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Fragility and Robust Design of Optimal Auctions Georgios Kotsalis Jeff S. Shamma



Abstract— We consider the fragility problem of optimal auctions under a general class of preference relations and type spaces. We show that in generic settings feasibility of optimal auctions relies on the principals exact knowledge of the preference relations of the bidders. In the absence of such exact knowledge, a self-interested bidder will find it profitable to either misreport her private information or not participate at the auction. This phenomenon is a manifestation of fragility. Given this limitation we design auctions that are robust to model misspecification by leveraging tools from robust optimization, while maintaining computational tractability.



I. I NTRODUCTION In the classical paradigm of auction mechanisms, the decision problems faced by the bidders are modelled as a game of incomplete information designed by the seller. Within this framework the question on how to design auctions optimally was answered by Myerson in [9]. The seller’s problem amounts to selecting a payment and an allocation rule that induce a Bayesian game that possesses a Nash equilibrium giving him the highest possible expected utility. The theoretical underpinnings for games of incomplete information were developed by Harsanyi in [4]. In accordance to Harsanyi’s model, each player holds private information in terms of beliefs about the payoff parameters, beliefs on the others agents’ beliefs on her own beliefs on the parameters of the games, etc.. The hierarchy of beliefs of each player represented by the concept of the type. Players have distributional information over the type space, and it is assumed that this distribution forms a common prior. The common prior/common knowledge assumptions of Bayesian games are inherited in the mechanism design literature and in particular in auction mechanisms. The fact that the designer possesses such explicit knowledge about the players’ beliefs has come under repeated scrutiny [1], [8], [12] in regards to its relevance in practical applications as well as the validity of the conclusions that can be derived from it. A shift from the classical setup and its insights is achieved by steering the investigation towards richer type Georgios Kotsalis and Jeff S. Shamma are with the School of Electrical and Computer Engineering, Georgia Institute of Technology, Atlanta, GA 30332, USA. Email: [email protected], and
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spaces and by weakening the common knowledge assumptions between the designer and the players. In much of the robust mechanism design literature it is assumed that the designer has no knowledge about the players’ beliefs leading to robust implementation concepts that reduce to dominant strategy implementation in the case of private valuations, [8], and ex-post implementation in interdependent valuation environments, [1]. Dominant strategy and ex-post implementation can be restrictive equilibrium concepts, [3], [10], [6]. In this work we study optimal auction design in intermediate environments that lie between the extreme cases of a known common prior and complete absence of distributional information. Our motivation stems from the observation that while the need for accounting for model misspecification in auction design has been recognized, employing the ex-post equilibrium or the dominant strategy solution concepts can be too conservative. The fragility problem of optimal auctions is investigated when there is misspecification with respect to a baseline model. Fragility refers to the situation where the seller designs an optimal auction with respect to a particular model class and due to discrepancy between the assumed model by the seller and the actual model employed by the bidders, the latter ones are better off misreporting their private information or even not participating at the auction at all. Preliminary results with regards to this problem where obtained in [7], in the case where each bidder is an expected utility maximizer while having a single conditional distribution on the profiles of payoff types of the other players given her own payoff type. These results are extended in this work in two directions. The preference relations of the bidders are not restricted to have a von Neumann-Morgenstern [11] representation, i.e. expected utility with a single probability measure. Secondly the private information signal of each bidder is allowed to belong to a type space that is larger than the payoff type space. The first generalization in terms of the preference relations employed by the bidders allows one to investigate the fragility problem of optimal auction design in cases where the bidders are faced with model ambiguity in terms of the probability distribution on the states of the world. This is a reasonable requirement, if the seller is allowed to exhibits doubts about the accuracy of his model, then the decision makers that are part of his model should be allowed to exhibit uncertainty as well. The second generalization in terms of not restricting the
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private information of the bidders to be their payoff type is imposed in relation to the question of whether fragility persist if the bidders observe and are asked to report a more informative signal than the payoff type. As a result of this investigations we are able to identify the source of fragility in optimal auction design and outline accordingly a procedure for locally robust implementation.



