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Abstract. We propose image enhancement, edge detection, and segmentation models for the multi-channel case, motivated by the philosophy of processing images as surfaces, and generalizing the Mumford-Shah functional. Refer to http://www.cs.technion.ac.il/~sova/canada01/ for color ﬁgures.
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Introduction



We provide a general variational framework for color images, generalizing the Mumford-Shah functional. Our goal is to provide a theoretical background for the model proposed and implemented in [25]. In Section 2 we give a review of variational segmentation and color edge detection. Section 3 oﬀers a summary of the theory of the Mumford-Shah functional and of numerical minimization methods devised for this functional. We propose two generalizations of the Mumford-Shah functional in Section 4 and show some numerical results. A few words on the notation. The norm | · | is the usual Euclidean norm of any object: a number, a vector, or a matrix. In particular, for a function  ∂ui 2 1/2 n ( ∂xj ) . L is the Lebesgue measure on Rn . u : Rn → Rm we put |∇u| = Hn−1 is the (n − 1)-dimensional Hausdorﬀ measure, which is a generalization of the area of a submanifold.
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Image Segmentation



We consider images as functions from a domain in R2 into some set, that will be called the feature space. When needed, we suppose that the domain is [0, 1]2 . Some examples of feature spaces are [0, 255] or [0, ∞), for gray-level images, or [0, 1]3 for color images in RGB. In [28] Mumford and  Shah suggested segmenting an image by minimizing a functional of the form Ω\K ( ∇u 2 + α u − w 2) + β length(K), where K is the union of edges in the image. Thay conjectured that there are minimizers over M. Kerckhove (Ed.): Scale-Space 2001, LNCS 2106, pp. 362–370, 2001. c Springer-Verlag and IEEE/CS 2001 
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u ∈ C 1 (Ω \ K) and K being ﬁnite union of smooth arcs, and decribed possible conjectured conﬁgurations for endpoints and crossings in K. The minimization of the Mumford-Shah functional poses a diﬃcult problem, both theoretical and numerical, because it contains both area and length terms and is minimized with respect to two variables: a function f : Ω → R and a set K ⊂ Ω. This kind of functionals was introduced in [18]. The usual mean of providing coupling between the color channels is by deﬁning a suitable edge indicator function e, that is supposed to be small in the smooth parts of the image and large in the  vicinity of an edge. A typical example is e(x) = |∇f (x)|2 , and the integral e usually constitutes the smoothing term. One of the promising frameworks to derive and justify edge indicators is to consider images as embedded manifolds and to look at the induced metric for qualitative measurements of image smoothness. This idea ﬁrst appeared in [21], and was extended in [16]. This interpretation was formulated in the most general way and implemented in [31]. The n-dimensional m-valued image is considered as an n-dimensional n+m , h) given by (x1 , . . . , xn , f1 (x1 , . . . , xn ), . . . , fm (x1 , . . . , xn )), manifold √ in (R and det g, where g is the metric on the manifold induced by the √ metric h from Rn+m , is taken to be the edge indicator function. The integral det g gives the n-dimensional volume of the manifold, and its minimization brings on a kind of non-isotropic diﬀusion, which the authors called the Beltrami ﬂow. As pointed out in [31], when implementing such a diﬀusion, one must decide what is the relationship between unit lengths along the xi axes and along the fj axes. The signiﬁcance of the ratio of the scales is discussed in detail in [31]. We will denote this coeﬃcient by γ. In the case of gray-level images this framework was ﬁrst introduced in [22]. Here the image is a surface in R3 , the edge indicator is the area element (1 + fx2 + fy2 )1/2 , and the ﬂow is closely related to the mean curvature ﬂow. In a number of works (e.g. [11, 32]) another problem is considered, leading to very similar equations. It is the problem of smoothing, scaling and segmenting an image in a “non-ﬂat” feature space, like a circle, a sphere or a projective line. Other related formulations and models for color images were proposed in [26, 5, 30, 16, 12, 7, 8]
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Mumford-Shah Functional



