-dimensional stress distribution throughout a fibre.
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Fig. 6.10 FE results (dashes) compared with theoretical results (line) for σz/τq plotted against axial distance, z, for (a) uniform cylindrical, (b) ellipsoidal, (c) paraboloidal and (d) conical fibres. Formulae for calculating theoretical results are found in § 5.3.
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Fig. 6.11 FE results (dashes) compared with theoretical results (line) for σrq/τ plotted against axial distance, z, for (a) uniform cylindrical, (b) ellipsoidal, (c) paraboloidal and (d) conical fibres. Formulae for calculating theoretical results are found in § 5.3.
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'…I read out the proof and …wrote up the statement of Fermat's Last Theorem. I said, "I think I'll stop here", and then there was sustained applause.' (Recollection from Prof. Andrew Wiles, the man who proved Fermat’s Last Theorem)



Singh [1998, p.271]



CHAPTER 7 Finite element analysis for elastic load transfer



7.1 Introduction This chapter describes a study of stresses in a fibre, which need not be cylindrical, in a fibre composite material undergoing elastic load transfer using finite element (FE) analysis. Elastic load transfer has been explained in § 3.2.2. Several portions of the work presented here have been submitted for publication [Goh et al., 2001]. Development of an analytical model for studying elastic load transfer was discussed in Chapter 4. The following symbols appear frequently in this chapter have been used as before in previous chapters. These are ro and L, which denote the radius and half-length of a fibre, respectively, and rm and Lm, which denote the matrix radius and halflength, respectively (§ 3.1). We have, as in § 5.1, symbols rc and R which denote the truncated radius and truncation ratio for tapered fibres. Fibres are characterised by fibre axial ratio, q (see eq. 3.12). As mentioned before in § 3.3.1, in this study, I am concerned with materials for the fibre and matrix that are homogeneous, isotropic and possess linear elastic properties. Symbols Ef, Em, νf and νm which denote such material properties were used as before (see § 3.1). Here, E and ν
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denote Young’s modulus and Poisson’s ratio, respectively. Subscripts f and m refer to the fibre and matrix, respectively. Also included are σz, which denote the fibre and matrix axial stress, and τ which denotes the interfacial shear stress; these are functions of z as explained in § 2.2.4 and used as before in Chapter 3, 5 and 6. τp denotes the maximum value of τ. σc denotes the applied tensile stress on the model in the direction of the fibre axis (§ 3.1). In order to compare results obtained for different fibres, distances along the fibre were expressed as fractional co-ordinates, Z = z/L (eq. 5.12). Results for σz were scaled by σc and plotted in this dimensionless form as a function of Z using software Matlab (§ 5.1). Brackets ( ), [ ] and { } found in mathematical expressions are used in the same way as before (§ 2.1). In § 7.2 I describe my methods for carrying out this investigation. My results are presented in § 7.3. A discussion of this study is found in § 7.4.



7.2 Methods 7.2.1 Overview



A model of a cylindrical fibre in a coaxial cylindrical matrix was developed first to establish the dimensions of the matrix and the optimum FE meshes to be used in the final models. The aim was to ensure convergence of the calculated σz in the fibre to consistent values for the range of material properties investigated. This was done by selecting values for Ef/Em, q, νf and νm towards the upper and lower extremes of realistic values, though some limitations were placed on these by the modelling process (§ 7.2.3). So, for each fibre shape, sixteen models were solved representing the sixteen combinations of upper and lower limits of Ef/Em, q, νf and νm. However, since the effect of Poisson’s ratio was found to be negligible (§ 7.2.3), I shall confine my discussion to Ef/Em and q. This reduced to four possible combinations of upper and lower limits of Ef/Em and q. In other words, for each fibre shape, there were four models corresponding to the four combinations of upper and lower extremes of Ef/Em and q. Values of rm and Lm were increased in turn until σz converged to a steady value in selected regions (§ 7.2.6). Radial
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dimensions were checked after the length was determined to ensure that changing the length had not affected the radius required for convergence (§ 7.2.6). At each stage of developing the model, the FE mesh was optimised. The matrix dimensions (§ 7.2.6) and meshing (§ 7.2.5) were first determined for the cylindrical fibre. Then the other fibre shapes were modelled using the same dimensions and mesh, with small modifications around the fibre ends to accommodate the different shapes (§ 7.2.2). Once suitable models had been developed for the upper and lower extremes of q and Ef/Em, these parameters were varied systematically over their ranges to produce the results (§ 7.3). ANSYS software, introduced in § 6.1 for plastic load transfer study, was used to carry out the FE analysis throughout this study. The following sections describe the development of the models in more detail. 7.2.2 Model descriptions



Fig. 7.1 shows upper right-hand quadrants of plane sections through two of the four models; these contains a cylindrical and a conical fibre. The other two models contain an ellipsoidal and a paraboloidal fibre. These fibre shapes were used as before (§ 5.3.1, 6.2.2). These fibre composite models differed from those mentioned in § 4.3.1 in that, here, Lm > L instead of Lm = L. Further details of definitions and assumptions about these models are provided in § 3.3.1. To solve the models with free ends (§ 7.2.4) it was found that the fibres had to be truncated. Truncation also avoids badly shaped elements which otherwise will appear at the ends of pure tapers and create difficulties getting the stresses to vary smoothly (§ 7.2.5). Similar problem like this was encountered in the previous study (Fig. 6.11d). L was then defined to the truncated end, EF (Fig. 7.1b), where the radius is rc. The extent of truncation, i.e., R , was determined once the matrix dimensions had been fixed (§ 7.2.6) and was checked for all four combinations of upper and lower extremes of Ef/Em and q (§ 7.2.3). R was started at 0.5, then progressively reduced until axial stress in the fibre ceased to be a smoothly varying function of Z for 0 ≤ Z ≤ 1. The values finally used were R = 0.075 for the ellipsoid, 0.055 for the paraboloid and 0.02 for the cone. These results in a reduction in the length of the fibre of less than 1% for the ellipsoid and paraboloid 100



and 2% for the cone; amounts that were considered negligible for the purposes of modelling.



(a)



(b)



Fig. 7.1 Models of fibre composites. Each of these consists of a matrix embedding a (a) uniform cylindrical and (b) conical fibre. Similar configurations were used for the ellipsoidal and paraboloidal models.



The shape of a fibre profile was defined by an equation describing the appropriate cross-section for 0 ≤ Z ≤1. Equations describing the cylinder, ellipsoid, paraboloid and cone are based on eq. 4.49, 5.34, 5.28, and 5.22, respectively. For a description on how these equations were used to generate co-ordinates to describe the fibre profiles using ANSYS see § 6.2.2. Together with these co-ordinates for the fibre profile, co-ordinates for the matrix profile were also generated from which axisymmetric computer models were obtained. 7.2.3 Fibre and matrix properties



Fibres were modelled having values of q of 200 and 1000. These were achieved by fixing L at unit length and calculating the corresponding fibre radius from ro = L/q (eq. 3.12). Similar to the other study (§ 6.2.3), the units used here are immaterial as long as they are consistent. Larger values of q (> 1000) proved very difficult to optimize the mesh because of software limits on the number of nodes (≤ 32000; § 6.2.4) and the allowed aspect ratio (slenderness) of the elements; for a discussion of the mesh optimization approach see § 7.2.5. Similar difficulty as such was encountered in a previous study (§ 6.2.4). Fibres with q < 200 were not modelled because of difficulties obtaining convergence of the axial stress to a smooth distribution at the fibre end (§ 7.2.6). (For a discussion of the mesh optimization approach to obtain a smooth stress distribution refer to § 7.2.5.)
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As pointed out in § 7.1, I am concerned with materials for the fibre and matrix that are homogeneous, isotropic and possess linearly elastic properties. The fibre stresses were found to be independent of the absolute values of the moduli (Fig. 7.2), but their distribution depended on Ef/Em. (Effects of Ef/Em on stresses were addressed in § 3.5.6.) Em was, therefore, chosen to be 1 MPa and then Ef/Em was assigned values of 50 and 104 to represent extremes of realistic values (Appendix E.4). Larger values of Ef/Em were avoided because they resulted in larger values being required for rm (§ 7.2.6) and limits on the number of nodes available then made modelling unreliable. I have also found the effect of Poisson’s ratios of both fibre and matrix on the stresses in the fibre to be negligible as demonstrated by results shown in Fig. 7.3 obtained from the cylindrical fibre composite model. Hence, Poisson’s ratios for the fibre and matrix materials were assigned values of 0.3 and 0.49, respectively, typical of metallic and elastomeric materials. I have pointed out in § 7.1 that when plotting the results of stress distributions, distances along the fibre axis were made dimensionless by scaling by L so that results from different models can be compared. Also stresses were displayed as σz/σc. Owing to the linear elastic properties of the materials σz can be scaled to any value depending on σc. (Compare this to a similar approach adopted in the previous study, § 6.2.3, whereby σz was scaled by τ and as well as q.)
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Fig. 7.2 Effect of varying Ef and Em on stresses. These graphs show distributions of σz/σc versus Z along half the length of a cylindrical fibre for 4 4 (a) q = 1000, Ef/Em = 10 , (b) q = 200, Ef/Em = 10 (c) q = 1000, Ef/Em = 15 50 and (d) q = 200, Ef/Em = 50. Lines in (a) and (b) denote Ef = 10 Pa, 11 4 Em =10 Pa; dashes denote Ef = 10 Pa, Em = 1 Pa. In (c) and (d), lines 11 10 denote Ef = 5x10 Pa, Em = 10 Pa; dashes denote Ef = 50 Pa, Em = 1 Pa.
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Z Fig. 7.3 Effect of varying νf and νm on stress. These graphs show distributions of σz/σc versus Z along half a length of a cylindrical fibre. 4 Each graph showed stress distributions at (a) q = 1000, Ef/Em = 10 , (b) q 4 = 200, Ef/Em = 10 , (c) q = 1000, Ef/Em = 50, and (d) q = 200, Ef/Em = 50, results are shown for (νf, νm) having the following values: (0.49, 0.49) (red), (0.3, 0.49) (blue), (0.49, 0.3) (green) and (0.3, 0.3) (black).
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7.2.4 Boundary conditions



To ensure that the model had the symmetry described in § 7.2.2, OB, in Fig. 7.1, was constrained to prevent any displacement in the z-direction; this method was also adopted for plastic load transfer study (§ 6.2.6). rm was made sufficiently large to simulate an infinite matrix (§ 3.5.5). A method for achieving this is described in § 7.2.6. The outer surface of the matrix was not constrained. A uniform force of 1 N was applied across the end face of the matrix, represented by CD in Fig. 7.1. Dividing by the area of the circular end of the matrix resulted in an applied stress of σc which was used as a scaling factor for σz (§ 7.2.3). There was no bonding between the end of the fibre and the matrix so that zero σz was transmitted to the fibre. Hence σz must fall to zero at the fibre end (see § 3.5.4) [Kelly & MacMillan, 1986]. Perfect adhesion was assumed along the fibrematrix interface (i.e., along AF, Fig. 7.1). 7.2.5 Meshing



The three-dimensional models described in § 7.2.2 were used to generate the corresponding FE models. Quadrilateral elements with mid-side nodes were used as before for the plastic case (§ 6.2.4). Linear elastic properties were defined for these elements prior to meshing (§ 3.3.1). Each FE model was divided into four regions for the purposes of meshing; these regions are denoted by OAFE, ABF’F, FF’CF” and EFF”D as illustrated for the cylindrical fibre model in Fig. 3.7. The mesh in each region was graded to produce a greater density near the fibre, which is the region of interest (§ 2.3.6). The nodes along the interfaces of the regions representing the matrix, i.e., between ABF’F and CF”FF’ and between CF”FF’ and DEFF”, were common to both regions. The random design generation method within ANSYS software was used to obtain optimised meshes. Details on the optimization method are provided in Appendix F. The mesh in the fibre was optimised for each q value (§ 7.2.3), for each fibre shape (§ 7.2.2) and when determining R for the optimal taper (§ 7.2.2). The meshes in the matrix ABF’F and EFF”D (Fig. 3.7) were optimised each time rm or Lm was



105



varied. The numbers of elements in the final models of all four fibre-shapes were 292 in the fibre and 5076 in the matrix. 7.2.6 Matrix dimensions



Fibre stresses were affected by the size of the matrix when rm and Lm were not appreciably larger than ro and L, respectively (§ 3.5.5). However, when rm and Lm were made sufficiently large, the effect of the size of the matrix on fibre and matrix stresses diminished (§ 3.5.5). Fig. 7.4 shows results to demonstrate the effect on σz/σc as a result of increasing rm. As rm increases, the influence of additional matrix decreases and σz/σc converges (Fig. 7.4, i.e., graphs on the left). σz/σc along the surface of the matrix also converges to the same magnitude as the applied stress (Fig. 7.4, i.e., graphs on the right). Such a matrix corresponds to one which is infinitely large, as any material beyond this radius has no effect on stresses in the fibre [Carrara & McGarry 1968; Wu et al. 1997]. On testing all combinations of Ef/Em ( = 50 and 106) and q ( = 200 and 1000), at convergence, the largest value of rm was found to be 750ro while the smallest value rm was 50ro. The final value of rm selected was 750ro, i.e. from the largest of the four values, so this was chosen for all the final models.
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(d) Fig. 7.4 Distributions of σz/σc versus Z along the fibre axis, AF (graphs on the left), and matrix outer surface, BC, (graphs on the right). These 3 4 results were obtained for (q, Ef/Em) corresponding to (a) (10 , 10 ), (b) 4 3 (200, 10 ), (c) (10 , 50) and (d) (200, 50). Stress distributions are shown for rm=10ro (dot), 50ro (circle), 100ro (asterisk), 200ro (diamond), 750ro (triangle) not shown are those corresponding to 1000ro, which is the maximum value of rm that I have used to explore convergence.
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Fig. 7.5 shows results to demonstrate the effect on σz/σc in the matrix across the matrix end as a result of increasing Lm. Here, σz/σc was plotted against r/ro. Close to the matrix end, where a uniform load was applied, small fluctuations in σz/σc could be seen if Lm was not appreciably larger than L (Fig. 7.5). Lm was incremented until the axial stress close to the matrix end was uniform and equal to σc. All four combinations of upper and lower extremes of q and Ef/Em were used as before, i.e., (q = 1000, Ef/Em = 104), (q = 50, Ef/Em = 104), (q = 1000, Ef/Em = 50) and (q = 200, Ef/Em = 50), respectively; at convergence, Lm was found to be 1.4L, 1.9L, 1.3L and 1.9L, respectively. The final value of Lm selected was 1.9L which was rounded off to 2L and used in all the final models.
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Fig. 7.5 Effect of increasing Lm on σz/σc. These graphs show distributions of σz/σc versus r/ro, across the matrix end face, CD (Fig. 3.7). These 3 4 results were obtained for (q , Ef/Em) (a) (10 , 10 ) for Lm = 1.4L(line) and 4 1.005L(dashes), (b) (200, 10 ) for Lm = 1.9L(line) and 1.005L(dashes), (c) (1000, 50) for Lm = 1.3L(line) and 1.005L(dashes); (d) (200, 50) for Lm = 1.9L(line) and 1.005L(dashes).
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7.3 Results 7.3.1 Effects of fibre and matrix properties



Fig. 7.6 and Fig. 7.7 show distributions of σz/σc along a cylindrical fibre axis along half its length obtained for various values of Ef/Em and q. The effect of Ef/Em on σz/σc in the fibre is shown in Fig. 7.6. The results shows that increasing Ef/Em from 50 to 104 (§ 7.2.3) for a fixed value of q has little effect on the shape of the distributions of σz/σc along the fibre axis. Hence the distributions of σz/σc appeared very similar in trend to one another. However, larger values of Ef/Em result in greater values of σz/σc along the fibre. Overall, this effect leads to the wide dispersion of the distributions obtained from different Ef/Em. The effect of increasing q from 200 to 1000 (§ 7.2.3) on σz/σc in a cylindrical fibre is shown in Fig. 7.7. These results show that the magnitude of σz/σc in the fibre is much less sensitive to changes in q, for a fixed value of Ef/Em. This was demonstrated by the close clustering of distributions of σz/σc obtained for different q values, from a cylindrical fibre (Fig. 7.7). Like Ef/Em, q has very little effect on the trend of distributions of σz/σc. Results from a conical fibre (Fig. E.3, Fig. E.6), a paraboloidal fibre (Fig. E.4, Fig. E.7) and an ellipsoidal fibre (Fig. E.5, Fig. E.8) showed similarities to those described for the cylindrical fibre. For further details see Appendix E.3. Fig. 7.8 and Fig. 7.9 shows distributions of σz/σc across a fibre, r/rf, taken from a cylindrical and a conical fibre, respectively. Here, rf denotes the radius of a fibre; this is a constant ( = ro) for a cylindrical fibre but varies for a non-cylindrical fibre. In each graph, σz/σc was determined along five different cross-sections of the fibre (i.e., at Z = 0, 0.25, 0.5, 0.75 and 0.95). These results were obtained for the four combinations of upper and lower limits of q (i.e., 200, 1000) and Ef/Em. (i.e., 50, 104) In all the cases considered there was no appreciable variation in σz/σc along the radial direction observed.
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Fig. 7.8 Distributions of σz/σc versus r/ro across the radius of a cylindrical 4 4 fibre for (a) q = 1000, Ef/Em = 10 (b) q = 200, Ef/Em = 10 (c) q = 1000, Ef/Em = 50 and (d) q = 200, Ef/Em = 50. Here, symbols on the curves, i.e., dots, circles, asterisks, crosses and diamonds denotes stresses on the planes corresponding to Z = 0, 0.25, 0.5, 0.75 and 0.95, respectively.
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Fig. 7.9 Distributions of σz/σc versus r/rf across the radius of a conical 4 4 fibre for (a) q = 1000, Ef/Em = 10 (b) q = 200, Ef/Em = 10 (c) q = 1000, Ef/Em = 50 and (d) q = 200, Ef/Em = 50. Here, symbols on the curves, i.e., dots, circles, asterisks, crosses and diamonds denotes stresses on the planes corresponding to Z = 0, 0.25, 0.5, 0.75 and 0.95, respectively. rf denotes the radius of the conical fibre which varies along the its length.
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7.3.2 Comparison with analytical models