An auction consists of • •



a : B → ∆[I],



II. F RAGILITY OF OPTIMAL AUCTIONS •



A. Notation We denote by I a section of the integers, i.e. I = {1, ..., n} this will be the set of players. For a given set S consider the n-tuple x : I → S. We refer to the n-tuple x as a profile, and we denote such a profile by x = (xi )i∈I , where xi = x(i) for i ∈ I. For j ∈ I we denote by I−j = I − {j} the set of players excluding j. For a profile x = (xi )i∈I and j ∈ I we denote by x−j the list (xi )i∈I−j of all the values of the profile x except the one corresponding to player j. Given a profile x and an element xi , i ∈ I, we sometimes write x = (x−i , xi ). If Xi Q is a set for each i ∈ I then we denote by X−i the set j∈I−i Xj . For a finite set we will always consider its power set as the associated sigma algebra. B. Standard auction model In this section we review the standard auction model developed in [9]. There is one seller who has a single object to sell. He faces N players, who are also called bidders or buyers, denoted by the set I. Both the seller and the buyers are assumed to be risk neutral. The set of possible valuations of the object will be denoted by



a set of bids B = B1 × . . . × Bn , where for i ∈ I, Bi is the set of possible bids for bidder i an allocation rule



where ∆[I] is the set of probability distributions over the set of bidders a payment rule µ : B → Rn .



The allocation rule determines, as a function of the bid profile b ∈ B, the probability ai (b) that bidder i ∈ I will receive the object. The payment rule determines, as a function of the bid profile b ∈ B, for each bidder i ∈ I the payment µi (b) that i ∈ I must make. In the standard auction setup one has for i ∈ I, Bi = Ti = V . The bidders observe their own valuation privately and submit a report to the seller who then implements the payment and allocation rule. For a given auction ha, µi suppose that bidder i ∈ I has private valuation vi ∈ V and makes the report vˆi to the seller. Suppose that the other players announce their private valuation v−i ∈ V−i truthfully. The expected payoff for bidder i ∈ I is given then by X Xi (a, µ, vi , vˆi ) = πi [(v−i , vi )]Ci (a, µ, v, vˆi ), v−i ∈V−i



where Ci (a, µ, v, vˆi )



V = {v1 , . . . , vk },



=



ai (v−i , vˆi )(vi − µi (v−i , vˆi )) (1 − ai (v−i , vˆi ))(−µi (v−i , vˆi )).



where k ∈ Z+ , k ≥ 2. The valuation of each buyer is private information and corresponds to her type. We denote the set of types of each player i ∈ I by Ti and set Ti = V for all i ∈ I. The set n Y T = Ti = V n



The seller designs the auction in such a way that bidders reporting their private information truthfully while participating in the auction forms a Nash equilibrium of the induced Bayesian game. An auction ha, µi is incentive compatible if for all i ∈ I, vi ∈ Vi , vˆi ∈ Vi



i=1



represents the states of nature. The seller has a subjective probability distribution πs over the states of nature, X πs : V n → R + , πs (v) = 1,



Xi (a, µ, vi , vi ) ≥ Xi (a, µ, vi , vˆi ). An auction ha, µi is individually rational if for all i ∈ I, vi ∈ V i Xi (a, µ, vi , vi ) ≥ 0.



v∈V n



It is assumed that πs (v) > 0, ∀v ∈ V n . For i ∈ I let pi denote the probability distribution of bidder i on V n . Again it is assumed that pi (v) > 0, ∀v ∈ V n , ∀i ∈ I. The conditional belief function of bidder i ∈ I given her own valuation vi is denoted by πi : V n → R+ where pi [v−i , vi ] . πi [(v−i , vi )] = P s−i ∈V−i pi [s−i , vi ]



