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Abstract Entanglement is a quantum mechanical phenomenon in which particles that are arbitrary distances apart can influence each other instantly. Einstein called it "spooky action at a distance". This correlation cannot be explained by classical physics, and although it is accepted as a fact, the concept of entanglement is still not fully understood. Initially entanglement was viewed as a mystery, however now it is seen as a valuable resource. The unique relationship between entangled particles makes them very useful for information processing. Quantum entanglement is a very active research area and it is clear that it has many exciting potential applications.



These include superdense



coding, teleportation, secure cryptography and super-fast computers. Since entanglement has become regarded as such an important resource, there is a need for a means of quantifying it. Many such measures have been proposed, and there is a lot of research being conducted on this aspect of entanglement alone. Quantification is also important for scientists to further understand and develop the theory of quantum entanglement. This report summarises the development of a website that provides a fast and simple way of calculating entanglement online.
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1 Background This section provides a non-mathematical overview of quantum entanglement and its applications, including an introduction to quantum mechanics.



1.1 Introduction to Quantum Mechanics Quantum mechanics is a theory that deals with the laws of physics on very small scales. The fundamentals of the theory were developed between 1900 and 1930. Along with general relativity, it is seen as one of the greatest achievements of physics in the 20th century. Quantum theory describes mathematically the behaviour of light and matter at the subatomic level. It accounts for many phenomena that classical physics cannot explain, such as the existence of stable atoms, and the fact that atoms absorb and emit energy only in selected wavelengths. Some of the fundamental aspects of quantum theory are: Quantization of certain physical quantities Energy, and some other atomic properties, must have discrete rather than continuous values. For example, electrons orbiting the nucleus of an atom can only exist at certain distinct energy levels. Wave-particle duality Matter and energy exhibit the properties of both waves and particles. Light travels as a wave, but it can only be emitted or absorbed in discrete quantities called photons. These can be thought of as particles of light. The position of an elementary particle like a photon or electron is given by a probability distribution. Heisenberg uncertainty principle It is impossible to know simultaneously the exact values of certain pairs of measurements, such as position and velocity of an electron. Measuring one variable with a high degree of accuracy will result in a large amount of error in measuring the other variable.
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Most physicists agree that quantum theory accurately describes the physical world under most circumstances; however, some aspects of the theory still need to be resolved.



1.2 Bits and Qubits Classical computers process information stored in units called bits. A single bit can be in one of two states - it can be either a 1 or a 0, in the same way a light can be either on or off. Each bit is stored in a tiny capacitor - a device that can store energy in an electric field. If there is no energy stored, this represents a 0, if there is energy stored, this represents a 1. The values of bits in a computer can be manipulated using logic gates. As a single bit can only represent 2 different values, computers usually perform operations on strings of bits. A string of n bits can represent one of 2 n different values. In quantum information theory, the basic unit of information is a qubit, or quantum bit. While a classical bit can exist in only one of the distinct logical states 0 and 1, a qubit can be in a superposition of states. The state of a qubit can be manipulated using quantum logic gates.



A quantum register containing n qubits can exist in a



n superposition of 2 different states at once. This enables operations can be performed



on all these states simultaneously, whereas classically it would take an exponential number of separate operations. This is a very useful property of quantum registers and is called quantum parallelism. A qubit can be physically implemented in a quantum system with two distinct states. Some ways of implementing a qubit include: The spin of an electron Spin refers to a particle’s angular momentum. It is an intrinsic physical property, which has a fixed value depending on the type of particle. An electron is a spin-1/2 particle. This means it may have only two values: +1/2 and -1/2, sometimes referred to as “spin up” and “spin down”. These states can be used to denote the two states of a qubit, and can be changed using electric, magnetic or optical fields.
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The energy levels of electrons in an atom or ion In an atom in its ground state, its electrons occupy its levels of increasing energy. If the atom absorbs a certain amount of energy, as in Figure 1, an electron will jump to a higher energy level.



Figure 1 - Excited State of an Atom [1]



The atom is now in an excited state. It can return to its ground state by emitting energy, as in Figure 2.



Figure 2 - Ground State of an Atom [1]
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An ion is simply an atom with an extra or missing electron, and can similarly exist in a ground state or an excited state. Ions and atoms can both be used as qubits by using their ground state and excited state to represent different qubit states. The polarisation of a photon Polarisation is a property of waves related to the fact that they vibrate as they travel. If these vibrations occur in more than one plane, they are unpolarised, and if the vibrations occur in a single plane, they are polarised. There are three types of polarization, as shown in Figure 3.



Figure 3 - Types of Polarization [2]



If the plane of vibration is fixed, it is called linear polarization, and if it varies between vertical and horizontal it appears to rotate, and is either circular or elliptical.



The



polarisation of an individual photon is always circular, but depending on the direction of rotation a photon may have either left or right circular polarisation. The polarization of photons can be controlled using mirrors and filters and so can be used to represent the two states of a qubit. The advantage of using photons as qubits is that they are well suited for transmission across distances. Electrons, atoms and ions do not transmit well, however they are much easier to manipulate and to store at a fixed place than photons [3].
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1.3 Quantum Entanglement Quantum entanglement means that qubits can be prepared in such a way that their properties remain linked, even if they are far apart. They cannot be characterized as distinct particles, so they are referred to as "entangled". If the state of one entangled particle is changed, the state of the other changes instantaneously. When entanglement was first discovered, it was seen as evidence of a problem with quantum theory. In 1935, Einstein, Podolsky and Rosen [4] pointed out that the mathematics of quantum mechanics allowed for non-local connections, or entanglement.



They developed a



thought experiment known as the EPR paradox, which demonstrates that under certain circumstances, measuring the spin of one photon in a quantum system could instantly affect the measurement of the spin of another photon at an arbitrary distance. They argued that this violates the speed of light limit, and that the theory of quantum mechanics must be incomplete.



Einstein thought the effect was due to some



undiscovered hidden variables. In 1964 however, John Bell [5] proved that this was impossible, and therefore entanglement must be a fact. Since then, results of many experiments have supported this conclusion.