As pointed out in § 3.3, analytical models have been proposed for predicting σz in a cylindrical fibre for the elastic load transfer case [Cox 1952; Rosen 1965; Nairn 1997]. The equations that they derived were similar in form and were given by eq. 3.4. In this equation, C3 and β are constants to be determined by a non-linear regression method (Appendix G.1). (Note: to implement eq. 3.4 I used Z = z/L instead of z which means that L in the argument of the cosh functions is taken care of by β.) The curve-fitting was implemented using PRISM software version 3.02 (Graphpad Software Inc., San Diego, CA, USA). Fig. 7.10 compares distributions of σz along a cylindrical fibre axis along half its length obtained from FE analysis and from eq. 3.4. In this case stresses are not scaled by σc because the analytical models do not contain an applied axial stress. These graphs were obtained for the four combinations of upper and lower limits of q and Ef/Em (§ 7.2.3). The conclusion was that the form of the equation derived from analytical models [Cox 1952; Rosen 1965; Nairn 1997] showed good qualitative agreement with the results from FE analysis. 7.3.3 Effects of fibre shape



Fig. 7.11 compares the effect of fibre shape on the distribution of σz/σc, along half the length of a fibre for the four combinations of upper and lower extremes of Ef/Em and q (§ 7.2.3). At the upper limit of Ef/Em (Fig. 7.11a, b), σz/σc in the conical fibre is lowest at the fibre centre and rises to a peak before dropping sharply to zero at the fibre end. In contrast to the cylinder, the maximum value of σz/σc is at the fibre centre. Stresses in the paraboloid and ellipsoid lie between these two extremes and are almost uniformly distributed throughout the fibre length. However, for smaller values of Ef/Em there is no appreciable differences in magnitudes of σz/σc along most parts of the fibres for the four different fibre shapes as demonstrated by the closely overlapping distributions of σz/σc (Fig. 7.11c, d).
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7.4 Discussions 7.4.1 Effects of fibre shape



In this discussion, I shall focus on the effects of fibre shape on stresses in a fibre undergoing elastic load transfer based on the results obtained as shown in Fig. 7.11. Implications derived from this study concerned mainly the factors that may encourage fibre failure. The effect of fibre shape on the axial stress distribution in a fibre may indicate how a fibre material yields and fractures (Appendix A.6, A.7). However this effect is complicated by Ef/Em . To see what I mean, consider at low Ef/Em. Here, σz/σc is not affected appreciably by the different fibre shape as pointed in § 7.3.3. All fibre shapes give nearly uniform distributions of σz/σc along the bulk of the fibre (Fig. 7.11c, d) suggesting that these fibres are less susceptible to yielding and fracture in the absence of stress concentration (Appendix A.6). However, at high Ef/Em a cylindrical fibre gives rise to a maximum σz/σc at the fibre centre. σz/σc decreases gradually and then rapidly towards the end as pointed out in § 7.3.3. A conical fibre has the effect of lowering σz/σc at the fibre centre as compared to the cylindrical fibre. Further more, σz/σc increases to a peak value near the fibre end. The effect from a paraboloidal and ellipsoidal fibre leads to distributions of σz/σc which lie somewhat between the two extreme fibre shapes. In addition, distributions of σz/σc from the paraboloidal and ellipsoidal fibre are also more uniform than the rest. Hence, at high Ef/Em, the cylindrical fibre is more susceptible to yielding and fracture around the area of high stress concentration, i.e., at the fibre centre. If a cylindrical fibre fragments into two, as illustrated in Fig. 7.12a, the fragments will have a lower q value than the original. These fragmented fibres will also possess stress concentrations around their centres. On the other hand, when a conical fibre is stressed at high Ef/Em, if it fragments, (which is more likely to happen around the fibre ends where the stress concentrations are located; Fig. 7.12b), the bulk of the fibre, consisting of the
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central portion of the original fibre may continue to provide reinforcement to the composite material. The behaviour of σz/σc in the fibre will be dictated by the extent of the truncation. The more the conical fibre is truncated, the more it will look like a cylinder and in so doing, will possess distribution of σz/σc similar to the cylindrical fibre.



(a)



(b)



Fig. 7.12 Fibre fracture in (a) cylindrical and (b) conical fibres.



As for paraboloidal and ellipsoidal fibres, since these give nearly uniform distributions of σz/σc throughout the fibres when they are stressed at high Ef/Em, this may make them less susceptible to yielding and fracture. 7.4.2 Effectiveness of reinforcement



Since the distribution of σz/σc depends on fibre shape (Fig. 7.11), some shapes may be more effective in reinforcing a fibre composite material than others. This was demonstrated for plastic load transfer (§ 5.5.2). Following a similar argument used for the effectiveness for reinforcement for plastic load transfer (eq. 5.18), for elastic load transfer Σz (see eq. 5.16) should be as high as possible before the ultimate stress of the fibre, while the maximum τ, i.e., τ p = Max (τ( Z )), Z ∈ [0,1]
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is as low as possible in order that τp does not exceed the interfacial ultimate adhesion stress (§ 3.2.3). Thus a measure of the effectiveness of a fibre shape for reinforcement of a fibre composite material for elastic load transfer is ξE = Σ z / τ p .
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The greater the value of ξE, the more effective is the fibre at reinforcing the composite during elastic load transfer. In eq. 7.2, Σz was derived by determining the area under a fitted curve to FE data using the trapezoidal rule (Appendix G.2). (Note that this method was also used to 116



determine the area under a function describe by eq. 5.16, see § 5.3.4.) Curve fitting to FE data was carried out using a non-linear regression method (Appendix G.1) provided by software PRISM (§ 7.3.2); the software also provided a choice of curves for fitting the FE data. To implement τp (eq. 7.1) the largest of the values of τ (from Z = 0 to Z = 0.999) along the interface was recorded. Values of τ beyond Z = 0.999 (i.e., 0.1% of the length from the fibre tip) were not useful because of difficulties in getting the stresses to vary smoothly up to Z = 1. Fig. 7.13 describes the results of ξE for the four fibre shapes for the combinations of upper and lower extremes of q and Ef/Em (§ 7.2.3). We note that at high Ef/Em, the order of increasing ξE is: ellipsoid, paraboloid, cylinder and cone; at low Ef/Em, we have : cylinder, ellipsoid, paraboloid and cone. These results suggest that the effectiveness of reinforcement of a fibre shape is complicated by Ef/Em. What this means is that at high Ef/Em the cylindrical fibre gives values of ξE which are lower than the conical fibre and is comparable to the other tapered fibre shapes. But at low Ef/Em, values of ξE from the cylindrical fibre are lower than those from the tapered fibres. The issue of fibre volume has been addressed in § 5.5.2 for plastic load transfer. Now, together with the results of ξE, one concludes similarly as before for plastic load transfer that the conical fibre represents a more efficient use of a given volume of reinforcing material than a cylindrical fibre during elastic load transfer.
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Fig. 7.13 Effectiveness of reinforcement, ξE, for different fibre shapes. ξE 4 values were obtained for (a) q = 1000, Ef/Em = 10 , (b) q = 200, Ef/Em = 4 10 , (c) q = 1000, Ef/Em = 50, and (d) q = 200, Ef/Em = 50.
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7.4.3 Biological implications



In Chapter 1, I have mentioned that collagen fibrils in ligaments possess paraboloidal ends. This raises the question of how the shape of the fibril provides reinforcement for the connective tissue. To answer this question I looked to the stress-strain relationship of the tissue. When the tissue is strained progressively under an increasing applied stress, eventually the crimp in the collagen fibres disappeared and the fibrous components in the ligament act to resist the extension (Appendix B.3). Frank and Shirve [1995] pointed out that the behaviour of the tissue corresponded to the linear region of the stress-strain curve labelled as stage 2. As pointed out in § 3.2.2, 3.2.3 and 5.5.3, under an increasing applied tensile stress, the stress-strain relationship of a typical fibre composite containing either brittle or ductile elastic fibres gives a linear region from the start to the yield point of the fibre, i.e., (I) & (II) (Fig. 3.1). By considering the initial portion of the region, i.e., (I), this gives us a clue as to what is going on in stage 2 of the stress-strain relationship of the connective tissue. Based on this clue, I conclude that stress transfer between the extra-cellular matrix and the collagen fibrils is elastic in nature during the initial part of stage 2 (the later part of stage 2 corresponds to plastic load transfer, see § 5.5.3). Having established that the stress-strain behaviour in the initial part of stage 2 corresponds to elastic load transfer, the next step is to explain how a fibril provides reinforcement to the tissue during this time. To do this I looked at the results obtained from my FE study. From distributions of σz/σc obtained for a paraboloidal fibre, I concluded that a fibril gives a uniform distribution of σz/σc throughout the fibril. In the absence of stress concentrations this makes the fibril less susceptible to yielding and fracture.
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At an annual meeting of the American Physical Society in 1946, Herbert Goldstein asked his mentor, Arnold Siegert, 'Abraham Pais’s theory is far crazier than Ehrenhaft’s…Why do we call Pais a physicist and Ehrenhaft a nut?” Siegert thought a moment and said, “Because Ehrenhaft believes his theory” Crease [2001]



CHAPTER 8 Discussions and conclusions



8.1 In retrospect The aim of this project was to investigate how fibre shape affects reinforcement in fibre composite materials. The preceding chapters (4 to 7) described how I achieved this aim. This was accomplished by studying stresses within a fibre in a fibre composite material undergoing elastic load transfer and plastic load transfer. To carry out this study, I have used two techniques, i.e., analytical modelling and finite element (FE) analysis. This final chapter presents a summary and conclusion of my study including suggestions for future work. In § 8.2 I summarise what I did in this study. In this summary, I have collated relevant results obtained from elastic and plastic load transfer studies, and, where appropriate, compared my results with those from previous work. Drawing from my experience in these studies, I have proposed future work which is described in § 8.3. Finally, § 8.4 presents the conclusions of this study. The following symbols that frequently appear in this chapter were used as in preceding chapters. For material properties, we have Ef , Em, νf and νm, (§ 3.1). Here, symbols E and ν denote Young’s modulus and Poisson’s ratio, respectively;
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subscripts f and m refer to fibre and matrix, respectively. q refers to fibre axial ratio (eq. 3.12). For stresses, we have τ, the interfacial shear stress, σz, the axial stress (in a fibre), and σr, the surface radial stress (§ 3.1); all of these are functions of z. We also have σc, which is the applied tensile stress on the fibre composite model (§ 3.1). As in § 5.1, we have σo, which represents the peak value of σz (eq. 5.17), and Σz, which represents the average value of σz (eq. 5.16). Another stress symbol used as before is τp (§ 7.1); τp is the maximum value of τ (eq. 7.1). In previous chapters, stress results derived from my studies were described as dimensionless quantities, i.e., σz/τq and σrq/τ (Chapter 5, 6) and σz/σc (Chapter 7); these will be used here instead of their absolute quantities in order to avoid confusion. The symbol, Ψ, denotes a stress function (§ 2.2.1). Effectiveness of reinforcement for elastic and plastic load transfer are denoted by ξE (eq. 7.2) and ξP (eq. 5.18), respectively.



8.2 Fibre reinforcement 8.2.1 Overview



In this project I have investigated how fibre shape affects the stresses in a fibre in a fibre composite material during elastic load transfer (Chapter 4, 7) and plastic load transfer (Chapter 5, 6). The former corresponds to the initial loading stage whereby stress transfer occurs between an elastic matrix and an elastic fibre. The latter corresponds to the next stage when under an increasing σc the matrix yields and turns plastic and failure of adhesion at the fibre-matrix interface occurs. To carry out this study, analytical methods (Chapter 4, 5) and FE models (Chapter 6, 7) of a fibre composite material with axial and mirror symmetry were developed. Fibres with cylindrical shape, ellipsoidal shape, paraboloidal ends and conical ends were considered. Each of these shapes was characterised by q. I have studied two approaches to help me develop analytical models for static analysis of elastic and plastic load transfer. In the first approach (§ 4.2), equations were derived for calculating stress and displacement components in a general axisymmetic body based on a stress function method for structural analysis of a statically indeterminate problem (§ 2.2.3). The stress function method solves Ψ
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from a fourth-order differential eq. 2.10 for an axisymmetric model. Once Ψ is solved, it is used to determine expressions for stress and displacement components (§ 2.2.4). The stress and displacement equations were implemented to model a fibre composite, containing an elastic fibre embedded in an elastic matrix, undergoing elastic load transfer. Although these stress and displacement equations are also applicable for modelling plastic load transfer, my reason for attempting the elastic case rather than the plastic case was explained in § 4.1. Boundary conditions were prescribed for modelling perfect adhesion and stress transfer from the matrix to the fibre consistent with the boundary conditions proposed by Nairn [1997] (§ 3.3.2). The boundary conditions were utilised to solve the unknown constants in the equations. However, the approach led to no useful solutions (§ 4.3.5). In the second approach, first-order differential equations for solving σz and σr were formulated by considering forces at equilibrium in a stress element in a fibre subjected to τ (§ 5.2). Equations for calculating σz and σr to study plastic load transfer were derived from the differential equations. Reasons for choosing the plastic case over the elastic case were discussed in § 5.1. Boundary conditions were prescribed to model failure of adhesion and plastic matrix consistent with those proposed by Kelly and Tyson [1965] and Kelly and Davies [1965] (§ 3.4.2). Values of ξP were derived for the four fibre shapes. The FE method was used to study both elastic and plastic load transfer. In the elastic case, axial stress was obtained from an elastic fibre embedded in an elastic matrix to model a fibre composite material undergoing elastic load transfer (Chapter 7). The effects on σz and σr due to varying q, from 200 to 1000, Ef/Em, from 50 to 104, and νf and νm, from 0.3 to 0.49, were investigated. Of these, it was found that νf and νm had negligible effect and were assigned arbitrary values of 0.3 and 0.49, respectively, which correspond to typical metallic and elastomeric materials. Comparison of FE results from a cylindrical fibre with predictions from previous analytical models showed good qualitative agreement. Values of ξE were derived for the four fibre shapes.
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For plastic load transfer, the FE method was used primarily as a check against predictions from the analytical model (Chapter 6). The effects on σz and σr due to varying q, from 2 to 104, Ef, from 1 to 1012 Pa, and νf from 0.1 to 0.49, were investigated. νf and Ef were arbitrarily assigned values of 0.3 (typical of metals) and unity, respectively, as they have no effect on the stress in a fibre; q acts as a scaling factor but was assigned a value of 10 to create models with a fibrous appearance. Results were in good agreement with those predicted from the analytical model for the axial distributions of σz and σr. 8.2.2 Elastic load transfer



Consider a fibre composite material containing elastic fibres and elastic matrix. When the material is initially subjected to σc, stress is transferred from the elastic matrix to the elastic fibre via the adhesion at the fibre-matrix interface. This process is known as elastic load transfer (§ 3.2.2). The behaviour of the composite can be described by the portion of the stress-strain curve between the starting point and the matrix yield point (Fig. 3.1). As pointed out in § 7.4.1, during elastic load transfer, the effect of fibre shape on distributions of σz/σc in a fibre was complicated by Ef/Em. At low Ef/Em, σz/σc was not affected appreciably by the different fibre shapes as demonstrated in § 7.3.3. All shapes led to nearly uniform distributions of σz/σc along most of the length of each fibre (Fig. 7.11c, d). I have indicated that these fibres were less susceptible to yielding and fracture in the absence of stress concentration (§ 7.4.1). However, at high Ef/Em a cylindrical fibre possessed a maximum σz/σc at the fibre centre; σz/σc decreased gradually and then rapidly towards the end (Fig. 7.11a, b). This effect has also been demonstrated in previous studies [Cox 1952; Rosen 1965; Carrara & McGarry 1968; Nairn 1997]. In contrast, a conical fibre displayed a minimum σz/σc at the fibre centre but increased to a peak value near the fibre end. The effect from a paraboloidal and ellipsoidal fibre led to distributions of σz/σc which lie somewhat between the two extreme fibre shapes; in addition, these distributions were also more uniform than the rest.
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Hence, the cylindrical fibre is more susceptible to yielding and fracture around the area of high stress concentration, i.e. at the fibre centre at high Ef/Em (§ 7.4.1). When a cylindrical fibre eventually fragments into two, as illustrated in Fig. 7.12a, the fragments will have a lower q value than the original. These fragmented fibres will also possess stress concentrations around their centres. In contrast, when a conical fibre fragments at high Ef/Em fractures are expected around the fibre ends where the stress concentrations are located, as illustrated in Fig. 7.12b. In this case, I have suggested that the bulk of the fibre consisting of the central portion of the original fibre may continue to provide reinforcement to the composite (§ 7.4.1). The behaviour of σz/σc in the fibre will be dictated by the extent of the truncation. The more the conical fibre is truncated, the more it will look like a cylinder and hence will possess a distribution of σz/σc similar to a cylindrical fibre. As for paraboloidal and ellipsoidal fibres, having uniform distributions of σz/σc along the fibres at high Ef/Em may make them less susceptible to yielding and fracture unless they are stressed beyond their ultimate stress (Appendix A.2). As explained in § 7.4.2, in order for a fibre to provide effective reinforcement during elastic load transfer, it must compromise between high Σz in the fibre and low τp along the interface (to avoid adhesion failure). For the four fibre shapes which I have studied, the effectiveness of reinforcement for elastic load transfer, ξE, for different fibre shapes was complicated by Ef/Em. At Ef/Em, the ellipsoidal fibre has the smallest ξE; the conical fibre has the highest value of ξE. Both paraboloid and cylinder shared similar ξE. At low Ef/Em, the order of increasing ξE is cylinder, ellipsoid, paraboloid and cone. 8.2.3 Plastic load transfer



