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Introduction Let (M, g) be a Riemannian manifold, and T M denote its tangent bundle. Then the tangent space T(x,u) (T M ) of T M at (x, u) ∈ T M splits into the horizontal and the vertical subspace with respect to the Levi–Civita connection of (M, g). By using this splitting property, we can deﬁne various metrics on T M. Kowalski–Sekizawa have given in [22] full classiﬁcation of metrics on T M which are “naturally constructed” from a metric on the base manifold M. Such metrics are said to be g-natural. For example, the Sasaki metric g¯ and the Cheeger–Gromoll metric g¯CG are g-natural metrics. Let (T1 M, g˜CG ) be the unit tangent sphere bundle equipped with the √ Cheeger– √ Gromoll metric and (T1/ 2 M, g˜) be the tangent sphere bundle of radius 1/ 2 equipped with the Sasaki metric. Then the map φ from (T1 M, g˜CG ) to (T1/√2 M, g˜) given by √ φ(x, u) = (x, u/ 2) is an isometry. It implies that tangent sphere bundles of different radii with metric induced from the Sasaki metric have diﬀerent geometrical properties. Furthermore, the unit tangent sphere bundle T1 M has the contact metric gˆ of the ˆ ηˆ). Since two metrics gˆ and g˜ are homethetic, the standard contact structure (ϕ, ˆ ξ, properties of (T1 M, gˆ) are reﬂected by those of (T1 M, g˜). In the present thesis, we assume that the base manifold (M, g) is a pseudoRiemannian manifold and investigate the bundle Tr M, called the tangent hyperquadric bundle of radius r, which corresponds to the tangent sphere bundle over a Riemannian manifold. The notion of contact structures with pseudo-Riemannian metric was ﬁrst introduced by Takahashi [38]. A physical aspect of them was pointed out in Duggal [14] and systematic study was made in Calvaruso–Perrone [10]. The tangent hyperquadric bundle is the most important example of contact structures with pseudo-Riemannian metric. The tangent hyperquadric bundle has been studied by Dragomir–Perrone [13] on topics diﬀerent from us. The thesis is organized as follows: The main content of chapter 1 are the basis of this work. We introduce fundamental properties of a pseudo-Riemannian manifold (M, g); for example, the Levi-Civita connection of (M, g) and its curvature tensors. In Chapter 2, we deﬁne the Sasaki metric g¯ on the tangent bundle T M. We determine ¯ and the Riemannian curvature tensor R ¯ of ∇. ¯ Next, we its Levi-Civita connection ∇ deﬁne the tangent hyperquadric bundle Tr M over a pseudo-Riemannian manifold ˜ and its Riemannian curvature R. ˜ (M, g), and determine its Levi-Civita connection ∇ 1



In Chapter 3, we investigate the geometrical properties of the tangent bundle T M and the tangent hyperquadric bundle Tr M. If (M, g) is a Riemannian manifold, then the following rigidity theorem holds (Musso–Tricerri [27]); if the scalar curvature of (T M, g¯) is constant then (M, g) is ﬂat. However, since this theorem depends on the positive deﬁniteness of g, the corresponding theorem may fail in the case of pseudoRiemannian manifolds. Section 3.2 is based on Satoh–Sekizawa [35]. The theorem of Musso–Tricerri mentioned above does not hold in the case of the tangent sphere bundle. Therefore many authors investigate the properties of the tangent sphere bundle (See [5, 16, 18, 22–25]). We generalized some theorems of Kowalski–Sekizawa in the case of a pseudo-Riemannian manifold. In Chapter 4, we introduce the contact geometry on a pseudo-Riemannian manifold and construct the contact structure on the tangent hyperquadric bundle. Finally we obtain the following theorem; the ˆ ξ, ˆ ηˆ, gˆ) is K-contact if and only if the seccontact pseudo-metric manifold (T1 M, φ, ˆ ξ, ˆ ηˆ, gˆ) is a pseudo-Sasakian tional curvature K of (M, g) is , in which case (T1 M, φ, manifold.
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Chapter 1 Pseudo-Riemannian manifold 1.1



Scalar product



In this section, we introduce a scalar product and review some of its properties. First of all, we deﬁne a symmetric bilinear form on a real vector space as follows: Definition 1.1. A symmetric bilinear form b on a real vector space V is (1) positive (negative) deﬁnite if b(v, v) > 0 (< 0) for an arbitrary v ∈ V \{0}, (2) semipositive (seminegative) deﬁnite if b(v, v) ≥ 0 (≤ 0) for an arbitrary v ∈ V, (3) nondegenerate if b(v, w) = 0 for all w ∈ V implies v = 0, (4) degenerate if there exists v ∈ V \{0} such that b(v, w) = 0 for all w ∈ V, (5) deﬁnite if b is positive or negative deﬁnite, (6) indeﬁnite if b is nondegenerate and, neither positive nor negative deﬁnite. Definition 1.2. The index ν of a symmetric bilinear form b on V is deﬁned by the largest dimension of subspaces W ⊂ V such that b | W is negative deﬁnite. Lemma 1.3. A symmetric bilinear form is nondegenerate if and only if its matrix relative to one basis is invertible. Proof. Let {e1 , . . . , en } be a basis of V. For v ∈ V, b(v, w) = 0 for all w ∈ V if and only if b(v, ei ) = 0 for i = 1, . . . , n. From the assumption, ∑ ∑ b(v, ej ) = b( v i ei , ej ) = v i b(ei , ej ). (1.1) i



i



1 n Therefore, b is degenerate ∑ i if and only if there exist numbers v , . . . , v which are not all zero such that i v b(ei , ej ) = 0 for j = 1, . . . , n. It is equivalent to the linear independence of rows of (b(ei , ej )) .



3



CHAPTER 1. PSEUDO-RIEMANNIAN MANIFOLD Definition 1.4. A nondegenerate symmetric bilinear form on a vector space is called a scalar product. Also, a scalar product space (V, g) is a vector space V equipped with a scalar product g. If the scalar product is positive deﬁnite, then we call it an inner product. The norm kvk of a vector v ∈ V is deﬁned by |g(v, v)|1/2 . A unit vector u is a vector u ∈ V of norm 1. i.e., g(u, u) = ±1. The index of V is customary called the index ν of the scalar product of V , writing ν = ind V. Lemma 1.5. Let W be a subspace of scalar product space (V, g) and W ⊥ := {v ∈ V | v ⊥ W }. Then the followings hold. (1) dim W + dim W ⊥ = n = dim V, (2) (W ⊥ )⊥ = W. Proof. (1). Let {a1 , . . . , an }∑ be a basis of V such that {a1 , . . . , ak } is a basis of W, ∈ W ⊥ if and only if g(v, ai ) = 0 for i = 1, . . . , k, where k = dim W. Now v = i v i ai∑ which in coordinate terms implies j g(ai , aj )v j = 0, i = 1, . . . , k. This is k linear equations in n unknowns, and by Lemma 1.3 the rows of the coeﬃcient matrix are linearly independent, so the matrix has rank k. Hence by linear algebra, the space of solutions has dimension n − k. But by these n-tuple solutions ∑thei construction, ⊥ 1 n (v , . . . , v ) give exactly the vectors v = i v ai of W . (2). If v ∈ W, then v ⊥ W ⊥ . Therefore W ⊂ (W ⊥ )⊥ . From (1), the dimension of W coincides with that of (W ⊥ )⊥ . Lemma 1.6. A subspace W ⊂ V is nondegenerate if and only if V = W ⊕ W ⊥ . Proof. From Lemma 1.5, dim(W + W ⊥ ) + dim(W ∩ W ⊥ ) = dim W + dim W ⊥ = n = dim V.



(1.2)



Then, W ∩W ⊥ = ∅ if and only if V = W ⊕W ⊥ , where W ∩W ⊥ = {w ∈ W | w ⊥ W }. So, W ∩ W ⊥ = ∅ if and only if W is nondegenerate. Lemma 1.7. On a scalar product space V 6= {0}, there exists an orthonormal basis. Proof. Since g is nondegenerate, there is a vector v ∈ V such that g(v, v) 6= 0. Then, v/ kvk is a unit vector. Now, we show that if {e1 , . . . , ek } with k < n is any orthonormal set, then there exists a unit vector u such that g(u, ei ) = 0 for i = 1, . . . , k. From Lemma 1.3, {e1 , . . . , ek } is a basis of a subspace W ⊂ V. The preceding argument shows it contains a unit vector in the nondegenerate subspace W ⊥. Next lemma is immediately followed.
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CHAPTER 1. PSEUDO-RIEMANNIAN MANIFOLD Lemma 1.8. Let {e1 , . . . , en } be an orthonormal basis of V with i = g(ei , ei ). Then each v ∈ V has a unique expression ∑ v= i g(v, ei )ei . (1.3) i



Let q be the number of negative signs in an orthonormal basis. Then, (n − q, q) is called a signature of V. Lemma 1.9. (n − ν, ν) is the signature of V, where ν is the index of V. Proof. Let (p, q) be the signature of V. We need to show ν = q. This is immediate if g is deﬁnite. We assume 0 < q < n. g is negative deﬁnite on the subspace S spanned by {e1 , . . . , eq }. So, ν ≥ q. Let W be an arbitrary subspace such ∑ that g | W is negative deﬁnite. Also, π : W −→ S is deﬁned by π(w) = − i≤q g(w, ei )ei . It suﬃces to show that π is ∑ injective. Since π is linear, we assume π(w) = 0. Then w = i>q g(w, ei )ei . Hence ∑ 0 ≥ g(w, w) = g(w, ei )2 (1.4) i>q



by the deﬁnition of W and S. Therefore w = 0.