An auction ha, µi is feasible if it satisfies the incentive compatibility and individual rationality constraints. The sellers problem amounts to designing an incentive compatible and individually rational auction ha, µi that maximizes his expected revenue X X πs (v)( µi (v)).
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v∈V



i∈I



C. General auction model and fragility The notion of model misspecification is not addressed in the standard auction mechanism design setup. It is assumed that the seller possesses exact knowledge of the utilities and prior beliefs of the players. If the seller designs a feasible optimal auction the bidders will by default accept it as such. The fragility problem resulting from model misspecification in the case where each bidder is an expected utility maximizer while having a single probability distribution on the profiles of payoff types of the other players given her own payoff type was investigated in [7]. A question that arises is whether the fragility of optimal auctions is tied to this particular decision theoretic model, namely expected utility maximization with a single prior. Furthermore we investigate whether fragility of optimal auctions is present in larger type spaces than the set of valuation profiles considered in [7] in accordance to the standard auction mechanism setup. We start out with a more general auction model than the standard one to the extend that it is necessary for the exposition of subsequent results. We consider a finite state space Ω, without insisting that Ω = V n , that admits the decomposition Ω = Ω1 × . . . × Ωn . For each i ∈ I we set Ti = Ωi . This means that each bidder i ∈ I observes the i’th coordinate ωi ∈ Ωi of the state profile ω ∈ Ω directly. Furthermore for each i ∈ I we set Bi = Ωi . This means that each bidder i ∈ I reports a possible value of her private information signal to the seller. In the language of mechanism design the set of bids is the message space and by setting ∀i ∈ I, Ti = Bi = Ωi we restrict our attention to direct mechanisms. In the case of interdependent valuations the valuation of the object for bidder i ∈ I is given by the map vi : Ω → R In the case of private values where each bidder can assess the value of the object based on her own private information one has ∀i ∈ I, ∀ωi ∈ Ωi , ∀ω−i , ω ˜ −i ∈ Ω−i vi (ωi , ω−i ) = vi (ωi , ω ˜ −i ). An auction is characterized as the pair ha, µi where



respectively. Bidder i ∈ I having observed her own private information ωi ∈ Ωi is uncertain about her payoff due to the lack of knowledge of ω−i as well as the random nature of the allocation rule. We employ a “Savage” style decision theoretic model where each bidder is faced with a set of acts controlled by her own report, assuming that other bidders report truthfully. In particular fix i ∈ I and ωi ∈ Ωi and let X(i,ωi ) (a, µ, ω ˆi) = f where f : Ω−i → R3 and 



 ai (ω−i , ω ˆi) ˆi)  . f (ω−i ) =  vi (ω) − µi (ω−i , ω −µi (ω−i , ω ˆi)



The set X(i,ωi )



= {f : Ω−i → R3 | f = X(i,ωi ) (a, µ, ω ˆ i ), ω ˆ ∈ Ωi , µ ∈ M, a ∈ A}



is the set of acts corresponding to player i ∈ I when her private information is ωi ∈ Ωi . Let %(i,ωi ) denote the preference relation of bidder i ∈ I when her private information is ωi ∈ Ωi . We call a set of preference relations {{%(i,ωi ) }ωi ∈Ωi }i∈I an information structure. The information structure of the bidders is denoted by m(b) . The preference relations of the bidders will not be explicitly characterized at the moment apart from the requirement that they satisfy the following continuity condition. Fix i ∈ I, ωi ∈ Ωi and let f, g ∈ X(i,ωi ) . Suppose that f (i,ωi ) g then there exists open sets A, B ⊂ Xi such that f ∈ A and g ∈ B and for all a ∈ A, b ∈ B it holds that a (i,ωi ) b. In the standard auction mechanism setup it is assumed that the seller knows m(b) , the information structure of the bidders. In understanding problems of model misspecification we have to distinguish between information structures employed by the seller in the design of the auction and the actual information structure of the bidders. We denote with m(s) the information structure assumed by the seller. Fix i ∈ I, ωi ∈ Ωi and let f, g ∈ X(i,ωi ) , we write



a : Ω → ∆[I], µ : Ω → Rn



f [(i,ωi ),m(b) ] g



are the allocation and payment rule respectively. Let the spaces of possible allocation and payment rules be denoted by A = {f | f : Ω → ∆[I]}



when bidder i weakly prefers f to g when her private information is ωi ∈ Ωi and



and



when the seller assumes that bidder i would weakly prefer f to g when her private information is ωi ∈ Ωi .



