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FUNCTIONS STARLIKE WITH RESPECT TO N-PLY SYMMETRIC, CONJUGATE AND SYMMETRIC CONJUGATE POINTS V. RAVICHANDRAN



Abstract. We introduce certain classes of starlike, convex and close to convex functions with respect to n-ply symmetric points, conjugate points and symmetric conjugate points and discuss their convolution properties. AMS subject classification: 30C45 Keywords and phrases: convex, starlike, close-to-convex functions; subordination, convolution; symmetric, conjugate, symmetric conjugate points.



1. Introduction P n Let A be the class of all analytic functions f (z) = z + ∞ n=2 an z defined on the unit disk U = {z : |z| < 1}. A function f ∈ A is said to be starlike if zf 0 (z)/f (z) is subordinate to (1 + z)/(1 − z) and convex if 1 + zf 00 (z)/f 0 (z) is subordinate to (1 + z)/(1 − z). Clearly the function (1 + z)/(1 − z) is univalent and convex in the unit disk. Therefore we can replace the function (1 + z)/(1 − z) by some convex function h(z) with h(0) = 1 to define the unified classes   zf 0 (z) ∗ ≺ h(z) S (h) = f ∈ A| f (z) and   zf 00 (z) C(h) = f ∈ A|1 + 0 ≺ h(z) f (z) where ≺ denotes subordination. Similarly we see that the function f is z z is starlike and convex, if f ∗ (1−z) starlike, if f ∗ 1−z 2 is starlike. These ideas lead to the study of the class of all functions f such that f ∗ g is starlike for some fixed function g in A. In this direction, the studies were made already by Padmanabhan and Parvatham[6], Manjini and Padmanabhan [7], and Shanmugam[11]. In this paper, certain classes of analytic functions with respect to n-ply symmetric points, conjugate points and symmetric conjugate points are 1
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introduced and their convolution properties are discussed. See [5, 8] for related results. P P∞ n n Let f (z) = z + ∞ in A, n=2 an z , g(z) = z + n=2 bn z be functions P n then their convolution is the functions (f ∗ g)(z) = z + ∞ a n=2 n bn z . ∗ We denote by S (α), the class of all starlike functions of order α. The class Rα of prestarlike functions of order α is defined by   z ∗ Rα = f ∈ A|f ∗ ∈ S (α) (1 − z)2−2α for α < 1 and   f (z) R1 = f ∈ A|Re > 1/2 . z The following results are used to prove our main results: Theorem A [10] If f ∈ Rα and g ∈ S ∗ (α), then for any analytic function H(z) in U , we have f ∗ (Hg) (U ) ∈ Co(H(U )), f ∗g where Co(H(U )) denote the closed convex hull of H(U ). Theorem B [4] If G and Hare analytic and H is convex univalent in U with the range in some convex set D, then the range of the numbers G(z2 ) − G(z1 ) , H(z2 ) − H(z1 ) for z1 , z2 ∈ U, is also contained in D.



2. Definitions and Main Results Let g be a fixed function in A and h denote a convex function on U with h(0) = 1, Reh(z) > α for all z ∈ U , P 0 ≤ α < 1. Let n ≥ 1 be any n−1 n−k 1 n integer and  = 1,  6= 1. Let fn (z) = n k=0  f (k z). Definition 1. Let Sgn (h) denote the class of all functions f ∈ A satisfying (g ∗ f )n (z)/z 6= 0 in U and z(g ∗ f )0 (z) ≺ h(z). (g ∗ f )n (z)
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Definition 2. Let Kgn (h) denote the class of all functions f ∈ A such that (g ∗ f )0n (z) 6= 0 in U and satisfying (z(g ∗ f )0 (z))0 ≺ h(z). (g ∗ f )0n (z) Remark 1. (i) If n = 1 and α = 0, the classes introduced in the definitions 1 and 2 coincide with the classes introduced by Shanmugam[11]. (ii) If g(z) = z/(1 − z) and h(z) = (1 + (1 − 2β)z)/(1 − z), then we have the classes introduced by Chand and Singh[1]. Let S n (h) denote the class Sgn (h) with g(z) = z/(1 − z). Then we have the following Theorem 1. If f ∈ S n (h) and g ∈ Rα , then f ∈ Sgn (h). Proof. Since f ∈ S n (h), zf 0 (z) ≺ h(z) fn (z) and therefore, we have