1.4 Quantum Computation A quantum computer is a device that makes use of quantum principles such as superposition and entanglement to perform operations on data in the form of qubits. The Nobel Prize winning physicist Richard Feynman first proposed the idea of quantum computation [6] in 1982. He suggested a quantum simulator, which could be used to model other quantum systems. In 1985, David Deutsch published a paper [7], which described a universal quantum computer. However, the area of quantum computation seemed to be of theoretical interest only until 1994, when Peter Shor devised the first useful quantum algorithm [8]. Since then the field has expanded rapidly. Shor’s algorithm is capable of factoring numbers exponentially faster than its classical counterparts. It relies on the ability of a quantum computer to exist in many states simultaneously. The algorithm decomposes a number into prime factors in a time that grows polynomially with the size of the input number. On a classical computer, using even the most efficient known algorithms, the time required would grow exponentially.
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The difficulty of this task on a classical computer has resulted in its use in public key cryptography. For example, RSA, which is widely used in electronic commerce such as credit card transactions, uses a key that is the product of two large prime numbers. Shor’s algorithm would make the task of cracking this key far easier, and render RSA and similar cryptographic techniques vulnerable to attack. In 1996, Grover presented a quantum algorithm [9] that searches an unordered list to find a certain value. In classical computing, the fastest solution is to simply search examine each item one by one. This means that on average, a computer will have to search through half the values in order to find the correct one. Grover’s algorithm solves the problem in about square root as much time as its classical counterpart. It is based on the fact that quantum systems can be in a superposition of states, and thus can simultaneously examine multiple items. This algorithm, though still theoretical, could be used to break classic cryptographic systems. The potential advantages of a quantum computer are clear. New quantum algorithms can solve problems that cannot be solved on present-day computers. Experiments have been conducted where quantum operations have been successfully executed on a small number of qubits. While no useable quantum computer has yet been built, many of the basic mechanisms are being developed. However, there are fundamental issues that need to be overcome in order to construct a quantum computer capable of performing complex computations, including decoherence. Decoherence occurs when a qubit that interacts with the environment stabilizes into only one of its states. This problem may result in a quantum computer being too fragile to be practical.



1.5 Other Applications of Entanglement Superdense coding Transmission of data over a quantum channel can be achieved with great efficiency by exploiting entanglement. By using a pair of entangled particles, it is possible to send two bits of information per qubit, instead of just one. This is called superdense coding [10].
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Quantum Teleportation Quantum teleportation [11] uses entanglement to enable the instantaneous transfer of a quantum state over arbitrary distances, without any physical link.



If two entangled



particles are in two separate locations, the properties of one can be passed on to the other.



The state of the first particle is destroyed, but it is recreated in the second



particle. Scientists have successfully used quantum teleportation to transport light and atoms from one place to another. Teleportation could be an important step in achieving highly efficient quantum information processing. Quantum Cryptography Quantum cryptography [12] utilizes the fact that performing a measurement on a quantum system disturbs it. This allows for a communication system that always detects eavesdropping.



One method involves generating pairs of entangled photons.



Two



parties who wish to communicate each detect a photon. In order to remain unnoticed, an eavesdropper would have to detect a photon and retransmit it. However detecting the photon destroys the entanglement, which is easily verifiable by the two parties. As a result, the system is absolutely secure.



Successfully experiments with quantum



cryptography have been performed, and it is a thriving research area.



1.6 Existing Quantum Computation Software Many of the existing software applications relating to quantum computation are quantum simulators.



These generally allow the user to specify the hardware of a quantum



computer and to run algorithms on it. For example, the Quantum Computer Emulator [13] is a software tool from the University of Groningen, The Netherlands, which simulates a general-purpose quantum computer. It allows the user to first specify the hardware using quantum gates. The user can then simulate the execution of algorithms such as Shor's algorithm and Grover's algorithm.



QCAD [14] is a related program



developed at the University of Tokyo and Nagoya University to help in the study of quantum computation.



It allows the user to design quantum circuitry to perform



operations on qubits, and displays the final states of the qubits involved. Quantum Fog [15] is an application from the Artiste company for modelling quantum systems. It uses Bayesian networks to graphically model quantum measurement problems. Examples of physical situations that it can simulate include teleportation, EPR experiments and qubit Sheila Kinsella
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circuits. Qubiter [16] is a quantum compiler from the same company, which can be used in conjunction with Quantum Fog. In classical computers, code is generally written in a high-level language, and then processed by a compiler that transforms the code to binary commands. Qubiter takes code written using Quantum Fog and compiles it into qubit-level commands that can be inputted to a quantum computer. libquantum [17] is a C library that similarly may be used to simulate a quantum computer.



It models a



quantum register that can be manipulated using quantum gates. The register may then be measured, either as a whole or on a qubit-by-qubit basis. It is capable of modelling features of quantum computation such as decoherence and quantum error correction. It can compute density matrices and reduced density matrices, which are used to describe the probability distribution of a quantum state, and are discussed in detail later in the report. Other quantum simulators were investigated such as [18], [19], [20], and [21], and they perform a similar function to those already discussed. Some other quantum computation software is also available with functionality other than simulation. QuCalc [22] is a library of functions for use with Mathematica, a powerful software package for calculation. QuCalc can be used to simulate quantum circuits, but it is also able to solve other problems related to quantum computation. It performs calculations relating to density matrices, and can also compute the Von Neumann entropy of a quantum state, which can be used as an entanglement measure and is discussed in a later section. Quantum-Entanglement [23] is a module written in Perl, which can be used to create entangled variables. The user can have these variables interact with each other as if they were entangled, and can measure them, which collapses the system into an unentangled state.
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2 Mathematics of Quantum Entanglement This section introduces the mathematics necessary to calculate the entanglement of a quantum state. An overview of complex numbers is provided in Appendix A, and an overview of matrices and vectors is provided in Appendix B, if required. The notation used in quantum mechanics is introduced, followed by an explanation of some basic operations on quantum states. Various entanglement measures are then discussed, and examples of entanglement calculations are worked through in detail.



