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FINITENESS CONDITION (FG) FOR SELF-INJECTIVE KOSZUL ALGEBRAS AYAKO ITABA



Abstract. We consider a finite-dimensional algebra over an algebraically closed field k. For a relationship between a cogeometric pair (E, σ) and the finiteness condition denoted by (Fg), the following conjecture is proposed by Mori. Let A be a finite dimensional cogeometric self-injective Koszul algebra such that the complexity of A/rad A is finite. Then A satisfies the condition (Fg) if and only if the order of σ is finite. In this article, we show that if A is cogeometric and satisfies the condition (Fg), then the order of σ is finite. Also, in the case of E = Pn−1 , we show that this conjecture holds. Moreover, if A satisfies (rad A)4 = 0, then we show that this conjecture holds.



1. Introduction For a finite-dimensional algebra Λ over an algebraically closed field k, Erdmann, Holloway, Taillefer, Snashall and Solberg [3] introduced certain finiteness condition, denoted by (Fg), by using the Ext algebra of Λ and the Hochschild cohomology ring of Λ. Moreover, Erdmann et al. showed that if Λ satisfies the finiteness condition (Fg), then the support varieties defined by Snashall and Solberg [8] have many properties analogous to those for finite group algebras. Let A be a graded algebra finitely generated in degree 1 over a field k. Artin, Tate and Van den Bergh [2] introduced a point-module over A which play an important role in studying A in noncommutative algebraic geometry. Mori [6] defined a co-point module over A which is a dual notion of point module introduced by Artin, Tate and Van den Bergh in terms of Koszul duality. A co-point module is parameterized by a subset E of a projective space Pn−1 . If Mp is a co-point module corresponding to a point p ∈ E, then ΩMp is also a co-point module. Therefore, there exists a map σ : E −→ E such that ΩMp = Mσ(p) . This pair (E, σ) is called a cogeometric pair and, when E is a projective scheme and σ is an automorphism of E, A is called a cogeometric algebra ([6]). In this article, we consider a finite-dimensional algebra over an algebraically closed field of characteristic 0. For a relationship between a cogeometric pair (E, σ) and the finiteness condition (Fg), the following conjecture is proposed by Mori: Conjecture by Mori Let A be a cogeometric self-injective Koszul algebra such that the complexity of k is finite. Then A satisfies the condition (Fg) if and only if the order of σ is finite. In general, it is not easy to calculate a Hochschild cohomology ring. However, if this conjecture is true, then we only need to calculate the order of σ to check whether A
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satisfies the finiteness condition (Fg) or not without calculating the Ext algebra of A and the Hochschild cohomology ring of A. In this article, our main results are to give a partial answer to this Mori’s conjecture. That is, we show that if A is cogeometric and satisfies the condition (Fg), then the order of σ is finite (see Theorem 9). Also, in the case of E = Pn−1 , we show that this conjecture is true (see Theorem 10). Moreover, if A satisfies (rad A)4 = 0, then we show that this conjecture is true (see Theorem 13). 2. Finiteness condition (Fg) In this section, we recall the definitions of the finiteness condition (Fg) by [3] and the complexity of a module. For any finite-dimensional algebra Λ, Erdmann, Holloway, Taillefer, Snashall and Solberg [3] have introduced the finiteness condition (Fg) as follows. Definition 1. ([3]) A finite-dimensional algebra Λ satisfies the finiteness condition (Fg) if there is a graded subalgebra H of the Hochschild cohomology ring HH∗ (Λ) of Λ such that the following two conditions (Fg1) and (Fg2) hold: (Fg1): H is a commutative Noetherian ring with H 0 = HH0 (Λ)(= Z(Λ)). (Fg2): The Ext algebra of Λ ∞ ⊕ ∗ E(Λ) := ExtΛ (Λ/rad Λ, Λ/rad Λ) = ExtrΛ (Λ/rad Λ, Λ/rad Λ) r=0



is a finitely generated H-module. Here, the Hochschild cohomology ring of Λ is defined to be a graded ring ∞ ⊕ HH∗ (Λ) := Ext∗Λe (Λ, Λ) = ExtrΛe (Λ, Λ), r=0



where Λ := Λ ⊗k Λ is the enveloping algebra of Λ. For example, a group algebra kG satisfies (Fg), where k is a field and G is a finite group. A quantum exterior algebra k⟨x1 , x2 , . . . , xn ⟩/(x2i , xi xj − αi,j xj xi ) (0 ≤ i, j ≤ n, αi,j ∈ k\{0}) satisfies (Fg) when αi,j is a root of unity ([4]). e