The core diﬃculty in proving this conjecture is that the functional is a sum of an area and a curvilinear integrals, and the curve of integration is one of the variables. There is yet another problem, namely that the proposed domain of u and K is too restrictive and lacks some convenient properties (compactness, lower semicontinuity of the functionals in question). This one, however, is ordinary; instead of imposing that K is a ﬁnite union of smooth arcs, we should drop this requirement, and prove later that a minimizing K must be smooth. This also
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necessitates replacing length(K) with something deﬁned on non-smooth sets; the most natural replacement is H1 (K), the one-dimensional Hausdorﬀ measure of K. The crucial idea in overcoming the diﬃculties of interaction between the area and the length terms is to use a weak formulation of the problem. First, we let K be the set of jump points of u: K = Su . The functional thus depends on u only. Second, we relax the functional in L2 , that is, we consider 2



L ¯ E(u) = inf{lim inf E(uk , Suk ) : uk → u, uk ∈ C 1 (Ω \ Suk ), H1 (Suk \ Suk ) = 0}. k→∞



It turns out (see [4]) that this functional has an integral representation  ¯ E(u) = (|∇u|2 + α|u − w|2 ) + βH1 (Su ) Ω



¯ and if E(u) is ﬁnite then u ∈ SBV, the space of special functions of bounded variation. For the deﬁnition of SBV, and also of BV, GBV, and GSBV spaces we refer the reader to the book [2] In this weak setting it was shown in [19] that there are indeed minimizers of E¯ and that at least some of them are regular enough (with K closed and it was proven for the more general case of Ω ⊂ Rn , u ∈ C 1 (Ω \ K)). Actually,  2 n  2, and F (u) = Ω (|∇u| + α|u − w|2 ) + βHn−1 (Su ). An interesting and important limiting case of the Mumford-Shah functional is the problem  F¯ = α|u − w|2 + βHn−1 (Su ), ∇u = 0 on Ω \ Su Ω



of approximating g by a piecewise-constant function. For this functional, the Mumford-Shah conjecture was proved already in the original paper [28]; an elementary constructive proof can be found in [27]. Existence of minimizers for any n  2 was shown in [15]. The main diﬃculty that hampers attempts to minimize the Mumford-Shah functional E(u, K) numerically is the necessity to somehow store the set K, keep track of possible changes of its topology, and calculate it’s length. Also, the number of possible discontinuity sets is enormous even on a small grid. We can, however, try to ﬁnd another functional approximating the MumfordShah functional that will also be more amenable to numerical minimization. The framework for this kind of approximation is Γ -convergence, introduced in [20] (also see the book [17]). Consider a metric space (X, d). A sequence of functionals Fi : X → R+ is said to Γ -converge to F : X → R+ (Γ-lim Fi = F ) if for any f ∈ X ∀fi → f : lim inf Fi (fi )  F (f )



and ∃fi → f : lim sup Fi (fi )  F (f ).



We can extend this deﬁnition to families of functionals depending on a continuous parameter ε ↓ 0, requiring convergence of Fεi to F (x) on every sequence εi ↓ 0.
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It is important to notice that Γ -limit depends on what kind of convergence we have on X. Sometimes, to avoid ambiguities, it is designated as Γ (X)- or Γ (d)-limit. For us, the most important property of Γ -convergence is that if Γ-lim Fi = F , fi minimizes Fi and fi → f , f minimizes F . We come back to the task of approximating the Mumford-Shah functional by a nicer functional. However, we can  not approximate F (u) with functionals of the usual local integral form Fε (u) = Ω fε (∇u, u) for u ∈ W 1,1 (see [10, p. 56]). One of the possibilities to overcome this is to introduce a second auxiliary variable, which was done in [3, 4]. The approximation proposed in [4] is     (v − 1)2 2 2 2 2 + ε|∇v| + α|u − w| dx. v |∇u| + β (1) Fε (u, v) = 4ε Ω The meaning of v in this functional is clear—it approximates 1 − χSu , being close to 0 when |∇u| is large and 1 otherwise. This functional is elliptic and is relatively easy to minimize numerically. A ﬁnite-element discretization was proposed in [6], with a proof that the discretized functionals also Γ -converge to F (u) if the mesh-size is o(ε). Other works, suggesting approximations and numerical methods for the Mumford-Shah functional are [10, 29, 9, 33, 27, 13, 14].
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Generalizing Mumford-Shah Functional to Color