2.1 Quantum States A quantum state is any state in which a quantum system can be. Quantum states can be described in numerous different ways, but are usually represented using bra-ket notation. This simplifies the mathematics involved in describing them.



2.1.1 Introduction to Bra-ket Notation In quantum mechanics, the standard way of representing a quantum state is using braket notation.



ψ is called a ket and denotes a column vector. The basis states of a



qubit in bra-ket notation are 0 and 1 . They are called basis states as any possible quantum state of a qubit can be described as a linear combination of these states.



1 0



0



0 1



represents the vector   , and 1 represents the vector   . As it has two basis states, a qubit is said to have a dimension of two.



The general state of a single qubit is



represented as follows:



ψ



= α 0 +β 1 ,



where α and β are probability amplitudes.



These are complex numbers used to



indicate the likelihood of the system being in a particular state. This means if the qubit is 2



measured, the probability of it being in state 0 is α , and the probability of it being in the
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state 1 is β . The total probability α



ψ



2



=



+β



1 2



2
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must equal 1. For example in the state



0 +



1 2



1 ,



the two states 0 and 1 each have a probability of 1/2. When the state of a quantum system is measured, the superposition is destroyed and the system is in the measured state with a probability of 1. Any subsequent measurements will be identical. Each ket has a corresponding bra, denoted by ψ . A bra is a row vector found by getting the complex conjugate of each component of the ket, and transposing the resultant vector. Therefore the corresponding bra for the general qubit state above is



= α∗ 0 + β∗ 1 .



ψ



A system may contain any number of qubits. An example of a quantum state with multiple qubits is



ψ



1 ( 1 1 0 + 0 0 1 ), 2



=



which is more usually written as



ψ



=



1 ( 110 + 001 ) , 2



=



1 ( 011 + 100 ) . 2



and whose corresponding bra is



ψ



Note the reversal of the order of the qubits.
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2.1.2 Qutrits and Higher Order Systems A qutrit is a unit of quantum information which has three basis states, 0 , 1 and 2 . In other words, it has a dimension of three. It can be represented as



ψ



= α 0 + β 1 +γ 2 .



A qudit is a unit of quantum information, which is d-dimensional - it has d possible basis states. Like qubits, qutrits and qudits can exist in a superposition of their basis states. They can also be dealt with mathematically in a similar manner.



2.1.3 Entangled States If two qubits are entangled, the state of each qubit is uncertain, but the two states are related and cannot be described separately. Measuring the state of one of a pair of entangled qubits will immediately determine the state of the other qubit. As measuring a qubit breaks its superposition, measuring one of a pair of entangled qubits destroys the entanglement. There are four maximally entangled two-qubit states, which are called Bell states, after John Bell. One of these is



ψ



=



1 2



( 00



+ 11 ) .



If either qubit is measured as 0, the other must also be 0. If either qubit is measured as 1, the other must also be 1. This state is maximally entangled – there is no other state that is more entangled. Another Bell state is



ψ



=



1 ( 01 + 10 ) . 2



If one qubit is observed as being 1, the other must be 0, and vice-versa. The remaining two maximally entangled two-qubit states are:



Sheila Kinsella



March 2006



Online Measurement of Entanglement of a Quantum State



ψ



=



ψ



=
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1 ( 00 − 11 ) 2 1 ( 01 − 10 ) 2



Separable states contain no entanglement. Measuring either qubit gives us no new information about the other qubit. An example of an unentangled state is



ψ



=



1 2



( 00



+ 01 ) ,



which can be separated into



ψ



=



 1 ( 0 + 1 ) . 0  2 



Quantum states can also be partially entangled - they are not maximally entangled, but there is some correlation.



2.1.4 Multiplying Quantum States For the quantum state calculations performed in this project, two types of multiplication are required. Both follow the normal rules of matrix multiplication as in Appendix B. Inner Products The inner product of two states, ψ φ , usually denoted as ψ φ , gives a scalar result. If φ and ψ are qubits in different basis states, the result of the inner product will be 0.
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=



[1 0]



0  = 1



(1× 0) + (0 × 1)



= 0



10



=



[0 1]



(0 × 1) + (1× 0)



= 0



1  = 0
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If φ and ψ are qubits in the same basis state, the result of the inner product will be 1.



00



=



[1 0]



1  = 0



(1 × 1) + (0 × 0)



= 1



11



=



[0 1]



(0 × 0) + (1 × 1)



= 1



0  = 1



Outer Products The outer product φ ψ results in a matrix. If φ and ψ are single qubits, the results of the outer product will be as follows:



0 0



1 1 0 =  [1 0] =   0 0 0



0 1



=



1 0[0 1] =  



0 1 0 0  



1 0



=



0 1[1 0] =  



0 0 1 0  



1 1



0 0 0 =  [0 1] =   1  0 1



2.1.5 Density Matrices A density matrix, ρ , can be created using outer products. It indicates the probability distribution of a quantum state of a system. For a state ψ , the density matrix is given by:



ρ = ψ ψ .
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For example, for the following state where qubit 1 is underlined,



ψ



=



1 2



( 01 + 10 ) ,



the density matrix is found as follows:



ρ = =



1 ( 01 + 10 )( 10 + 01 ) 2 1 ( 01 10 + 01 01 + 10 10 + 10 01 ) 2



2.1.6 Reduced Density Matrices A reduced density matrix is used to indicate the probability distribution of a specific qubit in a quantum system. The reduced density matrix ρ A for a qubit A , in a system with density matrix ρ , may be obtained from ρ by getting the partial trace over each of the other qubits [24]. To get a partial trace over a qubit, all instances of x y for that qubit in ρ are replaced by x y . For example in the density matrix from the example above,



ρ =



1 ( 01 10 + 01 01 + 10 10 + 10 01 ) , 2



a partial trace over qubit 2 in the density matrix gives the reduced density matrix for qubit 1:



1 (0 0 11 + 0 1 1 0 + 1 0 0 1 + 1 1 0 0 2 1 ( 0 0 (1) + 0 1 (0) + 1 0 (0) + 1 1 (1)) = 2 1 (0 0 + 1 1) = 2 1  1 0 0 0    + = 2  0 0 0 1 



ρ1 =



=
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2.2 Entanglement Measures Various different techniques have been proposed to quantify entanglement.