Now, if σc progressively increases, a time will come when the matrix yields and turns plastic. If, in addition to a plastic matrix, adhesion between the fibre and matrix at the interface also fails, then the fibre composite material undergoes plastic load transfer (§ 3.2.3). τ will induce σz and σr. This behaviour can be
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described on the stress-strain curve corresponding to the region between the matrix yield point and the fibre yield point (Fig. 3.1). Unlike the elastic case, in which the effect of fibre shape on distributions of σz/σc in a fibre is complicated by Ef/Em, plastic load transfer is more straight-forward (§ 5.5.1). Here, a cylindrical fibre gives a peak value of σz/τq at the fibre centre; σz/τq decreases linearly to zero at the fibre end as shown in my results in Fig. 5.3 and in previous studies [Kelly & Davies 1965; Aspden 1994a]. A conical fibre gives a uniform distribution of σz/τq along the fibre while paraboloidal and ellipsoidal fibres lead to distributions which fall in between those from the conical and cylindrical fibres (Fig. 5.3). Distributions from ellipsoidal and paraboloidal fibres also show σz/τq peaking at the centre (but lower than that of the cylindrical fibre); thereafter, σz/τq decreases non-linearly to zero at the end. Distributions of σrq/τ in tapered fibres are negative (i.e., compressive) and their magnitudes, σr, are smaller than σz except near the ends of paraboloidal and ellipsoidal fibres. I have suggested in § 5.5.1 that stress concentrations around the centre of cylindrical, ellipsoidal and paraboloidal fibres may cause these fibres to yield and fracture. If fracture occurs, which is most likely at around the fibre centre where the stress concentration is located, two fibre fragments of equal length results. These fragments may in turn concentrate stresses around their centres and may lead to further fragmentation. On the other hand, since no stress concentration exists along a conical fibre, the fibre may be less likely to yield and fracture. In order for a fibre to provide effective reinforcement during plastic load transfer, it must compromise between high Σz in the fibre and low σo value at the fibre centre (§ 5.5.2). For the four fibre shapes which I have studied, the order of increasing ξP was cylinder, ellipsoid, paraboloid and cone. Thus the conical fibre represents a more efficient use of a given volume of reinforcing material than a cylindrical fibre (§ 5.5.2, 7.4.2) 8.2.4 The behaviour of connective tissues



When connective tissues, such as a ligament, are subjected to an increasing σc, the behaviour of the tissue from initial loading to fracture can be described by the
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stress-strain curve (Fig. B.2). I shall now explain how fibrils in connective tissues reinforce the tissue based on my study (§ 8.2.2, 8.2.3). As pointed out by Hukins [1982] the corresponding increase in strain leads to an increasing number of crimped collagen fibres being straightened to resist tension (Appendix B.3). Frank and Shrive [1995] pointed out that this process corresponded to stage 1 in the stress-strain relationship (Fig. B.2); when all the collagen fibres are straightened, this corresponds to the linear portion of the stressstrain relationship referred to as stage 2. By comparing the stress-strain relationship of a typical fibre composite material (Fig. 3.1) with that of the tissue (Fig. B.2), I suggested that stress transfer between the surrounding matrix and the collagen fibrils is elastic in nature during the initial part of stage 2 (Fig. B.2). In other words, the tissue is undergoing elastic load transfer during this stage (§ 7.4.3). This is consistent with tissues like tendon showing permanent deformation after straining beyond the initial region of the stress-strain curve [Hukins 1982]. During elastic load transfer, the paraboloidal ends of a fibril lead to a nearly uniform distribution of σz/σc along the fibril (§ 7.4.3). In the absence of any stress concentration, this suggests that the fibril is less likely to yield and fracture. With increasing applied tensile stress, sites in the tissue at the matrix and fibrilmatrix interface yields and turns plastic and the adhesion between the fibril and the plastic matrix fails. The connective tissue undergoes plastic load transfer. In § 5.5.3 I have suggested that this corresponded to the latter portion of stage 2 (Fig. B.2). During plastic load transfer, the paraboloidal ends of a fibril leads to a maximum σz/τq at the fibril centre and decreases gently and non-linearly along the bulk of the fibril length and then rapidly to zero at the ends (§ 5.5.3), based on predictions in my study (Fig. 5.3). Concentrating high values of σz/τq around the fibril centre may encourage the fibril to yield and break but the real advantage of the paraboloidal shape can be seen by a comparison of distributions of σz/τq from cylindrical and ellipsoidal ends which showed that they are less uniform than the paraboloidal ends.
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As mentioned in Chapter 1, the paraboloidal ends collagen fibrils in connective tissues characterised by q is approximately equal to 2000 [Trotter & Koob 1989]. During plastic load transfer, such a high value of q may lead to large values of σz along the fibril for a given value of τ (§ 5.5.3). This may be desirable if the fibril is to be utilised to its fullest by being maximally stressed before its ultimate stress.



8.3 Towards a complete theory The scope of this project covers the study of the effects of fibre shape on the stresses in a fibre in a fibre composite material undergoing elastic load transfer and followed by plastic load transfer. To gain a more complete understanding of how tapered fibres reinforces the composite material, stages corresponding to plastic composite and fracture (§ 3.2.4) would need to be addressed too. This may also helps in understanding how a collagen fibril in connective tissues behaves in stage III and how it finally fractures (Fig. B.2). So far no one has attempted these studies yet. However, I shall now suggest ways of using FE analyses to carry out these studies. For the case of plastic fibre composite, an FE model of a plastic fibre embedded in a plastic matrix may consist of a plastic fibre acted upon by surface stress, τ = τo, to model adhesion failure (§ 5.3.1). An incremental plastic analysis similar to that employed by Lin et al. [1972] (§ 3.6.2) may be used to model a plastic fibre. A plastic matrix may be modelled by prescribing σz = 0 at the fibre end similar to that used in plastic load transfer (§ 5.3.1). For fracture, a FE model of a plastic fibre in a fractured matrix may consist of a plastic fibre acted upon by surface stress, τ = τo, but along a fraction of the entire fibre length beginning at the fibre end, to model adhesion failure (§ 5.3.1). The area over the fibre surface where τ simulates the resistance to pulling a fibre out from a matrix. Again the incremental plastic analysis employed by Lin et al. [1972] (§ 3.6.2) may be used to model a plastic fibre; plastic matrix may be modelled by prescribing σz = 0 at the fibre end similar to that used in plastic load transfer (§ 5.3.1).
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8.4 Conclusions From this study, I arrived at the following general conclusions about the effects of fibre shape on fibre composite materials: (1) an important property of all the tapers considered is to make the distribution of σz in a fibre more uniform; (2) fibres with conical ends are more effective for reinforcing fibre composite materials than cylindrical fibres.
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APPENDIX A Definitions and concepts



A.1 Introduction This appendix is intended to explain essential definitions and concepts on the behaviour of a material. Several symbols appearing in this appendix are used as before in the main chapters; the reader is referred to § 2.1 for further details.



A.2 Behaviour of a material The following explanations presented in this section are adapted from Gere and Timonshenko [1999, p.12-20]. A material is elastic if it is capable of returning to its original dimension when unloaded. There is a point, called the elastic limit beyond which the material becomes plastic. A material is said to be plastic if it does not return to its original dimension when unloaded, i.e., a residual strain exists in the material if it is unloaded. If it is further subjected to a progressive increasing load from its elastic limit it can exhibit considerable strain with no noticeable increase in the stress; we say the material has yielded. If unloaded and loaded again, the behaviour of such a material is elastic and the elastic limit is now higher than before. Fig. A.1 shows a
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stress-strain curve describing the behaviour of the material under a progressive increasing tensile load.



Fig. A.1 Stress-strain curve of a typical structural steel (not to scale) [Gere & Timoshenko 1999, p.14]. Point A denotes the proportional limit. B represents the elastic limit, corresponding to the yield stress/strain. C marks the onset of strain hardening. D corresponds to the ultimate stress/strain. E is the fracture point.



Within the elastic limit, i.e. OB, if the material exhibits a linear relationship between stress and strain, the material is said to be linearly elastic (see OA, Appendix A.3). The upper limit of this linear region is called the proportional limit. The elastic limit is usually the same or slightly higher than the proportional limit for many materials, e.g. steel. In a rubber, the elastic limit is far beyond the proportional limit. As mentioned earlier, if the material is strained beyond its elastic limit, it becomes plastic, i.e., it yields (Appendix A.4) and the strain, depicted along BC, can be considerably large without noticeable increase in stress in the material. A ductile material can take large permanent strain, e.g., steel, aluminium; the opposite of this is brittle, e.g., glass, bone. In a ductile material, it is said to undergo plastic flow if it is loaded into its plastic region. Metals exhibit strain hardening and necking as described by CD and DE, respectively. During strain hardening, the material undergoes further changes in its crystalline structure, resulting in increased resistance to further deformation. So further elongation of the material in this region requires an increase in the tensile load. During necking, the total load which the material can carry diminishes when it reached its ultimate stress (strength); this reduction is due to a decrease in crosssectional area and not to a loss in the strength of the material. The ultimate stress of a material is a measure of the stress that which it is capable of withstanding



130



before fracture [Gere & Timoshenko 1999, p.15]. (Note: at an interface between two materials held together by adhesion, the ultimate adhesive stress that I refer to frequently in the main chapters is a measure of the stress that which the adhesion is able to resist before it becomes ineffective, i.e., failure. [Kelly & Davies 1965].) The decrease in area comes about from lateral contraction. In the vicinity where the ultimate stress is measured, there is pronounced reduction in area resulting in what is observed as necking. From there onwards, necking occurs until at E, the material fractures (Appendix A.7); non-metals which are brittle would fracture anywhere along OB.



A.3 Hooke’s law Many materials, e.g., metals, wood, polymers, exhibit linear elastic properties (Appendix A.2) during initial loading. By designing structures to function in this region, one avoids permanent deformation due to yielding (Appendix A.4). The linear relationship of stress and strain can be expressed as σ = Eε



A.1



[Gere & Timoshenko 1999, p.22] for a material in tension or compression along one direction (i.e., uniaxial direction). Here, E, the Young modulus, is the constant of proportionality. Eq. A.1 is known as Hooke’s law. From Fig. A.1, we know that the slope along OA depends on E. A stiff material possesses a large value of E; a flexible material has a small value of E. Note that eq. A.1 is a special case that relates the longitudinal stress to longitudinal strain during uniaxial loading. For the general case see eq. 2.5, 2.6 and 2.20. If the material shears, the stress-strain curve is similar in shape to that shown in Fig. A.1 (but differs in magnitude). In the elastic region, Hooke’s law applies and in shear is given by τ = Gγ



A.2



where G is the shear modulus which is dependent on E and ν (Poisson’s ratio, see Appendix A.5) as follows from Gere and Timoshenko [1999, p.33-34]., G = E /(1 + 2 ν) .



A.3
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A.4 Plasticity As mentioned in Appendix A.2, a material is said to be plastic if it does not return to its original dimension when unloaded, i.e., a residual strain exists in the material if it is unloaded. In such a material, the internal structure is altered and its properties change resulting in a permanent distortion in the material when it is unloaded [Gere & Timoshenko 1999, p.20]. An elastoplastic material is one which exhibits linear elastic behaviour during initial loading; when plastic yielding begins, the strains increase at a constant stress, called the yield stress [Gere & Timoshenko 1999, p.147]. The study of material behaviour in an elastoplastic material is called elastic-plastic analysis.



A.5 Contraction and Poisson’s ratio As explained by Gere and Timoshenko [1999, p.21-22], when a block of material is uniaxially loaded (Appendix A.2) the axial strain, εA, is accompanied by lateral strain, εL, normal to the direction of the applied load. (If a tensile load is applied, εA and εL are positive and negative, respectively.) A measure of this is expressed as the negative value of the ratio of εL to εA and is referred to as the contraction ratio. This ratio can be used for a material possessing elastic (linear or non-linear) and plastic properties. For a material exhibiting linear elastic properties, the contraction ratio is referred to as Poisson’s ratio, i.e., ν, provided that εA (and εL) are small, i.e., ~0.5% [Gordon 1978, p.50], and the same everywhere in the material so that ν applies to the whole material. In order for this to happen, three conditions must be satisfied: (1) the axial applied force must be constant throughout the material so that εA is a constant everywhere; (2) the material is homogeneous, which means it has the same composition, i.e., elastic properties, at every point; (3) elastic properties must be the same in all directions perpendicular to the direction of the applied load. Isotropic and orthotropic materials satisfy (3). An isotropic material has the same properties in all directions (axial, lateral and in between). For an elastic material that is isotropic, it follows that out of a total of twenty-one material constants, only two are independent, i.e., E and ν [NAFEMS 1992, p.25]. (Of homogeneity and
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isotropy, a material can be isotropic at all points but may be composed of different isotropic materials at different points, and so would not be homogeneous, e.g., a fibre in a matrix.) If the property in a material differs in various directions, the material is anisotropic. Orthotropy is a special case of anisotropy; here, the properties in a particular direction are the same throughout the material and the properties in all directions perpendicular to the z-axis are the same (but different from the first set of properties), e.g., fibre composites.



A.6 Stress concentration Stress concentration is a term referring to high stress density in a very small region around a geometric discontinuity in a material (e.g., cracks, holes and grooves) or around a point of loading or impact load [Gere & Timoshenko 1999, p.134-135]. The possibility of failure due to stress concentrations when a structure is subjected to static loading depends on the material in the structure [Gere & Timoshenko 1999, p.139]. For a ductile material (Appendix A.2) stress concentrations can be ignored. This is because if the material yields and plastic flow occurs, the intensity of stress concentration is reduced and the overall stress distribution becomes more uniform. In brittle materials stress concentrations exist until fracture.



A.7 Fracture Fracture can be explained from an energy point of view [Gordon 1978, p.94-98]. When a material is subjected to an increasing load, more and more strain energy is accumulated within the material as the material strains. Strain energy in this material is equal to the area under the stress-strain curve (e.g., Fig. A.1). A material fractures if the stored strain energy is sufficient to be converted into fracture energy to create a crack. Fracture energy, or otherwise known as work of fracture, is the energy needed to create two new surfaces and to separate the bonds binding these surfaces together. Ductile materials (Appendix A.2) and biological materials have high work of fracture; these materials are not easily fractured in comparison to brittle materials which have lower work of fracture.
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APPENDIX B Connective tissues



B.1 Introduction Natural fibre composites such as connective tissues were first addressed in Chapter 1 with a particular reference to ligaments and tendons. This appendix provides an introduction to connective tissues histology and physical properties, using the ligament as an example.



B.2 Ligaments Ligaments attach articulating bones across a joint. They function to stabilize and guide the motion of the musculoskeletal system by transmitting tension from one bone to another [Hukins 1982]. Ligaments contain a high proportion of extracellular matrix [Frank & Shrive 1995]. Within the matrix are collageneous fibrous components which, owing to their higher tensile stiffness and strength compared to the matrix, provide reinforcement to the matrix [Hukins 1982]. Thus ligaments can be regarded as a fibre composite material [Trotter & Koob 1989]; it follows that one can analyse the mechanical behaviour of the ligament based on fibre composite models.
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Fig. B.1 illustrates a hierarchical structure of collageneous component in ligament midsubstance showing how the various components aggregate to form a fibre (and eventually into a ligament; not shown). The ligament midsubstance refers to that part of the ligament that is away from the bone insertion site-which has a different composition than the midsubstance. Collagen fibrils are spatially described by a axial period whose repeat distance of 67 nm is usually referred to as the D-period [Woodhead-Galloway 1982]. Collagen fibres are observed to be crimped (i.e., wave-like); the crimped period (peak-to-peak) may range from 50 to 200 µm depending on the location in a ligament.