1.2



Pseudo-Riemannian manifold



We begin with introducing the notion of pseudo-Riemannian manifolds (M, g) and deﬁne their connections. In particular, the Levi-Civita connection ∇ on (M, g) is important to investigate the geometry on (M, g). We also investigate several properties of pseudo-Riemannian manifolds, for example, their locally symmetricness and conformally ﬂatness. We denote by F(M ) the set of all smooth real-valued functions on M and by X(M ) be the set of all smooth vector ﬁelds on M. Definition 1.10. A metric tensor g on a smooth manifold M is a symmetric nondegenerate (0, 2) tensor ﬁeld on M of constant index. Definition 1.11. A pseudo-Riemannian manifold (M, g) is a smooth manifold M with metric tensor g. In particular, if g is positive deﬁnite, then (M, g) is a Riemannian manifold . If the index of g is one, then (M, g) is a Lorentzian manifold . Definition 1.12. A connection D on M is a map D : X(M ) × X(M ) −→ X(M ), (V, W ) 7−→ DV W such that (1) DV W is F(M )-linear in V, (2) DV (f W ) = (V f )W + f DV W for f ∈ F(M ). 5



CHAPTER 1. PSEUDO-RIEMANNIAN MANIFOLD Definition 1.13. A torsion T of a connection D on M is a map T : X(M )×X(M ) −→ X(M ) deﬁned by T (X, Y ) = DX Y − DY X − [X, Y ],



X, Y ∈ X(M ),



(1.5)



where [ , ] is the Lie bracket. Theorem 1.14. There exists a unique connection ∇, called the Levi-Civita connection, on a pseudo-Riemannian manifold (M, g) such that (1) T = 0, that is, T is torsion-free, (2) ∇g = 0, that is, ∇ is metric compatible. Proof. First, assume that such a connection exists. For X, Y, Z ∈ X(M ), X(g(Y, Z)) + Y (g(Z, X)) − Z(g(X, Y )) = g(∇X Y + ∇Y X, Z) + g(Y, [X, Z]) + g(X, [Y, Z]) = 2g(∇X Y, Z) + g(X, [Y, Z]) − g(Y, [Z, X]) − g(Z, [X, Y ]).



(1.6)



Therefore we obtain the Koszul formula as bellow, 2g(∇X Y, Z) = X(g(Y, Z)) + Y (g(Z, X)) − Z(g(X, Y )) − g(X, [Y, Z]) + g(Y, [Z, X]) + g(Z, [X, Y ]).



(1.7)



Consequently, the connection is deﬁned by the metric tensor and the Lie bracket, and hence it is unique. Conversely, If we deﬁne ∇ by the Koszul formula, then we have 2g(∇f X Y, Z) = g(f ∇X Y, Z) + (Y f )X − (Zf )X + (Zf )X − (Y f )X = 2g(f ∇X Y, Z),



(1.8)



2g(∇X (f Y ), Z) = 2g(f ∇X Y, Z) + (Xf )Y − (Zf )Y − (Zf )Y + (Xf )Y = 2g(f ∇X Y + (Xf )Y, Z)



(1.9)



for X, Y ∈ X(M ) and f ∈ F(M ). Thus, there exists the unique connection satisfying (1) and (2). Lemma 1.15. Let (M, g) be a pseudo-Riemannian manifold (M, g) with Levi-Civita connection ∇. Deﬁne a map R by R(X, Y )Z = [∇X , ∇Y ]Z − ∇[X,Y ] Z



(1.10)



for X, Y, Z ∈ X(M ). Then R is a (1, 3)-tensor ﬁeld on M, called the Riemannian curvature tensor.
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CHAPTER 1. PSEUDO-RIEMANNIAN MANIFOLD



Proof. We need only to show that R(X, Y )Z is the F(M )-linear in X, Y and Z. For example, we have R(f X, Y )Z = f [∇X , ∇Y ]Z − (Y f )∇X Z − f ∇[X,Y ] Z + (Y f )∇X Z = f R(X, Y )Z



(1.11)



for f ∈ F(M ). Proposition 1.16. Let (M, g) be a pseudo-Riemannian manifold and ∇ be the LeviCivita connection. The Riemannian curvature tensor R on M satisﬁes the following properties; (1) R(X, Y ) = −R(Y, X), (2) g(R(X, Y )Z, W ) = −g(R(X, Y )W, Z), (3) R(X, Y )Z + R(Y, Z)X + R(Z, X)Y = 0, (4) g(R(X, Y )Z, W ) = g(R(Z, W )X, Y ) for X, Y, Z, W ∈ X(M ). Lemma 1.17. Let P be a nondegenerate plane to M at p. The value K(v, w) =



g(R(v, w)w, v) , g(v, v)g(w, w) − g(v, w)2



(1.12)



called the sectional curvature, is independent of the choice of basis v, w ∈ P. For the proof of Proposition 1.16 and Lemma 1.17, we refer to O’Neill [29]. If the sectional curvature is identically zero, then we say (M, g) is ﬂat. Definition 1.18. Let R be the Riemannian curvature tensor on M and {E1 , . . . , En } be an orthonormal basis of M. A Ricci curvature tensor Ric of (M, g) is a function Ric : X(M ) × X(M ) −→ R deﬁned by ∑ Ric(X, Y ) = i g(R(Ei , X)Y, Ei ), X, Y ∈ X(M ) (1.13) i



where i = g(Ei , Ei ). We say that (M, g) is Ricci ﬂat when the Ricci curvature tensor is identically zero. A Ricci operator Ric∗ is the (1, 1)-tensor corresponding to the Ricci curvature tensor deﬁned by g(Ric∗ (X), Y ) = Ric(X, Y )



(1.14)



for X, Y ∈ X(M ). An eigenvalue and eigenvector of the Ricci operator is called Ricci eigenvalue and Ricci eigenvector , respectively. 7



CHAPTER 1. PSEUDO-RIEMANNIAN MANIFOLD Definition 1.19. Let {E1 , . . . , En } be an orthonormal basis of Tx M at x ∈ M. The scalar curvature Sc(g) of (M, g) is a function Sc(g) : M −→ R deﬁned by ∑ ∑ Sc(g)x = i Ricx (Ei , Ei ) = i j gx (R(Ej , Ei )Ei , Ej ), (1.15) i



i,j



where i = g(Ei , Ei ). Definition 1.20. A pseudo-Riemannian manifold (M, g) is called Einstein when there exists k ∈ R such that Ric = kg. Definition 1.21. A pseudo-Riemannian manifold (M, g) is called locally symmetric when the Riemannian curvature tensor R on M is parallel, i.e., ∇R ≡ 0. Definition 1.22. A Killing vector ﬁeld on a pseudo-Riemannian manifold is a vector ﬁeld X for which the Lie derivative of the metric tensor vanishes, i.e., LX g = 0. Definition 1.23. Let (M, g) be a pseudo-Riemannian manifold. Then (M, g) is said to be conformally ﬂat if, for every p ∈ M, there exists a neighborhood U of p ∈ M and a positive smooth function θ on U such that (U, g 0 ) is ﬂat, where g 0 = θ2 g. Definition 1.24. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian manifold. A Weyl tensor C is the (1, 3)-tensor deﬁned by 1 {Ric∗ (X) ∧ Y + X ∧ Ric∗ (Y )} n−2 Sc(g) − X ∧ Y, (n − 1)(n − 2)



C(X, Y ) = R(X, Y ) +



(1.16)



where (X ∧ Y )(Z) = g(Y, Z)X − g(X, Z)Y and X, Y, Z ∈ X(M ). If (M, g) is conformally ﬂat, then the Weyl tensor C is zero. Conversely, if dim M > 3 and the Weyl tensor C is zero, then (M, g) is conformally ﬂat. If the dimension of M is three, then the Weyl tensor C is identically zero. We refer to [15] for the detail of the proof. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian manifold of indeﬁnite metric. Then, due to R. S. Kulkarni et al., (M, g) has bounded sectional curvature if and only if (M, g) has constant sectional curvature ([29, Proposition 28 in p.229]).
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Chapter 2 Sasaki metric 2.1



Vertical and horizontal lift



Let (M, g) be a pseudo-Riemannian manifold with the Levi-Civita connection ∇, T M be the tangent bundle over M and π be the natural projection from T M to M deﬁned by π(x, u) = x. Definition 2.1. For (x, u) ∈ T M, the vertical subspace V(x,u) of the tangent space T(x,u) T M of T M at (x, u) ∈ T M is the kernel of π∗(x,u) , i.e., V(x,u) = ker(π∗(x,u) ).



(2.1)



Definition 2.2. Let U be a normal neighborhood of x ∈ M such that the exponential map expx maps a neighborhood U 0 of 0 ∈ Tx M diﬀeomorphically onto U. For Y ∈ π −1 (U), let τ : π −1 (U) −→ Tx M be the smooth map deﬁned by the parallel translation from y = π(Y ) to x along the unique geodesic arc in U between x and y. For u ∈ Tx M, R−u : Tx M −→ Tx M is the map given by R−u (X) = X − u. Then, the connection map K(x,u) : T(x,u) T M −→ Tx M of the Levi-Civita connection ∇ is deﬁned by K(x,u) = (expx ◦R−u ◦ τ )∗(x,u) .



(2.2)



Definition 2.3. The horizontal subspace H(x,u) of the tangent space T(x,u) T M of T M at (x, u) ∈ T M is the kernel of the connection map K(x,u) , i.e., H(x,u) = ker(K(x,u) ).



(2.3)



Proposition 2.4. The tangent space T(x,u) T M of T M at (x, u) ∈ T M is the direct sum of its vertical and horizontal subspaces, i.e., T(x,u) T M = H(x,u) ⊕ V(x,u) .



(2.4)



Proof. By the dimension theorem, dim V(x,u) = dim T(x,u) T M − dim Imπ∗(x,u) = 2n − n = n. 9



(2.5)



CHAPTER 2. SASAKI METRIC On the other hand, since (expx ◦R−u )∗u : Tu Tx M −→ Tx M is isomorphism, dim ImK(x,u) = n. Now, we need only to show V(x,u) ∩ H(x,u) = {0}. ¯ ∈ V(x,u) ∩ H(x,u) ⊂ T(x,u) T M, there exists a integral curve α of X ¯ from open For X 0 ¯ ¯ ¯ = set I 3 0 to T M, i.e., α(0) = (x, u) and α (0) = X. From X ∈ V(x,u) , 0 = π∗(x,u) X ¯ ∈ H(x,u) , (π ◦ α)0 (0). Therefore, we can write as α(t) = (x, u(t)). From X ¯ = (expx ◦R−u ◦ τ ◦ α)0 (0) 0 = K(x,u) X expx ◦R−u ◦ τ ◦ α(t) − expx ◦R−u ◦ τ ◦ α(0) = lim t→0 t expx (u(t) − u) = lim = u0 (0). t→0 t



(2.6)



¯ = 0. Therefore, since α(t) = (x, u) ∈ T M is the point, X Definition 2.5. For a vector X ∈ Tx M, the horizontal lift of X to a point (x, u) ∈ T M is the unique vector X h ∈ T(x,u) T M such that π∗(x,u) X h = X,



K(x,u) X h = 0.



(2.7)



The vertical lift of X to (x, u) is the unique vector X v ∈ T(x,u) T M such that π∗(x,u) X v = 0,



K(x,u) X v = X.