M = {f | f : Ω → Rn }



f [(i,ωi ),m(s) ] g
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and



The payoff of the seller is an act



X(i,ωi ) (a, µ, ωi ) 6= Y∅ .



Xs : Ω → R. X Xs (ω) = µi (ω). i∈I



Let the set of possible payoff acts of the seller be denoted by F = {f | f : Ω → R}. The seller ranks the outcomes of the auction according to his own preference relation %s on F. His preference relation satisfies a monotonicity condition. Given f, g ∈ F and suppose that for all ω ∈ Ω, f (ω) ≥ g(ω) with the inequality being strict for some elements of Ω then f s g. When a bidder does not participate in the auction we will denote the corresponding constant act by Y∅ , where   0 Y∅ (ω−i ) =  0  . 0 A seller with the information structure m(s) designs an auction ha, µi subject to the constraints • for all i ∈ I, ωi ∈ Ωi , ω ˆ i ∈ Ωi



Consider a set P that contains preference relations on a set A. We say that P satisfies the resolution property if for any given f, g ∈ A such that f 6= g and f ∼ g with ˆ ∈P respect to a preference relation %∈ P there exists % ˆ such that f g. Theorem 2.1: Consider an optimal auction ha, µi design based on the perceived information structure by the seller m(s) . Suppose that the auction is generic and that m(s) ∈ P where P is a set of information structures that satisfies the resolution property. There exists m(b) ∈ P, such that m(s) 6= m(b) and the given optimal auction ha, µi is fragile. Proof: We first show that given an optimal auction ha, µi, for every bidder i ∈ I and every private signal ωi ∈ Ωi either there exists ω ˆ i ∈ Ωi such that ω ˆ i 6= ωi and , X(i,ωi ) (a, µ, ωi ) ∼[(i,ωi ),m(s) ] X(i,ωi ) (a, µ, ωˆi ) or X(i,ωi ) (a, µ, ωi ) ∼[(i,ωi ),m(s) ] Y∅ . Fix i ∈ I, ωi ∈ Ωi and suppose that X(i,ωi ) (a, µ, ωi ) [(i,ωi ),m(s) ] X(i,ωi ) (a, µ, ωˆi ) for all ω ˆ i ∈ Ωi and



X(i,ωi ) (a, µ, ωi ) %[(i,ωi ),m(s) ] X(i,ωi ) (a, µ, ω ˆ i ) (1) •



and for all i ∈ I, ωi ∈ Ωi X(i,ωi ) (a, µ, ωi ) %[(i,ωi ),m(s) ] Y∅ .



X(i,ωi ) (a, µ, ωi ) [(i,ωi ),m(s) ] Y∅ . Given the continuity of the preference relation of bidder i ∈ I there exist open sets A, B in X(i,ωi ) such that



(2)



X(i,ωi ) (a, µ, ωi ) ∈ A,



Furthermore for all h˜ a, µ ˜i that satisfy (1), (2) it holds that ˜s, Xs %s X



˜ s are the corresponding payoff acts of where Xs and X the seller . Constraints (1), (2) are incentive compatibility and individual rationality respectively, while (3) is an optimality condition. An auction ha, µi is feasible if • for all i ∈ I, ωi ∈ Ωi and ω ˆ i ∈ Ωi X(i,ωi ) (a, µ, ωi ) %[(i,ωi ),m(b) ] X(i,ωi ) (a, µ, ω ˆ i ) (4) •



X(i,ωi ) (a, µ, ω ˆ i ) ∈ B,



(3)



for all ω ˆ i ∈ Ωi and for all f ∈ A, g ∈ B, f [(i,ωi ),m(s) ] g and f [(i,ωi ),m(s) ] Y∅ . The act X(i,ωi ) exhibits continuous dependence on the payment rule µ ∈ M. Therefore there exists an open set C ⊂ M, such that µ ∈ C and for any µ ˆ ∈ C one has



and for all i ∈ I, ωi ∈ Ωi X(i,ωi ) (a, µ, ωi ) %[(i,ωi ),m(b) ] Y∅ .