Fig. B.1 A hierarchical structure of collagen in ligament midsubstance reproduced from Frank & Shrive [1995, p.86-126].



B.3 Physical properties The physical properties of connective tissues such as ligaments are categorised under material or structural properties. The material properties, e.g., modulus, ultimate tensile strength and ultimate strain, characterise the material that makes up the tissue. These properties are derived from the stress-strain relationship (Fig. B.2) of the midsubstance; they do not account for the contribution from the ligament-bone insertion sites. Structural properties of a ligament are based on the behaviour of a bone joining ligament joining bone system, i.e., the contribution from the ligament and from the bony insertion. Structural properties are derived from force-deformation data. This thesis is primarily concerned with the material properties of connective tissues such as the ligament; the force-deformation data will not be discussed.
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Fig. B.2 Material property of a ligament depicted by a stress-strain curve [Frank & Shirve 1995, p.86-126].



Fig. B.2 shows a stress-strain relationship characterising material properties of a typical ligament. The process of straightening out the crimp during initial straining [Hukins 1982] correspond to stage 1. The linear region (stage 2) corresponds to the stage when all the crimp is removed and fibrous components in the ligament act to resist the tension. The slope of this linear region corresponds to the elastic modulus of the ligament. With increasing strain, the curve flattens out (stage 3); this is thought to correspond to sites (i.e., fibrous components, extra-cellular matrix) within the ligament experiencing failure [Frank & Shrive 1995]. If some fibrous components fail, the external load inducing the strain in the fibre composite material is redistributed onto the remaining fibres, increasing the force on them and the likelihood of their failure. The steep gradient following the plateau corresponds to fracture of the connective tissue.
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APPENDIX C Mathematical derivations



C.1 Overview This appendix elaborates on the mathematical derivations of formulae that were highlighted in Chapter 4 and 5. For sections relevant to Chapter 4, we have Appendix C.2 to C.9. Appendix C.2, C.3 and C.4 concern checks on my solutions to the functions, Ω1, Ω21 and Ω22, respectively, that contribute to the stress function Ψ. Appendix C.5 and C.6 describes how solutions were obtained from evaluating ∇2Ψ and ∂2Ψ/∂z2; both of these are needed very frequently when determining expressions for stress and displacement. Appendix C.7 and C8 describes how general equations for stress and displacement are obtained. Appendix C.9 describes my approach to determining the constants found in the stress and displacement equations for a fibre and a matrix. The sections relevant to Chapter 5 are Appendix C.10 to C.14. Appendix C.10 describes how a general solution for σz in a fibre that need not be a uniform cylindrical can be derived from the differential equations of equilibrium. Appendix C.11, 12, 13 and 14 describe how equations (for σz, σr and Σz) for a cylinder, ellipsoid, paraboloid and cone, respectively, are derived.
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Many of the symbols appearing in here were used as before in previous chapters. For further details of these symbols, the reader is referred to § 2.2.1 and 4.1 (for symbols used in Appendix C.2 to C.9) and to § 3.1 and 5.1 (for those used in Appendix C.10 to C.14). However, if a symbol has occurred for the first time, an explanation will be provided. Derivation involving ∇2 (eq. 2.12) are described in cylindrical polar co-ordinates, r, φ and z (§ 2.2.4); where appropriate, r, is expressed as a product of kr (where k is a constant) to be consistent with the argument in the modified Bessel functions I0 and I1. When implementing ∇2 and evaluating the stress function, Ψ (§ 2.2.3), I have used ρ instead of kr where appropriate. Brackets in mathematical expressions are used in the same way as before (§ 2.1).



C.2 Verifying the solution of Ω1 In § 4.2.2, I argued that a solution to eq. 4.1 was represented by a function, Ω1, which was found to have a general form given by eq. 4.4. From here, Ω1 was solved; the final result was expressed by eq. 4.16. To check that the solution of Ω1 is correct, one substitutes the expression for Ω1 (eq. 4.4) into eq. 4.1, ∇ 2Ω1 = ∇ 2 (2C1k 2 sin( kz + α )I0 (kr )) .



C.1



Then eq. C.1 becomes, ∇ 2 Ω1 = 2C1 k 2 sin(kz + α)



∂ 2I0 k 2 ∂I 0 ∂2 (sin(kz + α) ) . + sin( kz + α ) + I 0 ρ ∂ρ ∂ρ 2 ∂z 2



C.2



Evaluating eq. C.2 using the following results [Spiegel 1968, p139] ∂I0 / ∂ρ = I1 ,



C.3



∂I1 / ∂ρ = [I0 + I 2 ] / 2 ,



C.4



I 2 = I 0 − [2/ρ]I1 ,



C.5



∇ 2Ω1 = C1k 2{sin( kz + α )[2I0 − {2 / ρ }I1 ] + {2 / ρ}sin( kz + α )I1 − 2I0 sin( kz + α )}



C.6



we find



which leads to ∇ 2Ω1 = C1k 2 sin(kz + α ){2I0 − [2 / ρ ]I1 + [2 / ρ ]I1 − 2I0 } = 0 .



C.7
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C.3 Verifying the solution of Ω21 In § 4.2.2, I argued that another solution to eq. 2.10 was represented as a function, Ω2, which was rewritten as a sum of Ω21 and Ω22 (eq. 4.17). These functions were solved separately. This appendix describes a check to ensure that the solution provided by Ω21 is correct. For a check on Ω22 see Appendix C.4. We substitute the expression for Ω21 (given by eq. 4.32) into eq. 2.10,



(



)



(



)



∇ 2 ∇ 2 Ω 21 = C 2 ∇ 2 ∇ 2 (ρ sin(kz + α)I1 )) .



C.8



This becomes



(



∂ 2 (ρI1 ) k 2 ∂ (ρI1 ) + sin(kz + α) 2 ∂ρ ρ ∂ρ 2 ∂ + ρI1 2 (sin(kz + α) ) . ∂z



)



∇ 2 ∇ 2Ω 21 = C2∇ 2 k 2 sin(kz + α)



C.9



Noting that, ∂ (ρI1 ) = I1 + [ρ / 2]{I 0 + I 2 } ∂ρ



C.10



which, using eq. C.4, leads to ∂ (ρI1 ) = I1 + [ρ / 2]{I 0 + I 0 − [2 / ρ]I1 } = ρI 0 . ∂ρ



C.11



∂ 2 (ρI1 ) ∂ (ρI 0 ) = I 0 + ρI1 = ∂ρ ∂ρ 2



C.12



∂2 (sin(kz + α)) = −k 2 sin(kz + α) . 2 ∂z



C.13



Also,



and,



Now, substituting eq. C.11, C.12 and C.13 into C.9, we have ∇ 2 (∇ 2 Ω 21 ) = C 2 ∇ 2 k 2 sin(kz + α){I 0 + ρI1 } +



k2 sin(kz + α)ρI 0 ρ



C.14



− k 2 ρI1 sin(kz + α) which simplifies to 139



∇ 2 (∇ 2 Ω 21 ) = 2k 2 C 2 ∇ 2



sin(kz + α)I 0



C.15



which leads us further to, ∇ 2 (∇ 2Ω 21 ) = 2k 2C2 sin(kz + α) + I0



∂ 2 (I0 ) 1 ∂ (I ) + sin(kz + α) 0 ∂ρ 2 ρ ∂ρ



C.16



∂2 (sin(kz + α) ) . ∂z 2



Now, using the result given by eq. C.3, we have ∂ 2 (I 0 ) ∂ (I1 ) = [1 / 2]{I 0 + I 2 } = ∂ρ ∂ρ 2



C.17



and, using the result given by eq. C.4, leads us to ∂ 2 (I 0 ) = [1 / 2]{I 0 + I 0 − [2 / ρ]I1 } . ∂ρ 2



C.18



Using the results given by eq. C.3, C.18 and C.13, we evaluate eq. C.16, ∇ 2 (∇ 2 Ω 21 ) = 2k 2 C 2



sin(kz + α)[1 / 2]{I 0 + I 0 − [2 / ρ]I1 }



C.19



1 + sin(kz + α)I1 − I 0 sin(kz + α) ρ which simplifies to ∇ 2 (∇ 2 Ω 21 ) = 2k 2 C 2



1 sin(kz + α)I 0 − sin(kz + α)I1 } ρ



C.20



1 + sin(kz + α)I1 − sin(kz + α)I 0 ρ or ∇ 2 [∇ 2 Ω 21 ] = 0 .



C.21



C.4 Verifying the solution of Ω22 In § 4.2.2 I pointed out that another solution to eq. 2.10 was representable as a function, Ω2, which may be rewritten as a sum of Ω21 and Ω22 (eq. 4.17). Then each of these could be solved separately. Appendix C.3 describes how Ω21 was
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checked to ensure that it satisfies eq. 2.10. This appendix describes a check to ensure that the solution provided by the last function, Ω22, satisfies eq. 2.10. We substitute the expression for Ω22, given by eq. 4.40 into 2.10 ∇ 2 (∇ 2 Ω 22 ) = C 3∇ 2 (∇ 2 {z sin(kz + β)I 0 }) .



C.22



This becomes ∇ 2 (∇ 2Ω 22 ) = C3∇ 2 + I0



k 2 z sin(kz + β)



∂ 2 I0 k 2 ∂I + z sin(kz + β) 0 2 ∂ρ ρ ∂ρ



C.23



∂2 [z sin(kz + β)] . ∂z 2



Using the results, expressed by eq. C.3 to C.5, to evaluate eq. C.23 we find ∇ 2 (∇ 2Ω 22 ) = C3∇ 2



k2 k2 z sin(kz + β)[I0 + I 2 ] + z sin(kz + β)I1 2 ρ



C.24



+ 2k cos(kz + β)I0 − k 2 z sin(kz + β)I0 . On evaluating eq. C.24 further, using eq. C.5, we find ∇ 2 (∇ 2 Ω 22 ) = C3 ∇ 2



−



k2 k2 z sin(kz + β)I1 + z sin(kz + β)I1 ρ ρ



C.25



+ 2k cos(kz + β)I 0 which leads to ∇ 2 (∇ 2 Ω 22 ) = 2kC3∇ 2 (cos(kz + β)I 0 ) .



C.26



This is rewritten as ∇ 2 (∇ 2 Ω 22 ) = 2C 3 k 2 cos(kz + β) + I0



∂ 2I0 k 2 ∂I + cos(kz + β) 0 2 ρ ∂ρ ∂ρ



C.27



∂2 (sin(kz + α) ) . ∂z 2



Evaluating eq. C.27 using the results, expressed in eq. C.3 to C.5, we arrive at
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C.28



∇ 2 [∇ 2 Ω 22 ] = 2C3 k 2 sin(kz + α) {1 / 2}[I 0 + I 0 − {2 / ρ}I1 ] + {1 / ρ}I1 − I 0



= 0.



C.5 Evaluating ∇2Ψ While determining expressions for displacement (Appendix C.7) and stress (Appendix C.8), several times I encountered steps which required the evaluation of ∇2Ψ, where Ψ is expressed by eq. 4.42 or 4.43. This section describes how the result for ∇2Ψ was derived. We began our evaluation of ∇2Ψ by writing out ∇ 2 Ψ = ∇ 2 {C1I 0 + C 2 krI1 }sin(kz + α) + C 3 I 0 z sin(kz + β)



.



C.29



We rewrite eq. C.29 as follows ∇ 2 Ψ = ∇ 2 Ω1 + ∇ 2 Ω 21 + ∇ 2 Ω 22 .



C.30



Note that ∇2Ω1=0 (eq. C.7), hence the first term in eq. C.30 vanishes. Substituting for Ω21 and Ω22, given by eq. 4.32 and 4.40, respectively, into eq. C.30 leads to ∇ 2Ψ = ∇ 2



C2 krI1 sin(kz + α )



C3I0 z sin(kz + β ) .



+ ∇2



C.31



The first term in eq. C.31 is ∇ 2 Ω 21 = ∇ 2



C.32



C 2 krI1 sin(kz + α)



which on expanding using eq. 2.12 becomes, ∇ 2 Ω 21 =



k2 ∂ C 2 sin(kz + α) ρ ∂ρ



ρ



∂ (ρI1 ) ∂ρ



+ C 2 ρI1



∂2 ∂z 2



sin(kz + α) .



C.33



Since ∂ (ρI1 ) = ρI 0 ∂ρ



C.34



using the result expressed in eq. C.34, we find
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∇ 2 Ω 21 =



k2 ∂ C 2 sin(kz + α) (ρ 2 I 0 ) − k 2 C 2 ρI1 sin(kz + α) . ρ ∂ρ



C.35



Since ∂ 2 (ρ I 0 ) = 2ρI 0 + ρ 2 I1 ∂ρ



C.36



using this result, eq. C.35 becomes, ∇ 2 Ω 21 =



C.37



k2 C 2 sin(kz + α)[2ρI 0 + ρ 2 I1 ] − k 2 C 2 ρI1 sin(kz + α) ρ



which simplifies to ∇ 2 Ω 21 = 2C 2 k 2 I 0 sin(kz + α) .



C.38



Finally, the second term in eq. C.31 is ∇ 2 Ω 22 = ∇ 2



C 3 I 0 z sin(kz + β)



C.39



.



Noting that β = α-π/2 in eq. 4.39, eq. C.39 becomes ∇ 2 Ω 22 =



k2 ∂ C 2 z sin(kz + α) ρ ∂ρ



ρ



∂I 0 ∂ρ



+ C2 I 0



∂2 ∂z 2



z sin(kz + α)



.



C.40



Using the result given in eq. C.3 for eq. C.40 this leads us to ∇ 2 Ω 22 =



k2 ∂ ∂ C 2 z sin(kz + α) (ρI1 ) + C 2 I 0 ρ ∂ρ ∂z



sin(kz + α) + kz cos(kz + α) .



C.41



Then using the result given in eq. C.34, eq. C.41 leads to ∇ 2 Ω 22 = C 2 k 2 I 0 z sin(kz + α) + C 2 I 0



2k cos(kz + α) − k 2 sin(kz + α)



C.42



which then simplifies to ∇ 2 Ω 22 = 2C 2 kI 0 cos(kz + α) .



C.43



Taking eq. C.38 and C.43 into consideration, we arrive at ∇ 2 Ψ = ∇ 2 Ω1 + ∇ 2 Ω 21 + ∇ 2 Ω 22



C.44



= 2C2 k 2 I 0 sin(kz + α) + 2C3 kI 0 cos(kz + α).
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C.6 Evaluating ∂2Ψ/∂z2 While determining expressions for displacement (Appendix C.7) and stress (Appendix C.8), besides encountering steps which required the evaluation of ∇2Ψ (Appendix C.5) there was also ∂2Ψ/∂z2. This section describes how the result for ∂2Ψ/∂z2 was derived. We begin our evaluation of ∂2Ψ/∂z2 by writing out ∂2Ψ ∂2 = 2 ∂z 2 ∂z



C.45



[C1 I 0 + C 2 krI1 ] sin(kz + α) + C 3 I 0 z sin(kz + β)



= [C1 I 0 + C 2 krI1 ]



∂2 ∂z 2



sin(kz + α)



+ C3 I 0



∂2 ∂z 2



z sin(kz + β) ,



or ∂2Ψ ∂2 = [ C I + C kr I ] 1 0 2 1 ∂z 2 ∂z 2



sin(kz + α)



+ C3 I 0



∂2 ∂z 2



z sin(kz + β)



.



C.46



On differentiating, this becomes ∂2Ψ = {C1 I 0 + C 2 krI1 } ∂z 2 + C3 I 0



− k 2 sin(kz + α)



C.47



2k cos(kz + β) − k 2 z sin(kz + β) ,



or, ∂2Ψ = − k 2 {C1 I 0 + C 2 krI1 } sin(kz + α) + 2kC3 I 0 cos(kz + β) 2 ∂z − 2kC3 kz sin(kz + β).



C.48



Noting that β = α - π/2 in eq. 4.39, we arrive at ∂2Ψ = ∂z 2



− k 2 C1 I 0 − k 2 C 2 krI1 + 2kC3 I 0



sin(kz + α) + 2kC3 kz cos(kz + α) .



C.49



C.7 General equations for displacement In § 4.2.6 I highlighted general equations for the radial, u, and axial, w, displacements. This appendix describes how these equations were derived.



144



To derive u, first the solution for the stress function (eq. 4.42) was substituted into the differential eq. 2.18, i.e., u=−



k ∂2 2G ∂ρ∂z



{C1 I 0 + C 2 ρI1 } sin(kz + α) − C 3 I 0 z cos(kz + α)



.



C.50



Then by differentiating wrt z, we find u=−



k ∂ 2G ∂ρ



k{C1 I 0 + C 2 ρI1 } cos(kz + α) + C 3 I 0 sin(kz + β)



C.51



+ C 3 I 0 kz sin(kz + β) . Next, differentiating wrt r, we finally arrive at an expression for u, i.e., u=−



k 2G



k{C1I1 + C2ρI0 }cos(kz + α) + C3I1 sin(kz + β)



C.52



+ C3I1kz sin(kz + α) . Next, to determine w, the solution for the stress function (eq. 4.42) was substituted into the differential eq. 2.19, i.e., w=



1 2G −



2(1 − ν )∇ 2 [C1I0 + C2ρI1 ]sin(kz + α) − C3I0 z cos(kz + α)



∂2 ∂z 2



[C1I0 + C2ρI1 ] sin(kz + α) − C3I0 z cos(kz + α)



C.53



+ w0 .