(2.8)



The canonical vertical vector ﬁeld U on T M is a vector ﬁeld such that U (x,u) = uv at each point (x, u) ∈ T M. Lemma 2.6. For (x, u) ∈ T M, the connection map K(x,u) : T(x,u) T M −→ Tx M of ∇ satisﬁes K(x,u) (Z∗x (Xx )) = (∇X Z)x ,



(2.9)



where Z ∈ X(M ), Zx = (x, u) and Xx ∈ Tx M. Proof. We consider Z as a map from M to T M, then K(x,u) (Z∗x (Xx )) = (expx ◦R−u ◦ τ )∗(x,u) Z∗x (Xx ) = (expx ◦R−u ◦ τ (Zexpx (tXx ) ))0 (0) = (expx )∗(x,0) (τ (Zexpx (tXx ) ) − u)0 (0) = (τ (Zexpx (tXx ) ))0 (0) = (∇X Z)x



(2.10)



We obtain the assertion. Let (U, ρ), ρ = (x1 , . . . , xn ), be a local coordinate system of M and ui , i = 1, 2, . . . , n, be real-valued functions of π −1 (U). Here each ui attains u(xi ) to each point (x, u) ∈ π −1 (U) ⊂ T M. {(∂1 )x , . . . , (∂n )x } is a basis of Tx M, where (∂i )x = 10



CHAPTER 2. SASAKI METRIC (∂/∂xi )x , i = 1, 2, . . . , n. Then (π −1 (U), ρ¯), ρ¯ = (x1 ◦ π, . . . , xn ◦ π, u1 , . . . , un ) is a local coordinate system of T M. From now on, identifying the local coordinate functions xi ◦ π on π −1 (U) with xi on U, we denote the local coordinate map ρ¯ on π −1 (U) in the form ρ¯ = (x1 , . . . xn , u1 , . . . , un ).



(2.11)



At each point (x, u) ∈ T M, {(∂1 )(x,u) , . . . , (∂n )(x,u) , (∂1∗ )(x,u) , . . . , (∂n∗ )(x,u) } is a basis of the tangent space T(x,u) T M, where (∂i )(x,u) = (∂/∂xi )(x,u) , (∂i∗ )(x,u) = (∂/∂ui )(x,u) , i = 1, 2, . . . , n.



(2.12)



Next lemma is based on Kowalski–Sekizawa. Lemma 2.7. Let∑(M,g) be a pseudo-Riemannian manifold and X ∈ X(M ) be locally represented X = i X i ∂i . Then its vertical and horizontal lifts to a point (x, u) ∈ T M is, respectively, given by ∑ v X(x,u) = X i (∂i∗ )(x,u) (2.13) i



and h X(x,u) =



∑



X i (∂i )(x,u) −



i



∑



X j uk Γijk (∂i∗ )(x,u) ,



(2.14)



i,j,k



where Γijk , i, j, k = 1, 2, . . . , n are the Christoﬀel symbols of ∇. ∑ Proof. We denote Z = i Z i ∂i . Then, we obtain Z∗ X =



∑ i,j



Xi



i i ∑ ∑ ∑ ∂xj j ∂Z i j ∂Z ∂ + X ∂ = X ∂ + X ∂i∗ . j i∗ i ∂xi ∂xj ∂xj i,j i i,j



∑ (Ai ∂i + Ai∗ ∂i∗ ) , where Ai = X i and Ai∗ = j X j ∂Z i /∂xj . ) ( i ∑ ∑ ∑ ∂Z K(x,u) (A(x,u) ) = (∇X Z)x = Xj j + X j uk Γijk ∂i ∂x i j j,k ( ) ∑ ∑ = Ai∗ + Aj uk Γijk ∂i ,



For A =



(2.15)



∑



i



i



(2.16)



j,k



∑ where u = i ui ∂i ∈ Tx M and Zx = (x, u). On the other hand, ∑ π∗(x,u) (A(x,u) ) = Ai ∂i . i



Therefore we obtain the assertion. 11



(2.17)



CHAPTER 2. SASAKI METRIC Lemma 2.8. Let (M, g) be a pseudo-Riemannian manifold, ∇ be the Levi-Civita connection and R be the Riemannian curvature tensor of ∇. Then the Lie bracket on the tangent bundle T M at each ﬁxed point (x, u) ∈ T M is given by [X h , Y h ](x,u) = [X, Y ]h(x,u) − (Rx (X, Y )u)v , [X h , Y v ](x,u) = (∇X Y )v(x,u) ,



(2.18)



[X v , Y v ](x,u) = 0 for X, Y ∈ Tx M.



∑ ∑ Proof. Let X, Y ∈ Tx M which are locally represented X = i X i ∂i and Y = i Y i ∂i , respectively. Then we can calculate the Lie bracket on T M by Lemma 2.7, [X h , Y h ](x,u) ∑ (X l (∂l Y i ) − Y l (∂l X i ))(∂i )(x,u) = i,l



−



∑



(X l (∂l Y i ) − Y l (∂l X i ))uk Γijk ∂i∗(x,u)



i,j,k,l



−



∑



X i Y j uk (∂i Γljk − ∂j Γlik +



∑ m



i,j,k,l



= [X, Y



]h(x,u)



l Γm jk Γim −



(2.19) ∑



l Γm ik Γjm )∂l∗(x,u)



m



− (Rx (X, Y )u) , v



[X h , Y v ](x,u) ∑ ∑ X j Y k Γijk ∂i∗(x,u) = (∇X Y )v(x,u) , X i (∂i Y l )∂l∗(x,u) + = i,j,k



i,l v



(2.20)



v



[X , Y ](x,u) = 0.



(2.21)



Definition 2.9. For (x, u) ∈ T M, an almost complex structure J is the linearly endomorphism of T(x,u) T M deﬁned by JX h = X v ,



JX v = −X h ,



(2.22)



where X ∈ Tx M. It satisﬁes J 2 = − Id . Definition 2.10. The Nijenhuis torsion [J, J] of the almost complex structure J is deﬁned by ¯ Y¯ ) = J 2 [X, ¯ Y¯ ] + [J X, ¯ J Y¯ ] − J[J X, ¯ Y¯ ] − J[X, ¯ J Y¯ ] [J, J](X, ¯ Y¯ ] + [J X, ¯ J Y¯ ] − J[J X, ¯ Y¯ ] − J[X, ¯ J Y¯ ] = −[X,



(2.23)



¯ Y¯ ∈ T(x,u) T M. If the Nijenhuis torsion [J, J] vanishes, then we say that the for X, almost complex structure J is integrable. 12
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Lemma 2.11. The Nijenhuis torsion [J, J] of the almost complex structure J on T M at each ﬁxed point (x, u) ∈ T M is given by [J, J](x,u) (X h , Y h ) = (Rx (X, Y )u)v , [J, J](x,u) (X h , Y v ) = (Rx (X, Y )u)h ,



(2.24)



[J, J](x,u) (X v , Y v ) = − (Rx (X, Y )u)v , where X, Y ∈ Tx M. Proof. By the Lemma 2.8, we calculate the Nijenhuis torsion as follows, [J, J](x,u) (X h , Y h ) = −[X h , Y h ](x,u) − J(x,u) [X v , Y h ] − J(x,u) [X h , Y v ] = (Rx (X, Y )u)v ,



(2.25)



[J, J](x,u) (X h , Y v ) = −[X h , Y v ](x,u) − [X v , Y h ](x,u) + J(x,u) [X h , Y h ]



(2.26)



h



= (Rx (X, Y )u) , [J, J](x,u) (X v , Y v ) = [X h , Y h ](x,u) + J(x,u) [X h , Y v ] + J(x,u) [X v , Y h ] = −(Rx (X, Y )u)v .



(2.27)



By the Lemma above, we obtain the following theorem: Theorem 2.12. The almost complex structure J is integrable if and only if (M, g) is ﬂat. Proof. By (2.24), for (x, u) ∈ T M and X, Y ∈ X(M ), 0 = [J, J](x,u) (X h , Y h ) = (Rx (X, Y )u)v .



(2.28)



Therefore R ≡ 0. Conversely, R ≡ 0 implies that the Nijenhuis torsion is zero. Thus, J is integrable.



2.2



Tangent bundle



Definition 2.13. The Sasaki metric g¯ on T M of a pseudo-Riemannian manifold (M, g) is determined, at each point (x, u) ∈ T M , by the formulas: g¯(x,u) (X h , Y h ) = gx (X, Y ), g¯(x,u) (X h , Y v ) = 0,



(2.29)



g¯(x,u) (X v , Y v ) = gx (X, Y ), where X, Y ∈ Tx M . 13
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By the deﬁnition of the almost complex structure, the Sasaki metric on T M ¯ J Y¯ ) = g¯(X, ¯ Y¯ ) for X, ¯ Y¯ ∈ X(T M ). Therefore (J, g¯) is an almost satisﬁes g¯(J X, Hermitian structure on T M. ¯ = gx (u, π∗(x,u) X) ¯ for X ¯ ∈ Now, we deﬁne the Liouville form β on T M by β(X) T(x,u) T M. Then we obtain the following: Lemma 2.14. (1) Ω = 2dβ is a fundamental 2-form of the almost Hermitian struc¯ Y¯ ) = g¯(X, ¯ Y¯ ) for X, ¯ Y¯ ∈ X(T M ). ture (J, g¯) on T M, i.e., Ω(X, (2) Ω is a symplectic form on T M, i.e., dΩ = 0 and (dβ)n 6= 0. Proof. By the deﬁnition of the 1-form β, Ω(X h , Y h ) = Ω(X v , Y v ) = 0, Ω(X h , Y v ) = −Y v g(X, u) = g¯(X h , JY v ). (2.30) ∑ By the local expression, β = i,j gij ui dxj . It is clear that (dβ)n 6= 0. Moreover, since dΩ = 0, (J, g¯) is an almost K¨ahler structure on T M. Lemma 2.15. Let (M, g) be a pseudo-Riemannian manifold, ∇ be the Levi-Civita ¯ be the Levi-Civita connection, R be the Riemannian curvature tensor of ∇ and ∇ connection of (T M, g¯). Then, at each ﬁxed point (x, u) ∈ T M , we obtain the following equations: (



( )h )v 1( = ∇ Y − R (X, Y )u , X x (x,u) (x,u) 2 ( ) )h ( )v 1( ¯ Xh Y v ∇ = R (u, Y )X + ∇ Y , x X (x,u) (x,u) 2 )h ( ) 1( ¯ Xv Y h R (u, X)Y , ∇ = x (x,u) 2 ( ) ¯ Xv Y v ∇ = 0, ¯ Xh Y h ∇