These



should meet certain requirements to be considered a suitable measurement. These requirements are discussed, along with some common entanglement measures, the negativity, the average Von Neumann entropy, the average linear entropy and the relative entropy of entanglement.



Other measures not discussed include the



entanglement of formation [25] and entanglement of distillation [25].



2.2.1 Entanglement Criteria According to [25], if ρ is the density matrix for a quantum state, and E ( ρ ) is a generic measure, then a good entanglement measure should satisfy these conditions: C1 E ( ρ ) ≥ 0



E (ρ ) = 0 if state is unentangled E (Bell states ) = 1 C2 Local transformations performed on a system should not cause E ( ρ ) to change. C3 E ( ρ ) cannot be increased by performing local operations on one part of a system, and transmitting the results to another part. C4 E ( ρ ) cannot increase under discarding information. This is when a set of states ends up as a mixture of states.



2.2.2 Negativity The partial transpose of a separable state has at least one negative eigenvalue [25], and as mentioned before, entangled states should not be separable. This measure attempts to calculate entanglement by quantifying the negativity in the partial transpose of a state. The negativity is defined as



N (ρ ) = 2 max (0, − λneg ) , where λneg is the sum of the negative eigenvalues of the partial transpose of ρ .
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2.2.3 Average Von Neumann Entropy Entropy is used to describe the randomness of a state.



It can also be used as a



measure of entanglement [26]. There are many different kinds of entropy. Those used as an entanglement measure include Von Neumann entropy and linear entropy. The Von Neumann entropy of a particle is defined in [25] as



SVN ( ρ A ) = − tr ( ρ A log ρ A ) . This can be quite a complex calculation to perform. Using the average Von Neumann entropy, the entanglement of an overall state can be found according to [27] as follows:



E (ψ ) =



 1  N   0 



∑



N



i =1



SVN (ρ i ) if SVN (ρ i ) ≠ 0 ∀ i, otherwise



2.2.4 Average Linear Entropy According to [25], the linear entropy S L of a particle A in a quantum state can be found from the reduced density matrix as follows:



S L (ρ A ) =



(



)



D 1 − tr ( ρ A )2 , D −1



where D is the dimension of the particles. A measure for entanglement of the overall state can be found by calculating the average linear entropy, similar to the average Von Neumann entropy above:



E (ψ )



 1  N  =  0  



∑i=1 S L (ρ i ) N



if S L ( ρ i ) ≠ 0 ∀ i, otherwise



where N is the number of qubits.
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This means that if all particles in the state have non-zero linear entropy, the average linear entropy of the particles gives the overall entanglement of the state. If any particle has zero linear entropy, the entire state is not entangled. This is because an entangled state must not be separable, and if any particle has zero linear entropy, the state will be at least partially separable. Therefore, even if some qubits in a state are entangled, the state itself may not be. Linear entropy is often used instead of Von Neumann entropy because it is much simpler to calculate.



For this reason, this measure will be used by the project website to



calculate entanglement.



2.2.5 Relative Entropy of Entanglement This measure is based on the principle that the amount of entanglement is related to how difficult it is to distinguish an entangled state from a set of disentangled states. One way of measuring this is using the relative entropy. According to [28], the general form is of this measure for two states ρ and σ is



S (ρ σ ) = tr ( ρ log 2 ρ − ρ log 2 σ ) . If this is calculated for a set X of separable states and the results compared, the relative entropy of entanglement can be found as follows:



E R (ρ ) =



min S (ρ σ ) ,



σ ∈X



according to [28]. This measure would be quite difficult to implement.



2.3 Entanglement Examples Three examples of calculating the average linear entropy of various different systems are provided.
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2.3.1 Average Linear Entropy in a Biqubit State In the example in 2.1.5 and 2.1.6 above, it was found that qubit 1 in the state



ψ



1



=



2



( 01 + 10 )



had the following reduced density matrix:



ρ1 =



1 1 0 . 2 0 1 



Squaring this reduced density matrix gives



(ρ1 )2



1 1 0 1 1 0 × 2 0 1 2 0 1 1 1 0 =   4 0 1



=



and taking the trace of this matrix gives



tr (ρ1 )



2



=



1 1 + 4 4



=



1 . 2



Therefore the linear entropy S L is



S L ( ρ1 ) =



2  1 1 −  = 1 . 2 −1 2 



This indicates that the qubit is fully entangled. In a two-qubit system, the entanglement of both qubits is always equal. Therefore, the average linear entropy can be found:



1+1 2 = 1



E (ψ ) =



which indicates that the state is fully entangled, as expected.
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2.3.2 Average Linear Entropy in a System of Multiple Qubits To find the linear entropy of qubit 3 (underlined) in the following state,



ψ



=



1 ( 111 + 001 ) , 2



the density matrix is created



ρ =



1 ( 111 111 + 111 100 + 001 111 + 001 100 ) , 2



and a partial trace over qubit 1 gives:



ρ 23



= =



1 ( 11 11 1 1 + 11 10 1 0 + 01 11 0 1 + 01 10 0 0 2 1 ( 11 11 + 01 10 ) 2



)



An additional partial trace over qubit 2 gives the reduced density matrix of qubit 3:



ρ3



1 (1 1 2 1 (1 1 = 2 1  0  = 2  0



=



11 + 1 1 0 0



)



+ 1 1) 0 0 0   + 1 0 1 



0 0 =   0 1 Squaring the reduced density matrix gives



(ρ3 )2



0 =  0 0 =  0



0 0 0 × 1  0 1 0 1



and taking the trace of this matrix gives tr ( ρ 3 ) = 1 resulting in a linear entropy of 2
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2 (1 − 1) = 0 . 2 −1



Therefore, the qubit is not entangled. In a system with many qubits, different qubits may have different linear entropies. In addition, some qubits may be entangled and some may not be. For example in the state above, the two other qubits both have a linear entropy of 1. This can be demonstrated by separating the state as follows:



1 ( 111 + 001 ) 2  1 ( 11 + 00 ) 1 =   2 



ψ



=



Qubits 1 and 2 are maximally entangled with each other, but qubit 3 is not entangled at all. Therefore the entanglement of the overall state is E (ψ ) = 0 .