Using the results expressed in eq. C.44 and C.49 for eq. C.53, i.e., w=



1 2G −



2(1 − ν ) 2C2 k 2 I0 sin(kz + α) + 2C3kI0 cos(kz + α)



C.54



[− k 2C1I0 − k 2C2ρI1 + 2kC3I0 ] sin(kz + α)



+ 2kC3kzI0 cos(kz + α)



+ w0



which on simplifying, we finally arrive at an expression for w, i.e., w=



k 2G



kC1 I 0 + k[4{1 - ν}I 0 + ρI1 ]C 2 + 2{1 − 2ν}C 3 I 0



sin(kz + α)



C.55



− 2C 3 kzI 0 cos(kz + α) .
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C.8 General equations for stress In § 4.2.6 I highlighted general equations for the axial, σzz, and shear, τrz, stresses. This appendix describes how these equations were derived. To determine σzz, the solution for the stress function (eq. 4.43) was substituted into the differential eq. 2.15, i.e., σ zz =



∂ ∂z



−



∂2 ∂z 2



(2 − ν )∇ 2 [C1I0 + C2ρI1 ]sin(kz + α) − C3I0 z cos(kz + α) [C1I0 + C2ρI1 ] sin(kz + α) − C3I0 z cos(kz + α)



C.56



.



Using the results expressed by eq. C.44 and C.49 for simplifying the term containing ∇2 and ∂2/∂z2, respectively, in eq. C.56, we find σ zz =



∂ ∂z



2(2 − ν ) C2 k 2 I0 sin(kz + α) + C3kI0 cos(kz + α)



+ k kC1I0 + C2ρI1 − 2C3I0



C.57



sin(kz + α) − 2kC3I0 kz cos(kz + α)



which, on rearranging, leads to σ zz =



∂ ∂z



C1k 2 I0 + C2 k 2 [2(2 − ν)I0 + ρI1 ] − 2(1 − ν)C3kI0



sin(kz + α)



C.58



+ C3kI0 kz cos(kz + α) . On differentiating, we arrive at σ zz = k 2



C1kI0 + C2 k[2{2 − ν}I0 + ρI1 ] + {1 − 2ν}C3I0



cos(kz + α)



C.59



+ C3I0 kz sin(kz + α) .



Lastly, to determine τrz the solution for the stress function (eq. 4.42) was substituted into the differential eq. 2.16, i.e.,
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τrz = k



∂ ∂ρ



(1 − ν )∇ 2 [C1I0 + C2ρI1 ]sin(kz + α) − C3I0 z cos(kz + α)



−



∂2 ∂z 2



[C1I0 + C2ρI1 ] sin(kz + α) − C3I0 z cos(kz + α)



C.60



.



Using the results, expressed in eq. C.44 and C.49 for simplifying the term containing ∇2 and ∂2/∂z2, respectively, in eq. C.60 we find τ rz = k



∂ ∂ρ



−



(1 − ν) 2C 2 k 2 I 0 sin(kz + α) + 2C 3 kI 0 cos(kz + α)



k 2 C1 I 0 + k 2 C 2 ρI1 − 2kC3 I 0



C.61



sin(kz + α) − 2kC3 kzI 0 cos(kz + α)



which leads us to τrz = k (1 − ν ) 2C2 k 2



∂I0 ∂I sin(kz + α) + 2C3k 0 cos(kz + α) ∂ρ ∂ρ



∂I0 ∂ ∂I + kC2 (ρI1 ) − 2C3 0 ∂ρ ∂ρ ∂ρ



− k2



kC1



− 2k 2



∂I0 C3kz cos(kz + α). ∂ρ



C.62



sin(kz + α)



Using the results given by eq. C.3 and C.4 we evaluate eq. C.62 which leads us to τ rz = k (1 − ν ) 2C 2 k 2 I1 sin(kz + α) + 2C 3 kI1 cos(kz + α) − k2



kC1 I1 + kC 2 ρI 0 − 2C 3 I1



C.63



sin(kz + α) − 2k 2 I1C 3 kz cos(kz + α)



and, after simplification, we finally arrive at an expression for τrz, i.e., τrz = k 2



C1kI1 + C2 k[2(1 − ν)I1 + ρI0 ] − 2νC3I1



sin(kz + α)



C.64



+ C3I1kz cos(kz + α) .
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C.9 Determining the constant coefficients for elastic load transfer C.9.1 Introduction



In § 4.3.4, I outlined my method for determining the solutions to the constant coefficients in the displacement and stress expressions. This appendix describes how I solved the constant coefficients in the matrix (Appendix C.9.2) and fibre (Appendix C.9.3). C.9.2 Matrix



From eq. 4.74 we rearrange the terms to arrive at an equation involving only two terms, each of which contains a coefficient multiplied by a modified Bessel function, 2kmC2 m [1 − ν m ] sin(km L) + kmC1m sin(k m L) − 2ν mC3m sin(km L) − C3m k m L cos(km L) I1m +



C.65



k mC2 m km r sin(k m L) I0 m = 0.



Consider the coefficient in the second term that is enclosed by a pair of big [ ] brackets. For this to be zero for all r ∈ [ro, rm], we find either C2m = 0 or sin(kmL) = 0. If sin(kmL) = 0, this implies that C3m = 0 in the coefficient of the first term that is enclosed by a pair of big { } brackets. However this is not possible because the axial displacement w will always be zero. Hence, we abandon sin(kmL) = 0 in favour of C2m = 0. Consequently, from the coefficient in the first term, we find, k m C1m − 2ν m C 3m = 0 ,



C.66



cos(k m L) = 0 .



C.67



C1m = 2ν mC3m / km ,



C.68



and



These lead to



and k m, n =



2n − 1 π 2L



C.69
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where n = 1, 2…∞. If C1m is dependent on km,n and C3m is independent of km,n we have, instead of eq. 4.82, C 3m Σn =1



n =∞



rm ro



k m ,n



2



cos(k m ,n L) + k m,n L sin(k m ,n L) I 0 m, n 2πrdr



= Fc



C.70



or 2πC 3m Σn =1



n =∞



rm ro



C.71



[cos(k m,n L) + k m ,n L sin(k m ,n L)] = Fc .



I 0 (k m,n r )k m ,n rd(k m ,n r )



Noting that k m , n rm k m , n ro



rm



I 0 m,n (k m ,n r )k m,n rd(k m, n r ) =



C.72



I1 (k m , n r ) k m , n r ro



= I1 (k m ,n rm )k m,n rm - I1 (k m ,n ro )k m, n ro ,



eq. 4.83 becomes 2πC3m Σn =1



n =∞



[cos(k m,n L) + k m,n L sin(k m,n L)] I1 (k m ,n rm )k m,n rm



C.73



= Fc



- I1 (k m,n ro )k m ,n ro or C 3m = Fc



2π Σn =1 [cos(k m ,n L) + k m ,n L sin(k m ,n L)] ⋅ n =∞



C.74 I1 (k m,n rm )k m ,n rm



−1



- I1 (k m,n ro )k m ,n ro ]



.



Herein lies an anomaly: that the determination of the unknown constants, i.e., C1m,n, C2m, C3m, αm and km,n in the general eq. 4.51 to 4.54 for the matrix does not involve the fibre. Hence these constants not only contain no information about the fibre and but the approach suggests that the matrix is behaving independently of the fibre, which is not physically reasonable. Hence, we have to discard the assumption that C1m is dependent on km,n and C3m is independent of km,n in favour of both being dependent on km,n.
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C.9.3 Fibre



From eq. 4.86 we rearrange the terms to arrive at an equation involving only two terms, each of which contains a coefficient multiplied by a modified Bessel function, k f [C1 f + 2{2 − ν f }C 2 f ] cos(k f L) 3



C.75



+ k f C 3 f [{2ν f − 1} cos(k f L) − k f L sin(k f L)] I 0 f 2



+



k f C 2 f k f r cos(k f L) I1 f = 0. 2



Consider the coefficient in the second term that is enclosed by a pair of big [ ] brackets. For this to be zero for all r ∈ [0, ro], we find either C2f = 0 or cos(kfL) = 0. If C2f = 0, we may have sin(kfL) = 0 and this gives a standing axial stress wave in the fibre. Then eq. C.75 gives C1 f = −[2ν f − 1]C 3 f / k f



C.76



and eq. 4.72 becomes σz = −



kf



3



2ν f − 1



C.77 C1 f k f zI 0 f sin(k f z )



but since this result gives σz = 0 at z = 0, we abandon the case of C2f = 0 and sin(kfL) = 0 in favour of cos(kfL) = 0. This choice leads to k f ,n = [2 p + 1]π / 2 L



C.78



where p = 0,1,2…∞.
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C.10 General solutions for plastic load transfer In § 5.2, I showed how differential equations for determining the axial and surface radial stresses in a fibre were obtained. This appendix describes how general solutions for the axial stress is obtained from these differential equations. In general, eq. 5.5 (or 5.6) and 5.7 can be expressed as dσ z / dz + M ( z ) σ z = N ( z )



C.79



where M(z) and N(z) are functions of z. To solve for σz in this equation, we multiply throughout by exp( Mdz), i.e., exp( Mdz )dσ z / dz + M ( z )exp( Ndz )σ z = exp( Mdz )N ( z ) .



C.80



Next, we rewrite eq. C.80 as follows d(exp( Mdz )σ z ) / dz = exp( Mdz )N ( z )



C.81



and integrate wrt to z, i.e., d (exp( Mdz )σ z )dz = exp( Mdz )N ( z )dz dz



C.82



from which we arrive at exp( Mdz )σ z ( z ) = exp( Mdz )N ( z )dz + C



C.83



where C is an integration constant, or exp( Mdz )N ( z )dz + C



σz ( z) =



exp( Mdz )



C.84 .



We note that in the general eq. 5.5, M ( z ) = [2 / r ( z )]dr / dz ,



C.85



N ( z ) = −2 τ / r ( z ) .



C.86



Integrating eq. C.85 wrt z, i.e., Mdz =



2 dr dz r dz



C.87



we arrive at
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Mdz = 2



1 dr = 2 ln(r ) = ln(r 2 ) . r



C.88



Then we substitute eq. C.88 into eq. C.84, i.e.,



σ z ( z) =



exp(ln(r 2 )) N ( z )dz + C exp(ln(r ( z ) 2 ))



C.89 .



We note that exp(ln(r 2 )) = r 2 .



C.90



Substituting eq. C.86 and C.90 into eq. C.89, noting Z = z/L (eq. 5.12), we arrive at a solution for σz, i.e., σz ( z) =



− 2τL rdz + C



C.91



r ( z)2



for dealing with tapered shapes, e.g., ellipsoid, paraboloid and cone.



C.11 Solutions for a cylinder In § 3.4.4 and 5.3.1, I highlighted the solution for the axial stress in a cylinder. This appendix describes how the solution was derived. We note that for a cylinder, M (z) = 0 ,



C.92



N ( z ) = −2τ / ro .



C.93



Substituting eq. C.92 and C.93 into eq. C.84, we have σ z ( z ) = −[2τ / ro ] dz + C



C.94



or, noting that q = L/ro (see eq. 3.12), we have σ z ( Z ) = −2τq



dZ + C .



C.95



Evaluating the integral in eq. C.94, we arrive at, σ z ( Z ) = −2τqZ + C .



C.96



Implementing the boundary conditions prescribed by eq. 5.14, we obtain C = 2τq .



C.97
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Substituting the expression for C into eq. C.96, we arrive at the equation for σz, i.e., eq. 3.11.



C.12 Solutions for an ellipsoid This appendix describes the derivations of equations for describing a (truncated) ellipsoid and stresses in an ellipsoidal fibre. The equation that was used to represent the profile of a truncated ellipsoid (Fig. 5.2b) was derived from an equation of an ellipse, i.e., r ( z ) 2 / ro + z 2 / l 2 = 1



C.98



2



where l denotes the half-length of an untruncated ellipse. This is rewritten as r ( z ) 2 = ro [1 − z 2 / l 2 ] .



C.99



2



At z = L, i.e., the truncated half-length, we have rc = r ( z = L) 2 = ro [1 − L2 / l 2 ] 2



C.100



2



so that by rearranging the terms in the equation , we get l 2 = L2 /[1 − R 2 ]



C.101



where R is defined by eq. 5.15. Substituting eq. C.101 into C.99, noting that Z = z/L is defined by eq. 5.12, we get r ( Z ) 2 = ro [1 − {1 − R 2 }Z 2 ]



C.102



2



which leads to eq. 5.34 for describing the profile of a truncated ellipsoid. The solution for the stress components, i.e., σz and σr, in an ellipsoid (highlighted in § 5.3.4) are derived as follows. We start with σz. Substituting eq. 5.34 into eq. C.91, we have



σ z (Z ) = We note that



− 2τ {L2 / q} 1 − [1 − R 2 ]Z 2 dZ + C {L / q}2 [1 − {1 − R 2 }Z 2 ]



C.103 .



1 − [1 − R 2 ]Z 2 dZ in eq. C.103 can be rewritten as



1 − [1 − R 2 ]Z 2 dZ = {1 / 1 − R 2 }



1 − [1 − R 2 ]Z 2 d{ 1 − R 2 Z} .



C.104
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From an integral table [Spiegel 1968, p.70], we note that C.105



a 2 − x 2 dx = [1 / 2]x a 2 − x 2 + [a 2 / 2] sin −1 ( x / a ) .



(The integration constant arising from this integral is accounted for by C in eq. C.103.) In order to identify the expression on the left hand side of eq. C.105, i.e., a 2 − x 2 dx with



1 − [1 − R 2 ]Z 2 d{ 1 − R 2 Z } in eq. C.104, we find that a =1,



C.106 C.107



x = 1− R2 Z .



Hence, we have C.108



1 − [1 − R 2 ]Z 2 d{ 1 − R 2 Z} 1− R 2 Z 1 − [1 − R 2 ]Z 2 + [1 / 2] sin −1 ( 1 − R 2 Z ) 2



=



or, from eq. C.104, C.109



1 − [1 − R 2 ]Z 2 dZ = [1 / 2]Z 1 − [1 − R 2 ]Z 2 +



1− R 2 sin −1 ( 1 − R 2 Z ) 2



.



Substituting this result into eq. C.103, and simplifying, we arrive at − τ{L2 / q} Z 1 − [1 − R 2 ]Z 2 + 1 − R 2 sin −1 ( 1 − R 2 Z ) σ z (Z ) =



C.110



+C .



{L / q}2 [1 − {1 − R 2 }Z 2 ]



Implementing the boundary conditions, prescribed by eq. 5.14, we obtain C = τ{L2 / q}



1 − [1 − R 2 ] + 1 − R 2 sin −1 ( 1 − R 2 )



.



C.111



Substituting the expression, given by eq. C.111, into eq. C.110, i.e., − τ{L2 / q} Z 1 − [1 − R 2 ]Z 2 + 1 − R 2 sin −1 ( 1 − R 2 Z ) σ z (Z ) = τ{L2 / q} +



C.112



{L / q}2 [1 − {1 − R 2 }Z 2 ] 1 − [1 − R 2 ] + 1 − R 2 sin −1 ( 1 − R 2 ) {L / q}2 [1 − {1 − R 2 }Z 2 ]



.



Upon simplifying eq. C.112, i.e.,
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σ z ( Z ) = − τq



Z 1 − [1 − R 2 ]Z 2 + 1 − R 2 sin −1 ( 1 − R 2 Z ) [1 − {1 − R 2 }Z 2 ]



C.113



1 − [1 − R 2 ] + 1 − R 2 sin −1 ( 1 − R 2 ) 1 − {1 − R 2 }Z 2



+ τq



we then arrive at eq. 5.35. To obtain an expression for σr, we substitute eq. 5.34 into eq. 5.11, i.e., σ r ( Z ) = [ τ / L]



d dZ



{L / q} 1 − [1 − R 2 ]Z 2



C.114



.