zf 0 (z) > α. fn (z) It follows easily that fn (z) is in S ∗ (α). More generally one can prove, by using the convexity of h(z), that zfn0 (z) ≺ h(z). fn (z) Let H(z) = zf 0 (z)/fn (z). Then H is analytic in U . A computation shows that z(g ∗ f )0 (z) g ∗ (Hfn )(z) = . (g ∗ f )n (z) (g ∗ fn )(z) Using Theorem A, we have g ∗ (Hf )(z) ≺ h(z). (g ∗ f )n (z) This proves the result.  Re



Theorem 2. (i) Kgn (h) ⊂ Sgn (h) (ii) f ∈ Kgn (h) if and only if zf 0 ∈ Sgn (h). 0



0



) (z)] ≺ h(z). Replacing z by k z, k = Proof. Let f ∈ Kgn (h). Then [z(g∗f (g∗f )0n (z) 0, 1, . . . , n − 1, adding the results and simplifying using the convexity, we get [z(g ∗ f )0n (z)]0 ≺ h(z). (g ∗ f )0n (z)
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This implies that the function (f ∗ g)n (z) is convex univalent function. Let M = z(f ∗ g)0 (z) and N (z) = (f ∗ g)n (z). Then M and N are analytic and N is convex univalent and M 0 /N 0 lies in the convex domain h(U ). Using Theorem B, we see that M/N lies in the domain h(U ). This proves that z(g ∗ f )0 (z) ≺ h(z) (g ∗ f )n (z) and therefore f ∈ Sgn (h). Part (ii) follows easily from the identity z(g ∗ zf 0 )0 (z) (z(g ∗ f )0 (z))0 = . (g ∗ zf 0 )n (z) (g ∗ f )0n (z)  Theorem 3. If f ∈ Sgn (h) and φ ∈ Rα , then φ ∗ f ∈ Sgn (h). Proof. Since f ∈ Sgn (h), we have z(g ∗ f )0 (z) ≺ h(z). (g ∗ f )n (z) We can show that, as in Theorem 2, (g ∗ f )n (z) ∈ S ∗ (α). Let H(z) =



z(g ∗ f )0 (z) . (g ∗ f )n (z)



Then z(g ∗ φ ∗ f )0 (z) φ ∗ z(g ∗ f )0 (z) φ ∗ H(g ∗ f )n (z) = = . (g ∗ φ ∗ f )n (z) φ ∗ (g ∗ f )n (z) φ ∗ (g ∗ f )n (z) By an application of Theorem A, we have φ ∗ H(g ∗ f )n (z) ≺ h(z). φ ∗ (g ∗ f )n (z) From the above equation we see that z(g ∗ φ ∗ f )0 (z) ≺ h(z). (g ∗ φ ∗ f )(z) This proves the result.







Remark 2. The above result reduces to a recent result of Rønning[9] about the class of uniformly convex functions of order α and the corresponding class of starlike functions of order α for the proper choice of n, g(z) and h(z). n Theorem 4. Sgn (h) ⊂ Sφ∗g (h) for every function φ ∈ Rα .



Proof. The result follows easily from the Theorem 3.
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Corollary 1. (i) If f ∈ Kgn (h) and φ ∈ Rα , then φ ∗ f ∈ Kgn (h). n (h) for every function φ ∈ Rα . (ii) Kgn (h) ⊂ Kφ∗g



Proof. The results follow from Theorems 2, 3 and 4.







Definition 3. Let Cgn (h) denote the class of all functions f ∈ A such that (g ∗ φ)(z)/z 6= 0 in U and satisfying z(g ∗ f )0 (z) ≺ h(z) (g ∗ φ)n (z) for some φ ∈ Sgn (h). Definition 4. Let Qng (h) denote the class of all functions f ∈ A such that (g ∗ f )(z)/z 6= 0 in U and satisfying, for some φ ∈ Kgn (h), [z(g ∗ f )0 (z)]0 ≺ h(z). (g ∗ φ)0n (z) Remark 3. (i) If n = 1 and α = 0, the classes introduced in the definitions 3 and 4 coincide with the classes introduced by Shanmugam[11]. Theorem 5. Let f ∈ Cgn (h) with respect to a functions f1 ∈ Sgn (h) and assume that φ ∈ Rα . Then φ∗f ∈ Cgn (h) with respect to φ∗f1 ∈ Sgn (h). Proof. By Theorem 3, φ ∗ f1 ∈ Sgn (h). As in the proof of Theorem 2, we can show that (g ∗ f1 )n (z) is in S ∗ (α). Let H(z) =



z(g ∗ f )0 (z) . (g ∗ f1 )n (z)



