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Generalized discrepancies are a class of discrepancies introduced in the seminal paper [1] to measure uniformity of points over the unit sphere in R3 . However, convergence to 0 of this quantity has been shown only in the case of spherical t−designs. In the following, we completely characterize sequences for which convergence to 0 of D (PN ; A) holds. The interest of this result is that, when evaluating uniformity on the sphere, generalized discrepancies are much simpler to compute than the well-known spherical cap discrepancy. © 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1 Introduction Generalized discrepancies are a class of discrepancies introduced in the seminal paper [1] to measure uniformity of points over the unit sphere S2 in R3 . The main interest of generalized discrepancies for evaluating uniformity on the sphere is that they are much simpler to compute than the spherical cap discrepancy and encompass several statistical tests proposed in Statistics for uniformity on the sphere. However, as remarked in [2] (p. 318), convergence to 0 of this quantity has been shown only in the case of spherical t−designs. In Section 2 we give some mathematical preliminaries and the definitions. In Section 3 we completely characterize sequences for which convergence to 0 of D (PN ; A) holds. Section 4 concludes.



2 Mathematical Preliminaries and Definitions In the following R3 will the three-dimensional Euclidean space. By S2 we will indicate the two-dimensional unit  2denote  3 sphere in R . Let L2 S be the space of Lebesgue square integrable scalar functions on S2 . The (real-valued) spherical harmonics {Yn,j ; n = 0, 1, . . . ; j = −n, −n + 1, . . . , n − 1, n} are a class of double indexed functions defined on S2 , where   n is called degree and j is called the order of the spherical harmonics. They constitute an orthonormal basis of L2 S2 ,   when S2 is endowed with the Lebesgue measure ω2 . This implies that every function f ∈ L2 S2 can be expanded into a  2  n  Fourier series with respect to this orthonormal system, so that the equality f = +∞ n=0 j=−n fn,j · Yn,j holds in L2 S ,  where fn,j  S2 f · Yn,j dω2 . The addition theorem of spherical harmonics links these functions to the Legendre polynomials n ·Pn (ξ · η) for (defined under the normalization condition |Pn (1)| = 1) through the relation j=−n Yn,j (ξ)·Yn,j (η) = 2n+1 n4π 2 2 (ξ, η) ∈ S × S , where · denotes the inner product on the sphere. In particular, taking ξ = η, we have j=−n |Yn,j (ξ)|2 = 2n+1 4π . In [1], generalized discrepancies are introduced with reference to a pseudodifferential operator A with spherical symbol {An ; n = 0, 1, . . . }. Here, on the other hand, we will use the same notation as [1], but for us A denotes directly a sequence of constants: this allows us to consider also the situation, of interest in statistical and numerical cases, in which A−1 n = 0. Another difference is that the sum over n that we consider starts from 1 while in [1] the sum starts from 0. Indeed, the 1 contribution of the term n = 0 is given by 4πA 2 and it is worth considering it only when its inclusion leads to closed formulas. 0



Let PN = {η1 , η2 , . . . , ηN } be a set of points on S2 . The generalized discrepancy associated with A is defined by: ⎡ ⎤1/2 N N ∞ 1 ⎣   2n + 1 · Pn (ηi · ηj )⎦ . D (PN ; A) = N i=1 j=1 n=1 4πA2n



(1)



3 Generalized Discrepancies as Measures of Uniformity The following Theorem states that generalized discrepancies are indeed diaphonies. ∗ ∗∗
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Theorem 3.1 The generalized discrepancy D (PN ; A) coincides the diaphony in the sense of [3] (see p. 501) associated with the reproducing kernel Hilbert space:1 ⎧  ⎫  n +∞   2 ⎨ ⎬    H = f : S2 → R  A2n fn,j  < +∞, fn,j = 0 if A2n = +∞ ⎩ ⎭  n=0 j=−n



with inner product (f, g)H = K (x, y) =



+∞ n n=0



n +∞   n=0 j=−n



j=−n



1/2 A2n fn,j gn,j , norm f H = (f, f )H and kernel:



+∞  2n + 1 1 · Y (x) Y (y) = · Pn (ξ · η) . n,j n,j A2n 4πA2n n=0



The previous formulas hold with the understanding that A0 = 1. positive real constants, it is Remark 3.2 If c1 nα/2 ≤ An ≤ c2 nα/2 for n ≥ 1 and α > 2, with (c1 , c2 ) a couple of strictly  α possible to show that the norm f H is equivalent to the norm of the Sobolev space H 2 S2 . Following [3] (Definition 1 on p. 501), we say that a sample of points PN is 1−uniformly distributed if, for every function  2 −1  N · S2 f(x) dω2 (x) for every f ∈ H. f ∈ H, with H a reproducing kernel Hilbert space limN →∞ N1 i=1 f (xi ) = ω2 S 2 if the previous equality holds On the other hand, we say that a sample of points P is uniformly distributed wrt ω (·) /ω N 2 2 S  2 true for every function f ∈ C S , the class of continuous functions on the sphere. The only difference between these two concepts is the class of functions for which convergence takes place (H in the first case, C S2 in the second case). Proposition 3.3 The following two facts hold true: (i) limN →∞ D (PN ; A) = 0 iff the sample of points PN is 1−uniformly distributed for functions f ∈ H, where H is defined in Theorem 3.1. (ii) Iff A < +∞ for any , then limN →∞ D (PN ; A) = 0 iff the sample PN is uniformly distributed wrt ωω22(S(·)2 ) . An example of discrepancy for  which the two concepts of uniformity of distribution coincide is the discrepancy considered in [1] (p. 602), for which An = (2n + 1) n (n + 1). On the other hand, consider the discrepancy known in Statistics as Rayleigh’s statistic and obtained taking A21 = 1 and A2i = +∞ for i > 1 in Equation (1). Rayleigh’s statistic converges to 0 for any sample of points PN that is 1−uniformly distributed for functions f ∈ H, where: ⎫  ⎧  1     ⎬ ⎨   1      f1,j · Y1,j , f0,0  < ∞, f1,j  < ∞, −1 ≤ j ≤ 1 · f0,0 + H = f : S2 → R f (x) = ⎭ ⎩ 4π  j=−1



Therefore a sample of points for which Rayleigh’s statistic converges to 0 is 1−uniformly distributed and integrates all functions belonging (apart from an additive constant) to the first eigenspace of the Laplacian on the sphere. However, since = 0 for some i, it converges to 0 also for samples non-uniformly distributed wrt ωω22(S(·)2 ) . A−1 i



4 Conclusion In a related paper, we show that generalized discrepancies appear also in inequalities of the Koksma-Hlawka type on the sphere for Sobolev functions, for polynomials, for Lipschitz functions and for indicator functions, and can be identified with the worst-case error for a equal-weight rule applied to a function f ∈ B (H) where B (H) is the unit ball in the above-defined Hilbert space H. At last, we link generalized discrepancies with some tests appeared in Statistics (the Ajne, Beran, Bingham, Gin´e, Prentice, Rayleigh and Watson test statistics) and we provide the asymptotic statistical properties of these discrepancies.



References [1] J. Cui and W. Freeden, SIAM J. Sci. Comput. 18(2), 595–609 (1997). [2] J. Fliege and U. Maier, IMA J. Numer. Anal. 19(2), 317–334 (1999). [3] C. Amstler and P. Zinterhof, J. Complexity 17(3), 497–515 (2001).



1 Both the space and the inner product are defined with the understanding that ∞ · 0 = 0.
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