Evaluating the differential in eq. C.114 wrt Z, i.e., σr (Z ) = −



1 τ 2[1 − R 2 ]Z 2 q 1 − [1 − R 2 ]Z 2



C.115



and simplifying, we arrive at eq. 5.36. I have attempted to determine Σz in the ellipsoid by substituting eq. 5.37 into 5.16, i.e., 1



Σ z = τq



0



π / 2 − sin −1 ( Z ) Z − dZ . 2 1− Z 1− Z 2



C.116



π / 2 sin −1 ( Z ) Z − − dZ . 2 2 1− Z 1− Z 1− Z 2



C.117



Rewriting eq. C.116, i.e., Σ z = τq



1 0



However, on evaluating the first term in the integral, i.e., π/ 2 π dZ = 2 01− Z 2



1



1 0



1 1 + 1− Z 1+ Z



C.118



dZ



which we arrive at π/ 2 dZ = {π / 2} 01− Z 2



1



1



− ln(1 − Z ) + ln(1 + Z )



C.119



0



which leads to no useful solution since ln(0) is undefined. Hence, the average axial stress in the ellipsoid was computed numerically by evaluating eq. 5.35 (setting R = 0.001) using the trapezoidal rule (Appendix G.2).
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C.13 Solutions for a paraboloid This appendix describes the derivations of equation for describing a (truncated) paraboloid and stresses in a paraboloidal fibre. The equation that was used to represent the profile of a truncated paraboloid (Fig. 5.2c), was derived from an equation of a paraboloid, i.e., r ( z ) 2 = ro [1 + z / l ]



C.120



2



where l denotes the half-length of an untruncated paraboloid. At z = L, i.e., the truncated half-length, we have rc = r ( z = L) 2 = ro [1 − L / l ] 2



C.121



2



so that by rearranging the terms in the equation , we get l = L /[1 − R 2 ]



C.122



where R is defined by eq. 5.15. Substituting eq. C.122 into C.120, noting that Z = z/L is defined by eq. 5.12, we get C.123



r ( Z ) = ro 1 − {1 − R 2 }Z



which is the eq. 5.28 for describing the profile of a truncated paraboloid. The solutions (highlighted in § 5.3.3) for the stress components, i.e., σz, σr and Σz, in a paraboloid are derived as follows. Substituting eq. 5.28 into eq. C.91, we have



σ z (Z ) =



− 2τ {L2 / q} 1 − [1 − R 2 ]Z dZ + C {L / q}2 [1 − {1 − R 2 }Z ]



C.124 .



To evaluate the integral in eq. C.124, we note the following result 1 − a xdx = −



2 [1 − a x]3 / 2 3a



C.125



[Spiegel 1968, p.62] (note that the integration constant is accounted for by C in eq. C.124). Then identifying



1 − axdx with



1 − [1 − R 2 ]Z dZ leads us to



a = 1 − R2 .



C.126



Hence, the result of the integral in eq. C.124 is
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1 − [1 − R 2 ]Z dZ = −



2 [1 − {1 − R 2 }Z ]3 / 2 . 3 1− R2



C.127



Putting this back into eq. C.124 and simplify, we arrive at



4 L2 τ [1 − {1 − R 2 }Z ]3 / 2 +C 3 q 1 − R2 σz ( z) = . {L / q}2 [1 − {1 − R 2 }Z ]



C.128



Implementing the boundary conditions, prescribed by eq. 5.14, we obtain C=−



4 L2 τ 3 q



R3 1 − R2



C.129



.



Substituting eq. C.129 into eq. C.128, i.e.,



σ z (Z ) =



4 L2 τ 3 q



[1 − {1 − R 2 }Z ]3 / 2 4 L2 τ − 1 − R2 3 q 2 2 {L / q} [1 − {1 − R }Z ]



R3 1 − R2



C.130



and on simplification, we arrive at an equation for σz expressed by eq. 5.29. To obtain an expression for σr, we substitute eq. 5.28 into eq. 5.11, i.e., σr (Z ) =



τ d L dZ



L 1 − [1 − R 2 ]Z q



C.131



.



Evaluating the differential in eq. C.131 wrt Z, i.e., σr (Z ) = −



1τ 1 − R2 2 q 1 − [1 − R 2 ]Z



C.132



and after rearranging we arrive at an equation for σr expressed by eq. 5.30. The value of Σz (paraboloid) was found to be 8τq/9 (eq. 5.33). This was determined by substituting eq. 5.31 into 5.16, and then evaluating the integral as follows, i.e., 4τq Σz = 3



1 0



8τq 1 − Z dZ = − 9



1



{1 − Z }



=



3/ 2 0



8τq . 9



C.133
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C.14 Solutions for a cone This appendix describes the derivations of equations for describing a (truncated) cone and stresses in a conical fibre. The equation that was used to represent the profile of a truncated cone (Fig. 5.2d), was derived from an equation of a straight line, i.e., r ( z ) = ro [1 − z / l ]



C.134



where l denotes the half-length of an untruncated cone. At z = L, i.e., the truncated half-length, we have rc = r ( z = L) = ro [1 − L / l ]



C.135



so that by rearranging the terms in the equation , we get l = L /[1 − R]



C.136



where R is defined by eq. 5.15. Substituting eq. C.136 into C.134, noting that Z = z/L is defined by eq. 5.12, we get r ( Z ) = ro [1 − {1 − R}Z ]



C.137



which is eq. 5.22 for describing the profile of a truncated cone. The solutions (§ 5.3.2) for σz, σr, and Σz for a cone are derived as follows. Substituting eq. 5.22 into eq. C.91, we have σ z (Z ) =



− 2τ [ L2 / q]{1 − [1 − R]Z }dZ + C {L / q}2 [1 − {1 − R}Z ] 2



C.138 .



Evaluating the integral in eq. C.138, we have {1 − [1 − R ]Z }dZ = −{1 / 2}[1 − {1 − R}Z ] 2 /[1 − R]



C.139



noting that the integration constant term that should appear in this result is already accounted for by C in eq. C.138. Substituting eq. C.139 into C.138, i.e., σ z (Z ) =



τ[ L2 / q ]{1 − [1 − R]Z }2 /[1 − R] + C . {L / q}2 [1 − {1 − R}Z ]2



C.140



Implementing the boundary conditions, prescribed by eq. 5.14, we obtain
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C = −τ{L2 / q}R 2 /[1 − R] .



C.141



Substituting eq. C.141 into C.140 we have σz ( z) =



τ[ L2 / q ]{1 − [1 − R]Z }2 /[1 − R] − τ{L2 / q}R 2 /[1 − R ] {L / q}2 [1 − {1 − R}Z ]2



C.142



which on simplifying becomes, σ z (Z ) =



τq [1 − {1 − R}Z ]2 − R 2 1 − R [1 − {1 − R}Z ]2



C.143



and after rearranging we arrive at eq. 5.23. To obtain an expression for σr, we substitute eq. 5.22 into eq. 5.11, i.e., σ r ( Z ) = [ τ / L]



d dZ



[ L / q ]{1 − [1 − R ]Z }



C.144



which, on evaluation of the differential, i.e., σ r ( z ) = −[τ / q ]{1 − R}



C.145



leads us to σr (eq. 5.24). Σz in the cone was found to be τq (eq. 5.21). This was determined by substituting eq. 5.25 into 5.16 and then evaluating the integral as follows, i.e., Σ z = τq



1 0



dZ = τq[ Z ]10 = τq



.
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APPENDIX D Shear lag models



D.1 Overview This appendix is intended to elaborate on shear-lag models which were highlighted in § 3.3. Beginning with Appendix D.2, it describes the first shear-lag model [Cox 1952] followed by how others attempted to derive results based on Cox’s model (Appendix D.3). Later on, alternative shear-lag models (Appendix D.4) were proposed to succeed Cox’s model. One unresolved issue in Cox’s model is addressed; this concerned the expression for H for which solutions proposed so far were unsatisfactory. For this, I have proposed an alternative method to determine an expression for H (see Appendix D.5). Many of the shear-lag models proposed share many similarities (i.e., methods and results, see § 3.3) since they were based on determining a second order differential equation. I have generalised the equations used in these models; these are described in Appendix D.6. I have also demonstrated how the generalised equations can be applied to determine the solutions proposed by Cox (Appendix D.7). However, using this method, I realised that Rosen’s approach [Rosen 1965] failed to give the results which he reported (Appendix D.8). This led me to correct Rosen’s approach; the corrected version led me to his results (Appendix D.9). Having gained an understanding of how the models proposed by Cox and Rosen work, I developed approaches to derive
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analytical models based on theirs for non-cylindrical fibres; both approaches led to no solutions (Appendix D.10). Several symbols appearing in this appendix were used as before in Chapter 3. The reader is referred to § 3.1 for details. However, where a symbol occurred in here for the first time, an explanation will be provided. Brackets [ ], { } and ( ) in mathematical expressions are used in the same manner as before (§ 2.1).



D.2 Origin of shear-lag model This section discusses Cox’s model [Cox 1952] for predicting stresses in a fibre in a fibre composite material undergoing elastic load transfer. For an explanation of elastic load transfer see § 3.2.2. Cox arrived at eq. 3.1 to help him solve for σz. The constants in eq. 3.1 were found to be C1 = H / E f ,



D.1



Hε m 2 πro



D.2



2πG m . ln(r fs / ro )



D.3



C2 =



where H is H=



Cox explained that H depends on the arrangement of the fibres (determined by rfs) and Ef and Em (through Gm) (see Appendix D.3 and D.5). Now, to arrive at eq. 3.1, Cox proposed the following equation dFz / dz = H [ w f − wm ' ]



D.4



where wf is the axial displacement at a point in the fibre, wm' is the axial displacement the matrix would have undergone at the same point in the absence of the fibre (wm' may be regarded as the displacement of the matrix in the far-field of the fibre) and Fz = σ z πro . 2



D.5



From eq. 3.1, Cox derived an expression for σz (eq. 3.4) whereby
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C3 = E f ε m , β=



D.7



H E f πro



D.6



2



.



Unfortunately, Cox has a reputation for ‘obscurity of presentation’, as described by Gordon [1978, p. 304]. He did not justify how he arrived at eq. D.4, which is important for understanding his model. He also did not explain how he obtained values for β and H. Appendix D.3 explores studies that attempt to demystify Cox's model by explaining how Cox arrived at eq. D.4 and values for the constants β and H.



D.3 Followers of Cox Measurements of interfacial shear stress, obtained from experiments [Kelly & MacMillan 1986, p. 263] and finite element analysis [Carrara & McGarry 1968] showed good qualitative agreement with Cox’s predictions at distances away from the fibre end. Predictions of σz by FE analysis [Carrara & McGarry 1968] and empirical measurements of the corresponding εf [Galiotis et al. 1984; Robinson et al. 1987] also agree qualitatively with Cox’s predictions. The absence of crucial justification in some parts of Cox’s model (§ 3.3.2) prompted others to fill in the gaps which I shall now describe. From Kelly and Davis [1965] we have a differential equation of equilibrium dFz / dz + 2πro τ( z ) = 0



D.8



which is generalised from eq. 3.10 by replacing τo by τ(z). This eq. D.8 was derived based on an approach by considering an elemental cross-section of infinitesimal thickness in a cylindrical fibre under equilibrium of forces in the direction of the fibre axis as mentioned in § 3.4.2. This approach assumed negligible variation of σz across any cross-section of the fibre. Lawrence [1972] proceeded to justify Cox’s eq. D.4 by proposing that τ( z ) = K [ w f − wm ' ] .



D.9



Here K, a constant of proportionality, is found to be
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K=



H 2πro



D.10



by considering eq. D.4, 3.10 and D.9. Note that τ cannot be a constant here; it varies along the fibre-matrix interface just like wf and wm’. Extending Cox’s model, Kelly and MacMillan [1986, p.261] arrived at eq. 3.7 for τ whereby C4 =



1 2 C3β πro 2



D.11



(C3 is described by eq. D.6). Details of a derivation for τ is found in Appendix D.7. Kelly and MacMillan [1986, p.261] sought to justify the expression for H (eq. D.3). Their formulation involved three arbitrary assumptions. The first assumption is about fibre-fibre separation; they assumed that adjacent fibres were equally spaced at 2rfs, measured from (fibre) axis to axis (Fig. 3.3a). The second assumption is about fibre arrangement; they assumed the fibres were arranged in parallel. The third assumption follows from the first and second but described the displacement of the matrix. At the interface, perfect adhesion dictates that axial displacement in the matrix, wm, is equal to wf. However, midway between two adjacent fibres, measured from axis-to-axis, the displacement of the matrix is wm' (≠ wm). These assumptions are arbitrary because the existence of neighbouring fibres are not explicitly expressed in the mathematics. In declining to justify his approach, particularly eq. D.4, Cox's model remains unsatisfactory. (The reason why he chose not to is anybody's guess.) Lawrence’s justification for eq. D.4 using eq. D.9 seemed to me to be a quick fix while offering no fundamental basis for his approach. The method proposed by Kelly and MacMillan [1986, p.261] to determine an expression for H involved arbitrary assumptions; I have demonstrated an alternative approach. Details of my approach are found in Appendix D.5.



D.4 Successors of Cox Several shear-lag models have been proposed [Rosen 1965; Nairn 1997] as alternatives to the Cox model. Rosen’s model is discussed in this section.
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Rosen considered a model of a cylindrical fibre embedded in a matrix binder which in turn is surrounded by an average material having the effective properties of the composite material (Fig. 3.2b). (This method of modelling the interaction of the fibre and the matrix surrounded by an averaged material was adopted for an FE model [Landis & McMeeking 1999] for studying fibre fragmentation in a multiplefibre environment.) Central to Rosen’s approach was the assumption that the fibre and the average material carried only direct (or normal) stresses and only shear stress was present in the matrix binder. Rosen arrived at d 2τ 2 − β R τ( z ) = 0 . 2 dz



D.12



Here βR is a constant. Rosen had determined an expression for βR which is rewritten here as βR =



2[Gb / E f ]



2



ro {rb / ro − 1} 2



1+



D.13



E f / Ea [ra / ro ] − {rb / ro } 2



2



2



2



where Gb, Ea, rb and ra denotes the shear modulus of the matrix binder, Young's modulus of the average material and radii of the matrix binder and average material, respectively. Note that, unlike other shear-lag models [Cox 1952; Nairn 1997], Rosen’s approach led to a differential equation involving τ rather than σz. By solving the differential eq. D.12 using a set of boundary conditions (eq. D.62) for τ, Rosen claimed to have arrived at eq. 3.7 where C4 =



2



2



2



2



{Gb / E a }[ra / ro ] σc 2 2 2 2 βro {rb / ro − 1}[ra / ro − rb / ro ]
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and an equation for σz (eq. 3.4) where C3 =



[ E f / E a ]{ra / ro } {ra / ro } − [ rb / ro ] + E f / E a 2



2



2



2



σc .
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On the contrary, I have found that no unique solution could be found using eq. D.12, D.13 and D.62 (Appendix D.8). Rather, I believe he obtained a solution for τ from eq. 3.1 as shown by my attempt to provide a correction. Further details are found in Appendix D.9. Given a benefit of doubt, perhaps Rosen had made an unintentional error in his report.
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D.5 Justifying Cox’s model Lawrence [1972] provided an explanation for how H came about in eq. D.4 using eq. D.9. Kelly & MacMillan [1986, p.261] had proposed an approach to determine an expression for H based on an assumption concerning fibre-fibre interaction. In this section, I provide an alternative justification for H. In my justification, I have used a similar model described in Fig. 3.2a except that R is replaced by rm. Consider the shear stress component denoted by τrz (§ 2.2.4). At the fibre surface, i.e., the interface, r = ro, τ rz (ro , z ) = τ( z ) .



D.16



From eq. D.4, D.5 and D.8, we find − [2 / ro ]τ( z ) = H [ w f − wm ' ]



D.17



which we rewrite as 2τ( z ) . ro [ w f − wm ' ]



D.18



wm (ro , z ) = w f (ro , z )



D.19



H =−



At the interface,



for perfect adhesion. At the matrix surface, i.e., r = rm, we have wm (rm , z ) = wm ' (ro , z ) .



D.20



At equilibrium in the matrix between r = ro to rm and considering a cross-section of a cylindrical matrix of infinitesimal thickness, δz, we have the following relations 2πrm τ rz (rm , z )δz = 2πro τ( z )δz = 2πrτ rz (r , z )δz .
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If we just consider 2 πro τ( z )δz = 2πrτ rz ( r, z )δz



D.22



of eq. D.21, we can rewrite it as τ rz (r , z ) = [ro / r ]τ( z )



D.23



[Hsueh 1988]. The shear strain, γm, in the matrix is given by γ m = dwm / dr



D.24



[Kelly & MacMillan 1986, p. 261] and γm is related to τrz by 165



G m γ m = τ rz ( r , z ) .



D.25



Using eq. D.23, D.24 and D.25, we find dwm τ rz (r , z ) τ( z ) ro = = . dr Gm Gm r
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dwm τ( z ) ro = dr Gm r



D.27



If we just consider



of eq. D.26, we may integrate eq. D.27 from r = ro to rm, i.e., rm ro



dwm r dr = o τ( z ) dr Gm



rm ro



1 dr . r
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rm ro



dwm = [ro / Gm ]τ( z )



rm ro



r −1dr .



D.29



or



Noting that at r = rm , wm = wm' and at r = ro, wm = wf, on evaluating D.29, we get wm '− w f = [ ro / Gm ]τ( z ) ln( rm / ro )



D.30



w f − wm ' = −[ro / Gm ]τ( z ) ln( rm / ro ) .



D.31



or



Substituting eq. D.31 into D.18, we arrive at H=



2Gm ro ln( rm / ro )



D.32



2



which is similar to Cox’s solution (eq. D.3) except that rfs is replaced by rm. Eq. D.32 justifies the attempt by Carrara and McGarry [1968] to compare the predictions from Cox's model with their FE results (§ 3.5.7). To determine σz in Cox's model they replaced rfs by rm in eq. D.3.
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D.6 General analysis of shear-lag models D.6.1 General equations



Stresses in shear-lag models proposed by Cox [1952] and Rosen [1965] were determined using a second order differential equation. A general equation for this differential equation mentioned in Chapter 3 (eq. 3.1) is rewritten as [ℑ2 − C1 ]σ = −C2



D.33



where ℑ denotes the second order differential wrt z, i.e., ℑ2 = d 2 / d 2 z



D.34



ℑ = d / dz .