Using Theorem A, we see that φ ∗ H(g ∗ f1 )n (z) ≺ h(z). φ ∗ (g ∗ f1 )n (z) But we have φ ∗ H(g ∗ f1 )n (z) φ ∗ z(g ∗ f )0 (z) z(g ∗ φ ∗ f )0 (z) = = . φ ∗ (g ∗ f1 )n (z) φ ∗ (g ∗ f1 )n (z) (g ∗ φ ∗ f1 )n (z) This shows that φ ∗ f ∈ Cgn (h) with respect to φ ∗ f1 ∈ Sgn (h). n Corollary 2. Cgn (h) ⊂ Cφ∗g for every function φ ∈ Rα .



Theorem 6. (i) Kgn (h) ⊂ Qng (h) ⊂ Cgn (h). (ii) f ∈ Qng (h) if and only if zf 0 ∈ Cgn (h).
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Proof. Let f ∈ Kgn (h). Then taking φ = f , we have φ ∈ Kgn (h) and [z(g ∗ f )0 (z)]0 ≺ h(z). (g ∗ φ)0n (z) This shows that f ∈ Qng (h). Now, suppose that f ∈ Qng (h). Then there exists φ ∈ Kgn (h) satisfying [z(g ∗ f )0 (z)]0 ≺ h(z). (g ∗ f )0n (z) Then it is easy to verify that the function (g ∗ φ)n (z) is a convex univalent function. Using Theorem B, it is seen that z(g ∗ f )0 (z) ≺ h(z) (g ∗ φ)n (z) where φ is in Sgn (h). This proves part (i). Part (ii) follows from the following identity: z(g ∗ zf 0 )0 (z) (z(g ∗ f )0 (z))0 = . (g ∗ zφ)n (z) (g ∗ φ)0n (z)  Theorem 7. (i) If f ∈ Qng (h) and φ ∈ Rα , then φ ∗ f ∈ Qng (h). (ii) Qng (h) ⊂ Qnφ∗g (h) for every function φ ∈ Rα . Proof. The results follow from Theorems 5 and 6.







Definition 5. Let SSgn (h) denote the class of all functions f ∈ A such that [(g ∗ f )n (z) − (g ∗ f )n (−z)]/z 6= 0 and 2z(g ∗ f )0 (z) ≺ h(z). (g ∗ f )n (z) − (g ∗ f )n (−z) Definition 6. SCgn (h) denote the class of all functions f ∈ A such that [(g ∗ f )0n (z) + (g ∗ f )0n (−z)]/z 6= 0 and satisfying 2[z(g ∗ f )0 (z)]0 ≺ h(z). (g ∗ f )0n (z) + (g ∗ f )0n (−z) Definition 7. Let CSgn (h) denote the class of all functions f ∈ A such that [(g ∗ f )n (z) + (g ∗ f )n (z)]/z 6= 0 and 2z(g ∗ f )0 (z) (g ∗ f )n (z) + (g ∗ f )n (z)



≺ h(z).
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Definition 8. Let CCgn (h) denote the class of all functions f ∈ A such 0



that (g ∗ f )0n (z) + (g ∗ f )n (z) 6= 0 and satisfying 2[z(g ∗ f )0 (z)]0 0



(g ∗ f )0n (z) + (g ∗ f )n (z)



≺ h(z).