2.3.3 Average Linear Entropy in a System of Multiple Qutrits The following example calculates the entanglement of a system consisting of three qutrits:



ψ



=



1 ( 012 + 021 + 101 ) . 3



Firstly, the density matrix is constructed:



ρ



=



 012 210 + 012 120 + 012 101 +   1  021 210 + 021 120 + 021 101 +  . 3  101 210 + 101 120 + 101 101   



Now, a reduced density matrix and linear entropy for each qutrit can be found:
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Qutrit 1



1 (0 3 2 1 0 = 3 0



0 + 0 0 + 1 1)



ρ1 =



∴



( ρ1 )



2



∴ tr ( ρ1 )2



0 0 1 0 0 0



4 0 0 1 0 1 0 =  9 0 0 0 5 9



=



3  5 1 −  = 3 −1 9 



∴ S L ( ρ1 ) =



2 3



Qutrit 2



ρ2



∴



1 (1 3 1 1 0 = 3 0 =



(ρ 2 )



2



∴ tr ( ρ 2 )2



1+ 2 2 + 0 0) 0 0 1 0 0 1  1 0 0 1 0 1 0  9 0 0 1



=



=



∴ S L (ρ 2 ) =
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Qutrit 3



1 (2 3 0 1 0 = 3 0



2 + 1 1 + 1 1)



ρ3 =



∴



(ρ 3 )



2



∴ tr ( ρ 3 )2



0 0 2 0 0 1  4 0 0 1 0 1 0  9 0 0 0



=



=



∴ S L (ρ 3 ) =



5 9 3  5 1 −  = 3 −1 9 



2 3



The overall entanglement E (ψ ) can now be calculated:



E (ψ )



2 2   +1+   3 3 =   3 7 = 9



Hence, this state is partially entangled.



This method can be used to calculate



entanglement for systems with any number of terms, consisting of any number of qudits, of arbitrary dimension.
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3 Website Overview The project brief specified that the entanglement calculation should be accessible online. This section describes the website that was created to enable this, including the design, structure and implementation.



3.1 Technologies Used The website was implemented using PHP, CSS, and XHTML, which is a reformulation of HTML.



3.1.1 HTML HTML (HyperText Markup Language) is a markup language used in the creation of web pages. It is based on the Standard Generalized Markup Language (SGML). A HTML page is a text document, which can be used by a web browser to show information such as text and graphics. This is done by including content between a start tag and an end tag. HTML can be used to structure information. For instance,  begins a division and 
 ends a division. It can also be used to define the appearance of a document, using tags such as  and 
. Text enclosed within these will appear as an important heading. Hyperlinks are used to navigate from one page to another.



3.1.2 XHTML XHTML stands for Extensible HyperText Markup Language. It is a stricter version of HTML. It requires that all documents are well formed and that all tags must be closed. It is preferable to HTML because as it does not allow errors, it should work and display correctly on all platforms.



3.1.3 Cascading Style Sheets (CSS) CSS is used to define the appearance of a document written in a markup language such as HTML. It can be embedded directly in HTML or included in an external style sheet. A CSS stylesheet contains style information for various HTML elements, such as headings Sheila Kinsella
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and paragraphs. It can specify details such as colours, fonts, borders and layout. CSS enables the separation of content from presentation in a document. This has many benefits in web design. The presentation information in one file may be applied to an entire site, so styles need only be downloaded once. This speeds up browsing, and reduces repetition both within individual documents and between different documents in a website. It also enables some layouts to be created more easily than using HTML.



3.1.4 PHP PHP stands for "PHP: Hypertext Preprocessor".



It is an open-source, server-side



scripting language that runs on all major operating systems and browsers. PHP was designed to be embedded in HTML, and it is possible to switch between PHP and HTML simply by using start and end tags. When a user accesses a PHP page, the server parses the PHP code and executes the required operations.



These may include



database queries, file input and output, data manipulation and much more. The server then returns to the user the unchanged HTML content of the page, combined with the PHP output. The user never sees the PHP code, as all that appears in the browser is HTML. There were several reasons for choosing PHP for this project. It is free, easy to use and fast to code. Unlike many languages used on the Internet, it was written specifically for web development. Also, as it is open-source and very popular, there is a lot of support readily available on the web if any problems arise.



3.2 Website Design The process of calculating entanglement should be as easy and straightforward for the user as possible. It was therefore important to consider in detail the structure and style of the website.



3.2.1 Design Requirements The design of the website is aimed to maximise clarity and simplicity. It is important that there are no unnecessary distractions on the webpage. Ease of navigation is required, Sheila Kinsella
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and the website should be attractive to look at. However, the function of the website must also be considered. Lengthy forms may be required for some quantum states, so it is important that the amount of space left available for content be maximised.



3.2.2 Design Overview At the top of each page of the website, there is a header. This includes the website title "Online Measurement of Entanglement of a Quantum State", and a navigation bar. This bar has links to all of the main pages in the website, as well as a contact e-mail address. The remainder of every page is dedicated to page-specific content on a plain white background. All headers, links and other features are represented in a clear and uniform way. Mathematical symbols are given a special style in order to improve readability.



3.2.3 Design Implementation All pages in the site are dynamically created using PHP. This is useful as custom user input forms are required for various quantum states, and the best way to implement this is to create them dynamically. It also allows code in one file to be included in another. The code outputted by the PHP files to be displayed in a browser is in XHTML. As this is stricter than HTML, it should work and display correctly on all platforms. The code for the header is included in its own file. This enables the code to be reused in all pages of the website. There is also a footer file, which contains no user-visible content, but does contain some XHTML code required at the end of each page. Using these files removes the need for repetition of dozens of lines of XHTML code on each page. All information regarding presentation is contained in a style sheet.