The most obvious way to generalize the Mumford-Shah functional to color images u : Ω → R3 is to use  (|∇u|2 + α|u − w|2 ) + βHn−1 (Su ). (2) F (u) = Ω



In this case the only coupling between the channels is through the common jump set Su . The approximation results from Section 3 translate to this case without change (as noted in [4]) and we can use the elliptic approximation     (v − 1)2 + ε|∇v|2 + α|u − w|2 dx, v 2 |∇u|2 + β (3) Fε (u, v) = 4ε Ω to ﬁnd minimizers of F (u). We minimize Fε by steepest descent. A result of numerical minimization is shown in Figure 1. The original image was a noisy color image also shown in Figure 1. We want to generalize the Mumford-Shah functional  (|∇u|2 + α|u − w|2 ) + βHn−1 (Su ) Ω



to color images, using the “image as a manifold” interpretation, while the length term Hn−1 (Su ) remains the same.
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Fig. 1. Results with ε = 0.05, α = 0.7, β = 0.022, t = 20 and the original image.



The ﬁdelity term that is most consistent with the geometric approach would be the Hausdorﬀ distance between the two surfaces, or at least Ω d(u(x), w(x)), where d(·, ·) is the geodesic distance in the feature space, as in [8]. Yet,  both these approaches seem computationally intractable. The suggestion of Ω u − w 2h , made in [25], (here hij is the metric on the feature space, and · h is the corresponding norm on the tangent space) is easy to implement, but lacks mathematical validity: u−w is not in the tangent space. We will use the simplest  reasonable alternative, Ω |u − w|2 .  √  The smoothing term is the area Ω det g or the energy Ω det g, where g is the metric induced on the manifold by h—the metric on the feature space. In the case where h is a Euclidean metric on Ω × [0, 1]3 and U (x, y) = (x, y, R, G, B) = (x, y, u1 (x, y), u2 (x, y), u3 (x, y)) is the embedding, we get det g = det(dU ∗ ◦ h ◦ dU ) = γ 2 + γ 







|∇ui |2 +



i 







|∇ui × ∇uj |2



i,j



= γ 2 + γ(|ux |2 + |uy |2 ) + |ux × uy |2 = γ 2 + γ|∇u|2 + |ux × uy |2 . Thus, we have two models:    γ 2 + γ|∇u|2 + |ux × uy |2 + α |u − w|2 + βHn−1 (Su ), F 1 (u) = Ω Ω   2 2 2 F (u) = (γ|∇u| + |ux × uy | ) + α |u − w|2 + βHn−1 (Su ). Ω



