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FINITE SPEED OF PROPAGATION AND OFF-DIAGONAL BOUNDS FOR ORNSTEIN-UHLENBECK OPERATORS IN INFINITE DIMENSIONS JAN VAN NEERVEN AND PIERRE PORTAL Abstract. We study the Hodge-Dirac operators D associated with a class of non-symmetric Ornstein-Uhlenbeck operators L in infinite dimensions. For p ∈ (1, ∞) we prove that iD generates a C0 -group in Lp with respect to the invariant measure if and only if p = 2 and L is self-adjoint. An explicit representation of this C0 -group in L2 is given and we prove that it has finite speed of propagation. Furthermore we prove L2 off-diagonal estimates for various operators associated with L , both in the self-adjoint and the non-selfadjoint case.



1. Introduction In this paper√ we establish analogues of several well-known Lp -results for the wave group (eit −∆ )t>0 , the Schr¨odinger group (eit∆ )t>0 , and the heat semigroup (et∆ )t>0 by replacing the Laplace operator ∆ by a (possibly infinite-dimensional and non-symmetric) Ornstein-Uhlenbeck operator. Our principal tool is the firstorder approach introduced by Axelsson, Keith, and Mc Intosh [9] and developed in many recent papers [3, 4, 5, 6, 7, 8, 25, 35, 36, 49], which looks at these objects through the functional calculus of Hodge-Dirac operators such as   0 − div (1.1) D := ∇ 0 acting on the direct sum L2 (Rd ) ⊕ L2 (Rd ; Cd ). This approach has already been used in the Ornstein-Uhlenbeck context in [42, 43] to obtain necessary and sufficient conditions for the Lp -boundedness of Riesz transforms. The relevant Hodge-Dirac operator is given by   0 ∇∗H B D := , ∇H 0 acting on L2 (E, µ) ⊕ L2 (E, µ; H), where E is a Banach space, µ is an invariant measure on E, H is a Hilbert subspace of E, ∇H is the gradient in the direction of H, and B is a bounded linear operator acting on H (see Section 2 for precise Date: July 8, 2015. 2000 Mathematics Subject Classification. 47A60, 47F05, 60H15, 42B37, 35L05. Key words and phrases. Ornstein-Uhlenbeck operator, Hodge-Dirac operator, C0 -group, finite speed of propagation, heat kernel bounds, Davies-Gaffney estimates. This work was supported by the Australian Research Council through the Discovery Project DP120103692, as well as through van Neerven’s NWO-VICI subsidy 639.033.604 and Portal’s Future Fellowship FT130100607. 1
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definitions). The corresponding Ornstein-Uhlenbeck operator is then given by 1 L = − ∇∗H B∇H . 2 The first result we prove is a version for Ornstein-Uhlenbeck operators of the following theorem on Lp -extendability of the wave group. It can be viewed as an analogue of the classical result of H¨ ormander [34] (see also [2, Theorem 3.9.4]) stating that the Schr¨ odinger group (eit∆ )t∈R extends to Lp (Rd ) if and only if p = 2. Theorem 1.1. Let 1 < p < ∞ and d > 1. The following assertions are equivalent: √ (i) the operator i −∆ generates a C0 -group on Lp (Rd ); (ii) p = 2 or d = 1. This equivalence is due to Littman [40]; a proof by Fourier multiplier methods can be found in [2, Theorem 8.3.13]. Theorem 1.1 shows that, even in the setting of Rn and the Euclidean Laplacian, simple oscillatory Fourier multipliers can fail to be bounded in Lp for p 6= 2. The study of such operators that are beyond the reach of classical results on Fourier multipliers such as the Mihlin-H¨ormander theorem, is an important objective of Fourier integral operator theory. One of the first results in this direction is the following theorem of Miyachi [51, Corollary 1] and Peral [55], that shows that a suitably regularised version of the wave group is Lp -bounded. Theorem 1.2. Let 1 < p < ∞, and fix λ > 0. The regularised operators √ (λ − ∆)−α/2 cos(t −∆), t ∈ R, are bounded on Lp (Rd ) if and only if α > (d − 1)| p1 − 12 |. This result has been extended in many directions, and included in a general theory of Fourier integral operators (see, in particular, the celebrated paper by Seeger, Sogge, and Stein [57], and Section IX.5 of Stein’s book [59]). Our paper is part of a long term programme (see also the Hardy space theory developed in [46, 47, 48] and [44, 45, 56]) to expand harmonic analysis of Ornstein-Uhlenbeck operators beyond Fourier multipliers and towards Fourier integral operators. We first remark that no analogue of Miyachi-Peral’s result can hold in this context (see Theorem 4.8). This can be seen as a consequence of the fact that, in Lp , (e−tL )t>0 only extends analytically to a sector of angle ωp < π2 (except if p = 2). This is related to the fact that there are no Sobolev embeddings in the Ornstein-Uhlenbeck context, and, in a sense, no non-holomorphic functional calculus in Lp for p 6= 2 (see [33]). Perhaps surprisingly (given that our space of variables is not geometrically doubling), we can nonetheless establish the fundamental estimates that underpin spectral multiplier theory (see e.g. [13] and the references therein), namely the finite speed of propagation of (eitD )t∈R , and the L2 -L2 off-diagonal bounds of DaviesGaffney type for (e−tL )t>0 . The former generalises to the Ornstein-Uhlenbeck context the following classical result for the wave group. Let D be the Dirac operator on L2 (Rd ) ⊕ L2 (Rd ; Cd ) = L2 (Rd ; Cd+1 ) defined by (1.1). Theorem 1.3. The C0 -group (eitD )t∈R on L2 (Rd ; Cd+1 ) has unit speed of propagation, meaning that, if f ∈ L2 (Rd ; Cd+1 ) is supported in a set K, then eitD f is supported in {x ∈ Rd : dist(x, K) 6 |t|}.
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The L2 -L2 off-diagonal estimates (which can be deduced from Theorem 1.3) are integrated heat kernel bounds such as d(F, G)2  kuk2 , k1G et∆ (1F u)k2 . exp − t for F, G ⊆ Rd , u ∈ L2 (Rd ), and t > 0. These bounds play a key role in spectral multiplier theory, but hold far more generally than standard pointwise heat kernel bounds (which do not hold, in particular, for Ornstein-Uhlenbeck operators, even in finite dimension). In a future project, we plan to use the off-diagonal estimates, together with the aforementioned Hardy space theory, to study perturbations of Ornstein-Uhlenbeck operators arising from non-linear stochastic PDE. Let us now turn to a summary of the results of this paper. After a brief introduction to Ornstein-Uhlenbeck operators L in an infinite-dimensional setting in Section 2, we begin in Section 3 by proving analogues of Theorems 1.1 and √ 1.2 for the operators iL . This is somewhat easier than proving analogues for i √−L , which is done in Section 4. Roughly speaking, we find that both iL and i −L generate groups in Lp with respect to the invariant measure if and only if p = 2 and L is self-adjoint. Moreover, in contrast with the Euclidean case, we show that no amount of resolvent regularisation will push the groups into Lp . We turn to the analogue of Theorem 1.3 in Section 5 and prove that the group generated iD has finite speed of propagation, whereas the group generated by iL does not. To the best of our knowledge, the former is the first result of this kind in an infinite-dimensional setting. In Section 6, we prove L2 -L2 off-diagonal bounds for various operators associated with L , such as etL and ∇H etL , where ∇H is a suitable directional gradient introduced in Section 2. In the symmetric case, this is done as an application of finite speed of propagation, and the off-diagonal bounds are of Gaffney-Davies type. In the non-symmetric case, we obtain off-diagonal bounds for the resolvent operators (I − t2 L )−1 by a direct method. 2. Non-symmetric Ornstein-Uhlenbeck operators We begin by describing the setting that we will be using throughout the paper. We fix a real Banach space E and a real Hilbert space H, which is continuously embedded in E by means on an inclusion operator iH : H ,→ E. Identifying H with its dual via the Riesz representation theorem, we define QH := iH ◦ i∗H . Let S = (S(t))t>0 be a C0 -semigroup on E with generator A. Assumption 2.1. There exists a centred Gaussian Radon measure µ on E whose covariance operator Qµ ∈ L (E ∗ , E) is given by Z ∞ hQµ x∗ , y ∗ i = hQH S(s)∗ x∗ , S(s)∗ y ∗ i ds, x∗ , y ∗ ∈ E ∗ , 0



the convergence of the integrals on the right-hand side being part of the assumption. The relevance of Assumption 2.1 is best explained in terms of its meaning in the context of stochastic evolution equations. For this we need some terminology. Let WH be an H-cylindrical Brownian motion on an underlying probability space (Ω, P).
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By definition, this means that WH is a bounded linear operator from L2 (R+ ; H) to L2 (Ω) such that for all f, g ∈ L2 (R+ ; H) the random variables WH (f ) and WH (g) are centred Gaussian variables and satisfy E(WH (f )WH (g)) = hf, gi, where hf, gi denotes the inner product of f and g in L2 (R+ ; H). The operators WH (t) : H → L2 (Ω) defined by WH (t)h := WH (1[0,t] ⊗ h) are then well defined, and for each h ∈ H the family (W (t)h)t>0 is a Brownian motion; it is a standard Brownian motion if the vector h has norm one. Moreover, for orthogonal unit vectors hn , the Brownian motions (W (t)hn )t>0 are independent. For more information the reader is referred to [52]. It is well known that Assumption 2.1 holds if and only if the linear stochastic evolution equation (SCP)



dU (t) = AU (t) + iH dWH (t),



t > 0,



is well-posed and admits an invariant measure. More precisely, under Assumption 2.1 the problem (SCP) is well-posed and the measure µ is invariant, and conversely if (SCP) is well-posed and admits an invariant measure, then Assumption 2.1 holds and the measure µ is invariant for (SCP). In particular, if (SCP) has a unique invariant measure, it must be the measure µ whose existence is guaranteed by Assumption 2.1. Details may be found in [19, 54], where also the rigorous definitions are provided for the notions of solution and invariant measure for (SCP). Remark 2.2. More generally one may consider Ornstein-Uhlenbeck operators associated with the problem (SCP)