op



Remark 2. Note that if a finite-dimensional algebra Λ satisfies (Fg), then the Hochschild cohomology rings HH∗ (Λ)/NΛ of Λ modulo nilpotence and the Ext algebra E(Λ) of Λ are finitely generated as algebras. Now, we recall the definition of the complexity of a left Λ-module M (see [9], for example). Definition 3. Let · · · −→ Pn −→ Pn−1 −→ · · · −→ P0 −→ M −→ 0 be a minimal projective resolution of M . Then the complexity of M is cx(M ) := min{b ∈ N0 | ∃a ∈ R; dim Pn = anb−1 , ∀n ≫ 0}. This definition leads immediately to the following two remarks: Remark 4. (1) If a left Λ-module M has the complexity zero, then M has finite projective dimension. (2) If a module M satisfies cx(M ) ≤ 1, then dimk Pn is bounded for n ≥ 0.
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3. Cogeometric pair and cogeometric algebra In this section, we will summarize the definitions of a co-point module, a cogeometric pair and a cogeometric algebra from [6]. Mori defined a co-point module over A which is a dual notion of a point module introduced by Artin, Tate and Van den Bergh [2] in terms of Koszul duality. The reader is referred to [6] in details. Let A be a graded algebra finitely generated in degree 1 over an algebraically closed field k of characteristic 0. That is, A = k⟨x1 , x2 , . . . , xn ⟩/I, where I is an ideal of A. For a point p = (a1 , a2 , . . . , an ) ∈ Pn−1 , we define a left A-homomorphism p : A −→ A by p(1) := a1 x1 + a2 x2 + · · · + an xn (1 ∈ A). That is, for all f ∈ A, we have p(f ) = f · (a1 x1 + a2 x2 + · · · + an xn ). Also, Coker p is denoted by Mp . Definition 5. ([6]) A left A-module M is called a co-point module if, for every i ∈ N, there exists a point pi in Pn−1 such that a minimal free resolution of M is as follows: pi



pi−1



p2



p1



p0



ε



· · · −→ A −→ · · · −→ A −→ A −→ A −→ M −→ 0. By the definition, we have that M = Mp0 and the i-th syzygy Ωi M = Mpi for i ≥ 1. Note that, for a co-point module Mp , cx(Mp ) = 1. A co-point module is parameterized by a subset E of a projective space Pn−1 . If Mp is a co-point module corresponding to a point p ∈ E, then ΩMp is also a co-point module. Therefore, there exists a map σ : E −→ E such that ΩMp = Mσ(p) . Definition 6. ([6]) When E is a projective scheme and σ is an automorphism of E, the pair (E, σ) is called a cogeometric pair of A and A is called a cogeometric algebra. In this case, we write P ! (A) = (E, σ) and A = A! (E, σ), respectively. Using [2], [7] and [6], we have the following theorem. Theorem 7. If a graded k-algebra A is self-injective Koszul such that the complexity of A/rad A is finite and (rad A)4 = 0, then the complexity of A/rad A is less than or equal to three and A is a cogeometric algebra. Example 8. Let A be a graded k-algebra k⟨x, y⟩/(x2 , αxy + yx, y 2 ) (α ∈ k\{0}). This algebra A is self-injective Koszul with cx(A/rad A) = 2. By Theorem 7, A is cogeometric. Therefore, we have that the cogeometric pair P ! (A) of A is (P1 , σ), where ( ) α 0 σ := ∈ Aut P1 = PGL2 (k). 0 1 4. Main results This section describes our main results in this article about the conjecture proposed by Mori. Recall the Mori’s conjecture as follows: Conjecture by Mori Let A be a cogeometric self-injective Koszul algebra such that the complexity of k is finite. Then A satisfies the condition (Fg) if and only if the order of σ is finite.
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As stated in Introduction, if this Mori’s conjecture is true, we only need to calculate the order of σ to check whether A satisfies the finiteness condition (Fg) or not without calculating the Ext algebra of A and the Hochschild cohomology ring of A. Our main results are to give a partial answer to this Mori’s conjecture. Theorem 9. ([5]) If a finite-dimensional self-injective k-algebra A = A! (E, σ) is cogeometric and satisfies (Fg), then the order of σ is finite. Theorem 10. ([5]) Let A be a cogeometric self-injective Koszul algebra such that the complexity of k is finite. If A = A! (Pn−1 , σ), then A satisfies the condition (Fg) if and only if the order of σ is finite. Using [1], [7] and [6], we have the following classification of self-injective Koszul algebras A of cx (A/rad A) < ∞: (i) rad A = 0 ⇝ A ∼ = k (as a graded k-algebra), P ! (A) = (ϕ, id); (ii) (rad A)2 = 0 ⇝ A ∼ = k[x]/(x2 ) (as a graded k-algebra), P ! (A) = (P0 , id); 3 (iii) (rad { A) = 0 ⇝ 2 A∼ = k⟨x, y⟩/(x , αxy + yx, y 2 )(α ∈ k\{0}, as a graded k-algebra), P ! (A) = (P1 , σ1 ), 2 A∼ y⟩/(−x2)+ xy, xy + yx, a graded k-algebra), P ! (A) = (P1 , σ2 ), = k⟨x, ( ( y )(as ) α 0 1 −1 where σ1 = and σ2 = . 0 1 0 1 In the case of (rad A)3 = 0, we see that E is a projective space. By the above classification and Theorem 10, we have the following corollary. Corollary 11. ([5]) Let A be a cogeometric self-injective Koszul algebra such that the complexity of k is finite. If A satisfies (rad A)3 = 0, then A satisfies the condition (Fg) if and only if the order of σ is finite. We give an example of Corollary 11 as follows. Example 12. We consider a graded k-algebra A = k⟨x, y⟩/(ax2 + byx, cx2 + axy + dyx + by 2 , cxy + dy 2 ) (a, b, c, d ∈ k). Then A is a self-injective Koszul algebra if and only if ad − bc ̸= 0 holds. Hence, A is cogeometric, so we have ( ) a b ! 1 P (A) = (P , σ) (σ = ∈ PGL2 (k) = Aut P1 ). c d Moreover, using Corollary ( 11, A ) satisfies (Fg) if and only if there exists a natural number 1 0 n ∈ N such that σ n = . 0 1 Theorem 13. ([5]) Let A be a cogeometric self-injective Koszul algebra such that the complexity of k is finite. If A satisfies (rad A)4 = 0, then A satisfies the condition (Fg) if and only if the order of σ is finite. Remark 14. Note that if (rad A)3 ̸= 0 then E is not a projective space in general. We conclude this article by giving an example for Theorem 13.
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Example 15. Suppose that (E, σ) is a geometric pair, where E is a triangle in P2 and σ ∈ Aut E circulates three component. That is, we assume that E := V(xyz) = V(x) ∪ V(y) ∪ V(z) and σ(V(x)) := V(y), σ(V(y)) := V(z) and σ(V(z)) := V(x). Then, by determing the automorphism σ ∈ Aut E, we have   σ(0, b, c) = (αc, 0, b), σ(a, 0, c) = (c, βa, 0),  σ(a, b, 0) = (0, a, γb), where αβγ ̸= 0, 1. Also, by calculating A = A! (E, σ),  2 x + βzy, A = k⟨x, y, z⟩/  y 2 + γxz, z 2 + αyx,