)



(2.31)



(x,u)



where X, Y ∈ X(M ). Proof. We can calculate the equations from the Koszul formula, Lemma 2.7 and Lemma 2.8. ¯ X h Y h , Z h ) = 2gx (∇X Y, Z) = 2¯ 2¯ g(x,u) (∇ g(x,u) ((∇X Y )h , Z h ),



(2.32)



1 ¯ X h Y h , Z v ) = 2¯ 2¯ g(x,u) (∇ g(x,u) (− (R(X, Y )u)v , Z v ), 2 1 ¯ X h Y v , Z h ) = 2gx (R(u, Y )X, Z) = 2¯ 2¯ g(x,u) (∇ g(x,u) ( (R(u, Y )X)h , Z h ), 2 h v ¯ X v Y , Z ) = 2gx (∇X Y, Z) = 2¯ 2¯ g(x,u) (∇ g(x,u) ((∇X Y )v , Z v ),



(2.34)



1 ¯ X v Y h , Z h ) = 2gx (X, R(Y, Z)u) = 2¯ 2¯ g(x,u) (∇ g(x,u) ( (R(u, X)Y )h , Z h ), 2



(2.36)



14



(2.33)



(2.35)



CHAPTER 2. SASAKI METRIC ¯ X v Y h , Z v ) = 0, 2¯ g(x,u) (∇ ¯ X v Y v , Z h ) = 0, 2¯ g(x,u) (∇



(2.37)



¯ Xv Y v, Z v) = 0 2¯ g(x,u) (∇



(2.39)



(2.38)



for Z ∈ X(M ). As concerns the canonical vertical vector ﬁeld U , we have ¯ X h U = 0, ∇



¯ Xv U = X v, ∇



¯ U X h = 0, ∇



¯ U X v = 0, ∇



(2.40)



¯ UU = U ∇ for X ∈ X(M ). Lemma 2.16. Let J be the almost complex structure deﬁned by Deﬁnition 2.9. Then, at each ﬁxed point (x, u) ∈ T M, the following equations hold: ¯ X h J)(x,u) Y h = 1 (Rx (u, X)Y )h , (∇ 2 ¯ X h J)(x,u) Y v = 1 (Rx (X, u)Y )v , (∇ 2 ¯ X v J)(x,u) Y h = 1 (Rx (X, u)Y )v , (∇ 2 ¯ X v J)(x,u) Y v = 1 (Rx (X, u)Y )h , (∇ 2



(2.41)



where X and Y are arbitrary vectors in Tx M. Proof. By the deﬁnition of the almost complex structure J and Lemma 2.15, ¯ X h J)Y h = 1 (R(u, Y )X + R(Y, u)X)h = 1 (R(u, X)Y )h , (∇ 2 2 1 1 ¯ X h J)Y v = (R(X, Y )u + R(Y, u)X)v = (R(X, u)Y )v , (∇ 2 2 1 1 ¯ X v J)Y h = −J( (R(u, X)Y )h ) = (R(X, u)Y )v , (∇ 2 2 1 ¯ X v J)Y v = (R(X, u)Y )h , (∇ 2



(2.42)



where X, Y ∈ X(M ). ¯ = 0), we obtain the following: Since the deﬁnition of the K¨ahler structure (∇J Lemma 2.17. The almost K¨ahler structure (J, g¯) on T M is K¨ahler if and only if (M, g) is ﬂat. 15



CHAPTER 2. SASAKI METRIC ¯ of (T M, g¯). The proof of the Now, we can calculate the curvature tensor ﬁeld R next lemma is based on Sekizawa [36]. ¯ be the Riemannian curvature tensor of the Levi-Civita conLemma 2.18. Let R ¯ Then, there are just six essentially diﬀerent components of R. ¯ They are nection ∇. expressed as follows: ¯ (x,u) (X h , Y h )Z h R = (Rx (X, Y )Z)h } 1{ + (Rx (Rx (Y, Z)u, u)X)h − (Rx (Rx (X, Z)u, u)Y )h 4 1 − (Rx (Rx (X, Y )u, u)Z)h 2 1 + ((∇Z R)x (X, Y )u)v , 2 ¯ (x,u) (X h , Y h )Z v R } 1{ ((∇X R)x (u, Z)Y )h − ((∇Y R)x (u, Z)X)h = 2 + (Rx (X, Y )Z)v } 1{ + (Rx (Rx (u, Z)Y, X)u)v − (Rx (Rx (u, Z)X, Y )u)v , 4 ¯ (x,u) (X h , Y v )Z h R 1 = ((∇X R)x (u, Y )Z)h 2 1 1 + (Rx (X, Z)Y )v − (Rx (X, Rx (u, Y )Z)u)v , 2 4 ¯ (x,u) (X h , Y v )Z v R 1 1 = − (Rx (Y, Z)X)h − (Rx (u, Y )Rx (u, Z)X)h , 2 4 v v h ¯ (x,u) (X , Y )Z R = (Rx (X, Y )Z)h } 1{ + (Rx (u, X)Rx (u, Y )Z)h − (Rx (u, Y )Rx (u, X)Z)h , 4 ¯ (x,u) (X v , Y v )Z v R =0 for all X, Y ∈ Tx M.



(2.43)



(2.44)



(2.45)



(2.46)



(2.47)



(2.48)



∑ Proof. At each point (x, u) ∈ T M, u is locally represented u = i ui (∂i )x , where ¯ (∂i )x = (∂/∂xi )x , i = 1, . . . , n. Then we calculate the Riemannian curvature tensor R



16
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of (T M, g¯) as follows, ¯ h , Y h )Z h R(X 1 1 = (∇X ∇Y Z)h − {R(X, ∇Y Z)u}v + {R(R(Y, Z)u, u)X}h 2 4 1 1 1 − {(∇X R)(Y, Z)u}v − {R(∇X Y, Z)u}v − {R(Y, ∇X Z)u}v 2 2 2 1 1 − (∇Y ∇X Z)h + {R(Y, ∇X Z)u}v − {R(R(X, Z)u, u)Y }h 2 4 1 1 1 v + {(∇Y R)(X, Z)u} + {R(∇Y X, Z)u}v + {R(X, ∇Y Z)u}v 2 2 2 (2.49) 1 1 v − (∇[X,Y ] Z)h + {R([X, Y ], Z)u} − {R(R(X, Y )u, u)Z}h 2 2 1 1 h = (R(X, Y )Z)h + {R(R(Y, Z)u, u)X} − {R(R(X, Z)u, u)Y }h 4 4 1 1 h − {R(R(X, Y )u, u)Z} + {(∇X R)(Z, Y )u + (∇Y R)(X, Z)u}v 2 2 1 1 = (R(X, Y )Z)h + {R(R(Y, Z)u, u)X}h − {R(R(X, Z)u, u)Y }h 4 4 1 1 h − {R(R(X, Y )u, u)Z} + {(∇Z R)(X, Y )u}v , 2 2 ¯ h , Y h )Z v R(X [ ] ∑ 1¯ ¯ X h (∇Y Z)v ui (R(∂i , Z)Y )h + ∇ = ∇X h 2 [i ] ∑ 1¯ ¯ Y h (∇X Z)v − ∇ ¯ [X,Y ]h Z v − ∇Y h ui (R(∂i , Z)X)h − ∇ 2 i } 1{ ((∇X R)(u, Z)Y )h − ((∇Y R)(u, Z)X)h + (R(X, Y )Z)v = 2 } 1{ + (R(R(u, Z)Y, X)u)v − (R(R(u, Z)X, Y )u)v , 4 h ¯ R(X , Y v )Z h [ ] ∑ 1¯ i h ¯ Y v (∇X Z)h u (R(∂i , Y )Z) − ∇ = ∇X h 2 [i ] ∑ 1¯ i v ¯ (∇ Y )v Z h + ∇Y v u (R(X, Z)∂i ) − ∇ X 2 i =



1 1 1 {(∇X R)(u, Y )Z}h + {R(R(u, Y )Z, X)u}v + {R(X, Z)Y }v , 2 4 2



17



(2.50)



(2.51)
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[ ] ∑ 1¯ = − ∇Y v ui (R(∂i , Z)X)h 2 i



1 1 = − (R(Y, Z)X)h − {R(u, Y )(R(u, Z)X)}h , 2 4 v v h ¯ R(X , Y )Z [ ] [ ] ∑ ∑ 1 1¯ ¯Yv ui (R(∂i , Y )Z)h − ∇ ui (R(∂i , X)Z)h = ∇X v 2 2 i i 1 1 = (R(X, Y )Z)h + {R(u, X)(R(u, Y )Z)}h 2 4 1 − {R(u, Y )(R(u, X)Z)}h , 4 v ¯ R(X , Y v )Z v = 0,



(2.52)



(2.53)



(2.54)



where X, Y, Z ∈ Tx M. ¯ of (T M, g¯). Now, we can calculate the sectional curvature K Proposition 2.19. Let (M, g) be a pseudo-Riemannian manifold, ∇ be the LeviCivita connection and R be the Riemannian curvature tensor of ∇. Choose x ∈ M . For any u ∈ Tx M choose a nondegenerate tangent 2-plane P ⊂ Tx M and an orthonormal pair {X, Y } in Tx M spanning P such that g(X, X) = X = ±1 and g(Y, Y ) = Y = ±1. Then, we obtain at each ﬁxed point (x, u) ∈ T M ¯ (x,u) (X h , Y h ) K 3 = Kx (X, Y ) − X Y gx (Rx (X, Y )u, Rx (X, Y )u), 4 ¯ (x,u) (X v , Y h ) K 1 = X Y gx (Rx (u, X)Y, Rx (u, X)Y ), 4 ¯ K(x,u) (X v , Y v ) = 0,



(2.55)



(2.56)



(2.57)



where K is the sectional curvature of (M, g). Proof. For arbitrary X, Y ∈ Tx M, by Lemma 2.18, ¯ h , Y h )Y h , X h ) = gx (R(X, Y )Y, X) − 3 gx (R(X, Y )u, R(X, Y )u), g¯(x,u) (R(X 4 1 (2.58) h v v h ¯ g¯(x,u) (R(X , Y )Y , X ) = gx (R(u, Y )X, R(u, Y )X), 4 ¯ v , Y v )Y v , X v ) = 0. g¯(x,u) (R(X 18
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Therefore, ¯ (x,u) (X h , Y h ) = Kx (X, Y ) − 3 X Y gx (R(X, Y )u, R(X, Y )u), K 4 1 ¯ (x,u) (X h , Y v ) = X Y gX (R(u, Y )X, R(u, Y )X), K 4 v v ¯ K(x,u) (X , Y ) = 0.