dU (t) = AU (t) + σ dWH (t),



t > 0,



where σ : H → E is a given bounded operator. This does not add any generality, however, as can be seen from the following reasoning. First, by the properties of the Itˆ o stochastic integral, replacing H by H N(σ) (the orthogonal complement of the kernel of σ) affects neither the solution process (U (t, x))t>0 nor the invariant measure µ, and therefore this replacement leads to the same operator L . Thus we may assume σ to be injective. But once we have done that, we may identify H with its image σ(H) in E, which amounts to replacing σ by the inclusion mapping iσ(H) of σ(H) into E. In what follows, Assumption 2.1 will always be in force even if it is not explicitly mentioned. Let (U (t, x))t>0 denote the solution of (SCP) with initial value x ∈ E. The formula P (t)f (x) := E(f (U (t, x))), t > 0, x ∈ E, defines a semigroup of linear contractions P = (etL )t>0 on the space Bb (E) of bounded scalar-valued Borel functions on E, the so-called Ornstein-Uhlenbeck semigroup associated with the data (A, H). By Jensen’s inequality, this semigroup extends to a C0 -semigroup of contractions on Lp (E, µ). Its generator will be denoted by L , and henceforth we shall write P (t) = etL for all t > 0. In most of our results we will make the following assumption. Assumption 2.3. For some (equivalently, for all) 1 < p < ∞ the semigroup (etL )t>0 extends to an analytic C0 -semigroup on Lp (E, µ).
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Here we should point out that, although the underlying spaces E and H are real, function spaces over E will always be taken to be complex. The independence of p ∈ (1, ∞) is a consequence of the Stein interpolation theorem. The problem of analyticity of (etL )t>0 has been studied by various authors in [26, 28, 30, 41]. In these papers, various necessary and sufficient conditions for analyticity were obtained. Analyticity always fails for p = 1; this observation goes back to [20] where it was phrased for the harmonic oscillator; the general case follows from [14, 41]. Under Assumption 2.3 it is possible to represent L in divergence form. For the precise statement of this result we need to introduce the following terminology. A Cb1 -cylindrical function is a function f : E → R of the form f (x) = φ(hx, x∗1 i, . . . , hx, x∗n i) for some n > 1, with x∗j ∈ E ∗ for all j = 1, . . . , n and φ ∈ Cb1 (Rn ). The gradient in the direction of H of such a function is defined by ∇H f (x) :=



n X ∂φ (hx, x∗1 i, . . . , hx, x∗n i) i∗H x∗j , ∂x j j=1



x ∈ E.



If (etL )t>0 is analytic on Lp (E, µ) for some/all 1 < p < ∞, then ∇H is closable as a densely defined operator from Lp (E, µ) to Lp (E, µ; H) [30, Proposition 8.7]. In what follows, ∇H will always denote this closure and Dp (∇H ) and Rp (∇H ) denote its domain and range. For p = 2 we usually omit the subscripts and write D(∇H ) = D2 (∇H ) and R(∇H ) = R2 (∇H ). It was shown in [41] that if (etL )t>0 is analytic on L2 (E, µ), then −L admits the ‘gradient form’ representation 1 ∗ ∇ B∇H 2 H for a unique bounded operator B ∈ L (H) which satisfies (2.1)



−L =



B + B ∗ = 2I. Note that this identity implies the coercivity estimate hBh, hiH > khk2H for all h ∈ H. The rigorous interpretation of (2.1) is that for p = 2 the operator −L is the sectorial operator associated with the sesquilinear form (f, g) 7→



1 hB∇H f, ∇H gi. 2



Therefore L generates an analytic C0 -semigroup of contractions on L2 (E, µ). It is not hard to show (see [30]) that



where IH and



L is self-adjoint on L2 (E, µ) if and only if B = IH √ is the identity operator on H. In that case we have D( −L ) = D(∇H )



√ 1 k −L f k22 = k∇H f k22 . 2 Remark √ 2.4. Necessary and sufficient conditions for equivalence of homogeneous norms k −L f kp h k∇H f kp in the non-symmetric case have been obtained in (2.2)
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[42], thereby unifying earlier results for the symmetric case in infinite dimensions [16, 58] and the non-symmetric case in finite dimensions [50]. 3. The C0 -group generated by iL We start with an analogue of H¨ormander’s theorem: Theorem 3.1. Let Assumptions 2.1 and 2.3 hold and let 1 6 p < ∞. The operator iL generates a C0 -group on Lp (E, µ) if and only if p = 2 and L is self-adjoint on L2 (E, µ). Proof. Let 1 < p < ∞ be fixed and suppose that iL generates a C0 -group on Lp (E, µ). Then, by [2, Corollary 3.9.10], the semigroup (etL )t>0 on Lp (E, µ) generated by L is analytic of angle π/2 and the group generated by iL is its boundary group, i.e., eitL f = lim ei(s+it)L f s↓0



for all f ∈ Lp (E, µ). But it is well known [14, 41] that (etL )t>0 fails to be analytic on L1 (E, µ) and that for 1 < p < ∞ the optimal angle of analyticity θp of (etL )t>0 in Lp (E, µ) is given by p (p − 2)2 + p2 kB − B ∗ k2 √ (3.1) , cot θp := 2 p−1 with B ∈ L (H) the operator appearing in (2.1). If either p 6= 2 or B 6= B ∗ , this angle is strictly less than π/2.  Remark 3.2. An alternative proof of self-adjointness can be given that does not rely on the formula (3.1) for the optimal angle. It relies on the following result on numerical ranges. If G is the generator of a C0 -semigroup on a complex Hilbert space H such that hGx, xi ∈ R for all x ∈ D(G), then G is self-adjoint. Indeed, for any λ ∈ R the operator λ − G has real numerical range. Therefore, for any real λ ∈ %(G) the resolvent operator R(λ, G) has real numerical range. Hence, by [31, Theorem 1.2-2], R(λ, G) is self-adjoint, and then the same is true for G. Now let us revisit the proof of self-adjointness in the theorem for p = 2. By second quantisation [15, 30], the analytic semigroup generated by L on L2 (E, µ) is contractive in the right half-plane {z ∈ C : Rez > 0}. By general semigroup theory (see, e.g., [32, Proposition 7.1.1]), this implies that the numerical range of L is contained in (−∞, 0]. By the observation just made, this implies that L is self-adjoint on L2 (E, µ). Not only does iL fail to generate a C0 -group on Lp (E, µ) unless p = 2 and L is self-adjoint, but the situation is in fact worse than that. As we will see shortly, for any given λ > 0 and α > 0, the regularised operators (λ − L )−α eitL fail to extend to bounded operators on Lp (E, µ), unless p = 2 and L is self-adjoint. This result contrasts with the analogous situation for the Laplace operator: it is a classical result of Lanconelli [39] (see also Da Prato and Giusti [18] for integer values of α) that the regularised Schr¨odinger operators (λ − ∆)−α eit∆ are bounded on Lp (Rd ) for all α > n| p1 − 12 |. With regard to the rigorous statement of our result there is a small issue here in the non-self-adjoint case, for then it is not even clear how to define these operators
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for p = 2. We get around this in the following way. Any reasonable definition should respect the identity esL [(λ − L )−α eitL ] = (λ − L )−α e(s+it)L ,



s > 0.



More precisely, it should be true that the mapping z 7→ (λ − L )−α ezL is holomorphic in {Rez > 0} and that the above identity holds. In the converse direction, if the mapping z 7→ (λ − L )−α ezL (which is well-defined and holomorphic on an open sector about the positive real axis) extends holomorphically to a function Fα on {Rez > 0} which is bounded on every bounded subset of this half-plane, then by general principles the strong non-tangential limits lims↓0 Fα (s + it) exist for almost all t ∈ R. For these t we may define the operators (λ − L )−α eitL to be this limit. In what follows, “boundedness of the operators (λ − L )−α eitL in Lp (E, µ)” will always be understood in this sense. This procedure defines the operators for almost all t ∈ R. As a side-remark we mention that this can be improved by using a version of the argument in [2, Proposition 9.16.5]. For β > α let Gβ be the set of full measure for which the non-tangential strong limits lims↓0 Fα (s + it) exist. We claim that Gβ = R for all β > 2α. To prove this, first observe that for all γ 0 > γ > α we have Gγ ⊆ Gγ 0 and Gγ + Gγ 0 ⊆ Gγ+γ 0 . If the claim were wrong, then there would be a t ∈ {Gβ for some β > 2α. But then for any t0 ∈ G 12 β we have t − t0 ∈ {G 12 β , for otherwise the identity t = t0 + (t − t0 ) implies t ∈ G 21 β + G 21 β ⊆ Gβ . This contradiction concludes the proof of the claim. Theorem 3.3. Let Assumptions 2.1 and 2.3 hold and let 1 < p < ∞. If, for some λ > 0 and α > 0, the operators (λ − L )−α eitL , t ∈ R, are bounded in Lp (E, µ), then p = 2 and L is self-adjoint. Proof. For all s > 0, the operators (λ − L )α esL are bounded in Lp (E, µ) by the analyticity of the semigroup (etL )t>0 . The assumptions of the theorem then imply that the operators e(s+it)L = (λ − L )α esL ◦ (λ − L )−α eitL are bounded on Lp (E, µ) for all s > 0 and t ∈ R, in the sense that the right-hand side provides us with an analytic extension of t 7→ etL to {Rez > 0}. But, as was observed in the proof of Theorem 3.1, for p 6= 2 and B 6= B ∗ the optimal angle of holomorphy of this semigroup is strictly smaller than π/2.  Remark 3.4. The ‘exponentially regularised’ operators esL eitL extend to Lp (E, µ) if s+it belongs to the connected component of the domain of analyticity in Lp (E, µ) of z 7→ ezL which contains the positive real axis. For the standard OrnsteinUhlenbeck operator in finite dimensions (see (5.1) for its definition), this is the Epperson region Ep = {x + iy ∈ C : | sin y| 6 tan θp sinh x}, where θp = arccos |2/p − 1| [23, Theorem 3.1] (see also [27, Proposition 1.1]). It contains the right-half plane {z ∈ C : Rez > sp } for a suitable abscissa sp > 0. Hence, for all s > sp the operators esL eitL , t ∈ R, extend to Lp (E, µ). In the general case, a similar conclusion can be drawn in the presence of hypercontractivity (which holds if Assumption 5.3 below is satisfied, see [17]). In that case the operators esL eitL are bounded on Lp (E, ∞) for all s > s∗p and t ∈ R,
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where s∗p > 0 is the infimum of all s > 0 with the property that esL maps Lp (E, µ) into L2 (E, µ) (if 1 < p < 2), respectively L2 (E, µ) into Lp (E, µ) (if 2 < p < ∞). √ 4. The C0 -groups generated by i −L and iD Throughout this section, Assumptions 2.1 and 2.3 are in force. On the direct sum Lp (E, µ) ⊕ Lp (E, µ; H), 1 < p < ∞, we introduce the Hodge-Dirac operator   0 ∇∗H B D := . ∇H 0 Hodge-Dirac operators have their origins in Dirac’s desire to use first-order operators that square to the Laplacian. They are commonly used in Riemannian geometry, where they arise as d + d∗ for the exterior derivative d. In their influential paper [9], Axelsson, Keith, and McIntosh have introduced a general operator theoretic framework that allows one to transfer ideas used in geometry to problems in harmonic analysis and PDE related to Riesz transform estimates. For OrnsteinUhlenbeck operators, this perspective has been introduced in [42]. On various occasions we will use the fact (see [9]) that D is bisectorial on L2 (E, µ) ⊕ L2 (E, µ; H). We recall that a closed operator A is called bisectorial if iR \ {0} ⊆ %(A) and sup k(I + itA)−1 k < ∞. t6=0