D.35



noting that



Now, eq. D.33 can be re-expressed in a manner similar to factorisation, i.e., [ℑ − C1 ]{ℑ + C1 }σ ij = −C 2 .



D.36



ϑ = {ℑ + C1 }σ ij



D.37



[ℑ − C1 ]ϑ = −C 2 .



D.38



Let



so that eq. D.36 becomes



On multiplying both sides of eq. D.38 by e e



−



C1 z



[ℑ −



C1 z



C 1 ]ϑ = − e



−



we have C1 z



C2.



D.39



This is equivalent to d(e



− C1 z



ϑ)/dz = −e



− C1 z



C2 .



D.40



Performing an indefinite integration wrt z, i.e., d − (e dz



C1 z



ϑ)dz = −C2 e



− C1 z



dz



D.41



we obtained ϑe



− C1 z



= −[C2 / C1 ]e



− C1 z



+ C5



D.42
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where C5 is an integration constant. Rearranging eq. D.42 and substituting the expression for ω in eq. D.37, we arrive at dσ / dz + C1 σ = [C2 / C1 ] + C5e On multiplying both sides of eq. D.43 by e e



C1 z



[dσ / dz ] + C1 σe



C1 z



C1 z



C1 z



D.43



.



we have



= [C2 / C1 ]e



+ C5e



C1 z



2 C1 z



.
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This is equivalent to d(σe



C1 z



)/dz = [C 2 / C1 ]e



C1 z



+ C5 e



2 C1 z



.
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Integrating eq. D.45 wrt z, i.e., d (σe dz



C1 z



)dz =



C2 e C1



C1 z



dz + C5 e 2



C1 z



dz
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we arrive at σe



C1 z



= [C2 /C1 ]e



C1 z



+ [C5 /{2 C1 }]e



2 C1 z



+ C6
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where C6 is an integration constant. Rearranging eq. D.47, we get σ = [C5 /{2 C1 }]e



C1 z



+ C6e



− C1 z



+ C2 / C1 .
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Rearranging the terms in eq. D.48, we have σ = C2 / C1 + [C5 /{2 C1 }]e



C1 z



+ C6 e



− C1 z



D.49



which is a general expression for stress in a fibre. D.6.2 General solutions



We use the following boundary conditions prescribed by Cox [1952], Rosen [1965] and Nairn [1997] to evaluate eq. D.49, i.e., σ z ( z = − L) = 0 σ z ( z = L) = 0



D.50



(§ 3.3.2). From eq. D.49, replacing σ by σz and noting that at z = -L and L, where L is the fibre half-length, we have C2 / C1 + [C5 /{2 C1 }]e



− C1 L



C2 / C1 + [C5 /{2 C1 }]e



C1 L



C1 L



= 0,
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− C1 L



= 0,



D.52



+ C6 e



+ C6 e
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respectively. Solving eq. D.51 and D.52 simultaneously, we arrive at C5 = −



2C 2 e C1 e 2



C6 = −



C2 e C1 e 2



C1 L C1 L C1 L C1 L



−e



− C1 L



−e



− 2 C1 L



−e



D.53 ,



− C1 L



− e −2



C1 L



D.54 .



Substituting eq. D.53 and D.54 into eq. D.49 and evaluating, we obtain an expression for σz σ z = {C2 / C1}[1 − cosh( C1 z ) / cosh( C1 L)]



D.55



which is valid for any elastic load transfer model in which σz is derived from eq. 3.1, obeying the boundary conditions dictated by eq. D.50 and in which C1 and C2 are non-zeros. Note that the following relations for hyperbolic functions were used to obtain eq. D.55, cosh( x) = {e x + e − x } / 2 ,
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sinh( x) = {e x − e − x } / 2 .



D.57



To determine τ, we may substitute eq. D.55 into the differential eq. 3.10 [Kelly & MacMillan 1986, p.261] as follows, τ=−



cosh( C1 z ) ro C2 d 1− . 2 C1 dz cosh( C1 L )
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On evaluating this equation we obtain an expression for τ τ=



ro C 2 sinh( C1 z ) 2 C1 cosh( C1 L )



D.59



which is valid for any elastic load transfer model in which τ is derived from σz (eq. D.55) obeying the boundary conditions dictated by eq. D.50 and in which C1 and C2 are non-zeros.
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D.7 Solving Cox's model I shall now demonstrate how the general solution proposed in Appendix D.6 leads to Cox’s solutions. Substituting eq. D.1 and D.2 into eq. D.55, we arrive at σ z = ε m E f [1 − cosh(βz ) / cosh(β L)] .



D.60



Note that Efεm is the upper limit of σz. When L >> ro (or a very large q, i.e., when the fibre is very slender), we see that σz(0) ≈ Efε m or σz(0)/Efε m ≈ 1 as shown in Fig. D.1 (§ 3.3.4).



Fig. D.1 Graph of σz(0)/Efεm versus fibre axial ratio, q (= L/ro), predicted using eq. D.60 for the case of Ef/Em = 50, rfs/ro = 750 and Matrix Poisson’s ratio, ν m = 0.49. Note Ef/Em = Ef /[2{1+νm}Gm].



Similar by substituting eq. D.1 and D.2 into eq. D.59, we arrive at τ=



Hε m sinh(βz ) 2πro β cosh(βL)



D.61



which was what Kelly and MacMillan [1986, p.261] obtained. Here, the expressions for H and β are given by eq. D.3 and D.7, respectively.
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D.8 A problem with Rosen’s model In my attempt to check that my general solutions proposed in Appendix D.6 also leads to Rosen’s solutions, I came across a problem with Rosen’s approach reported in his paper [Rosen 1965]. This section described the problem. Having arrived at eq. D.12 and D.13, Rosen proposed the following boundary conditions to solve eq. D.12 for an expression for τ τ( z = 0) = 0 σ z ( z = − L) = 0 . σ z ( z = L) = 0



D.62



Noting eq. D.12 is a second order linear differential equation for τ, we can use the general solution expressed in eq. D.48 by replacing σ by τ. By comparing eq. D.12 with eq. 3.1, we find that C2 = 0. So, from eq. D.48, we have τ = [C5 /{2 C1 }]e



C1 z



+ C6e



− C1 z
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.



Implementing the boundary conditions on eq. D.63, when z = 0, we have C6 = −C5 /{2 C1 } .



D.64



Substituting eq. D.63 into eq. 3.10 and rearranging the terms, we have [ro / 2]dσ z / dz = [C5 /{2 C1 }]{−e



C1 z



+e



− C1 z



}.
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Performing an indefinite integration on eq. D.65 wrt z, i.e., ro 2



C5 dσ z dz = dz 2 C1



[ −e



C1 z



dz + e −



]
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] + C7



D.67



C1 z



dz



we arrive at [ro / 2]σ z = −{C5 /[2C1 ]}[e



C1 z



+e



− C1 z



where C7 is an integration constant. Implementing the boundary conditions in eq. D.62 on eq. D.67, we have − {C5 /[2C1 ]}[e



C1 z



+e



− C1 z



] + C7 = 0 .



D.68



Here, eq. D.64 and D.68 contain unknown constants, i.e., C5, C6 and C7. However, we have only two equations, i.e., eq. D.64 and D.68, to solve for them; in other
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words there are more unknowns than equations available. We conclude that there is no unique solution. We can work out the final expression for σz, as follows. Rearranging eq. D.68, i.e., C 7 = {C 5 /[2C1 ]}[e



C1 L



+e



− C1 L



D.69



].



Substituting eq. D.69 into eq. D.67, we find [ro / 2]σ z = −



[



C5 e 2C1



C1 z



+e



− C1 z



]+ 2CC [e 5



C1 L



+e



− C1 L



].



D.70



1



Using the relation for the hyperbolic function, cosh, in eq. D.56, we arrive σz =



cosh( C1 z ) 2 C5 cosh( C1 L) 1 − ro C1 cosh( C1 L)



D.71



which contains an unknown constant, i.e., C5.



D.9 Correcting Rosen’s model D.9.1 Differential equation



As shown in Appendix D.8, the differential eq. D.12 and the associated boundary conditions (eq. D.62) proposed by Rosen did not lead to a unique solution. As such, I have explored an alternative approach. I shall now describe my approach to derive a differential equation of equilibrium based on Rosen’s model. Appendix D.9.2 describes how solutions can be obtained based on the equation of equilibrium. Using Rosen’s argument, we see that the total load, Fc, acting in the z-axis direction, is related to the loads in the fibre, Ff, and average material, Fa, i.e., Fc = F f + Fa .



D.72



Here, we adopted Rosen’s assumption that the binder matrix carries only shear stresses and does not contribute to Fc. Now, eq. D.72 can be rewritten as σ c Ac = σ z A f + σ a Aa



D.73



[Rosen 1965] or more conveniently written as σ a = [ Ac / Aa ]σ c − [ A f / Aa ]σ z



D.74
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where the A's are cross-sectional areas, i.e., Ac = πra ,



D.75



2



Aa = π[ra − rb ] ,



D.76



A f = πro



D.77



2



2



2



of the composite, average material, and fibre, respectively. The shear strain in the binder matrix is given by γ rz =



wa − w f rb − ro



1 = [ wa − w f ] b
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[Rosen 1965] where wa is the axial displacement in the average material and b = rb − ro
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is the thickness of the matrix binder. The corresponding shear stress, τrz (eq. A.2), for r = ro to rb, in the binder is τ rz = Gb γ rz = {Gb / b}[ wa − w f ]



D.80



[Rosen 1965]. Using eq. D.16 we rewrite this as τ = {Gb / b}[ wa − w f ] .



D.81



Differentiate eq. D.81 wrt z, we arrive at dτ / dz = [Gb / b]{dwa / dz − dw f / dz}



D.82



G dτ 1 G b = σa − b σ z dz b E a Ef



D.83



or otherwise,



where we have used the following relations, σ z = E f dw f / dz ,



D.84



σ a = Ea dwa / dz .



D.85



We differentiate eq. 3.10 wrt z to arrive at d 2 σ z / dz 2 = −[2/ro ]dτ / dz



D.86



dτ / dz = −[ro /2]d 2σ z / dz 2 .



D.87



which we rewrite as
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Equating eq. D.87 and D.83 −



D.88



ro d 2 σ z 1 Gb G = σa − b σz . 2 2 dz b Ea Ef



Substituting eq. D.74 into D.88 we arrive at −



ro d 2 σ z 1 Gb = 2 dz 2 b Ea



Af Ac σc − σz Aa Aa



−



D.89



Gb σz Ef



or, after rearranging, we find, D.90



d2σz 2 Gb A f Gb 2 Gb Ac − + σz + σc = 0 . 2 dz ro b E a Aa E f ro b E a Aa



This is a second order linear differential equation in σz. Comparing eq. D.90 with the general second order linear differential in σ (eq. 3.1), noting that we are now replacing σ by σz, we find C1 =



D.91



2 G b A f Gb 2 Gb Ac + , C2 = σc . ro b E a Aa E f ro b E a Aa



The next part of this section shows how an expression for σz may be found using eq. D.55 and D.91. Similarly an expression for τ may also be found using D.59 and D.91. D.9.2 Solutions



Having obtained an alternative differential equation of equilibrium to that proposed by Rosen [1965] which is similar to that described by eq. 3.1, I attempted to solve the equation for stresses as follows. Now, by substituting eq. D.91 into D.55 and we obtain



σz =



Ac Aa Af



E + a Aa E f



cosh σc 1 −
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2 Gb A f Gb + z ro b E a Aa E f .



cosh



2 Gb A f Gb + L ro b E a Aa E f



By substituting eq. D.91 into D.59 and we obtain
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r τ=− o 2



2 Gb Ac σc ro b E a Aa 2 Gb A f Gb + ro b E a Aa E f



sinh



2 Gb A f Gb + z ro b E a Aa E f



cosh



2 Gb A f Gb + L ro b E a Aa E f
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which simplifies to



τ=−



Gb Ac σc E a Aa b Gb A f Gb + 2 ro E a Aa E f



sinh



2 Gb A f G b + z ro b E a Aa E f



cosh



2 Gb A f Gb + L ro b E a Aa E f



D.94 .



These expressions for σz (eq. D.92) and τ (eq. D.94) are the solutions (re-written here) which Rosen reported in his paper.



D.10 Shear lag model for tapered fibres D.10.1 Introduction



The aim of studying previous analytical models was to gain an understanding about how a model of a fibre composite material may be developed to predict stresses in a fibre, which need not be cylindrical in shape, during elastic load transfer. This section described my attempt to extend models proposed by Cox [1952] (Appendix D.10.2) and Rosen [1965] (Appendix D.10.3) to predict stresses in a fibre which need not be a uniform cylinder. D.10.2 Cox’s model



From eq. D.4 and D.5, we replace ro by r(z), which denotes the radius of a fibre at any point z (used in the same way as before, see § 5.3). We find d(σ z πr 2 )/dz = H [ w f − wm ' ] .



D.95



Evaluating eq. D.95, we arrive at [r ( z )]2 dσ z / dz + 2r ( z )[dr / dz ]σ z = {H / π}[ w f − wm ' ] .



D.96



Noting that H may not be a constant for a fibre whose shape need not be cylindrical (see eq. D.3), we differentiate eq. D.96 wrt z to get



175



dr dσ z d 2σ z dr 2r ( z ) + 2[r ( z )]2 + 2σ z ( z ) 2 dz dz dz dz + 2 r ( z )σ z ( z )



2



+ 2r ( z )



dr dσ z dz dz
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d 2 r 1 dH H dw f dwm ' = [ w f − wm ' ] + − . 2 dz π dz π dz dz



Rearranging the terms in eq. D.97, we arrive at [r ( z )]2 =



d 2σ z dr dσ z dr + 4r ( z ) + 2σ z ( z ) dz 2 dz dz dz



2



+ 2 r ( z )σ z ( z )



d 2r dz 2
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1 dH H dw f dwm ' [ w f − wm ' ] + − . π dz π dz dz



Then, eq. D.96 can be rewritten as



[



]



w f − wm ' = {π / H } {r ( z )}2 dσ z / dz + 2r ( z )σ z ( z )dr / dz .



D.99



We note that dw f / dz = ε z , f = σ z / E f ,



D.100



dwm ' / dz = ε m = constant ,



D.101



[Cox 1952] where εz,f is the axial strain in a fibre. Substituting eq. D.99, D.100 and D.101 into eq. D.98 and simplifying, we arrive at [r ( z )]2 =



d 2σ z dr dσ z dr + 4r ( z ) + 2σ z ( z ) 2 dz dz dz dz



2



+ 2 r ( z )σ z ( z )



d 2r dz 2
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1 dH dσ dr H σz + − εm . {r ( z )}2 z + 2r ( z )σ z ( z ) H dz dz dz π Ef



Rearranging eq. D.102, we have [r ( z )]2 +



d 2σ z + dz 2



2σ z ( z )



dr dz



4r ( z ) 2



−



dr [r ( z )]2 dH − dz H dz



D.103



dσ z dz



2 dH dr d2r H + 2r ( z ) 2 − r ( z) H dz dz dz πE f



σz +



H ε m = 0. π



Note that eq. D.103 describes a second order non-linear differential equation in σz. It may be possible to solve it numerically but one have to determine H first. Both methods proposed by Kelly and MacMillan [1986, p.261] and that described in Appendix D.5 for obtaining H may be valid for a non-cylindrical fibre. However, we note that each method deals with the interfacial shear stress, τ (see eq. 3.10 and Appendix D.3); for uniform cylindrical fibres, eq. D.16 holds. Unfortunately, for
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non-cylindrical fibres, τrz(r(z),z) at any point along the interface, r = r(z), is not equal to τ. However, suppose there exist a linear transformation operator, T, such that τ( z ) = Τ(τrz (r ( z ), z ) .



D.104



From eq. D.31, noting that in general τrz should be used instead of τ and replacing ro by r, we have w f − wm ' = −[r ( z ) / Gm ]τ rz (r ( z ), z ) ln(rm / r ( z )) .



D.105



Rearranging the terms in eq. D.105, i.e., τrz (r ( z ), z ) = −



w f − wm ' [r ( z ) / Gm ] ln(rm / r ( z ))



.
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Next we operate T on τrz in eq. D.106, i.e., Τ(τrz (r ( z ), z )) = −Τ



w f − wm ' . [r / Gm ] ln(rm / r ( z ))
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From this we may obtain τ from τrz using eq. D.104. Assuming that eq. D.18 is still valid, we can used this relation to obtain an expression for H. Unfortunately, as I do not have a method to determine T, the approach outlined in this section appears rather sketchy at this moment. Perhaps this may be a subject for future research. D.10.3 Rosen’s model



We replaced ro by r in eq. D.79 and assumed that the thickness of the binder is a constant, b. Expressing eq. D.76 in terms of b and r, we have Aa = π[ra − r ( z ) − b]{ra + r ( z ) + b} .
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From eq. D.8, we replace τo by τ and ro by r, i.e., d (σ z πr 2 ) = −2πr ( z )τ( z ) . dz



D.109



Evaluating eq. D.109, we get [r ( z )]2 dσ z / dz + 2r ( z )σ z ( z )dr / dz = −2r ( z )τ .
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Rearranging the terms in eq. D.110, we arrive at
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r ( z ){r ( z )dσ z / dz + 2σ z ( z )dr / dz + 2τ( z )} = 0 .