(2.59)



Let {E1 , E2 , . . . , En } be an orthonormal basis of Tx M. Then an orthonormal basis of T(x,u) T M is {E1h , E2h , . . . , Enh , E1v , E2v , . . . , Env }. Proposition 2.20. Let (M, g) be a pseudo-Riemannian manifold and R be the Riemannian curvature tensor of the Levi-Civita connection ∇. Then the Ricci tensor Ric of (T M, g¯) is given at each ﬁxed point (x, u) ∈ T M by Ric(x,u) (X h , Y h ) = Ricx (X, Y ) −



1∑ i gx (Rx (u, Ei )X, Rx (u, Ei )Y ), 2 i



(2.60)



Ric(x,u) (X h , Y v ) 1 = [(∇u Ric)x (Y, X) − (∇Y Ric)x (u, X)], 2



(2.61)



Ric(x,u) (X v , Y v ) 1∑ = i gx (Rx (u, X)Ei , Rx (u, Y )Ei ), 4 i



(2.62)



where X, Y ∈ Mx and Ric is the Ricci tensor of (M, g). Proof. By Lemma 2.18, Ric(x,u) (X h , Y h ) ∑ ∑ ¯ v , X h )Y h , E v ) ¯ h , X h )Y h , E h ) + i g¯(x,u) (R(E = i g¯(x,u) (R(E i i i i i



i



∑



3∑ = i gx (R(Ei , X)Y, Ei ) − i gx (R(X, Ei )u, R(Y, Ei )u) 4 i i 1∑ + i gx (R(u, Ei )X, R(u, Ei )Y ) 4 i 1∑ = Ricx (X, Y ) − i gx (R(u, Ei )X, R(u, Ei )Y ), 2 i



19



(2.63)



CHAPTER 2. SASAKI METRIC Ric(x,u) (X h , Y v ) ∑ ∑ ¯ h , X h )Y v , E h ) + ¯ v , X h )Y v , E v ) = i g¯(x,u) (R(E i g¯(x,u) (R(E i i i i i



i



1∑ 1∑ = i gx ((∇u R)(Ei , Y )X, Ei ) − i gx ((∇Y R)(Ei , u)X, Ei ) 2 i 2 i =



1 [(∇u Ric)x (Y, X) − (∇Y Ric)x (u, X)] , 2



Ric(x,u) (X v , Y v ) ∑ ∑ ¯ iv , X v )Y v , Eiv ) ¯ ih , X v )Y v , Eih ) + i g¯(x,u) (R(E = i g¯(x,u) (R(E i



i



=



(2.64)



1∑ 4



(2.65)



i gx (R(u, X)Ei , R(u, Y )Ei ),



i



where {E1 , E2 , . . . , En } is an orthonormal basis of Tx M. Proposition 2.21. Let (M, g) be a pseudo-Riemannian manifold and R be the Riemannian curvature tensor of the Levi-Civita connection ∇ on M. Then we obtain the scalar curvature Sc(¯ g ) of (T M, g¯) at each point (x, u) ∈ T M as follows: Sc(¯ g )(x,u) = Sc(g)x −



1∑ i j gx (Rx (Ei , Ej )u, Rx (Ei , Ej )u), 4 i,j



(2.66)



where {E1 , E2 , . . . , En } is an orthonormal basis of Tx M and Sc(g) is the scalar curvature of (M, g). Proof. We calculate the scalar curvature from Lemma 2.19 as follows, Sc(¯ g )(x,u) ∑ ∑ ∑ ¯ (x,u) (E h , E h ) + 2 ¯ (x,u) (E h , E v ) + ¯ (x,u) (E v , E v ) K K K = i j i j i j i6=j



=



∑ i6=j



Kx (Ei , Ej ) −



3∑ 4



i,j



i6=j



i j gx (R(Ei , Ej )u, R(Ei , Ej )u)



i6=j



1∑ + i j gx (R(u, Ej )Ei , R(u, Ej )Ei ) 4 i,j 1∑ = Sc(g)x − gx (R(Ei , Ej )u, R(Ei , Ej )u). 4 i,j
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(2.67)
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2.3



Tangent hyperquadric bundle



Let r be a positive number. We set  = 1 if g is positive deﬁnite,  = −1 if g is negative deﬁnite, and  = ±1 if g is indeﬁnite. The tangent hyperquadric bundle of radius r over a pseudo-Riemannian manifold (M, g) is Tr M = {(x, u) ∈ T M | gx (u, u) = r2 }.



(2.68)



If g is positive deﬁnite, then Tr M = Tr M is the tangent sphere bundle with radius r (see for example [23]). Lemma 2.22. Let (M, g) be a pseudo-Riemannian manifold. Then the tangent hyperquadric bundle Tr M is a hypersurface of the tangent bundle (T M, g¯). And the canonical vertical vector ﬁeld U is normal to Tr M in (T M, g¯) at each point (x, u) ∈ Tr M. Proof. We deﬁne the function q on the tangent space of the tangent bundle at (x, u) ∈ T M by q(V ) = g¯(V, V ). Since U is the position vector ﬁeld on T(x,u) T M, q = g¯(U , U ). Therefore, ¯ V U , U ) = g¯(2V, V ). g¯(grad q, V ) = V q = 2¯ g (∇



(2.69)



Thus grad q = 2U . g¯(grad q, grad q) = 4¯ g (U , U ) = 4r2 6= 0.



(2.70)



For X ∈ X(M ), the horizontal lift X h is always tangent to Tr M at each point (x, u) ∈ Tr M . Yet, in general, the vertical lift X v is not tangent to Tr M at (x, u). The tangential lift X t of X is a vector ﬁeld on Tr M deﬁned by Xt = Xv − 



1 g¯(X v , U )U . 2 r



Thus at each point (x, u) ∈ Tr M , we have t v X(x,u) = X(x,u) −



1 gx (X, u)U (x,u) . r2



Now we endow the hypersurface Tr M of the tangent bundle (T M, g¯) with the induced pseudo-Riemannian metric g˜, which is uniquely determined by the formulas g˜(x,u) (X h , Y h ) = gx (X, Y ), g˜(x,u) (X h , Y t ) = 0, g˜(x,u) (X t , Y t ) = gx (X, Y ) − 



(2.71) 1 gx (X, u)gx (Y, u), r2



where X, Y ∈ Tx M . 21



CHAPTER 2. SASAKI METRIC Remark. We notice that ut(x,u) = 0 for (x, u) ∈ Tr M , and hence the tangent space T(x,u) (Tr M ) coincides with the set {X h + Y v | X ∈ Tx M, Y ∈ {u}⊥ ⊂ Tx M }. Lemma 2.23. The shape operator S˜ of Tr M in (T M, g¯) derived from the unit normal vector ﬁeld U /r is given by ˜ h = 0, SX



˜ t = −1Xt SX r



(2.72)



for X ∈ X(M ). Proof. We calculate the shape operator from (2.40) as follows, ˜ h = −∇ ¯ X h ( 1 U ) = 0, SX r { } 1 1 ¯ 1 t v ˜ ¯ ¯ ∇X v U −  2 g¯(X , U )∇U U SX = −∇X t ( U ) = − r r r 1 = − X t. r



(2.73)



e of T  M in (T M, g¯) is given by Lemma 2.24. The second foundamental form II r e h , Y h ) = 0, II(X



e h , Y t ) = 0, II(X (2.74)



e t , Y t ) = −  g¯(X t , Y t )U II(X r2 for X, Y ∈ X(M ). Proof. Since (Tr M, g˜) is the hyperquadric bundle of (T M, g¯), ˜ h , Y h ) = ¯ ˜ h , Y h ), 1 U )( 1 U ) = ¯ ˜ h , Y h )( 1 U ) = 0, II(X g (II(X g (SX r r r 1 h t h t ˜ ˜ , Y )( U ) = 0, II(X , Y ) = ¯ g (SX r 1 t t t t ˜ ˜ , Y )( U ) = −  g¯(X t , Y t )U II(X , Y ) = ¯ g (SX r r2 from Lemma 2.24.



22



(2.75)



CHAPTER 2. SASAKI METRIC ˜ of (Tr M, g˜) is given at each point Lemma 2.25. The Levi-Civita connection ∇ (x, u) ∈ Tr M by ˜ X h Y h )(x,u) = (∇X Y )h − (∇ (x,u)



1 (Rx (X, Y )u)t , 2



1 (Rx (u, Y )X)h + (∇X Y )t(x,u) , 2 ˜ X t Y h )(x,u) = 1 (Rx (u, X)Y )h , (∇ 2 ˜ X t Y t )(x,u) = − 1 gx (Y, u)X t , (∇ (x,u) r2 ˜ X h Y t )(x,u) = (∇



(2.76)



where X, Y ∈ X(M ). Proof. By Lemma 2.15, ˜ Xh Y h = ∇ ¯ X h Y h − ¯ ¯ X h Y h , 1 U )( 1 U ) ∇ g (∇ r r 1 = (∇X Y )h − (R(X, Y )u)t . 2



(2.77)



By Lemma 2.15 and (2.40), ˜ Xh Y t = ∇ ¯ X h Y t − ¯ ¯ X h Y t , 1 U )( 1 U ) ∇ g (∇ r r 1 h t = (R(u, Y )X) + (∇X Y ) , 2 ˜ Xt Y h = ∇ ¯ X t Y h − ¯ ¯ X t Y h , 1 U )( 1 U ) ∇ g (∇ r r 1 = (R(u, X)Y )h , 2 ˜ Xt Y t = ∇ ¯ X t Y t − ¯ ¯ X t Y t , 1 U )( 1 U ) ∇ g (∇ r r 1 t = − 2 g(Y, u)X . r



(2.78)



(2.79)



(2.80)



˜ of (T  M, g˜). In order to Now, we can calculate the curvature tensor ﬁeld R r simplify the corresponding expressions, we shall use the previous remark and we make the following: Convention. The operation of tangential lift from Tx M to a point (x, u) ∈ Tr M will be always applied only to the vectors of Tx M which are orthogonal to u.
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CHAPTER 2. SASAKI METRIC ˜ of the Levi-Civita connection ∇ ˜ Lemma 2.26. The Riemannian curvature tensor R  of (Tr M, g˜) is given by ˜ (x,u) (X h , Y h )Z h R = (Rx (X, Y )Z)h } 1{ + (Rx (Rx (Y, Z)u, u)X)h − (Rx (Rx (X, Z)u, u)Y )h 4 1 − (Rx (Rx (X, Y )u, u)Z)h 2 1 + ((∇Z R)x (X, Y )u)t , 2 ˜ (x,u) (X h , Y h )Z t R } 1{ ((∇X R)x (u, Z)Y )h − ((∇Y R)x (u, Z)X)h = 2 + (Rx (X, Y )Z)t } 1{ + (Rx (Rx (u, Z)Y, X)u)t − (Rx (Rx (u, Z)X, Y )u)t , 4 ˜ R(x,u) (X h , Y t )Z h 1 = ((∇X R)x (u, Y )Z)h 2 1 1 + (Rx (X, Z)Y )t − (Rx (X, Rx (u, Y )Z)u)t , 2 4 h t t ˜ R(x,u) (X , Y )Z 1 1 = − (Rx (Y, Z)X)h − (Rx (u, Y )Rx (u, Z)X)h , 2 4 t t h ˜ R(x,u) (X , Y )Z = (Rx (X, Y )Z)h } 1{ + (Rx (u, X)Rx (u, Y )Z)h − (Rx (u, Y )Rx (u, X)Z)h , 4 { } t t ˜ (x,u) (X t , Y t )Z t =  1 gx (Y, Z)X(x,u) − g (X, Z)Y R x (x,u) r2 for all X, Y ∈ Tx M satisfying the above convention.