For some background on bisectoriality we recommend the lecture notes [1] and Duelli’s Ph.D. thesis [22]. Note the formal identity     ∗ −L 0 0 1 −∇H B∇H 1 2 = . 2D = 2 0 −L 0 −∇H ∇∗H B Here, the operator L = − 12 ∇H ∇∗H B is defined as follows. First, we define ∇H ∇∗H on L2 (E, µ; H) by means of the form (u, v) 7→ h∇∗H u, ∇∗H vi, and use this operator to define − 12 ∇H ∇∗H B in the natural way on the domain D(L ) = {u ∈ L2 (E, µ; H) : Bu ∈ D(∇H ∇∗H )}. The operator L generates a bounded analytic C0 -semigroup on L2 (E, µ; H) and we have etL ∇H = ∇H etL . This identity implies that (etL )t>0 restricts to a bounded analytic C0 -semigroup on R(∇H ). The situation for 1 < p < ∞ is slightly more subtle. The semigroup (etL )t>0 on R(∇H ) can be shown to extend to a bounded analytic C0 -semigroup on Rp (∇H ). We then define L on Rp (∇H ) as its generator. This suggests to consider the part of the Dirac operator D in Lp (E, µ) ⊕ R(∇H ), and indeed it can be shown that this operator is bisectorial on Lp (E, µ) ⊕ R(∇H ). The reader is referred to [42] for the details. If L has a bounded H ∞ -calculus on Rp (∇H ) (this is the case if E = H = Rd and also if L is self-adjoint on L2 (E, µ)), then it follows from the second part of [42, Theorem 2.5] that D is bisectorial on all of Lp (E, µ) ⊕ Lp (E, µ; H). If D is self-adjoint on the direct sum L2 (E, µ) ⊕ L2 (E, µ; H), then iD generates a bounded C0 -group on this space by Stone’s theorem. In the non-self-adjoint case, one may ask whether it is still true that iD generates a C0 -group on Lp (E, µ) ⊕ Lp (E, µ; H) for certain exponents 1 < p < ∞. In the light of the above discussion we
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have to be a little cautious as to the precise meaning of this question; we ask whether the restriction of (eitD )t∈R to [L2 (E, µ) ⊕ L2 (E, µ; H)] ∩ [Lp (E, µ) ⊕ Lp (E, µ; H)] extends to a C0 -group on Lp (E, µ) ⊕ Lp (E, µ; H). Alternatively, one may ask whether iD generates a C0 -group on Lp (E, µ) ⊕ R(∇H ). In this formulation of the question one may interpret D as the bisectorial operator on Lp (E, µ) ⊕ R(∇H ) as outlined above. In the one-dimensional Euclidean situation, (eitD )t∈R can be expressed in terms of the translation group. This suggests that the answer to both questions for D could be positive at least in dimension one. The following result shows however that the answer is always negative, except when p = 2 and L is self-adjoint. Theorem 4.1. Let Assumptions 2.1 and 2.3 hold and let 1 < p < ∞. The following assertions are equivalent: (i) (ii) (iii) (iv) (v)



the operator iD generates a C0 -group on Lp (E, µ) ⊕ Lp (E, µ; H); p the operator iD √ generates a C0 -group on L (E,pµ) ⊕ Rp (∇H ); the operator i −L generates a C0 -group on L (E, µ); the operator L generates a C0 -cosine family on Lp (E, µ); p = 2 and L is self-adjoint on L2 (E, µ).



A thorough discussion of cosine families is presented in [2], which will serve as our standard reference. For the reader’s convenience we recall some relevant definitions. Let X be a Banach space. A strongly continuous function C : R → L (X) is called a C0 -cosine family if C(0) = I and 2C(t)C(s) = C(t + s) + C(t − s),



t, s ∈ R.



By an application of the uniform boundedness theorem, C0 -cosine functions are exponentially bounded; see [2, Lemma 3.14.3]. Denoting the exponential type of C by ω, by [2, Proposition 3.14.4] there exists a unique closed densely defined operator A on X such that for all λ > ω we have λ2 ∈ %(A) and Z ∞ λ(λ2 − A)−1 x = (4.1) e−λt C(t)x dt, x ∈ X. 0



This operator A is called the generator of C. Proof of Theorem 4.1. (i)⇒(v) and (ii)⇒(v): By a well-known result from semigroup theory, if A generates a C0 -group G on a Banach space X, then A 2 generates an analytic C0 -semigroup T of angle 21 π on X given by the formula Z ∞ 2 1 (4.2) T (z)x = √ e−t /4z G(t)x dt, Rez > 0. 2πz −∞ Suppose now that (i) or (ii) holds. By the observation just made −D 2 generates an analytic C0 -semigroup on Lp (E, µ) ⊕ Lp (E, µ; H), respectively on Lp (E, µ) ⊕ Rp (∇H ), of angle 12 π. In particular, by considering the first coordinate, L generates an analytic C0 -semigroup on Lp (E, µ) of angle 21 π. As we have seen in the proof of Theorem 3.1, this implies that p = 2 and that L is self-adjoint. (v)⇒(i) and (v)⇒(ii): For p = 2, the self-adjointness of L implies B = IH and L = ∇H ∇∗H , and therefore the realisations of D considered in (i) and (ii) are both self-adjoint. Now (i) and (ii) follows from Stone’s theorem.
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(v)⇒(iii) and (v)⇒(iv): The group and√cosine family may be defined through √ the Borel functional calculus of −L by ei −L and cos(t −L ); it follows from (4.1) that L is the generator of this cosine family. (iv)⇒(iii)⇒(v): By a theorem of Fattorini [24] (see also [2, Theorem 3.16.7]) the √ operator i −L generates a C0 -group on Lp (E, µ). Then by (4.2), its square L generates an analytic C0 -semigroup on Lp (E, µ) of angle π/2, and we have already seen that this forces p = 2 and self-adjointness of L .  Let Lp0 (E, µ) be the codimension-one subspace of Lp (E, µ) comprised of all funcR tions f for which f := E f dµ = 0. Lemma 4.2. Let Assumptions 2.1 and 2.3 hold and let 1 < p < ∞. Then √ Np (L ) = Np ( −L ) = Np (∇H ) = C1, √ Rp (L ) = Rp ( −L ) = Rp (∇∗H B) = Lp0 (E, µ). On Rp (∇H ) we have p Np (L ) = Np ( −L ) = Np (∇∗H B) = {0}, p Rp (L ) = Rp ( −L ) = Rp (∇H ). Proof. All this is contained in [42, Proposition 9.5], with the exception of the identities Rp (L ) = Lp0 (E, µ) and the four equalities relating the kernels and closed ranges of L and L with those of their square roots. Since L is sectorial we have a direct sum decomposition Lp (E, µ) = N(L ) ⊕ R(L ) = C1 ⊕ R(L ). If f is any Cb1 -cylindrical function belonging to D(L ), then hL f, 1i = hB∇H f, ∇H 1i = 0. Since these functions f are dense in D(∇H ), and D(∇H ) is dense in D(L ), it follows from hL f, 1i = 0 that R(L ) ⊆ Lp0 (E, µ). Since both R(L ) and Lp0 (E, µ) have codimension one, these spaces must in fact be equal. The four equalities for the square roots follow from the general fact that if S is sectorial or bisectorial and S 2 is sectorial, then N(S) = N(S 2 ) and R(S) = R(S 2 ).  Remark 4.3. Assumption 2.1 implies the identity Z 1 hL f, gi + hf, L gi = − h∇H f, ∇H giH dµ. 2 E This establishes a connection with the theory of Dirichlet forms, and part of the above lemma could be deduced from it. A comprehensive treatment of this theory and its many ramifications is presented in the monograph [10]. In the remainder of this section we shall assume that p = 2 and that L is self-adjoint, and turn to the problem √ of representing the √ group generated by iL in an explicit matrix form. Since −L is self-adjoint, i −L generates a unitary C0 -group on L2 (E, µ) by Stone’s theorem. By the Borel functional calculus for self-adjoint operators, we have the identities √ √ √ 1 C(t) := cos(t −L ) = (eit −L + e−it −L ), 2 √ √ √ 1 S(t) := sin(t −L ) = (eit −L − e−it −L ). 2i
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Lemma 4.4. For all t ∈ R the formulas C(t)(∇H f ) := ∇H C(t)f, S(t)(∇H f ) := ∇H S(t)f,



f ∈ D(∇H ),



define bounded operators C(t) and S(t) on R(∇H ) of norms kC(t)k 6 kC(t)k and kS(t)k 6 kS(t)k. Proof. We will prove the statements for the cosines; the same proof works for the sines. In fact, all we use is that the operators C(t) and S(t) are bounded, map the constant function 1 to itself, and commute with L . First note that the operators C(t) are well-defined on the R range of ∇H . Indeed, if ∇H f = 0, then f = f 1 ∈ C1 by Lemma 4.2, where f = E f dµ. But C(t)1 = 1 and therefore ∇H C(t)f = f ∇H C(t)1 = f ∇H 1 = 0. √ From the representation L = − 12 ∇∗H ∇H we have D( −L ) = D(∇H ) and √ √ k −L f k2 = √12 k∇H f k2 (see (2.2)). This gives, for f ∈ D( −L ) = D(∇H ), √ √ kC(t)∇H f k2 = k∇H C(t)f k2 = 2k −L C(t)f k2 √ √ √ √ = 2kC(t) −L f k2 6 2kC(t)kk −L f k2 = kC(t)kk∇H f k2 .  Via the H ∞ -functional calculus of the self-adjoint bisectorial operator D on L (E, µ) ⊕ R(∇H ) (see [9, 42]) we can define the bounded operator sgn(D) on L2 (E, µ) ⊕ R(∇H ). The fact that this operator encodes Riesz transforms gives the main motivation of [9]: to obtain functional calculus results for second-order differential operators together with the corresponding Riesz transforms estimates through the functional calculus of an appropriate first-order differential operator. We recall the √ link between sgn(D) and Riesz transform in the next lemma. The constant 1/ 2 arising here is an artefact of the fact that we consider the operator −L = 12 ∇∗H ∇H (rather than ∇∗H ∇H ). 2