This style



information is applied to the entire website. This reduces code length in the web pages as well as making the code more readable. Due to the use of a style sheet and header and footer files, the code for every page in the website consists exclusively of relevant and necessary page-specific content. The benefits of this approach to users are faster downloads and uniformity across pages.
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For the developer, the advantages include maintainability and ease of understanding. All code for the website was written in a text editor in XHTML, CSS and PHP. The advantage of this approach is that code is much cleaner and shorter than code created by a web site editing program. It also allows greater control over implementation of the design.



3.3 Website Structure The structure of the website is shown in Figure 4.



Home Page



Calculate Entanglement



Project Information



Links



Start Project Definition Document



Input Results



Figure 4 - Website Structure



Calculating Entanglement There are three stages to calculating entanglement, which are discussed in detail below. Project Information This includes documents relating to the project as well as project milestones.
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Links This page includes links related to the project which users may find interesting.



3.4 Calculating Entanglement A flowchart describing the process of calculating entanglement is shown in Figure 5. Read in information about state and validate Display error message



Valid input?



N Y Get qudit values and coefficients and store as usable data



Calculate reduced density matrix and linear entropy of next qudit



Calculation done for all qudits?



N



Y Calculate overall entanglement and display



Figure 5 - Entanglement Calculation Flowchart



Sheila Kinsella



March 2006



Online Measurement of Entanglement of a Quantum State



3.4.1



Page 28



Start Page



This is the first page the user sees when they choose to calculate entanglement. It explains the method used to quantify entanglement, which is the average linear entropy. The relevant formulae are shown.



A form is displayed, which asks the user for



parameters relating to the quantum state for which they want to calculate entanglement. Initially the user was required only to enter information necessary to perform the calculation for the basic case of qubits: •



Number of terms



•



Number of qudits



This page was later extended to accommodate for qudits of arbitrary dimension and the following input box was added: •



Dimension of the qudits



On clicking the Continue button, the user advances to the next step. A screenshot of this page is shown in Figure 6, and the relevant code is given in Appendix C.
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Figure 6 - Start Page Screenshot
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3.4.2 Input page User inputted parameters from the start page are passed here. The following checks are performed on this data: •



Number of qudits is greater than zero



•



Dimension of qudits is greater than zero



•



Valid number of qudits - between zero and dim n where dim is the dimension of the qudits and n is the number of qudits



If these conditions are satisfied, the format of the input data required is explained to the user. An input form is dynamically created by means of loops. The format depends on the previously entered parameters. The user is required to enter the details of the quantum states: •



Co-efficient of each term in complex exponential format



•



State of each qudit for each term



The coefficients of the quantum states were initially required in decimal format. This was later improved to allow fractional format as well. It was further extended to enable the user to input the square root of a positive integer. Previously they would have had to enter an approximation of its numerical value. Both of these extensions resulted in much better accuracy in calculating entanglement, as well as making the process more userfriendly. Again, there is a Continue button to proceed to the next page. A screenshot of this page is shown in Figure 7. The relevant code is given in Appendix D, and an explanation of the code is provided by means of comments.



Sheila Kinsella



March 2006



Online Measurement of Entanglement of a Quantum State



Page 31



Figure 7 - Input Page Screenshot
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3.4.3 Results Page All information the user has entered to this point is passed here. This input is converted into usable data and stored. This process includes •



Calculating the numerical values of square roots, using a regular expression extractor



•



Converting fractions to decimal, using a string tokeniser



Initially this stored data was just displayed back to the user. The next step was to construct and display a reduced density matrix for each of the qudits. After this, the code to calculate linear entropy was completed. The result for each particle is displayed. The overall entanglement is also displayed, as well as an explanation of the meaning of the results. To improve readability, all numbers displayed are rounded to have at most five digits after the decimal point. A screenshot of this page is shown in Figure 8. The relevant code is given in Appendix E, and an explanation of the code is provided by means of comments.
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Figure 8 - Results Page Screenshot
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4 Project Management Project Management involves defining targets, optimizing resources and controlling the execution of a project. It is vital to ensure the project meets the required specifications, and is completed on schedule. It also ensures the early detection of any problems so that they can be promptly corrected.



4.1 Work Breakdown Structure Chart In order to break the project down into smaller, more manageable goals, a Work Breakdown Structure Chart was created. Document [29].



This is available in the Project Definition



The main phases of the project according to the Work Breakdown



Structure Chart were: Research This involved finding out about the area of entanglement, including how it is quantified. It also required researching possible technologies that could be used to implement the website. Design A suitable format for the website had to be devised, as well as an algorithm for the entanglement calculation. Implementation This phase involved coding the website, starting with the basic layout and moving onto user input before finally implementing the calculation stage. Testing During this phase, the website was extensively tested in order to ensure that it functioned correctly.
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Documentation In order to ensure the user can use the website, they must have sufficient knowledge of how it works.



The method used to calculate entanglement was described, and the



required data input format was explained.



4.2 Gantt Chart A Gantt Chart was created to estimate the amount of time it would take to complete certain phases of the project. It is available in the Project Definition Document [29]. The Gantt Chart allows progress to be monitored throughout the project. Any deviations can easily be observed and rectified.



4.3 Results The Work Breakdown Structure Chart allowed the main goals of the project to be identified and analyzed, and therefore enabled the project to be executed in an organised and efficient manner. Utilizing a Gantt Chart ensured that there were no major departures from the planned schedule, and the project stayed on target throughout.



Overall, the project management method used was very effective and



beneficial.
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5 Conclusion The main objective of the project was to provide a method to calculate online the entanglement of two qubits. This was achieved, and the two optional extensions, to allow for multiple particles, and for particles of arbitrary dimension, were successfully implemented. It was not possible to rigorously test the website, as there is no test data set available. However many calculations were performed first by hand, and then using the website, to compare results.



This was done for some states with qudits with



dimension as high as 5, and for others with several terms and several qudits. The website gave the expected results on all occasions. Some checks were also performed using calculations from papers, and the website produced similar results. It is therefore likely that the website will function correctly for arbitrary states. Some software already available has relevance to the project. QuCalc can calculate the Von Neumann entropy of a particle, but not the linear entropy. Also, according to the documentation, it is capable of dealing only with qubits and qutrits.