(2.81)



(2.82)



(2.83)



(2.84)



(2.85)



(2.86)



Proof. By Lemma 2.24 and the Gauss equation: ˜ X, ˜ Y˜ )Z, ˜ W ˜ ) = g¯(x,u) (R( ˜ X, ˜ Y˜ )Z, ˜ W ˜) g¯(x,u) (R( ˜ X, ˜ W ˜ ), II( ˜ Y˜ , Z)) ˜ − g¯(x,u) (II( ˜ X, ˜ Z), ˜ II( ˜ Y˜ , W ˜ )) + g¯(x,u) (II(



(2.87)



˜ Y˜ , Z, ˜ W ˜ ∈ T(x,u) (T  M ) at (x, u) ∈ T  M, we need only to show that the followfor X, r r ing equation holds; { } ˜ t , Y t )Z t , W t ) = g¯( 1 g(Y, Z)X t − g(X, Z)Y t , W t ). (2.88) g¯(R(X 2 r 24
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Indeed, it follows from Lemma 2.18 and Lemma 2.24. Now, let {E1 , E2 , . . . , En } be an orthonormal basis for the tangent space Tx M such that En = u/r. Then {E1 h , E2 h , . . . , Enh , E1 t , E2 t , . . . , En−1t } is an orthonormal basis of T(x,u) (Tr M ). Proposition 2.27. Let (M, g) be a pseudo-Riemannian manifold and (Tr M, g˜) be f of (T  M, g˜) is given at the tangent hyperquadric bundle. Then the Ricci tensor Ric r each ﬁxed point (x, u) ∈ Tr M by ∑ f (x,u) (X h , Y h ) = Ricx (X, Y ) − 1 Ric i gx (Rx (u, Ei )X, Rx (u, Ei )Y ), 2 i=1 n



(2.89)



{ } f (x,u) (X h , Y t ) = 1 (∇u Ric)x (Y, X) − (∇Y Ric)x (u, X) , Ric (2.90) 2 n ∑ n−2 f (x,u) (X t , Y t ) = 1 Ric i gx (Rx (u, X)Ei , Rx (u, Y )Ei ) +  2 gx (X, Y ) (2.91) 4 i=1 r for all X, Y ∈ Tx M satisfying the Convention above. Here, {E1 , . . . , En } is an orthonormal basis of Tx M and i = g(Ei , Ei ), i = 1, 2, . . . , n. If (M, g) has a space of constant sectional curvature c, then (2.89)–(2.91) reduce to f (x,u) (X h , Y h ) Ric (2.92) 1 1 = c(2(n − 1) − r2 c)gx (X, Y ) − c2 (n − 2)gx (X, u)gx (Y, u), 2 2 f (x,u) (X h , Y t ) = 0, Ric (2.93) f (x,u) (X t , Y t ) = 1 (r2 c2 + 2(n − 2) )gx (X, Y ). Ric 2 r2 Proof. By Lemma 2.26, f (x,u) (X h , Y h ) Ric ∑ ∑ ˜ h , X h )Y h , E h ) + ˜ t , X h )Y h , E t ) = i g˜(x,u) (R(E i g˜(x,u) (R(E i i i i i



= Ricx (X, Y ) −



1∑ 2



i



(2.94)



(2.95)



i gx (R(u, Ei )X, R(u, Ei )Y ),



i



f (x,u) (X h , Y t ) Ric ∑ ∑ ˜ h , X h )Y t , E h ) + ˜ t , X h )Y t , E t ) = i g˜(x,u) (R(E i g˜(x,u) (R(E i i i i i



=



1∑ 2



i



i gx ((∇Ei R)(u, Y )X, Ei )



i



1 = {(∇u Ric)x (Y, X) − (∇Y Ric)x (u, X)} , 2 25



(2.96)



CHAPTER 2. SASAKI METRIC f (x,u) (X t , Y t ) Ric ∑ ∑ ˜ h , X t )Y t , E h ) + ˜ t , X t )Y t , E t ) = i g˜(x,u) (R(E i g˜(x,u) (R(E i i i i i



=



1∑ 4



i



i gx (R(u, X)Ei , R(u, Y )Ei ) + 



i



(2.97)



n−2 gx (X, Y ). r2



If the sectional curvature of (M, g) is constant c. Then we get the following equation: R(X, Y )Z = c{g(Y, Z)X − g(X, Z)Y }



(2.98)



for X, Y, Z ∈ X(M ). Therefore we obtain (2.89)–(2.91). Let X, Y ∈ Tx M at x ∈ M satisfying the Convention above. Then from (2.82)– (2.84), we get, at each point (x, u) ∈ Tr M , that f (x,u) (X h + Y t , X h + Y t ) Ric ( ) = Ricx (X, X) + r (∇uˆ Ric)x (Y, X) − (∇Y Ric)x (ˆ u, X) 1 ∑ + r2 i (gx (Rx (ˆ u, Y )Ei , Rx (ˆ u, Y )Ei ) − 2gx (Rx (ˆ u, Ei )X, Rx (ˆ u, Ei )X) (2.99) 4 i +



n−2 gx (Y, Y ), r2



where we put uˆ = u/r. Proposition 2.28. Let (M, g) be a pseudo-Riemannian manifold and (Tr M, g˜) be the tangent hyperquadric bundle. Then the scalar curvature Sc(˜ g ) of (Tr M, g˜) is given at  each ﬁxed point (x, u) ∈ Tr M by Sc(˜ g )(x,u) = 



1 2 (u u) (n − 1)(n − 2) + Sc(g) − r Qx , , x r2 4 r r



(2.100)



where Sc(g) is the scalar curvature of (M, g) and Q is a tensor ﬁeld on M given at each point x ∈ M by Qx (X, Y ) =



n ∑



i j gx (Rx (X, Ej )Ei , Rx (Y, Ej )Ei )



(2.101)



i,j=1



for all X, Y ∈ Tx M . If (M, g) is a space of constant sectional curvature c, then (2.100) reduces to Sc(˜ g )(x,u) = n(n − 1)c − 



1 (n − 1) 2 2 c r + (n − 1)(n − 2) 2 . 2 r 26



(2.102)
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Proof. By Lemma 2.27, ∑ ∑ f (x,u) (E h , E h ) + f (x,u) (E t , E t ) Sc(˜ g )(x,u) = i Ric i Ric i i i i =



∑ i



i



i



1∑ i j gx (R(u, Ej )Ei , R(u, Ej )Ei ) i Ricx (Ei , Ei ) − 2 i,j



∑ n−2 1∑ i j gx (R(u, Ej )Ei , R(u, Ej )Ei ) +  i 2 gx (Ei , Ei ) 4 i,j r i n−1



+ =



(2.103)



1∑ (n − 1)(n − 2) + Sc(g) − i j gx (R(u, Ej )Ei , R(u, Ej )Ei ), x r2 4 i,j



where {E1 , . . . , En } is an orthonormal basis of Tx M and i = g(Ei , Ei ), i = 1, 2, . . . , n. If the sectional curvature of (M, g) is constant c. Then we get the following equation: R(X, Y )Z = c{g(Y, Z)X − g(X, Z)Y } for X, Y, Z ∈ X(M ). Therefore we obtain (2.102).
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(2.104)



Chapter 3 Results 3.1



Tangent bundle



We apply the assertion of R. S. Kulkarni to the tangent bundle. Theorem 3.1. Let (M, g) be a pseudo-Riemannian manifold. Then, the tangent bundle (T M, g¯) equipped with Sasaki metric over (M, g) is ﬂat if and only if (M, g) is ﬂat. ¯ = 0 if R = 0. Conversely, we assume R ¯ = 0. Then, the Proof. From (2.43)–(2.48), R ¯ h , Y h )Z h is zero for arbitrary vector ﬁelds X, Y, Z on horizontal component of R(X M. Put u = 0, then we obtain (R(X, Y )Z)h = 0, i.e., R = 0. We generalize the theorem in [1]. Theorem 3.2. Let (M, g) be a pseudo-Riemannian manifold. Then, the sectional ¯ of the tangent bundle (T M, g¯) equipped with Sasaki metric over (M, g) curvature K is bounded if and only if (M, g) is ﬂat, in which case (T M, g¯) is ﬂat. ¯ = 0. Therefore K ¯ is bounded Proof. From Theorem 3.1, K = 0 if and only if K if (M, g) is ﬂat. Conversely, if g is deﬁnite, we assume (M, g) is not ﬂat. Then there exists a point p ∈ M and linearly independent vector ﬁelds X, Y on M such ¯ is not that R(Xp , Yp )u 6= 0. From (2.55), since the range of u is not bounded, K ¯ bounded. For the case that g is indeﬁnite, since (T M, g¯) is bounded, K is constant ¯ is zero by (2.57). From Theorem 3.1, we conclude by the lemma of Kulkarni. Thus K (M, g) is ﬂat. We assume that the scalar curvature of the tangent bundle is constant. Then, we obtain Theorem 3.3. Let (M, g), dim M ≥ 4, be a pseudo-Riemannian manifold. Then, the scalar curvature Sc(g) of (M, g) is constant if the scalar curvature Sc(¯ g ) of (T M, g¯) is constant. In particular, Sc(g) has same value as Sc(¯ g ). 28
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Proof. We put u = 0. Then, we prove the theorem from (2.66). If dim M = 2, then we obtain the following. Theorem 3.4. Let (M, g) be a pseudo-Riemannian surface. Then, the scalar curvature Sc(¯ g ) of (T M, g¯) is constant if and only if (M, g) is ﬂat. In particular, Sc(¯ g ) is zero. Proof. We obtain the scalar curvature Sc(¯ g ) of (T M, g¯) in the case of the dimension of M is two, from (2.66), 1 Sc(¯ g )(x,u) = 2Kx − Kx2 gx (u, u), (3.1) 2 where K is the Gaussian curvature of (M, g). By the assumption, we put u = 0. Then, Kx = Sc(¯ g )(x,u) /2. Therefore, Kx2 gx (u, u) is zero for an arbitrary (x, u) ∈ T M. Thus, (M, g) is ﬂat and Sc(¯ g ) is identically zero. If (M, g) is conformally ﬂat, then we can generalize Proposition 3.2 in [27]. Theorem 3.5. Let (M, g), dim M ≥ 3, be a conformally ﬂat pseudo-Riemannian manifold. Then, the scalar curvature Sc(¯ g ) of the tangent bundle (T M, g¯) equipped with Sasaki metric over (M, g) is constant if and only if (M, g) is ﬂat. Proof. Since (M, g) is conformally ﬂat, the Weyl tensor of (M, g) is zero. Therefore we obtain the following equations: ( ) 1 Sc(g) R(Ei , Ej )Ek = ai + aj − (i δik Ej −j δjk Ei ), i, j, k = 1, . . . , n, (3.2) n−2 n−1 where {E1 , . . . , En } is an orthonormal basis of (M, g) such that g(Ei , Ei ) = i and Ric(Ei , Ei ) = i ai , i = 1, . . . , n. Here, ai , i = 1, . . . , n, are eigenvalues of the Ricci tensor Ric of (M, g). If Sc(¯ g ) is constant, then ∑ i j g(R(Ei , Ej )u, R(Ei , Ej )u) = 0 (3.3) i,j