Lemma 4.5. On L2 (E, µ) ⊕ R(∇H ) we have  1 0 sgn(D) = √ 2 R



 R , 0



where √



−L f → 7 ∇H f and R : 1 → 0, p R : −L g → 7 ∇∗H g, R:



denote the Riesz transforms associated with −L and −L , respectively. √ Proof. Recall from Lemma 4.2 that L2 (E, µ) = R( −L ) ⊕ C1 and R(∇H ) = √ R( −L ). Hence the above relations define R and R uniquely. By the convergence lemma for the H ∞ -calculus we have sgn(D) = limn→∞ fn (D) strongly, where, for all z 6∈ iR, nz √ . fn (z) = 1 + n z2
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Here we take the branch of the square root that is holomorphic on C \ (−∞, 0]. Hence, √ sgn(D) = lim nD(I + n D 2 )−1 n→∞  −1 √  (n + −2L )−1 0 √ = lim D n→∞ 0 (n−1 + 2L )−1   √ 0√ ∇∗H (n−1 + −2L )−1 = lim . n→∞ ∇H (n−1 + −2L )−1 0   1 It is immediate from the above representation that sgn(D) = 0. Also, 0    ∗ −1 √   √ √ 1 ∇∗H g ∇H (n + √ −2L )−1√ −L g −L f √ = lim = . sgn(D) √ n→∞ ∇H (n−1 + −L g −2L )−1 −L f 2 ∇H f  Lemma 4.6. For all t ∈ R we have RC(t) = C(t)R,



C(t)R = RC(t),



RS(t) = S(t)R, S(t)R = RS(t). √ √ Furthermore, if f ∈ D( −L ), then Rf ∈ D( −L ) and p √ −L Rf = R −L f. √ √ Likewise, if g ∈ D( −L ), then Rg ∈ D( −L ) and p √ −L Rg = R −L g. Finally, 1 1 RR = PR(∇∗ ) = PL20 (E,µ) , RR = PR(∇H ) , H 2 2 where the right-hand sides denote the orthogonal projections onto the indicated subspaces. √ Proof. We have, for f ∈ D( −L ) = D(∇H ), √ √ √ RC(t) −L f = R −L C(t)f = ∇H C(t)f = C(t)∇H f = C(t)R −L f. √ √ This gives the first identity on the range of −L . On N( −L ) = C1 (see Lemma √ √ 4.2) the identity is√ trivial since R1 = 0. Since L2 (E, µ) = N( −L ) ⊕ R( −L ) by the sectoriality of −L , this proves the first identity. The corresponding identity for the sine function √is proved √ √ similarly. √ The identities R −L = −L R and R −L = −L R follow by differentiating the identities √ S(t)R = RS(t) and RS(t) = S(t)R at t = 0. If ∇H f ∈ D( −L ) = D(∇∗H ), then p C(t)R −L ∇H f = C(t)∇∗H ∇H f = −2C(t)L f = −2L C(t)f p p = ∇∗H C(t)∇H f = R −L C(t)∇H f = RC(t) −L ∇H f. √ √ Noting that R(∇H )∩D( −L ) is a core for D( −L ) (it contains the etL -invariant √ dense linear subspace {etL ∇H f : t > 0, f ∈ D(∇H )}), it follows that C(t)R −L = √ √ √ RC(t) −L . This proves the second identity on the range of −L . Since R( −L ) =
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R(∇H ) this proves the identity C(t)R = RC(t). The corresponding sine identity is proved in the same way. Finally, the last two identities follow from " #  2  1  PR(∇∗ ) 0 1 0 R RR 0 H = PR(D) = sgn2 (D) = = 2 , 1 0 0 PR(∇H ) 2 R 0 2 RR recalling that R(∇∗H ) = L20 (E, µ).







Theorem 4.7. Let Assumption 2.1 hold and suppose that L is self-adjoint on L2 (E, µ). The C0 -group generated by √i2 D on L2 (E, µ) ⊕ R(∇H ) is given by " # √i RS(t) C(t) √i tD 2 2 e = √i , t ∈ R. RS(t) C(t) 2 By a scaling argument, this also gives a matrix representation for the group generated by iD. Proof. On L20 (E, µ) ⊕ R(∇H ) the group property follows by an easy computation using the lemmas and the addition formulas for C(t) and S(t) and their underscored relatives (see [2, Formula (3.95)]). On C1 ⊕ R(∇H ) we argue similarly. Strong continuity and uniform boundedness are evident from the corresponding properties of the matrix " # entries. To see that its generator equals iD, we set G(t) := √i RS(t) C(t) 2 take f ∈ D(L ), g ∈ D(L ), and differentiate. Lemma 4.6 √i RS(t) C(t) 2 then give us        √ 1 1 0 iR −L f f f √ lim G(t) − =√ g g g 0 t↓0 t 2 iR −L      ∗ i i f 0 ∇H f =√ . =√ D g ∇ 0 g H 2 2 This shows that √i2 D is an extension of the generator G of (G(t))t∈R . However, by the general theory of cosine √ only if √ √ families, the left-hand side limit exists if and f ∈ D( −L ) and g ∈ D( −L ). In view of the domain identificationsD( −L ) = √ f D(∇H ) and D( −L ) = D(∇∗H ) this precisely happens if and only if ∈ D(D). g Therefore we actually have equality G = √i2 D.  We proceed with an analogue of Theorem 3.3. Theorem 4.8. Let Assumption 2.1 hold and let 1 < p < ∞. If, for some λ > 0 and α > 0, the operators √ (λ − L )−α cos(t −L ), t ∈ R, extend to bounded operators on Lp (E, µ), then p = 2 and L is self-adjoint. Proof. As the proof follows the ideas of that of Theorem 3.3, we only sketch the main lines and leave the details to the reader.
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√ If the operators (λ − L )−α cos(t −L ), t ∈ R, are bounded on Lp (E, µ), then so are the operators Z t √ √ 1 √ −(α+ 21 ) (λ − L ) sin(t −L ) = (λ − L )−(α+ 2 ) −L cos(s −L ) ds, 0



as well as 1



(λ − L )−(α+ 2 ) eit



√



−L



√ √ 1 := (λ − L )−(α+ 2 ) [cos(t −L ) + i sin(t −L )].



Then also the operators e(s+it)



√



−L



1



√



= (λ − L )(α+ 2 ) es



−L



1



√



◦ (λ − L )−(α+ 2 ) eit



−L



are bounded on Lp (E, µ), in the√sense that the right-hand side defines a holomorphic extension of √ the semigroup (et −L )t>0 to the right half-plane {Rez > 0}. This means that −L is sectorial of angle zero. But −L is sectorial as well, and, by the√general theory of sectorial operators, the angles of sectoriality are related by ω( −L ) = 12 ω(−L ) (see, e.g., [38, Theorem 15.16]). It follows that −L is sectorial of angle zero. As we have seen in the proof of Theorem 3.1, this is false unless p = 2 and L is self-adjoint.  Concerning exponential regularisation by esL , analogous observations as in Remark 3.4 can be made. We leave this to the interested reader. 5. Speed of propagation It will be useful to make the natural identification L2 (E, µ) ⊕ L2 (E, µ; H) = L2 (E, µ; C ⊕ H). The support of an element u = (f, g) ∈ L2 (E, µ) ⊕ L2 (E, µ; H) will always be understood as the support of the corresponding element in L2 (E, µ; C ⊕ H). Thus, supp(u) = supp(f ) ∪ supp(g). Definition 5.1. Let H be any Hilbert space. We say that a one-parameter family (Tt )t∈R of bounded operators on L2 (E, µ; H ) has speed of propagation κ if the following holds. For all closed subsets K of E, all u ∈ L2 (E, µ; H ), and all t ∈ R, we have supp(u) ⊆ K =⇒ supp(Tt u) ⊆ Kκ|t| where Kκ|t| := {x ∈ E : dist(x, K) 6 κ|t|}. The family (Tt )t∈R is said to have infinite speed of propagation if it does not propagate at any finite speed. In the above, dist(x, K) = inf{kx − yk : y ∈ K}. Note that (Tt )t∈R has speed of propagation κ if and only if for all subsets K of E and all u, u0 ∈ L2 (E, µ; H ) with supports in K and {Kκ|t| respectively, we have hTt u, u0 i = 0, the brackets denoting the inner product of L2 (E, µ; H ). In the next proposition we consider the case E = Rd = H and A = 21 I. the resulting operator L is called the classical Ornstein-Uhlenbeck operator and is given explicitly as 1 1 (5.1) L = ∆− x·∇ 2 2
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and the associated invariant measure is the standard Gaussian measure γ on Rd , 1 1 dγ(x) = exp(− |x|2 ) dx. 2 (2π)d/2 The semigroup generated by L is given by Z etL f (x) = Mt (x, y)f (y) dy, Rd



where M is the Mehler kernel, Mt (x, t) =



 1 |e−t x − y|2  1 (1 − e−2t )−d/2 exp − . d/2 2 1 − e−2t (2π)