X(i,ωi ) (a, µ ˆ, ωi ) ∈ A (5)



and X(i,ωi ) (a, µ ˆ, ω ˆ i ) ∈ B.



An auction ha, µi is fragile if it is not feasible. We call the an auction ha, µi generic if there exists a bidder i ∈ I and ωi ∈ Ωi such that for all ω ˆ i ∈ Ωi with ω ˆ i 6= ωi ,



As such individual rationality and incentive compatibility are preserved for any ha, µ ˆi where µ ˆ ∈ C. For  > 0, where  is small enough the payment rule µ ˆ, with



X(i,ωi ) (a, µ, ωi ) 6= X(i,ωi ) (a, µ, ωˆi )



µ ˆ[(ωi , ω−i )] = µ[(ωi , ω−i )] +  251



while for ω ˜ i 6= ωi , µ ˆ[(˜ ωi , ω−i )] = µ[(˜ ωi , ω−i )] will be in C. But this particular payment rule is strictly prefered by the seller in comparison to µ contradicting the optimality of the original auction ha, µi. We can conclude therefore that for all i ∈ I, ωi ∈ Ωi either there exists ω ˆ i 6= ωi such that X(i,ωi ) (a, µ, ωi ) ∼[(i,ωi ),m(s) ] X(i,ωi ) (a, µ, ωˆi ) or X(i,ωi ) (a, µ, ωi ) ∼[(i,ωi ),m(s) ] Y∅ . Since given auction is generic and the given set P satisfies the resolution property there exists m(b) 6= m(s) such that the auction is fragile. The above theorem shows the fragility of optimal auctions in a general setting. The type space is not restricted to the set of valuation profiles and the fragility of optimal auctions was derived using some rather innocuous properties of a preference relations involved, namely continuity of the preference relations of the bidders and monotonicity of the preference relation of the seller. Thus the results are valid also in the case where the bidders employ continuous non-classical preference relations, for instance when the bidders exhibit ambiguity aversion with preferences of the maxmin expected utility form, [5]. We will look at this latter case closer and in particular show how to design robust optimal auctions in this context. The theory of ambiguity aversion is based on distinguishing between risky and ambiguous lotteries. A risky lottery is a random variable with known probability measure. An ambiguous lottery is a random variable where the decision maker does not know its probabilistic structure. Preferences over ambiguous lotteries can not be represented by a combination of a utility function and a single prior distribution. The maxmin expected utility framework developed in [5] provides a classic attempt in terms of providing decision theoretic foundations for ambiguous lotteries. A thought experiment is provided in [2] that clarifies the difference between risk and ambiguity. The subject in the experiment faces an urn that contains 30 red balls and 60 balls that are a mixture of black and yellow in an unknown ratio. The subject has unambiguous beliefs in regards to the probability of drawing a red ball and ambiguous beliefs about drawing a yellow or a black ball. The subject is presented with four possible payoffs expressed in terms of ordered triples A = (100, 0, 0), B = (0, 100, 0), C = (100, 0, 100), D = (0, 100, 100). The order in the triples is red, black yellow. Empirical evidence suggests that most decision makers express strict preference in A over B and D over C. The aforementioned behaviour is not consistent with expected utility maximization using a single prior. The latter type of preferences would suggest that a decision