Ω



Note that γ 2 was dropped in the second functional, since in this case it merely adds a constant to the functional. However, the theory of functionals on SBV or GSBV seems to be unable to deal with these models at the moment. It is necessary to establish lower semicontinuity of the functionals, both to ensure existence of minimizers, and as an important component in the Γ -convergence proofs. Though, theorems on lower semicontinuity of functionals on SBV exist only for isotropic functionals
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(depending only on |∇u| and not on ∇u itself), or at least functionals with constant rate of growth, i.e. c|∇u|r  f (∇u)  C(1 + |∇u|)r for some C > c > 0 and r > 1. The term |ux × uy |2 is of order |∇u|4 , yet we can not bound it from below by c|∇u|4 for some c > 0, therefore we can not use these theorems. The role of the term |ux ×uy |2 is explored in [24]. If we assume the Lambertian light reﬂection model, then u(x, y) = (n(x, y) · l)ρ(x, y), where n(x, y) is the unit normal to the surface, l is the source direction, and ρ(x, y) captures the characteristics of the material. Assuming that for any given object ρ(x, y) = ρ = const we have u(x, y) = (n(x, y) · l)ρ, hence Im u ⊂ span{ρ} and rank du  1. This is equivalent to ux × uy = 0. Thus, the term |ux ×uy |2 in the edge indicator enforces the Lambertian model on every smooth surface patch. It also means that taking rather small γ makes sense, since we expect |ux × uy |2 to be (almost) 0, and |∇u|2 to be just small. A generalization of the Mumford-Shah functional proposed here is an attempt to combine the nice smoothing-segmenting features of the geometric model with the existing Γ -convergence results for the elliptic approximation of the original Mumford-Shah functional. We pay for that by the loss of some of the geometric intuition behind the manifold interpretation. The proposed models are just F 1 and F 2 with |ux × uy |2 replaced by |ux × uy |, that is 







(γ|∇u| + |ux × uy |) + α |u − w|2 + βHn−1 (Su ), Ω Ω   2 2 2 G (u) = γ + γ|∇u| + |ux × uy | + α |u − w|2 + βHn−1 (Su ). G1 (u) =



2



Ω



Ω



Note that |ux × uy | enforces the Lambertian model, just as |ux × uy |2 . The new functional G2 seems to violate another important requirement, necessary for lower semicontinuity with respect to L1 convergence: being quasiconvex. Besides, since the smoothing term is of linear growth, approximation similar to those in Section 3 will converge to a functional with more interaction between the area and the length terms, and depending on the Cantor part of Du. We thus propose the functional G3 (u) =



   γ + |∇u|2 + α |u − w|2 + β Ω



Ω



Su



|u+ −u− | 1+|u+ −u− |



dHn−1 + |Dc u|(Ω).



The elliptic approximation for G1 is provided in [23]:   (v − 1)2 2 = v (γ|∇u| + |ux × uy |) + β ε|∇v| + + α|u − w|2 . 4ε Ω 



G1ε (u, v)



2



2



Results of numerical minimization by steepest descent are shown in Figure 2. A functional similar to the Mumford-Shah functional, but with linear growth in the gradient is examined in [1], and it is proved in particular that Γ-lim Gε = G
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Fig. 2. Results for G1 with ε = 0.25, α = 0.05, β = 0.002, γ = 0.01, t = 20. (with respect to L1 convergence), where     (1 − v)2 2 2 v f (|∇u|) + β ε|∇v| + Gε (u, v) = 4ε Ω if u, v ∈ H 1 (Ω) and 0  v  1 a.e., and +∞ otherwise,   |u+ −u− | 1 c G(u, v) = f (|∇u|) + β 1+|u+ −u− | dH + |D u|(Ω) Ω



Su



if u ∈ GBV(Ω) and v = 1 a.e., and +∞ otherwise, and f : [0, +∞) → [0, +∞) is convex, increasing, and limz→∞ f (z)/z = 1. With the aim of generalizing this result to color images we deﬁne f (z) = γ + z 2 ,    |u+ −u− | n−1 G3 (u) = γ + |∇u|2 + α |u − w|2 + β + |Dc u|(Ω), 1+|u+ −u− | dH Ω Ω Su     (1 − v)2 G3ε (u, v) = v 2 γ + |∇u|2 + α|u − w|2 + β ε|∇v|2 + , 4ε Ω with domains as above. Upon inspection of the proofs in [1], it seems that everything remains valid for the vectorial case, except one part, that establishes the lower inequality for the one-dimensional case (n = 1) in a small neighborhood of a jump point. We can, however, provide a “replacement” for this part (the second part of Proposition 4.3 in [1], beginning with (4.4)). A result of numerical minimization of G3ε is shown in Figure 3.
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