The following theorem is the Ornstein-Uhlenbeck analogue of the classical fact that the Schr¨ odinger group (eit∆ )t∈R on L2 (Rd ) has infinite speed of propagation. Theorem 5.2. Let L be the classical Ornstein-Uhlenbeck operator on L2 (Rd , γ). The C0 -group (eitL )t∈R generated by iL has infinite speed of propogation. Proof. It suffices to show that, for some given t0 > 0, and any R > 0, there exist compactly supported functions f, g ∈ L2 (Rd , γ) whose supports are separated at least by a distance R, and which satisfy heit0 L f, gi = 6 0. We take t0 := π/2. On the one hand, by [2, Proposition 3.9.1] we have eit0 L f = lims↓0 e(s+it0 )L f in L2 (Rd , γ). On the other hand, for almost all x ∈ Rd we have Z (s+it0 )L e f (x) = Ms+it0 (x, y)f (y) dy Rd Z  1 |ie−s x − y|2  1 −2s −d/2 = (1 + e ) exp − f (y) dy 2 1 + e−2s (2π)d/2 Rd by analytic continuation. For compactly supported f we may use dominated convergence to pass to the limit for s ↓ 0 and obtain, for almost all x ∈ Rd , Z  1 it0 L −d/2 e f (x) = (4π) exp − |ix − y|2 f (y) dy 4 d R Fix arbitrary x0 , y0 in Rd satisfying |x0 − y0 | > R and let fm := 1B(y



1B(x



1 0, m )



1 |B(x0 , m )|



and



1 0, n ) 1 |B(y0 , n )|



for n, m ∈ N. Then, by continuity, Z Z  1 lim heit0 L fm , gn i = lim (4π)−d/2 exp − |ix − y|2 fm (y)gn (x) dy dx m,n→∞ m,n→∞ 4 Rd Rd  1 = (4π)−d/2 exp − |ix0 − y0 |2 6= 0. 4 It follows, by taking n, m large enough, that heit0 L fm , gn i = 6 0 , while the supports ˜ > R. of fm and gn are separated by a distance R 



gn :=



Using the identity e



√ z −L



1 f=√ π



Z 0



∞



e−u z2  √ exp L f du, 4u u



Rez > 0, √



it by √ a similar argument one shows that the C0 -group (e i −L has infinite speed of propogation.



−L



)t∈R generated by
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The main result of this section provides conditions under which the C0 -group (eitD )t∈R generated by iD has √ finite speed of propagation; as an immediate corollary, the cosine family (cos(t −L )t∈R has finite speed of propagation. In addition to Assumption 2.1 we need an assumption on the reproducing kernel Hilbert space Hµ associated with the Gaussian measure µ. Recall that this is the Hilbert space completion of R(Qµ ), where Qµ is the covariance operator of µ, with respect to the norm (5.2)



kQµ x∗ k2Hµ := hQµ x∗ , x∗ i



∀x∗ ∈ E ∗ .



This completion embeds continuously into E. Denoting by iµ : Hµ → E the embedding mapping, we have iµ ◦ i∗µ = Qµ . For more information we refer the reader to [11, 52]. Assumption 5.3. Hµ is densely contained in H. By an easy closed graph argument the inclusion mapping iµ,H : Hµ → H is bounded. The relevance of this Assumption lies in the fact that Hµ is contained in H if and only if L has a spectral gap, which in turn is equivalent to the validity of the following Poincar´e inequality: for some (equivalently, for all) 1 < p < ∞ there is a constant Cp such that for all f ∈ Dp (∇H ), kf − f¯kp 6 Cp k∇H f kp , R with f¯ := E f dµ (see [17, 30, 53]). If Hµ ⊆ H, then the inclusion is dense if and only if ∇H is closable as a densely defined operator from Lp (E, µ) to Lp (E, µ; H) for some/all 1 6 p < ∞ [29, Corollary 4.2]. These equivalent conditions are satisfied if the semigroup S restricts to a C0 -semigroup on H [30, Theorem 3.5]; the latter is the case if Assumption 2.3 is satisfied [43, Theorem 3.3]. Now we are ready to state the main result of this section. Theorem 5.4. Let Assumptions 2.1 and 5.3 hold and let L be self-adjoint. Then the group (eitD )t∈R on L2 (E, µ) ⊕ L2 (E, µ; H) propagates, at most, with speed kiH kL (H,E) . Our proof of this theorem follows an argument of Morris and Mc Intosh [49], which in turn is a group analogue of a similar resolvent argument in [9]. The main difficulty in carrying over the proof to the present situation is to prove that suitable Lipschitz functions belong to D(∇H ). We begin with some lemmas. It will be understood that the assumptions of Theorem 5.4 are satisfied, although not all assumptions are needed in each lemma. Lemma 5.5. For all real-valued η ∈ D(∇H ) satisfying ∇H η ∈ L∞ (E, µ; H) and all u = (f, g) ∈ D(D) we have ηu = (ηf, ηg) ∈ D(D) and the commutator [η, D] : u 7→ ηDu − D(ηu) extends to a bounded operator on L2 (E, µ) ⊕ L2 (E, µ; H) with norm k[η, D]k 6 k∇H ηk∞ . This operator is local, with support contained in the support of η, in the sense that [η, D]u = 0 whenever supp(u) ∩ supp(η) = ∅. Furthermore, [η, [η, D]] = 0.
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Proof. For all f ∈ D(∇H ) we have (by approximating η and f with cylindrical functions) ηf ∈ D(∇H ) and ∇H (ηf ) = η∇H f + (∇H η)f . Also, for all f ∈ D(∇H ) and g ∈ D(∇∗H ), we have h∇H f, ηgi = hη∇H f, gi = h∇H (ηf ) − f ∇H η, gi, where the brackets denote the inner product of L2 (E, µ; H). It follows that ηg ∈ D(∇∗H ) and ∇∗H (ηg) = η∇∗H g − h∇H η, giH ; here  the  brackets h·, ·iH denote the f (pointwise) inner product of H. Hence, for u = ∈ D(D) (that is, f ∈ D(∇H ) g ∗ and g ∈ D(∇H )),  ∗   ∗    η∇H g ∇H (ηg) h∇H η, giH [η, D]u = − = . η∇H f ∇H (ηf ) −(∇H η)f We infer that [η, D] is bounded and k[η, D]k 6 k∇H ηk∞ . The locality assertion is an immediate consequence of the above representation of [η, D]. To prove that [η, [η, D]] = 0, just note that     ηh∇H η, giH h∇H η, ηgiH [η, [η, D]]u = − = 0. −η(∇H η)f −(∇H η)ηf  As in [49] we deduce: Lemma 5.6. Under the hypotheses of Theorem 5.4, the following commutator identity holds for all t ∈ R, η ∈ D(∇H ), and u ∈ L2 (E, µ) ⊕ L2 (E, µ; H): Z 1 [η, eitD ]u = it eistD [η, D]ei(1−s)tD u ds. 0



At the heart of the approach in [49] is the following lemma. We include its proof for the sake of completeness. Lemma 5.7 (McIntosh & Morris). Let u, v ∈ L2 (E, µ)⊕L2 (E, µ; H) = L2 (E, µ; C⊕ H) have disjoint supports and let η ∈ D(∇H ) be a real-valued function satisfying ηu = u and ηv = 0. Then for all t ∈ R we have |heitD u, vi| 6 |t|n k∇H ηkn∞ kuk2 kvk2 . In particular, for |t| < 1/k∇H ηk∞ it follows that heitD u, vi = 0. Proof. To simplify the notation, let δ be the derivation defined by δ(S) = [η, S] and inductively write δ k (S) := δ(δ k−1 (S)) for the higher commutators, adopting the convention that δ 0 (S) := S. Then, for all integers k > 1, hδ k (eitD )u, vi = hηδ k−1 (eitD )u − δ k−1 (eitD )ηu, vi = −hδ k−1 (eitD )u, vi, using the assumptions that ηu = u and ηv = 0. Hence, by induction, (5.3)



hδ n (eitD )u, vi = (−1)n heitD u, vi,



n > 1.



On the other hand, using the identity δ(ST ) = δ(S)T + Sδ(T ), Lemma 5.6, and the fact, given by the second assertion in Lemma 5.5, that δ([η, D]) = [η, [η, D]] = 0, we obtain Z 1X m   m m−k istD m+1 itD (5.4) δ (e )u = it δ (e )[η, D]δ k (ei(1−s)tD )u ds, m > 0, k 0 k=0
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  m m! := . We now prove by induction that k k!(m − k)! kδ n (eitD )k 6 |t|n k[η, D]kn ,



m > 0.



For n = 0, this follows from the fact that the operators eitD are unitary. Now let m > 0 and suppose that (5.5) holds for all integers 0 6 n 6 m. We then use (5.4) to obtain Z 1X m   m kδ m+1 (eitD )k 6 |t| kδ m−k (eistD )k k[η, D]k kδ k (ei(1−s)tD )k ds k 0 k=0 Z 1X m   m m−k m+1 m+1 6 |t| k[η, D]k s (1 − s)k ds k 0 k=0 Z 1 m+1 m+1 = |t| k[η, D]k (s + (1 − s))m ds 0



= |t|m+1 k[η, D]km+1 . This proves (5.5). The lemma now follows by using the estimate (5.5) in (5.3) together with Lemma 5.5.  Proof of Theorem 5.4. What remains to be proven is that, given ε > 0, disjoint closed sets A and B in E can be ‘separated’ by an η ∈ D(∇H ), in the sense that η ≡ 1 on A and η ≡ 0 on B, that satisfies ∇H η ∈ L∞ (E, µ; H) and k∇H ηk∞ 6 (1 + ε)kiH k/dist(A, B). It is clear that we can do the separation with bounded Lipschitz functions f whose Lipschitz constant L is at most (1 + ε)/dist(A, B). To complete the proof, we need to show that such functions do indeed belong to D(∇H ) and satisfy k∇H f k∞ 6 kiH kL. This last step is the most important technical difficulty that needs to be overcome in order to apply McIntosh and Morris’ approach to finite speed of propagation in the Ornstein-Uhlenbeck context. We prove it in Theorem 7.2 from the Appendix, as it is of independent interest.  6. Off-diagonal bounds The results of the previous sections will now be applied to obtain L2 − L2 offdiagonal bounds for Ornstein-Uhlenbeck operators. Such off-diagonal bounds can be seen as integrated versions of heat kernel bounds, and play a key role in the modern approach to spectral multiplier problems. As can be seen, e.g., in [9], such bounds are particularly useful when dealing with semigroups that do not have standard Calder´ on-Zygmund kernels, but still exhibit a diffusive behaviour. For more information on the role of Davies-Gaffney bounds and finite speed of propagation from the point of view of geometric heat kernel estimates, see e.g. [12]. For their use in spectral multiplier theory, see e.g. [13]. We begin with some general observations. If −iG generates a bounded C0 -group U on a Banach space X, for any φ ∈ L1 (R) we may define a bounded operator
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b φ(G) by means of the Weyl functional calculus (see, e.g., [37]): Z ∞ b φ(G)x := φ(t)U (t)x dt, x ∈ X. −∞



