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Final Report on Parameter Estimation for Nonlinear Dynamical Systems Ajay Karpur and Brett Larsen



Abstract The purpose of this project was to explore the methods by which one could estimate the values of parameters underlying a nonlinear dynamical system. To accomplish this, we examined the parameter β underlying a simulation of the Lorenz system in Matlab.



1 Introduction In estimation theory, parameter estimation is used to determine approximate values of parameters from a set of measured data that have some degree of randomness. By estimating the value of these parameters, one can approximate the conditions underlying some system. Parameter estimation has applications in a variety of engineering problems. When mathematical models are used to describe biological or other nonlinear dynamical phenomena, these models often contain some parameters that cannot be directly quantified or calculated as shown in [1]. In these cases, the parameters can be estimated using the available data.



2 Background The Lorenz system is a set of three ordinary differential equations used originally by Edward Lorenz as a model of convection in the atmosphere [2]. The three equations are as follows: dx = σ(x − y) dt



(1)



dy = x(ρ − z) − y dt



(2)



dz = xy − βz dt



(3)



Thus, the Lorenz system has three parameters, σ, ρ, and β. The Lorenz system is particularly intriguing because of its chaotic behavior. Although the system in deterministic, small changes in the initial condition, can cause large changes in the eventual evolution of the system. Beyond Lorenz’s original work, the Lorenz system has found to be effective in modeling a number of other physical systems, including electrical circuits and lasers [3], [4]. 1



Another interesting aspect of the Lorenz system is its strange attractor. An attractor is a mathematical structure to which a dynamical system tends to evolve no matter how the system is started. In the case of a 3-dimensional system like the Lorenz system, the attractor can be plotted. What makes the Lorenz system attractor unique is that it has a fractal structure and is thus designated a strange attractor. A particularly famous case is the one that results from the initial conditions σ = 10, ρ = 28, and β = 8/3. The plotted attractor is shown in figure 1. Strange attractors often occur in chaotic systems [5]. The purpose of this project is to examine the sensitivity of the Lorenz system and functions of the data points generated by the Lorenz system to certain parameters, in this case β.



Figure 1: Plot of the Lorenz strange attractor for σ = 10, ρ = 28, and β = 8/3 [2]



3 Methods Three simulations were conducted in Matlab to gain a better understanding of how the Lorenz system evolves. Data was acquired using a simulation of the Lorenz system which gave three vectors representing the x-, y-, and z-coordinates of the system as it evolved. For the first simulation, data was used solely from the X vector (the position of the Lorenz system projected onto the x axis). By running the simulation of the Lorenz system repeatedly, a matrix was constructed by concatenating the X vectors togethers for different values of β, ranging from 1 to 10. From this matrix, the sensitivity of various functions to changes in β was calculated using the following equation:



Sensitivity =



2



dE[f (x)] dβ



(4)



Thus, to calculate the sensitivity of a given function to β, the X vector was divided into sections and the value of the function for each section was calculated. Then, based on the value of the function for each section, the expectation of that function for the entire X vector was calculated. Finally, the change in this expectation value over the change in β for small changes in β was plotted to observe the sensitivity over a range of values. This process was completed both for the fourth central moment (figure 2) and the sixth central moment (figure 3). Next, the evolution of the R vector was examined, where R =



√



X 2 + Y 2 + Z 2 (figure 4). This was to



ensure that no large jumps were occurring in the evolution of the R vector due to the step size being used. In addition, the sensitivity of the fourth and sixth central moment were plotted again, this time using the R vector (figures 5 and 7 respectively). Finally, using the pcolor plotting tool in Matlab, the Fast Fourier Transform of the X vector multiplied by a Hamming window was plotted against different values of β. In the resulting plots, the color of the plot represents the intensity of the FFT at a specific value of β and frequency. Figure 8 shows this plot for values of β from 0 to 100 while figure 9 examines values from 0 to 10. Lastly, figure 10 is a closer look at how the frequencies transition in figure 9.



4 Results



Figure 2: 4th central moment sensitivity using X vector
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Figure 3: 6th central moment sensitivity using X vector



Figure 4: Evolution of R vector for β = 8/3
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Figure 5: 4th central moment sensitivity using R vector



Figure 6: 6th central moment sensitivity using R vector
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Figure 7: 6th central moment sensitivity using R vector



Figure 8: Pcolor plot of the FFT of the X Vector over value of β from 0 to 100
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Figure 9: Pcolor plot of the FFT of the X Vector over value of β from 0 to 10



Figure 10: A closer look at figure 9 showing a bifurcation that occurs in the system
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5 Conclusions Several observations can be made from the three simulations conducted in this work. First, the X vector of the Lorenz system appears to be very sensitive to the fourth and sixth central moment, and when β was allowed to vary from 1 to 100, the sensitivity appeared to go up without bound as β approached 100. The second two simulations were conducted to examine if this occurred due to the step size of the system or due to some particular value of β. By plotting the evolution of the magnitude of the R vector over time, it was confirmed that the system was not making an unusually large jumps due to the step size, and thus, this was likely not a cause of the large increase in sensitivity. When the the FFT of the X vector was plotted against β, it was shown that the system changed very little for β values above 5. This likely meant that large sensitivity values obtained for values of β greater than 10 were more a result of how the system evolved rather than any particular function. As a result all plots were redone for β ranging between 1 and 10. The system was still sensitive to the fourth and sixth central moment, but in a more reasonable manner. In addition, by examining the color plot around values of β between 3.5 and 4.5 some bifurcation behaviors were observed. Based on this work, the Lorenz system is fairly sensitive to the fourth and sixth central moments, and the relationship between the system and these two functions deserves further investigation.
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