The Quantum-



Entanglement module simulates entangled states, but has no facility for quantifying the amount of entanglement present in a state. No software was found which calculates the average linear entropy of a state. The website appears to be unique in this respect. There are many different methods of quantifying entanglement.



This project was



successful in implementing one of these measures, the average linear entropy. However, it could be improved by adding some extra measures such as the Von Neumann entropy.
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Appendix A: Overview of Complex numbers A complex number is one of the form a + ib , where a and b are real numbers, and



i = − 1 . a is sometimes referred to as the real part, and b as the imaginary part. Complex Conjugate of a Number The complex conjugate of a complex number is found by changing the sign of the imaginary part. Given a complex number z = a + ib , the complex conjugate is denoted by z ∗ = a − ib . For example, if z = 1 + i , then z ∗ = 1 − i . Complex Numbers in Exponential Form In some cases it is more useful to express complex numbers in exponential form, re iθ , where r = z = a 2 + b 2 , and θ = ∠ z = tan −1 (b ) .



Complex exponentials can be



iθ iθ i (θ +θ ) multiplied where r1e 1 .r2 e 2 = r1r2 e 1 2 , and their complex conjugate can be found by



( )



simply changing the sign of θ so that re iθ
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Appendix B: Overview of Matrices and Vectors A matrix is a rectangular table of numbers arranged in regular rows and columns. A matrix with m rows and n columns is called a m × n matrix. An example of a 2 × 3 matrix is



1 2 3 A =   2 2 0 . The element in row i and column j of a matrix is denoted by Aij . In the matrix above,



A23 = 0 . If m = n , the matrix is called square. Vectors A vector is a one-dimensional matrix that may be horizontal (also called a row vector) or vertical (a column vector). An example of a row vector is



v =



[3



5 2] .



An example of a column vector is



4  v = − 2  1  Transpose of a Matrix Transposing a matrix means interchanging the rows and columns. The transpose of a matrix A is denoted by AT . If



1 2 2 A =   3 3 1



∴



A



T



1 3 = 2 3 2 1



A vector can be transposed in a similar manner:
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1 A = 0 0



∴



AT



=



[1
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0 0]



Trace of a Matrix The trace of a matrix is the sum of the elements on the diagonal of a square matrix, i.e.



tr ( A) = A11 + A22 + ... + Ann . For example, 1 2 2 tr 2 0 2 = 1 + 0 + 1 = 2 2 2 1  Addition of Matrices Two matrices can be added if they have the same number of rows and columns. The result is a matrix of the same dimensions. Each element in the resultant matrix is found by adding the corresponding elements in the original matrices. For example, if



 1 0 2 A =   − 3 5 1 



and



0 − 2 1 B =   2 − 2 1



then



0 − 2 1  1 0 2 +  A + B =    2 − 2 1 − 3 5 1  1 + 0 0 + (− 2) 2 + 1 =   − 3 + 2 5 + (− 2 ) 1 + 1  1 − 2 3 =   − 1 3 2 Multiplication of a Matrix by a Scalar To multiply a matrix by a number, each element of the matrix is multiplied by the number. For example, if
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0 1 6 − 2 − 1 2  



then



0 1 6 3A = 3 ×    − 2 − 1 2 0 × 3 1× 3   6×3 =   − 2 × 3 − 1× 3 2 × 3  18 0 3 =   − 6 − 3 6 Multiplication of Matrices Two matrices A and B can be multiplied together if A has the same number of columns as B has rows. Each element in the resulting matrix is found as follows:



( AB) ij



=



Ai1 B1 j + Ai 2 B2 j + Ai 3 B3 j + ... + Ain Bnj



For example if



2 5 1 A =   0 3 4



and



1 0 B = 1 2 2 0



then



 (2 × 1 + 5 × 1 + 1 × 2) AB =  (0 × 1 + 3 × 1 + 4 × 2)  9 10 =   11 6 
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Appendix C: Start Page Code 


// include page header – title, navigation bar, link to style sheet include ("header.inc"); ?> Calculate Entanglement - Start
 For each qudit  in a quantum state, the reduced density matrix  is found. Linear entropy  entanglement, and is calculated as follows:




is



used



as



a



measure



of




 where  is the dimension of the qudits. The overall entanglement of a state is the calculated using the average linear entropy:
  
 Enter quantum state information:
   Dimension of qudits (eg. 2 for qubits, 3 for qutrits):    

 Number of qudits:    

 Number of terms:    

  
 
 


// include page footer include ("footer.inc"); ?>



Sheila Kinsella



March 2006



Online Measurement of Entanglement of a Quantum State



Page 45



Appendix D: Input Page Code 


// include page header – title, navigation bar, link to style sheet include ("header.inc"); $numTerms = $_GET['numTerms']; $numQudits = $_GET['numQudits']; $dim = $_GET['dim'];



// check user has not entered invalid figures if ($numQudits < 2) echo "Invalid number of qudits.

 Number of qudits must be at least 2."; else if ($dim < 2) echo "Invalid dimension.

 Dimension of qudits must be at least 2."; else if (($numTerms < 2) or ($numTerms > pow ($dim, $numQudits))) echo "Invalid number of terms.