from Theorem 3.3. u is expressed, in terms of local coordinates, by u = Then, by using the equation (3.2), ∑ 0 = (n − 2)2 i j k g(R(Ei , Ej )Ek , u)2 i,j,k



∑



(



Sc(g) = i j k (δik (u ) + δjk (u ) ) ai + aj − n−1 i,j,k ( )2 ∑ Sc(g) i 2 =2 i (u ) ai + aj − . n − 1 i6=j j 2



∑ i



ui E i .



)2



i 2



Thus, we conclude (M, g) is ﬂat. 29



(3.4)
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Remark. (T M, g¯) over a conformally ﬂat pseudo-Riemannian manifold (M, g) is locally homogeneous, or locally symmetric, or Einstein space only if its base space is ﬂat from the assertion of Theorem 3.5. Next, we see the case that (T M, g¯) is locally symmetric. Theorem 3.6. Let (M, g), dim M ≥ 4, be a pseudo-Riemannian manifold. Then, (M, g) is locally symmetric if its tangent bundle (T M, g¯) equipped with Sasaki metric is locally symmetric. Proof. For X, Y, Z, W ∈ X(M ), we put u = 0. Then we obtain from (2.31) and (2.82), ( ) ¯ WhR ¯ (X h , Y h )Z v = {(∇W R)(X, Y )Z}v . 0= ∇ (3.5) Therefore ∇R = 0. Finally, we assume that (T M, g¯) is an Einstein space. Theorem 3.7. Let (M, g), dim M ≥ 4, be a pseudo-Riemannian manifold. Then, (M, g) is Ricci ﬂat if its tangent bundle (T M, g¯) equipped with Sasaki metric is an Einstein space. ¯ Y¯ ) = Proof. From the assumption, there exists real number k such that Ric(x,u) (X, ¯ Y¯ ) for arbitrary vector ﬁelds X, ¯ Y¯ on T M. We put u = 0. Then we obtain k¯ g(x,u) (X, from (2.60) and (2.62), Ric(X, Y ) = 0 for an arbitrary vector ﬁelds X, Y on M.



3.2



Tangent hyperquadric bundle



Theorem 3.8. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian manifold, and let the components of the curvature tensor and those of covariant derivatives of the Ricci tensor with respect to all orthonormal bases be bounded. Then, for vectors X and Y tangent to M at x ∈ M and for each suﬃciently small positive number r, the Ricci f (x,u) (X h + Y t , X h + Y t ) at (x, u) of the tangent hyperquadric bundle curvature Ric  (Tr M, g˜) is (1) positive if Y is a spacelike and negative if Y is timelike for  = 1; (2) negative if Y is a spacelike and positive if Y is timelike for  = −1. Remark. In particular, if (M, g) is a space of constant sectional curvature c, then we have f (x,u) (X h + Y t , X h + Y t ) Ric ) 1 1 ( = c 2(n − 1) − cr2 gx (X, X) − c2 r2 (n − 2)gx (X, u)2 2 2 ( ) 1 2(n − 2) +  c2 r 2 + gx (Y, Y ). 2 r2 30



CHAPTER 3. RESULTS If (M, g), dim M ≥ 3, is a pseudo-Riemannian manifold of indeﬁnite metric and have bounded sectional curvature. Then the sectional curvature of (M, g) is constant by the lemma of Kulkarni. Therefore we obtain the following theorem: Theorem 3.9. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian manifold of indeﬁnite metric and have bounded sectional curvature. Then the scalar curvature of the tangent hyperquadric bundle (Tr M, g˜) is constant. Next we see sign of the scalar curvature of (Tr M, g˜). Theorem 3.10. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian manifold with bounded sectional curvature. Then, for each suﬃciently small positive number r, the tangent hyperquadric bundle (Tr M, g˜) is a space of positive scalar curvature if  = 1 and of negative scalar curvature if  = −1. In particular, each scalar curvatures is constant if g is indeﬁnite. Proof. Because the sectional curvature is bounded on M by our assumption, all the components of the curvature tensor are bounded. Hence the scalar curvature Sc(g)x and Qx (u/r, u/r) are bounded. Remark. If the dimension of M is two, we cannot obtain the assertion of Theorem 3.10 in general. In this case, the last term of the right-hand side of (2.102) vanishes. Thus, if (M, g) is a pseudo-Riemannian non-ﬂat surface of constant Gaussian curvature, then, for each suﬃciently small positive number r, the tangent hyperquadric bundle (Tr M, g˜) is a space of negative constant scalar curvature. From (2.102) we have generalization of Corollary 3.4 in [24]: Theorem 3.11. Let (M, g) be a pseudo-Riemannian non-ﬂat manifold of constant sectional curvature c. Then the scalar curvature Sc(˜ g ) of the tangent hyperquadric  bundle (Tr M, g˜) is constant. Moreover, if dim M = 2 and c > 0; or if dim M ≥ 3, we obtain that  Sc(˜ g ) > 0 for all r ∈ (0, a), Sc(˜ g ) = 0 for r = 0,  Sc(˜ g ) < 0 for all r ∈ (a, ∞), where a =



√(√



) n2 + 2n − 4 + c n / |c|, c = c/ |c|.



If dim M = 2 and c < 0, then sign of the scalar curvature does not depend on r: Theorem 3.12. Let (M, g) be a pseudo-Riemannian non-ﬂat surface of constant Gaussian curvature c. Then, for the constant scalar curvature Sc(˜ g ) of the tangent g ) < 0 if c < 0. hyperquadric bundle (Tr M, g˜), we have  Sc(˜ 31



CHAPTER 3. RESULTS Theorem 3.13. Let (M, g), dim M ≥ 2, be a pseudo-Riemannian manifold satisfying the following condition; there are positive number δ ≤ 1 and A such that Aδ ≤ |K| ≤ A holds for the sectional curvature K of (M, g). Then, for each suﬃciently large positive number r, the tangent hyperquadric bundle (Tr M, g˜) is a space of negative scalar curvature if  = 1 and of positive scalar curvature if  = −1. Proof. If g is indeﬁnite, then, as we remarked before Theorem 3.9, (M, g) is a space of constant sectional curvature because g has bounded sectional curvature by our assumption. Hence the scalar curvature Sc(˜ g ) takes in the form (2.102). Thus we have the assertion. The assertion of the theorem in the case that g is positive deﬁnite is just that of Theorem 2 in [23]. If g is negative deﬁnite, then Qx (u/r, u/r) is negative for all u ∈ Mx . This quantity Qx (u/r, u/r) for all unit vectors u/r and Sc(g) are bounded because g has bounded sectional curvature by our assumption. Thus we have the assertion. Remark. If g is indeﬁnite, then Theorem 3.13 holds under much weaker condition; (M, g) is a pseudo-Riemannian non-ﬂat manifold with bounded sectional curvature. Remark. For any nonnegative integers p and q such that at least one of them is positive, let Vpq = {(u1 , . . . , up , up+1 , . . . , up+q )} be a vector space with a scalar product of signature (p, q). Then a linear map φ : Vpq −→ Vqp deﬁned by φ(u1 , . . . , up , up+1 , . . . , up+q ) = (up+1 , . . . , up+q , u1 , . . . , up ) is an anti-isometry. The assertion of Theorem 3.13 for the case that g is negative definite can also be obtained from this anti-isometry and the assertion of Theorem 3.13 for the case that g is positive deﬁnite. If the base manifold (M, g) is ﬂat, then, again, the sign of the scalar curvature does not depend on r: Theorem 3.14. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian ﬂat manifold. Then the tangent hyperquadric bundle (Tr M, g˜) is a space of positive constant scalar curvature if  = 1 and of negative scalar curvature if  = −1. Theorem 3.15. Let (M, g) be a pseudo-Riemannian ﬂat surface. Then the scalar curvature of the tangent hyperquadric bundle (Tr M, g˜) is zero. There exists a tangent hyperquadric bundle whose scalar curvature is a preassigned constant: Corollary 3.16. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian non-ﬂat manifold of constant sectional curvature. Then there exists a tangent hyperquadric bundle (Tr M, g˜) whose scalar curvature is a preassigned constant. 32
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Proof. Let (M, g) be a space of constant sectional curvature c and let c˜ any constant. Then, replacing Sc(˜ g ) in (2.102) with c˜, we receive a quadratic equation on R = r2 : (n − 1)c2 R2 + 2(˜ c − n(n − 1)c)R − 2(n − 1)(n − 2) = 0,