D.111



For known tapers, r(z) ≠ 0 for all z ∈ [-L, L], except possibly at the fibre end i.e., z = ±L. We should then have r ( z )dσ z / dz + 2σ z ( z )dr / dz + 2τ( z ) = 0 .



D.112



Differentiating eq. D.112 wrt z, we get r ( z )d 2σ z / dz 2 + 3[dr / dz ]dσ z / dz + 2σ z ( z )d 2 r / dz 2 + 2dτ / dz = 0 .



D.113



From eq. D.113, we aim to arrive at a differential equation in σz. Hence, the dτ/dz term will have to be replaced. To achieve this, we look to eq. D.80, noting that in general τrz should be used instead of τ. We have, τrz (r ( z ), z ) = {Gb / b}[ wa − w f ]



D.114



from eq. D.80. Suppose we have a linear transformation operator Τ such that Τ(τrz (r ( z ), z )) = Τ([Gb / b]{wa − w f }) = {Τ( wa ) − Τ( w f )} .



D.115



Differentiating eq. D.115 wrt z, we arrive at dτ G b d (Τ(wa )) − d (Τ(w f )) . = b dz dz dz



D.116



Substituting eq. D.116 into eq. D.113, we arrive at r ( z)



G d d 2σ z dr dσ z d2r (Τ(wa ) − Τ(w f )) = 0 . + 3 + 2 σ z ( z) + 2 b 2 2 dz dz b dz dz dz
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Note that eq. D.117 is a second order linear equation in σz. In order to solve for σz we have to determine T (which will then be used to operate on wa and wf). However, similar to the conclusion arrived in Appendix D.10.2, I have yet to devise a method to determine T.
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APPENDIX E Results from finite element analysis for elastic load transfer



E.1 Introduction This appendix presents and discusses my results that were mentioned but not included in Chapter 7 on finite element (FE) analysis for elastic load transfer. Here, I have included a section (Appendix E.2) on distributions of interfacial shear stress, τ; these were used to determine the effectiveness of reinforcement for elastic load transfer (§ 7.4.2). Results of stress sensitivity to material properties and fibre axial ratio were presented for only the cylindrical fibre in the main text (§ 7.3.1); Appendix E.3 presents the remaining results for the ellipsoidal, paraboloidal and conical fibres. Symbols appearing in this appendix were used as before in previous chapter. For further details, the reader is referred, as a first-stop, to § 7.1.
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E.2 Interfacial shear stress In § 7.4.2, I mentioned that I used the results of distributions of τ/σc to determine ξE for different fibre shapes. This section presents the results for the distributions of τ/σc. Here, τ was scaled by σc for the same reasons as mentioned previously for σz (§ 7.2.3). This section also includes results on a comparison of τ obtained by FE method with those from the analytical model described by eq. 3.7; this is used as a
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Fig. E.1 Distributions of τ/σc versus Z along the half-length of fibres for different fibre shapes. Results are obtained for cylindrical (dot), ellipsoidal (circle), paraboloidal (asterisk) and conical (diamond) fibres at (a) q = 4 4 1000, Ef/Em = 10 , (b) q = 200, Ef/Em = 10 , (c) q = 1000, Ef/Em = 50, and (d) q = 200, Ef/Em = 50.



Fig. E.1 shows distributions of τ/σc. Each graph was obtained for one of the four combinations of upper and lower extremes of Ef/Em and q. For details on how the extreme values of q and Ef/Em were determined see § 7.2.3. Similar considerations with respect to these four cases were used throughout the FE analysis of elastic load transfer study. Magnitudes of τ along the interface were obtained from stress output in the direction along the edges (that describe the fibre surface) of quadrilateral elements (§ 7.2.5) in the FE model.
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In general, distributions of τ/σc from the cylindrical, ellipsoidal and paraboloidal fibres are very similar in trend; τ/σc is zero at the fibre centre and increases slightly for most part of the fibre and then rapidly, near the fibre end (Fig. E.1a to d). For a conical fibre, while τ/σc is also zero at the conical fibre centre, it increases to a maximum over some distance and remains nearly constant for most part of the fibre before decreasing to zero at the fibre end. An exception occurs at q = 200 and Ef/Em = 104 (Fig. E.1b). Here, the combination of Ef/Em and q led to similar trend in the distributions of τ/σc in all the four different fibre shapes. For the paraboloidal, ellipsoidal and cylindrical fibres, stress transfer occurs dominantly towards the fibre end since τ/σc along most of the fibre is small except around the fibre end (Fig. E.1a to d). However, in a conical fibre, since τ/σc is not zero over most of the interface, stress transfer occurs over most of the interface along the fibre during elastic load transfer. For the paraboloidal, ellipsoidal and cylindrical fibre, τ/σc is observed to concentrate near the fibre end (Fig. E.1a to d) as pointed out in the previous paragraph. This suggests that adhesion around here may be most susceptible to failure. However, in a conical fibre, τ/σc is small and nearly uniformly distributed along most part of the fibre but is almost zero at the fibre centre and fibre end; an exception occurs at q = 200 and Ef/Em = 104 (Fig. E.1b). In the absence of stress concentration, this suggests that adhesion along the fibre matrix interface is less likely to fail. For each fibre shape, τp was obtained by finding the magnitude of the maximum value of τ (eq. 7.1). Then τp was used to determine the corresponding value of ξE. For results on ξE see Fig. 7.13; for a discussion on these results, see § 7.4.2. Distributions of τ from a cylindrical fibre model were compared qualitatively with predictions from analytical models developed for elastic load transfer; equations for predicting τ were similar in form and had been described by eq. 3.7. In this equation, C4 and β are constants to be determined by a non-linear curve-fitting technique based on the sum-of-squares as a goodness-of-fit method; the same method was also implemented for fitting curves described by eq. 3.4 to σz
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distributions described in § 7.3.2. The theory behind the curve fitting method is described in Appendix G.2. (Note that the curve-fitting method gave no solution when I tried to assigned a constant to replace ' C4/cosh(β)', in eq. 3.7.) Fig. E.2 compares distributions of τ along half the length of a cylindrical fibre axis obtained from FE analysis and from eq. 3.7. Stresses are not scaled because the analytical models do not contain an applied axial stress which can be used as a scaling factor (§ 7.3.2). These graphs were obtained for the four combinations of q = 1000 and 200, and Ef/Em = 104 and 50. The results indicate that the form of the equation derived from analytical models [Rosen 1965; Kelly & MacMillan 1986, p. 261; Nairn 1997] shows qualitative agreement with those from FE analysis at the lower limit of Ef/Em (Fig. E.2c, d); at the upper limit of Ef/Em there was an appreciable disagreement (Fig. E.2a, b). 1.5
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Fig. E.2 Distributions of τ versus Z along the half-length of a cylindrical fibre surface. Each of these graphs compared stresses obtained from my 4 FE model and an analytical model at (a) q = 1000, Ef/Em = 10 , (b) q = 4 200, Ef/Em = 10 , (c) q = 1000, Ef/Em = 50, and (d) q = 200, Ef/Em = 50. The solid line represents the analytical model and dots joined by a continuous line the FE model. (τ is not scaled by σc, as in Fig. E.1, because eq. 3.7 does not contain σc.)



At the lower limit of Ef/Em, towards the fibre end, FE analysis predicts that values of τ were lower than those predicted by the analytical model (Fig. E.2d); the opposite effect was observed by Carrara and McGarry [1968]. However, in the
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analysis reported by Carrara and McGarry [1968], they have assigned values for the parameters C4 and β defined by eq. D.11 and D.7, respectively.



E.3 Stress sensitivity to material properties This section is intended to present results of the effects on σz of varying Ef/Em and q obtained from conical, paraboloidal and ellipsoidal fibres. These results had already been mentioned briefly in § 7.3.1. Fig. E.3, Fig. E.4 and Fig. E.5 show the effects on σz/σc of varying Ef/Em obtained for conical, paraboloidal and ellipsoidal fibres, respectively. Fig. E.6, Fig. E.7 and Fig. E.8 show results on the effects on σz/σc of varying q obtained for conical, paraboloidal and ellipsoidal fibres, respectively. As pointed out for the case of a cylindrical fibre (§ 7.3.1), similarly, for the tapered fibres, σz/σc is more sensitive to Ef/Em than to q. This can be seen by the wide dispersion of σz/σc distributions in Fig. E.3, Fig. E.4 and Fig. E.5 compared with Fig. E.6, Fig. E.7 and Fig. E.8.
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Fig. E.3 Distributions of σz/σc versus Z along the half-length of a conical fibre. These graphs show the effects on σz/σc of varying Ef/Em for (a) q = 1000 and (b) q = 200. The values shown are Ef/Em = 50 (dots), 100 4 (circle), 500 (asterisk), 1000 (diamond), 5000 (cross) and 10 (triangle).
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Fig. E.4 Distributions of σz/σc versus Z along the half-length of a paraboloidal fibre. These graphs show the effects on σz/σc of varying Ef/Em for (a) q = 1000 and (b) q = 200. The values shown are Ef/Em = 50 4 (dots), 100 (circle), 500 (asterisk), 1000 (diamond), 5000 (cross) and 10 (triangle).
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Fig. E.5 Distributions of σz/σc versus Z along the half-length of an ellipsoidal fibre. These graphs show the effects on σz/σc of varying Ef/Em for (a) q = 1000 and (b) q = 200.
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Fig. E.6 Distributions of σz/σc versus Z, along the half-length of a conical fibre. These graphs show the effects on σz/σc of varying q for (a) Ef/Em = 4 10 and (b) Ef/Em = 50. The values shown are q = 200 (dots), 400 (circle), 600 (asterisk), 800 (diamond) and 1000 (cross).
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Fig. E.7 Distributions of σz/σc versus Z along the half-length of a paraboloidal fibre to show the effects on σz/σc of varying q for (a) Ef/Em = 4 10 and (b) Ef/Em = 50. The values shown are q = 200 (dots), 400 (circle), 600 (asterisk), 800 (diamond) and 1000 (cross).
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Fig. E.8 Distributions of σz/σc versus Z along the half-length of an ellipsoidal fibre to show the effects on σz/σc of varying q for (a) Ef/Em = 104 and (b) Ef/Em = 50. The values shown are q = 200 (dots), 400 (circle), 600 (asterisk), 800 (diamond) and 1000 (cross).
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APPENDIX F Design optimisation



Design optimisation in FE analysis seeks to optimise a FE model so that it is efficient and makes accurate predictions. For instance, the final fibre composite models used in my study, as described in Chapter 7, are optimised models. These models are derived by compromising factors such as dimensions, e.g., radius, rm (§ 3.1), and length, Lm (§ 3.1), of the matrix and number of elements and element size to achieve stress distributions in the model which are smooth varying and, in the case of the cylindrical fibre, agree with results predicted by an analytical model. This appendix explains the theory behind design optimisation and points out how I implemented the design optimisation procedure for my study. The following symbols found in here and used as before elsewhere are σz (§ 3.1) and Z (eq. 5.12). Brackets in mathematical expressions are used as before (§ 2.1). There are three types of variables involved in design optimisation. These are design variables (DV), state variables (SV), and the objective variable (OV). Variables DV correspond to the factors to be determined to achieve an optimised design. In the FE models described in Chapter 7, number of elements, element size and Lm were implemented as DV. Variables SV corresponds to the boundary condition, e.g., σz(Z = 1) = 0 (see § 7.2.4), that the FE model must satisfy in order
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to be valid and useful. OV is a goal variable; in my study (§ 7.2.5), the goal is to minimise stress fluctuations throughout the FE model. Variables DV are independent of one another. The vector of DV is written as a = (a1



a2



a 3 ... a n )



F.1



where n denotes the number of DV. For each variable a i , l ≤ a i ≤ a i ,u



F.2



where sub-scripts u and l denote the upper and lower limits, respectively. For example, in my FE model (Chapter 7), the upper limit for the number of elements was set to approximately the maximum number of elements corresponding to the maximum number of nodes allowed by ANSYS; the lower limit for element number was arbitrarily assigned a number which was equal to 50 or greater along the z-direction and 4 or greater along the r-direction of the model. Let gp, hq and wr denote variables SV; these are dependent on DV and possess upper and/or lower limits. The design configuration is feasible only if the following, in addition to eq. F.4, are satisfied g p (a ) ≤ g p ,u + α p , p = 1,2,3,...m1 ,



F.3



hq ,l − β q ≤ hq (a ), q = 1,2,3,...m2 , wr ,l − γ r ≤ wr (a ) ≤ wr ,u + γ r , r = 1,2,3,...m3 ,



where m1 + m2 + m3 = total number of state variable constraints and αp, βq and γr are prescribed tolerances. So, the limits help the algorithm decide when the SV is satisfied. To obtain optimized FE models in my study (§ 7.2.5), I used the third relationship given in eq. F.3. In this case, since the SV is wr = σz(Z = 1) = 0, I set γr = 0.05. Let f denote the OV. Now, f is a function of DV, i.e., f = f (a ) .



F.4



The aim is to minimise f, under the constraints imposed by eq. F.3, iteratively. In my study, f measures the axial stress fluctuation within specified areas (§ 7.2.5). At the end of a series of iterations, one obtains several design configurations; if any of
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these satisfy all constraints, i.e., SV and f, they are referred to as feasible designs; those with one or more violations are deemed infeasible. From all the feasible designs, the best design configuration is determined as follows: (1) if one or more feasible configurations exists the best design set is the one with the lowest value of OV; (2) if all design configurations are infeasible, the best configuration is the one closest to being feasible, irrespective of the value of OV. Throughout the development process to obtain optimised FE models (Chapter 7), I used a tool called random design generation (a feature in ANSYS). As the name suggests, in this case, variables DV, such as the number of elements and element size, were assigned randomly generated values in each iteration, bounded by the upper and lower limits of each DV. Random design generation runs on one or more iterations per execution. Each execution continues until one of the following is satisfied nr = N r , n f = N f , if N f ≥ 1



F.5



where nr is the number of iterations performed per each execution and Nr is the maximum number of iterations (to be input by user). In my study, Nr was assigned a value of 30. nf is the total number of feasible design sets. Nf is the desired number of feasible design sets (also to be input by user). This is a useful feature because one may not want to waste time generating too many feasible design sets. In my study Nf was assigned a value of 10.
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APPENDIX G Numerical methods



G.1 Non-linear regression In this section, I shall give a brief description of the theory behind non-linear regression (NR) analysis [Press et al. 1995, p.651 & 671] and point out how I implemented the method in my study using PRISM software (§ 7.4.2). NR analysis is a technique that attempts to fit a curve formulated for an analytical model (e.g. eq. 3.4) to one's data. It is based on a sum-of-squares (as a measure of goodness-of-fit) method. This involves finding the best values of the parameters that describe the curve corresponding to the minimal value of the sum of the squares, Ssq, of the vertical distances of the data points from the curve. In my study (§ 7.3.2) this is expressed as S sq = Σ in=1{[σ z ( Z )]FE − [σ z ( Z )]AN }2



G.1



where n denotes the number of data points representing stress values, [σz(Z)]FE and [σz(Z)]AN from FE analysis and eq. 3.4, respectively. For explanations of symbols σz and Z, see § 3.1 and 5.1, respectively. I shall now explain how I implemented NR analysis based on an example in my study (§ 7.3.2). First, eq. 3.4, describing the curve to be fitted to my FE data
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points, was entered into PRISM. Then, nominal values were assigned to parameters, β and C3, of the curve. The curve was generated over a ‘Z-σz’ space spanning Z ∈ [0, 1]. Values of Ssq were determined and minimized from which β and C3 were adjusted to make the curve come closer to the data points. In PRISM software, this was achieved using the Margquardt and Levenberg method. The Margquardt and Levenberg method is a blend of two other methods: the method of linear descent and the method of Gauss-Newton. These two methods work together to achieve a set of values of β and C3 that minimizes Ssq. The process then iterated to generate the curve using new values of β and C3 and so on. The iteration terminated when further adjustments to β and C3 did not affect Ssq calculated.



G.2 The trapezoidal rule The trapezoidal rule [Press et al. 1995, p.131-132] is a method for determining the area under a curve described by a function. In this section, I shall use an example from my study (§ 5.3.4) to explain how I implemented this method.



Fig. G.1 Approximation of the area under a curve (red) described by σz(Z) (eq. 5.37), bounded by [0, 1], by a series of trapezoids (joined by black lines).



Consider the function σz(Z) of eq. 5.37. The area under the curve describes by σz(Z) may be approximated by trapezoids, i.e., small strips of trapezoids (see Fig. G.1). This is known as the trapezoidal rule and the approximated area under the curve can be expressed as Zn Z1



σ z ( Z )dZ ≈ [h / 2]{σ z ( Z1 ) + 2σ z ( Z 2 ) + 2σ z ( Z 3 ) + ... + 2σ z ( Z n −1 ) + σ z ( Z n )}



G.2



where Z ∈ [Z1, Zn], which corresponds to [0, 1], and h is the width of each trapezoid. Obviously, the smaller the value of h the closer is the result to the true area under the curve.
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