When X is a Hilbert space and G is self-adjoint, U is unitary and the definition of b φ(G) agrees with the one obtained by the spectral theorem: Z ∞ Z ∞ Z φ(t)U (t)x dt = φ(t) e−itλ dE(λ)x dt −∞



−∞



Z



σ(G)



Z



∞



= σ(G)



φ(t)e−itλ dE(λ)x =



−∞



Z



Z



∞



b dE(λ)x. φ(λ) σ(G)



−∞



As an application of finite speed of propagation we prove, under the assumpb tions of Theorem 5.4, some off-diagonal  bounds for the operators φ(D) in the self∗ 0 ∇H adjoint case, i.e., where D = . We have learnt this argument from Alan ∇H 0 Mc Intosh. The main observation is the following. If u, v ∈ L2 (E, µ) ⊕ L2 (E, µ; H) have supports separated by a distance RkiH k, we apply the Weyl calculus to D and note that he−itD u, vi = 0 for |t| 6 R since e−itD propagates with speed at most kiH k. As a consequence we obtain Z Z  b |hφ(D)u, vi| = φ(t)he−itD u, vi dt 6 |φ(t)| dt kuk2 kvk2 . |t|>R



|t|>R



We will work out two special cases where this leads to an interesting explicit estimate. Example 6.1. Let R > 0. (1) If f ∈ L2 (E, µ) and g ∈ L2 (E, µ) have supports separated by a distance at least RkiH k, then 2t −R2  exp kf k2 kgk2 . 2 πR 2t (2) If f ∈ L2 (E, µ) and g ∈ L2 (E, µ; H) have supports separated by a distance at least RkiH k, then r 2 −R2  tL |h∇H e f, gi| 6 exp kf k2 kgk2 . πt 2t |hetL f, gi| 6



The same estimate holds for etL ∇∗H . Proof. By the Weyl calculus,  tL  Z ∞ 2 1 e 0 − 12 tD 2 √ = e = e−s /2t e−isD ds 0 etL 2πt −∞ and   Z ∞ 2 i 0 etL ∇∗H − 21 tD 2 √ = = De se−s /2t e−isD ds, ∇etL 0 2πt3 −∞ ∗



where we used that ∇∗H etL = ∇∗H etL = etL ∇∗H . The first assertion of the theorem now follows from the theorem via     Z ∞ − 1 tD 2 f 2 2 g  tL 2 |he f, gi| = e , 6√ e−s /2t kf k2 kgk2 ds 0 0 2πt R
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Z ∞ 2 −s2 /2 kf k2 kgk2 ds =√ √ e 2π R/ t r 2t −R2 /2t 6 e kf k2 kgk2 , πR2 where the last inequality follows from a standard estimate for the Gaussian distribution. Similarly,     Z ∞ − 1 tD 2 f 2 2 0  tL 2 |h∇H e f, gi| = e se−s /2t kf k2 kgk2 ds , 6√ 3 0 g 2πt R r 2 −R2 /2t = e kf k2 kgk2 . πt The proof for etL ∇∗H is similar.







Similar results can be obtained by considering other functions φ. For instance, 2 off-diagonal bounds for L etL may be obtained by taking φ(s) = s2 e−s /2t and using the identity   2 1 1 tL etL 0 = − tD 2 e− 2 tD . 0 tL etL 2 We leave the details to the reader. 6.1. Off-diagonal bounds for resolvents in the non-self-adjoint case. In the non-self-adjoint case, we cannot make use of finite speed of propagation for an underlying group to prove off-diagonal bounds for (etL )t>0 . However, it is possible to use the direct approach from [9] (and its refinement in [5]) to obtain off-diagonal bounds for ((I + t2 L )−1 )t∈R . We leave the investigation of possible other approaches for (etL )t>0 in the non-self-adjoint case for future work. We adopt Assumptions 2.1 and 5.3. We do not assume L to be self-adjoint, so iD may fail to generate a C0 -group on L2 (E, µ) ⊕ L2 (E, µ; H) = L2 (E, µ; C ⊕ H). Nevertheless, D does enjoy some good properties; for instance it is bisectorial on L2 (E, µ; C ⊕ H) and therefore the quantity (6.1)



M := sup k(I − itD)−1 k t∈R



is finite. This follows from the general operator-theoretic framework presented in [9]. Proposition 6.2. Let Assumptions 2.1 and 2.3 hold. Suppose u, v ∈ L2 (E, µ; C ⊕ H) have disjoint supports at a distance greater than R. Then |h(I + itD)−1 u, vi| 6 C exp(−αR/|t|)kuk2 kvk2 , for some α, C > 0 independent of u, v and R, t. Proof. The proof is a straight forward adaptation of [5, Proposition 5.1], and is included for the sake of completeness. By the uniform boundedness of the operators Rt := (I −itD)−1 , t ∈ R, it suffices to prove the estimate in the statement of the proposition for |t| < αR, where α > 0 is a positive constant to be chosen in a moment.
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Let u ∈ L2 (E, µ; C ⊕ H) be supported in a set B ⊆ E and let A ⊆ E be another set such that dist(A, B) > R. Define  e := x ∈ E : dist(x, A) < 1 dist(x, B) . A 2 1 e Note that dist(A, B) > 2 dist(A, B). e such that Let ϕ : E → [0, 1] be a bounded Lipschitz function with support in A ϕ|A ≡ 1, ϕ|B ≡ 0, and whose Lipschitz constant is at most 4/R. By Theorem 7.2, ϕ ∈ D(∇H ) and k∇H ϕk 6 4kiH k/R. Set η := exp(αRϕ/|t|) − 1. Then, for all x ∈ A, 1 exp(αR/|t|) 2 (recall the assumption |t| < αR) and η|B ≡ 0. Hence, η(x) = exp(αR/|t|) − 1 >



1 exp(αR/|t|)kRt ukL2 (A,µ;C⊕H) 6 kηRt uk2 = k[η, Rt ]uk2 2 using that ηu = 0 by the support properties of η and u. It is elementary to verify the commutator identity (6.2)



[η, Rt ] = itRt [η, D]Rt . Moreover, using Leibniz rule (see the proof of Lemma 5.5), we have [η, D]v = [exp(αRϕ/|t|) − 1, D]v = (D exp(αRϕ/|t|))v = m exp(αRϕ/|t|)v, e and satisfies (cf. 5.5) kmk∞ 6 CαRk∇H ϕk/|t| 6 where m is supported on A 4CαkiH k/|t|. Therefore, k[η, Rt ]ukL2 (A,µ| = |t|kRt [η, D]Rt uk2 e e ;C⊕H) A



6 4M CαkiH kk exp(αRϕ/|t|)Rt uk2   6 4M CαkiH k kηRt ukL2 (A,µ| + kR uk t 2 e e ;C⊕H) A



where M is defined by (6.1). The choice α = (8M CkiH k) (6.2), gives



−1



, in combination with



1 exp(αR/|t|)kRt ukL2 (A,µ;C⊕H) 6 k[η, Rt ]uk2 6 kRt uk2 6 M kuk2 . 2  Remark 6.3. With the same proof, Proposition 6.2 holds in the more general context of elliptic divergence-form operators on abstract Wiener spaces considered in [42]. Since (I + itD)



−1



−1



+ (I − itD)



= 2(I + t D ) 2



2 −1



 (I − 2t2 L )−1 =2 0



 0 , (I − 2t2 L )−1



we have the following corollary. Corollary 6.4. Let Assumptions 2.1 and 2.3 hold. Suppose u, v ∈ L2 (E, µ; C ⊕ H) have disjoint supports at a distance greater than R. Then |h(I − t2 L )−1 u, vi| 6 C exp(−αR/|t|)kuk2 kvk2 , for some α, C > 0 independent of u, v and R, t.
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7. Appendix: H-Lipschitz functions It is assumed that Assumptions 2.1 and and 5.3 hold. Our aim is to prove that under these conditions, bounded Lipschitz functions on E (and more generally, bounded H-Lipschitz functions on E) belong to D(∇H ) with a suitable bound; this result was needed in the proof of Theorem 5.4. We point our that this result becomes trivial in the case E = Rd = H, which is the setting for studying the classical Ornstein-Uhlenbeck operator on Lp (Rd , γ) (see (5.1)). Readers whose main interests concern this particular case will therefore not need the result presented here. We recall some further standard facts about reproducing kernel Hilbert spaces. The reader is referred to [11, 52] for the proofs and more details. Recall that Hµ denotes the reproducing kernel Hilbert space associated with the invariant measure µ (see (5.2)) and that iµ : Hµ → E denotes the inclusion mapping. Since µ is Radon, the Hilbert space Hµ is separable. When no confusion can arise we will suppress the mapping iµ from our notations and identify Hµ with its image in E. The mapping φ : i∗µ x∗ 7→ h·, x∗ i extends to an isometric embedding of Hµ into L2 (E, µ). In what follows we shall write φh := φh for the image in L2 (E, µ) of a vector h ∈ Hµ . By the KarhunenLo`eve decomposition (see [11, Corollary 3.5.11]), if (hn )n>1 is an orthonormal basis for Hµ , then for µ-almost all x ∈ E we have x=



∞ X



φhn (x)hn



n=1



with convergence both µ-almost surely in E and in the norm of L2 (E, µ). We may furthermore choose the vectors hn ∈ Hµ in such a way that hn = i∗µ x∗n for suitable x∗n ∈ E ∗ . In doing so, this exhibits the function x 7→ x as the limit (for N → ∞) PN of the cylindrical functions n=1 hx, x∗n ihn . The next lemma relates functions which have pointwise directional derivatives in the direction of H with functions in the domain of the directional gradient ∇H . To this end we recall that a function f : E → R is said to be Gˆ ateaux differentiable in the direction of H at a point x ∈ E if there exists an element h(x) ∈ H, the Gˆ ateaux derivative of f at the point x such that for all h ∈ H we have 1 lim (f (x + th) − f (x)) = hh, h(x)i. t↓0 t The function f is said to be Gˆ ateaux differentiable in the direction of H if it is Gˆ ateaux differentiable in the direction of H at every point x ∈ E. The resulting function which assigns to each point x ∈ E the Gˆateaux derivative of f at the point x is denoted by DH f : E → H. Lemma 7.1. If f : E → R is uniformly bounded and Gˆ ateaux differentiable in the direction of H, with bounded and strongly measurable derivative DH f , then f ∈ D(∇H ) and ∇H f = DH f .
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Proof. Let (hn )n>1 be a fixed orthonormal basis in Hµ , chosen in such way that hn = i∗µ x∗n for suitable x∗n ∈ E ∗ . For all N > 1 we have, for µ-almost all x ∈ E, fN (x) := f



N X



 φhn (x)hn = ψN (φh1 (x), . . . , φhN (x)),



n=1



where the function ψN (t1 , . . . , tN ) = f



N X



tn hn







n=1



belongs to Since we are assuming that hn = i∗µ x∗n , fN belongs to D(∇H ) and for µ-almost all x ∈ E we have Cb1 (RN ).