we have  xy, yz,  , zx



where αβγ ̸= 0, 1. This algebra A is a cogeometric self-injective Koszul algebra such that the complexity of k is finite with (rad A)4 = 0. On the other hand, by calculating σ 3 ∈ Aut E, we have   σ 3 (0, b, c) = (0, b, αβγc), σ 3 (a, 0, c) = (αβγa, 0, c),  3 σ (a, b, 0) = (a, αβγb, 0). Then, |σ 3 | < ∞ ⇐⇒ |σ| < ∞ ⇐⇒ αβγ : a root of unity. Applying Theorem 13, A satisfies (Fg) if and only if αβγ is a root of unity. References [1] M. Artin and W. Schelter, Graded algebras of global dimension 3, Adv. Math. 66 (1987), 171–216. [2] M. Artin, J. Tate and M. Van den Bergh, Some algebras associated to automorphisms of elliptic curves, The Grothendieck Festschrift, vol. 1, Progress in Mathematics vol. 86 (Brikh¨auser, Basel, 1990) 33–85. [3] K. Erdmann, M. Holloway, R. Taillefer, N. Snashall and Ø. Solberg, Support varieties for selfinjective algebras, K-Theory 33 (2004), no. 1, 67–87. [4] K. Erdmann and Ø. Solberg, Radical cube zero weakly symmetric algebras and support varieties, J. Pure Appl. Algebra 215 (2011), 185–200. [5] A. Itaba, Finiteness condition (Fg) for self-injective Koszul algebras, preprint. [6] I. Mori, Co-point modules over Koszul algebras, J. London Math. Soc. 74 (2006), 639–656. [7] S. P. Smith, Some finite dimensional algebras related to elliptic curves, in Representation Theory of Algebras and Related Topics (Mexico City, 1994), CMS Conf. Proc, 19. Amer. Math. Soc., Providence, (1996), 315–348. [8] N. Snashall and Ø. Solberg, Support varieties and Hochschild cohomology rings, Proc. London Math. 81 (2004), 705–732. [9] Ø. Solberg, Support varieties for modules and complexes, Trends in representation theory of algebras and related topics, Contemp. Math., 406, Amer. Math. Soc., Providence, RI, (2006), 239–270.
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