 For $numQudits qudits of dimension $dim, there should be between 2 and ".pow($dim, $numQudits)." terms."; else {



// display information about format of user input echo "Calculate Entanglement - Input
 Enter each term in the form:
 
 where r and θ may be entered in fractional or decimal format. 


  may be represented as sqrt(x), where x is a positive integer
 i.e. 1/sqrt(2) represents  


 ";



// create user input form appropriate for the specified number of terms & qudits, // where qudits are of the specified dimension for ($term = 0; $term < $numTerms; $term++) { echo "Term ".($term + 1).":
"; echo "  e πi   | ";
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for ($qudit = 0; $qudit < $numQudits; $qudit++) { echo "
"; for ($d = 0; $d < $dim; $d++) echo "$d

"; echo ""; } echo " ›


"; }



// need to pass on inputs from previous page again echo "


type=\"hidden\" type=\"hidden\" type=\"hidden\" type=\"submit\"



name=\"numTerms\" value=\"$numTerms\" /> name=\"numQudits\" value=\"$numQudits\" /> name=\"dimension\" value=\"$dim\" /> value=\"Continue\" />

";



}



// include page footer include ("footer.inc"); ?>
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Appendix E: Results Page Code 


// include page header – title, navigation bar, link to style sheet include ("header.inc");



// Get user input values $numTerms = (int)$_GET['numTerms']; $numQudits = (int)$_GET['numQudits']; $dim = (int)$_GET['dimension'];



// Define the number of places after the decimal point which will be displayed define ("PRECISION", 5); echo "Calculate Entanglement - Results
 Required Quantum State:
";



// Get values for each term, convert into decimal format, store in matrix and display for ($term = 0; $term < $numTerms; $term++) { $r = $_GET["t{$term}r"]; $t = $_GET["t{$term}t"];



// Get user input for r // Get user input for theta



// Convert any square roots to numerical value $r = preg_replace("*sqrt\((\d+)\)*ei", "sqrt('\\1')", $r); $t = preg_replace("*sqrt\((\d+)\)*ei", "sqrt('\\1')", $t);



// Convert any fractions to decimal $A[$term]["r"] = (($num = strtok($r, "/")) ? $num : 0)/(($den = strtok("/")) ? $den : 1); $A[$term]["t"] = M_PI * (($num = strtok($t, "/")) ? $num : 0)/(($den = strtok("/")) ? $den : 1);



// Get qudit states for ($qudit = 0; $qudit < $numQudits; $qudit++) $A[$term][$qudit] = (int)($_GET["t{$term}q{$qudit}"]);



// Display Term displayTerm($A[$term], $numQudits); if($term + 1 != $numTerms) echo " + "; } $entangled = true;



// flag remains true unless a qudit with zero linear entropy is // encountered, as this indicates state is not entangled



$totalLinearEntropies = 0;
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// Get entanglement of each qudit for ($q = 0; $q < $numQudits; $q++) { echo "


Entanglement of Qudit ".($q + 1)."
";



// Initialise reduced density matrix $P = squareMatrixZeros($dim);



// Fill Reduced Density Matrix for ($i = 0; $i < $numTerms; $i++) { for ($j = 0; $j < $numTerms; $j++) {



// Get partial trace over all qudits except one which we are currently calculating // entanglement of $flag = TRUE;



// indicates qudit value not equal to current one // so don’t add coefficieent to reduced density matrix



for ($k = 0; $k < $numQudits; $k++) {



// if value of qudit differs if (($k != $q) and ($A[$i][$k] != $A[$j][$k])) $flag = FALSE; } if ($flag == TRUE) {



// store co-efficient in reduced density matrix $P[$A[$i][$q]][$A[$j][$q]]['r'] += $A[$i]['r'] * $A[$j]['r']; $P[$A[$i][$q]][$A[$j][$q]]['t'] += $A[$i]['t'] - $A[$j]['t']; } } }



// Display Reduced Density Matrix echo "Reduced Density Matrix :
"; displaySquareMatrix($P);



// Get linear entropy of reduced density matrix $currentLinearEntropy = linearEntropy($P, $dim);



// Add to sum of linear entropies $totalLinearEntropies += $currentLinearEntropy;



// Display linear entropy of current qudit and check if it is non-zero echo "
 Entanglement (Linear Entropy):  
"; if(round($currentLinearEntropy, PRECISION) == 0) { // prevents round function from displaying "-0" instead of "0" echo "0"; $entangled = false; // zero linear entropy => state is not entangled } else echo round($currentLinearEntropy, PRECISION); }
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echo "


 Entanglement (Average Linear Entropy) of Overall State:  
"; if($entangled) echo round($totalLinearEntropies/$numQudits, PRECISION); else echo "0";



// Display explanation of results to user echo "


Explanation of Results
	 A value of 0 indicates no entanglement.
	 A value of 1 indicates maximal entanglement.
	 A value in between indicates partial entanglement.

";



// FUNCTIONS // Returns square matrix of specified size with r and theta values all initialised to zero function squareMatrixZeros($size) { for ($i = 0; $i < $size; $i++) { for ($j = 0; $j < $size; $j++) $matrix[$i][$j]['r'] = $matrix[$i][$j]['t'] = 0; } return $matrix; }



// Displays a complex exponential function displayComplex($c) { echo round($c['r'], PRECISION); if (round($c['t'], PRECISION) != 0) echo "e". round($c['t'], PRECISION). "i"; }



// Displays a term as a quantum state function displayTerm($t, $numQudits) { displayComplex($t);



// Display qudits in bra-ket notation echo "|"; for ($qudit = 0; $qudit < $numQudits; $qudit++) echo $t[$qudit]; echo "›"; }
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// Displays square matrix of specified size containing complex exponential values function displaySquareMatrix($matrix) { echo "	 	 
"; for ($i = 0; $i < count($matrix); $i++) { echo "


"; for ($j = 0; $j < count($matrix); $j++) { echo "	"; displayComplex($matrix[$i][$j]); echo "

"; } echo ""; } echo "	 

"; }



// Calculates linear entropy of a reduced density matrix function linearEntropy($matrix, $dim) { // sum of elements on diagonal of squared matrix $diagonalTotal = 0;



// Need trace of the squared matrix - only need to calculate elements on the diagonal for ($i = 0; $i < count($matrix); $i++) { $diagonalElement = 0; // individual element on diagonal of squared matrix



// matrix multiplication requires summing several individual multiplications for ($j = 0; $j < count($matrix); $j++) $diagonalElement += $matrix[$i][$j]["r"]*$matrix[$j][$i]["r"]; $diagonalTotal += $diagonalElement; }



// calculate and return linear entropy return ($dim/($dim - 1))*(1 - $diagonalTotal); }



// include page footer include ("footer.inc"); ?>
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