∇H fN (x) =



N X ∂ψN



∂tj



j=1



(φh1 (x), . . . , φhN (x))hj =



N D N X E X hj , DH f φhn (x)hn hj n=1



j=1



noting that N



N



 X i 1h  X ∂ψN f (tn + δjn τ )hn − f tn hn (t1 , . . . , tN ) = lim τ →0 τ ∂tj n=1 n=1 N D X E tn hn , = hj , DH f n=1



with δjn the Kronecker symbol. To finish the proof we will show three things: (i) limN →∞ fN = f in L2 (E, µ); (ii) the sequence (∇H fN )n>1 is Cauchy in L2 (E, µ; H); (iii) µ-almost everywhere we have limN →∞ ∇H fN = DH f . Once we have this, the closedness of ∇H will imply that f ∈ D(∇H ) and ∇H f = limN →∞ ∇H fN = DH f . (i): The first claim follows by dominated convergence. (ii) and (iii): Fix integers M > N > 1. Then, M D M N D N



X X E X E X 



hj , DH f φhn (·)hn hj − hj , DH f φhn (·)hn hj 



n=1



j=1



j=1



L2 (E,µ;H)



n=1



M D M



X h X  iE 



6 hj , DH f φhn (·)hn − DH f (·) hj 



L2 (E,µ;H)



n=1



j=1



M N



X X 



 



 



+ hj , DH f (·) hj − hj , DH f (·) hj j=1



j=1



L2 (E,µ;H)



N D N



X h X  iE 



+ hj , DH f φhn (·)hn − DH f (·) hj j=1



n=1



L2 (E,µ;H)



=: (I) + (II) + (III). To deal with (II) we note that from Hµ ,→ H it follows that f has a bounded Gˆ ateaux derivative in the direction of Hµ , given by DHµ f = i∗µ,H DH f , where iµ,H
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is the embedding mapping of Hµ into H. Now, since (hn )n>1 is an orthonormal basis in Hµ , for µ-almost all x ∈ E we have lim



K→∞



K K X X hDH f (x), hj iH hj = lim hi∗µ,H DH f (x), hj iH hj K→∞



j=1



= lim



K→∞



j=1 K X



hDHµ f (x), hj iHµ hj = DHµ f (x)



j=1



with convergence in Hµ , hence in H. Convergence in L2 (E, µ; H) then follows by dominated convergence, noting that DHµ f is uniformly bounded as an Hµ -valued function, hence also as an H-valued function. Convergence of (I) and (III) follows in the same way, now using that K D K



X



h X  iE 



φhn (·)hn − DH f (·) hj , DH f hj 



j=1



L2 (E,µ;H)



H



n=1



K D K



X h X  iE



φhn (·)hn − DHµ f (·) 6 kiµ,H k hj , DHµ f n=1



j=1



K 



X  



φhn (·)hn − DHµ f (·) 6 kiµ,H k DHµ f n=1



L2 (E,µ;Hµ )



Hµ 



hj 



L2 (E,µ;Hµ )



,



and the right-hand side tends to 0 as K → ∞ by dominated convergence, since PK ∗ n=1 φhn (x)hn → x for µ-almost all x ∈ E and the function DHµ f = iµ,H DH f is uniformly bounded.  We now define LipH (E) as the vector space of all measurable functions that are Lipschitz continuous in the direction of H, i.e., for which there exists a finite constant Lf (H) such that kf (x + h) − f (x)k 6 Lf (H)khkH



∀x ∈ E.



Note that we take norms in H on the right-hand side. Obviously, every f ∈ Lip(E) belongs to LipH (E), since kf (x + h) − f (x)k 6 Lf khkE 6 Lf kiH kL (H,E) khkH . Here, Lf is the Lipschitz constant of f and iH is the embedding of H into E. It is also easy to see that if f : E → R has a uniformly bounded Gˆateaux derivative in the direction of H, then f ∈ LipH (E) with constant Lf (H) 6 kDH f k∞ . Theorem 7.2. Let Assumptions 2.1 and and 5.3 hold. If f ∈ LipH (E) is uniformly bounded and has H-Lipschitz constant Lf (H), then f ∈ D(∇H ), ∇H f ∈ L∞ (E, µ), and k∇H f k∞ 6 Lf (H). Proof. It follows from [11, Theorem 5.11.2] and the observation following it that f is Gˆ ateaux differentiable in the direction of H µ-almost everywhere, with derivative satisfying kDH f k 6 Lf (H) µ-almost everywhere. This derivative is weakly measurable, as each hDH f, x∗ i is the almost everywhere limit of continuous difference quotients. Since H is separable, the Pettis Measurability theorem (see [21, Section 2] implies that DH f is strongly measurable. Now the result follows from the previous lemma. 



THE HODGE-DIRAC OPERATOR ASSOCIATED WITH THE O-U OPERATOR



25



Acknowledgement – We thank Alan Mc Intosh for showing us the method of proof in Example 6.1, drawing our attention to the paper [6], and suggesting that, at least in the finite dimensional case, his approach to finite speed of propagation from [49] should apply to Ornstein-Uhlenbeck operators. We thank Gilles Lancien for a helpful discussion about Lipschitz bump functions in Banach spaces. The major part of this paper was written during a visit of the first-named author at the Australian National University. He wishes to thank his colleagues at the Mathematical Sciences institute for the enjoyable atmosphere and kind hospitality. References 1. D. Albrecht, X. Duong, and A. Mc Intosh, Operator theory and harmonic analysis, Instructional Workshop on Analysis and Geometry, Part III (Canberra, 1995), Proc. Centre Math. Appl. Austral. Nat. Univ., vol. 34, Austral. Nat. Univ., Canberra, 1996, pp. 77–136. MR 1394696 (97e:47001) 2. W. Arendt, C.J.K. Batty, M. Hieber, and F. Neubrander, Vector-valued Laplace transforms and Cauchy problems, second ed., Monographs in Mathematics, vol. 96, Birkh¨ auser Verlag, Basel, 2011. MR 2798103 (2012b:47109) 3. P. Auscher and A. Axelsson, Weighted maximal regularity estimates and solvability of nonsmooth elliptic systems I, Invent. Math. 184 (2011), no. 1, 47–115. MR 2782252 (2012c:35111) 4. P. Auscher, A. Axelsson, and S. Hofmann, Functional calculus of Dirac operators and complex perturbations of Neumann and Dirichlet problems, J. Funct. Anal. 255 (2008), no. 2, 374–448. MR 2419965 (2009h:35079) 5. P. Auscher, A. Axelsson, and A. Mc Intosh, On a quadratic estimate related to the Kato conjecture and boundary value problems, Harmonic analysis and partial differential equations, Contemp. Math., vol. 505, Amer. Math. Soc., Providence, RI, 2010, pp. 105–129. MR 2664564 (2011e:35080) , Solvability of elliptic systems with square integrable boundary data, Ark. Mat. 48 6. (2010), no. 2, 253–287. MR 2672609 (2011h:35070) 7. P. Auscher, A. Mc Intosh, and E. Russ, Hardy spaces of differential forms on Riemannian manifolds, J. Geom. Anal. 18 (2008), no. 1, 192–248. MR 2365673 (2009d:42053) 8. A. Axelsson, S. Keith, and A. Mc Intosh, The Kato square root problem for mixed boundary value problems, J. London Math. Soc. (2) 74 (2006), no. 1, 113–130. MR 2254555 (2008m:35078) , Quadratic estimates and functional calculi of perturbed Dirac operators, Invent. 9. Math. 163 (2006), no. 3, 455–497. MR 2207232 10. D. Bakry, I. Gentil, and M. Ledoux, Analysis and geometry of Markov diffusion operators, Grundlehren der Mathematischen Wissenschaften, vol. 348, Springer-Verlag, 2014. MR 3155209 11. V.I. Bogachev, Gaussian measures, Mathematical Surveys and Monographs, vol. 62, American Mathematical Society, Providence, RI, 1998. MR 1642391 (2000a:60004) 12. S. Boutayeb, T. Coulhon, and A. Sikora, A new approach to pointwise heat kernel upper bounds on doubling metric measure spaces, Adv. Math. 270 (2015), 302–374. MR 3286538 13. P. Chen, E.M. Ouhabaz, A. Sikora, and L. Yan, Restriction estimates, sharp spectral multipliers and endpoint estimates for Bochner-Riesz means, arXiv preprint arXiv:1202.4052, 2012. 14. R. Chill, E. Faˇsangov´ a, G. Metafune, and D. Pallara, The sector of analyticity of the OrnsteinUhlenbeck semigroup on Lp spaces with respect to invariant measure, J. London Math. Soc. (2) 71 (2005), no. 3, 703–722. MR 2132379 (2005k:35303) 15. A. Chojnowska-Michalik and B. Goldys, Nonsymmetric Ornstein-Uhlenbeck semigroup as second quantized operator, J. Math. Kyoto Univ. 36 (1996), no. 3, 481–498. MR 1417822 (97m:60107) , Generalized Ornstein-Uhlenbeck semigroups: Littlewood-Paley-Stein inequalities and 16. the P.A. Meyer equivalence of norms, J. Funct. Anal. 182 (2001), no. 2, 243–279. MR 1828795 (2002e:47050) 17. , Symmetric Ornstein-Uhlenbeck semigroups and their generators, Probab. Theory Related Fields 124 (2002), no. 4, 459–486. MR 1942319 (2003m:60163)