maker would pick A over B and C over D. The described thought experiment is known as Ellsberg paradox. The word paradox is used to suggest that the empirically observed preferences are not supported by expected utility maximization using a single probability measure. The empirically observed preferences are consistent though with an uncertainty adverse decision maker who in the case where she has insufficient information to form a prior, she considers a set of possible priors and takes into account the minimal expected utility over all priors in the set while evaluating a bet. We consider now an auction model where the bidders have max min preferences. The objective of the seller is to achieve feasibility of his auction mechanism, while he does not have precise knowledge on how the bidders perceive model ambiguity. Let V = {v1 , . . . , vk } denote the set of possible valuations. The state space is Ω = V n, and we consider direct mechanisms, where ∀i ∈ I Ti = Bi = V. In the nominal case bidder i ∈ I having observed her own valuation vi ∈ V has a set of possible conditional beliefs on v−i ∈ V−i , i.e. (1)



(r)



Πi,vi = {π(i,vi ) , . . . , π(i,vi ) } where r ∈ Z+ , r ≥ 2 and for all k ∈ {1, . . . , r} (k)



π(i,vi ) : V−i → R+ . Bidder i ∈ I, having observed her private information vi ∈ V will weakly prefer reporting vi than vˆi if X π(i,vi ) [v−i ]Ci (a, µ, vi , vi ) ≥ min π(i,vi ) ∈Πi,vi



min



π(i,vi ) ∈Πi,vi



v−i ∈V



X



π(i,vi ) [v−i ]Ci (a, µ, vi , vˆi ).



v−i ∈V



The above condition imposes a set of linear inequalities to the auction mechanism ha, µi. To make this explicit consider some enumeration of V n and let ξ = (av , µv ) be the decision variables of the auction problem in vector form. The auction design problem can then be written as max cTv ξ,



(6)



subject to
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Arc ξ



≤ 0,



(7)



Af ξ



≤ 0.



(8)



The objective to be maximized (6) corresponds to the expected payoff of a risk neutral seller. The individual rationality and incentive compatibility constraints are lumped in (7); (8) enforces that the vector av satisfies the constraints of a probabilistic allocation. When the principal is faced with uncertainty in the specification of Π(i,vi ) , where i ∈ I and vi ∈ V the constraint matrix Arc is said to belong to an uncertainty class U and (7) is replaced by Arc ξ ≤ 0, ∀Arc ∈ U.



(9)



The choice of U balances the need to realistically reflect the given situation at hand as well as tractability requirements. In this work we assume that the uncertainty set is parameterized in an affine way. In particular let us denote the vector form of a possible conditional belief of player i ∈ I having valuation vi ∈ V , (k) π(i,vi ) ,



The above set of inequalities is equivalent to a finite system of linear inequalities. One can write li X j=1



max



(k,v)



(0,k)



Π(i,vi ) = {x|x = π(i,vi ) +



ψj aj,δ T ξ ≤ −a0 T ξ



j=1



The in the left hand side of the above expression Pmaximum li |aj,δ T ξ| and this leads to the convex constraint is j=1 T



a0 ξ +



li X



|aj,δ T ξ| ≤ 0.



j=1



The last inequality is equivalent to the set of linear inequalities. −uj ≤ aj,δ T ξ ≤ uj , j = 1, . . . , li li X uj ≤ 0 a0 T ξ +



(k,v)



li X



li X



−1≤ψj ≤1



k ∈ {1, . . . , r}



by π(i,vi ) . The corresponding uncertainty set is given by



ψj aj,δ T ξ ≤ −a0 T ξ, ψ ∈ Ψ ⇔



j=1



(δ,k)



ψj π(i,vi ,j) , ψ ∈ Ψ}.



j=1 (0,k)



The vector π(i,vi ) corresponds to the nominal condtional



Thus the inequality constraints in (9) affected by the uncertainty in the beliefs are equivalent to a finite set of linear inequalities. The robust auction design problem in the case of the aforementioned affine uncertainty description is still a linear program.



(k,v)



distribution π(i,vi ) . The vectors
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{π(i,vi ,j) }j∈{1,...li } are shifts, li is a positive integer, and ψ = (ψ1 , . . . , ψli ) is the perturbation vector taking values in the perturbation set li Y Ψ= [−1, 1]. j=1
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