Definition 9. Let SCSgn (h) denote the class of all functions f ∈ A such that [(g ∗ f )n (z) − (g ∗ f )n (−z)]/z 6= 0 and 2z(g ∗ f )0 (z) ≺ h(z). (g ∗ f )n (z) − (g ∗ f )n (−z) Definition 10. Let SCCgn (h) denote the class of all functions f ∈ A 0 such that (g ∗ f )0n (z) + (g ∗ f n (−z) 6= 0 and satisfying 2[z(g ∗ f )0 (z)]0 ≺ h(z). (g ∗ f )0n (z) + (g ∗ f )0n (−z) Remark 4. If n = 1, g(z) = z/(1−z), and h(z) = (1+(1−2α)/(1−z) then the classes introduced in the definition 5 and 6 are the familiar classes SS ∗ (α), CS(α) of starlike functions, convex functions with respect to symmetric points in U by Das and Singh[2]. If n = 1, α = 0 and g(z) = z/(1 − z), and h(z) = (1 + z)/(1 − z), then the classes introduced in the definitions 7 through 10 are the classes of starlike/convex functions with respect to conjugate and symmetric conjugate points in U introduced by El-Ashwah and Thomas[3]. Theorem 8. (i) If f ∈ SSgn (h) and φ ∈ Rα , then φ ∗ f ∈ SSgn (h). n (ii) SSgn (h) ⊂ SSφ∗g (h) for every function φ ∈ Rα .



Proof. Let f ∈ SSgn (h). Then 2z(g ∗ f )0 (z) ≺ h(z). (g ∗ f )n (z) − (g ∗ f )n (−z) Replacing z by k z(k = 0, 1, . . . , n − 1) and adding all these relations we get, using the convexity of h(z), that 2z(g ∗ f )0n (z) ≺ h(z). H(z) = (g ∗ f )n (z) − (g ∗ f )n (−z) This shows that (g ∗ f )n (z) is in SS ∗ (α) and therefore 1 G(z) = [(g ∗ f )n (z) − (g ∗ f )n (−z)] 2 ∗ is in S (α). A computation shows that φ ∗ (HG) 2z(φ ∗ g ∗ f )0 (z) = . φ∗G (φ ∗ g ∗ f )n (z) − (φ ∗ g ∗ f )n (−z)



8



V RAVICHANDRAN



Applying Theorem A, we have φ ∗ (HG) ≺ h(z) φ∗G and the result follows. Part (ii) can be proved easily and hence the proof is omitted.







Theorem 9. (i) SCgn (h) ⊂ SSgn (h) (ii) f ∈ SCgn (h) if and only if zf 0 ∈ SSgn (h). Proof. Let f ∈ SCgn (h). Let G(z) be the function defined in Theorem 8. Then one can easily show that G(z) is convex function in U . Then  Theorem B can be used to show f ∈ SSgn (h). Corollary 3. (i) If f ∈ SCgn (h) and φ ∈ Rα , then φ ∗ f ∈ SCgn (h). n (ii) SCgn (h) ⊂ SCφ∗g (h) for every function φ ∈ Rα .



Proof. The result follows easily from Theorems 8 and 9.







We state the following theorems without proof; a proof can be given as in Theorem 8 and 9 with appropriate modifications in the corresponding functions. Theorem 10. (i) CCgn (h) ⊂ CSgn (h) (ii) f ∈ CCgn (h) if and only if zf 0 ∈ CSgn (h). Theorem 11. Let the function φ ∈ Rα has real coefficients. (i) If f ∈ CSgn (h) and φ ∈ Rα , then φ ∗ f ∈ CSgn (h). n (ii) CSgn (h) ⊂ CSφ∗g (h) for every function φ ∈ Rα .



(iii) If f ∈ CCgn (h) and φ ∈ Rα , then φ ∗ f ∈ CCgn (h). n (iv) CCgn (h) ⊂ CCφ∗g (h) for every function φ ∈ Rα .



Theorem 12. (i) SCCgn (h) ⊂ SCSgn (h) (ii) f ∈ SCCgn (h) if and only if zf 0 ∈ SCSgn (h).
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Theorem 13. Let the function φ ∈ Rα has real coefficients. (i) If f ∈ SCSgn (h) and φ ∈ Rα , then φ ∗ f ∈ SCSgn (h). n (ii)SCSgn (h) ⊂ SCSφ∗g (h) for every function φ ∈ Rα .



(iii) If f ∈ SCCgn (h) and φ ∈ Rα , then φ ∗ f ∈ SCCgn (h). n (h) for every function φ ∈ Rα . (iv) SCCgn (h) ⊂ SCCφ∗g
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