26



JAN VAN NEERVEN AND PIERRE PORTAL



18. G. Da Prato and E. Giusti, Equazioni di Schr¨ odinger e delle onde per l’operatore di Laplace iterato in Lp (Rn ), Ann. Mat. Pura Appl. (4) 76 (1967), 377–397. MR 0224971 (37 #570) 19. G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions, second ed., Encyclopedia of Mathematics and its Applications, vol. 152, Cambridge University Press, Cambridge, 2014. MR 3236753 20. E.B. Davies and B. Simon, L1 -properties of intrinsic Schr¨ odinger semigroups, J. Funct. Anal. 65 (1986), no. 1, 126–146. MR 819177 (87f:35061) 21. J. Diestel and J.J. Uhl, Jr., Vector measures, Mathematical Surveys, No. 15, American Mathematical Society, Providence, R.I., 1977. MR 0453964 (56 #12216) 22. M.M. Duelli, Functional calculus for bisectorial operators and applications to linear and nonlinear evolution equations, Ph.D. thesis, Karlsruhe Institute of Technology, 2005. 23. J.B. Epperson, The hypercontractive approach to exactly bounding an operator with complex Gaussian kernel, J. Funct. Anal. 87 (1989), no. 1, 1–30. MR 1025881 (91h:42016) 24. H.O. Fattorini, Ordinary differential equations in linear topological spaces. II, J. Differential Equations 6 (1969), 50–70. MR 0277861 (43 #3594) 25. D. Frey, A. Mc Intosh, and P. Portal, Conical square function estimates and functional calculi for perturbed Hodge-Dirac operators in Lp , arXiv preprint arXiv:1407.4774 (2014). 26. M. Fuhrman, Analyticity of transition semigroups and closability of bilinear forms in Hilbert spaces, Studia Math. 115 (1995), no. 1, 53–71. MR 1347432 (96m:47080) 27. J. Garc´ıa-Cuerva, G. Mauceri, S. Meda, P. Sj¨ ogren, and J.L. Torrea, Functional calculus for the Ornstein-Uhlenbeck operator, J. Funct. Anal. 183 (2001), no. 2, 413–450. MR 1844213 (2002d:47023) 28. B. Goldys, On analyticity of Ornstein-Uhlenbeck semigroups, Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 10 (1999), no. 3, 131–140. MR 1769162 (2001g:47075) 29. B. Goldys, F. Gozzi, and J.M.A.M. van Neerven, On closability of directional gradients, Potential Anal. 18 (2003), no. 4, 289–310. MR 1953265 (2004a:60107) 30. B. Goldys and J.M.A.M. van Neerven, Transition semigroups of Banach space-valued Ornstein-Uhlenbeck processes, Acta Appl. Math. 76 (2003), no. 3, 283–330. MR 1976297 (2004b:47075) 31. K.E. Gustafson and D.K.M. Rao, Numerical range, Universitext, Springer-Verlag, New York, 1997. MR 1417493 (98b:47008) 32. M.H.A. Haase, The functional calculus for sectorial operators, Operator Theory: Advances and Applications, vol. 169, Birkh¨ auser Verlag, Basel, 2006. MR 2244037 33. W. Hebisch, G. Mauceri, and S. Meda, Holomorphy of spectral multipliers of the OrnsteinUhlenbeck operator, J. Funct. Anal. 210 (2004), no. 1, 101–124. MR 2052115 (2005g:47024) 34. L. H¨ ormander, Estimates for translation invariant operators in Lp spaces, Acta Math. 104 (1960), 93–140. MR 0121655 (22 #12389) 35. T.P. Hyt¨ onen, A. Mc Intosh, and P. Portal, Kato’s square root problem in Banach spaces, J. Funct. Anal. 254 (2008), no. 3, 675–726. MR 2381159 (2009k:47127) 36. , Holomorphic functional calculus of Hodge-Dirac operators in Lp , J. Evol. Equ. 11 (2011), no. 1, 71–105. MR 2780574 (2012b:42039) 37. B. Jefferies, Spectral properties of noncommuting operators, Lecture Notes in Mathematics, vol. 1843, Springer-Verlag, 2004. MR 2069293 (2007a:47007) 38. P.C. Kunstmann and L. Weis, Maximal Lp -regularity for parabolic equations, Fourier multiplier theorems and H ∞ -functional calculus, Functional analytic methods for evolution equations, Lecture Notes in Math., vol. 1855, Springer-Verlag, Berlin, 2004, pp. 65–311. MR 2108959 (2005m:47088) 39. E. Lanconelli, Valutazioni in Lp (Rn ) della soluzione del problema di Cauchy per l’equazione di Schr¨ odinger, Boll. Un. Mat. Ital. (4) 1 (1968), 591–607. MR 0234133 (38 #2452) 40. W. Littman, The wave operator and Lp norms, J. Math. Mech. 12 (1963), 55–68. MR 0146521 (26 #4043) 41. J. Maas and J.M.A.M. van Neerven, On analytic Ornstein-Uhlenbeck semigroups in infinite dimensions, Arch. Math. (Basel) 89 (2007), no. 3, 226–236. MR 2352390 (2008h:47085) 42. , Boundedness of Riesz transforms for elliptic operators on abstract Wiener spaces, J. Funct. Anal. 257 (2009), no. 8, 2410–2475. MR 2555015 (2011c:60177)



THE HODGE-DIRAC OPERATOR ASSOCIATED WITH THE O-U OPERATOR



43.



44.



45. 46. 47.



48. 49.



50.



51. 52.



53.



54.



55. 56. 57. 58. 59.



27



, Gradient estimates and domain identification for analytic Ornstein-Uhlenbeck operators, Parabolic problems, Progr. Nonlinear Differential Equations Appl., vol. 80, Birkh¨ auser/Springer Basel AG, Basel, 2011, pp. 463–477. MR 3052592 J. Maas, J.M.A.M. van Neerven, and P. Portal, Conical square functions and non-tangential maximal functions with respect to the Gaussian measure, Publ. Mat. 55 (2011), no. 2, 313– 341. MR 2839445 , Whitney coverings and the tent spaces T 1,q (γ) for the Gaussian measure, Ark. Mat. 50 (2012), no. 2, 379–395. MR 2961328 G. Mauceri and S. Meda, BMO and H 1 for the Ornstein-Uhlenbeck operator, J. Funct. Anal. 252 (2007), no. 1, 278–313. MR 2357358 (2008m:42024) G. Mauceri, S. Meda, and P. Sj¨ ogren, Endpoint estimates for first-order Riesz transforms associated to the Ornstein-Uhlenbeck operator, Rev. Mat. Iberoam. 28 (2012), no. 1, 77–91. MR 2904131 , A maximal function characterization of the Hardy space for the Gauss measure, Proc. Amer. Math. Soc. 141 (2013), no. 5, 1679–1692. MR 3020855 A. Mc Intosh and A.J. Morris, Finite propagation speed for first order systems and Huygens’ principle for hyperbolic equations, Proc. Amer. Math. Soc. 141 (2013), no. 10, 3515–3527. MR 3080173 G. Metafune, J. Pr¨ uss, A. Rhandi, and R. Schnaubelt, The domain of the Ornstein-Uhlenbeck operator on an Lp -space with invariant measure, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 1 (2002), no. 2, 471–485. MR 1991148 (2004e:35040) A. Miyachi, On some singular Fourier multipliers, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 28 (1981), no. 2, 267–315. MR 633000 (83a:42017) J.M.A.M. van Neerven, γ-Radonifying operators—a survey, The AMSI-ANU Workshop on Spectral Theory and Harmonic Analysis, Proc. Centre Math. Appl. Austral. Nat. Univ., vol. 44, Austral. Nat. Univ., Canberra, 2010, pp. 1–61. MR 2655391 (2011h:47039) , The Lp -Poincar´ e inequality for analytic Ornstein-Uhlenbeck operators, in: W. Arendt, R. Chill, Y. Tomilov (Eds.), “Operator Semigroups Meet Complex Analysis, Harmonic Analysis and Mathematical Physics”, Operator Theory Advances and Applications, Vol. 250, Birkh¨ auser Verlag, 2015. J.M.A.M. van Neerven and L.W. Weis, Invariant measures for the linear stochastic Cauchy problem and R-boundedness of the resolvent, J. Evol. Equ. 6 (2006), no. 2, 205–228. MR 2227694 (2007j:47087) J.C. Peral, Lp estimates for the wave equation, J. Funct. Anal. 36 (1980), no. 1, 114–145. MR 568979 (81k:35089) P. Portal, Maximal and quadratic Gaussian Hardy spaces, Rev. Mat. Iberoam. 30 (2014), no. 1, 79–108. MR 3186932 A. Seeger, C.D. Sogge, and E.M. Stein, Regularity properties of Fourier integral operators, Ann. of Math. (2) 134 (1991), no. 2, 231–251. MR 1127475 (92g:35252) I. Shigekawa, Sobolev spaces over the Wiener space based on an Ornstein-Uhlenbeck operator, J. Math. Kyoto Univ. 32 (1992), no. 4, 731–748. MR 1194112 (94b:60066) E.M. Stein, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, Princeton Mathematical Series, vol. 43, Princeton University Press, Princeton, NJ, 1993. MR 1232192 (95c:42002)



Delft Institute of Applied Mathematics, Delft University of Technology, P.O. Box 5031, 2600 GA Delft, The Netherlands. E-mail address: [email protected] Australian National University, Mathematical Sciences Institute, John Dedman ´ Lille 1, Laboratoire Paul Painleve ´, Building, Acton ACT 0200, Australia, and Universite F-59655 Villeneuve d’Ascq, France. E-mail address: [email protected]




















finite-speed.pdf






speed of propagation, heat kernel bounds, Davies-Gaffney estimates. .... WH be an H-cylindrical Brownian motion on an underlying probability space (Î©, P). 






 Download PDF 



















 471KB Sizes
 0 Downloads
 225 Views








 Report























Recommend Documents




No documents















×
Report finite-speed.pdf





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