(3.6)



which has a positive root if c 6= 0. Remark. When (M, g) has bounded sectional curvature, the assertion of Corollary 3.16 does not hold in general. In fact, if (M, g) is a Riemannian manifold with bounded sectional curvature, then the scalar curvature Sc(˜ g ) is not constant in general. If the base manifold (M, g) is ﬂat, then, from (3.6), we have Corollary 3.17. Let (M, g), dim M ≥ 3, be a pseudo-Riemannian ﬂat manifold. Then, for a constant c˜ such that ˜ c > 0, there exists a tangent hyperquadric bundle  (Tr M, g˜) whose scalar curvature is c˜. Theorem 3.18. Let (M, g) be a pseudo-Riemannian n-manifold. Then the scalar curvature Sc(˜ g ) of the tangent hyperquadric bundle (Tr M ) is constant if and only if the following conditions hold on (M, g): kRk2 Q= g, n 4n Sc(g) − kRk2 r2



(3.7) is constant,



where kRk is given by ∑ i j g(R(Ei , Ej )Ek , R(Ei , Ej )Ek ) kRk2 =



(3.8)



i,j,k



in term of an arbitrary orthonormal frame {E1 , . . . , En } of Tx M. Proof. The scalar curvature Sc(˜ g ) is given by at (x, u) ∈ Tr M, Sc(˜ g )(x,u) = Sc(g)x + 



(n − 1)(n − 2) 1 2 u u − r Qx ( , ) 2 r 4 r r



(3.9)



from (2.100). Since Sc(˜ g ) is constant, Q is constant with respect to an arbitrary unit vector in Tx M. Therefore we obtain the following n Sc(˜ g )(x,u) = n Sc(g)x + 



n(n − 1)(n − 2) 1 2 ∑ − r Qx (Ek , Ek ). r2 4 k



(3.10)



Thus, 1 Qx = n



(



∑ k



) Qx (Ek , Ek ) gx =



1 kRx k2 gx . n 33



(3.11)



CHAPTER 3. RESULTS If Sc(˜ g ) is constant, then 4n Sc(g)−kRk2 r2 is constant. Conversely, for every (x, u) ∈ Tr M, Sc(˜ g )(x,u) = 



} (n − 1)(n − 2) 1 { + 4n Sc(g)x − kRx k2 r2 2 r 4n



(3.12)



is constant. Theorem 3.19. Let (M, g) be a pseudo-Riemannian n-manifold of constant sectional curvature c. Then the tangent hyperquadric bundle (Tr M, g˜) is Einstein if and only if (M, g) is locally isometric to a space of a constant Gaussian curvature. Proof. From (2.94), (M, g) is ﬂat or the dimension 2. If (M, g) is ﬂat, then the dimension of (M, g) is 2 by (2.92)–(2.94). If the dimension of (M, g) is 2, then the Gaussian curvature of (M, g) is /r2 by (2.92)–(2.94). Therefore we obtain the assertion.
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Chapter 4 Contact pseudo-metric geometry 4.1



Contact pseudo-metric geometry



Definition 4.1. An almost contact structure (ϕ, ξ, η) on a (2n + 1)-dimensional smooth manifold M is deﬁned by a (1, 1)-tensor ϕ, a global vector ξ and a 1-form η satisfying: (1) ϕ(ξ) = 1,



η ◦ ϕ = 0,



(2) η(ξ) = 1,



ϕ2 = ϕ ◦ ϕ = − Id +η ⊗ ξ



and rank ϕ = 2n. Definition 4.2. A pseudo-Riemannian metric g on M is said to be compatible with an almost contact structure (ϕ, ξ, η) if g(ϕX, ϕY ) = g(X, Y ) − η(X)η(Y ),



 = ±1.



(4.1)



Lemma 4.3. Let g be a compatible pseudo-Riemannian metric on M with an almost contact structure (ϕ, ξ, η). Then we obtain the following equations: g(ξ, ξ) = ,



η = g(ξ, ·),



g(ϕX, Y ) = −g(X, ϕY )



(4.2)



for X, Y ∈ X(M ). Proof. From the equation of the compatibility, 0 = g(ϕξ, ϕξ) = g(ξ, ξ) − ,



(4.3)



0 = g(ϕX, ϕξ) = g(X, ξ) − η(X),



(4.4)



g(ϕX, Y ) = g(ϕ X, ϕY ) + η(ϕX)η(Y ) = −g(X, ϕY ) + η(X)g(ξ, ϕY ) { } = −g(X, ϕY ) + η(X) g(ϕξ, ϕ2 Y ) + η(ξ)η(ϕY ) = −g(X, ϕY ).



(4.5)



2
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Definition 4.4. If a compatible pseudo-Riemannian metric g with an almost contact structure (ϕ, ξ, η) satisﬁes g(X, ϕY ) = (dη)(X, Y )



(4.6)



for X, Y ∈ X(M ), then we call ξ, η and g by a contact form on M, Reeb vector ﬁeld (characteristic vector ﬁeld ) on M and associated metric on M, respectively. Moreover, (M, ϕ, ξ, η, g) is called a contact pseudo-metric manifold (contact pseudo-Riemannian manifold ). Theorem 4.5. Let (M, ϕ, ξ, η, g) be a contact pseudo-metric manifold. Then, ∇ξ ξ = 0. Proof. For X ∈ X(M ), (dη)(ξ, X) = −(dη)(X, ξ) = −g(X, ϕξ) = 0.



(4.7)



Therefore, 0 = 2(dη)(ξ, X) = ξ(η(X)) − η([ξ, X])  = g(∇ξ ξ, X) + g(ξ, ∇ξ X) − g(ξ, ∇ξ X) + Xg(ξ, ξ) 2 = g(∇ξ ξ, X).



(4.8)



Let (ϕ, ξ, η) be an almost contact structure on a (2n + 1)-dimensional smooth manifold M. We consider the manifold M ×R. Then a vector ﬁeld on M ×R is deﬁned by (X, f (d/dt)), where X ∈ X(M ), t is the coordinate on R and f ∈ X(M × R). We deﬁne an almost complex structure J on M × R by J(X, f



d d ) = (ϕX − f ξ, η(X) ). dt dt



(4.9)



Lemma 4.6. By the deﬁnition above, the almost complex structure J satisﬁes J 2 = − Id . Proof. From the direct calculation, J 2 (X, f



d d ) = J(ϕX − f ξ, η(X) ) dt dt d d = (ϕ(ϕX − f ξ) − η(X)ξ, η(ϕX − f ξ) ) = −(X, f ). dt dt



(4.10)



Definition 4.7. Let (ϕ, ξ, η) be an almost contact structure on a (2n+1)-dimensional smooth manifold M and J be a almost complex structure on M × R deﬁned above. If J is integrable, then we call (ϕ, ξ, η) normal . 36
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Next, we consider the condition that the almost contact structure is normal. Since the Nijenhuis torsion [J, J] of J is a skew-symmetric (1, 2)-tensor ﬁeld, it suﬃces to calculate [J, J]((X, 0), (Y, 0)) and [J, J]((X, 0), (0, d/dt)), where X, Y ∈ X(M ): [J, J]((X, 0), (Y, 0)) = −[(X, 0), (Y, 0)] + [J(X, 0), J(Y, 0)] − J[J(X, 0), (Y, 0)] − J[(X, 0), J(Y, 0)] = −([X, Y ], 0) + ([ϕX, ϕY ], {ϕ(X)(η(Y )) − ϕ(Y )(η(X))} − J([ϕX, Y ], −Y (η(X))



d ), dt



d )) dt



d d = (−[ϕX, ξ], ξ(η(X)) ) − J(−[X, ξ], 0) = ((Lξ ϕ)X, (Lξ η)(X) ). dt dt (1) (2) (3) (4) We deﬁne four tensors N , N , N , N by N (1) (X, Y ) = [ϕ, ϕ](X, Y ) + 2(dη)(X, Y )ξ, N



(2)



(4.11)



d d ) − J([X, ϕY ], X(η(Y )) ) dt dt



= ([ϕ, ϕ](X, Y ) + 2(dη)(X, Y )ξ, {(LϕX η)Y − (LϕY η)X} [J, J]((X, 0), (0,



d ) dt



(X, Y ) = (LϕX η)Y − (LϕY η)X,



(4.12)



(4.13) (4.14)



N (3) (X) = (Lξ ϕ)X,



(4.15)



N (4) (X) = (Lξ η)X



(4.16)



for X, Y ∈ X(M ). Theorem 4.8. For an almost contact structure (ϕ, ξ, η) on a (2n + 1)-dimensional smooth manifold M, the vanishing of N (1) implies N (2) , N (3) and N (4) are zero. Proof. N (1) = 0 implies the following: 0 = η(N (1) (X, ξ)) = η([ϕ, ϕ](X, ξ)) + 2(dη)(X, ξ) = η(−[X, ξ] + η([X, ξ])ξ − ϕ[ϕX, ξ]) + 2(dη)(X, ξ) = 2(dη)(X, ξ) = −(Lξ η)X = −N



(4)



,



0 = ϕ([ϕ, ϕ](X, ξ)) = ϕ3 [X, ξ] − ϕ2 [ϕX, ξ] = −ϕ[X, ξ] + [ϕX, ξ] + 2(dη)(ξ, ϕX)ξ = −(Lξ ϕ)X = −N



(3)



(4.17)



(4.18)



,



0 = η([ϕ, ϕ](ϕX, Y ) + 2(dη)(ϕX, Y )ξ) = η([ϕY, X]) − ϕ(Y )(η(X)) + η(X)η([ξ, ϕY ]) + (Lϕ(X) η)Y = (LϕX η)Y − (LϕY η)X = N (2) (X, Y ) for X, Y ∈ X(M ). 37



(4.19)
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Theorem 4.9. Let (M, ϕ, ξ, η) be a contact pseudo-metric manifold and J be an almost complex structure on M × R deﬁned above. Then N (2) and N (4) are zero. Moreover, N (3) is zero if and only if ξ is a Killing vector ﬁeld. Proof. By Theorem 4.5, N (4) = 0. For X, Y ∈ X(M ), N (2) (X, Y ) = ϕ(X)(η(Y )) − η([ϕX, Y ]) − ϕ(Y )(η(X)) + η([ϕY, X]) = 2(dη)(ϕX, Y ) − 2(dη)(ϕY, X) = 0.



(4.20)



From the following equation; 0 = (d(Lξ η))(X, Y ) = (Lξ dη)(X, Y ) = ξ(g(X, ϕY )) − g([ξ, X], ϕY ) − g(X, ϕ[ξ, Y ]) = (Lξ g)(X, ϕY ) + g(X, (Lξ ϕ)Y ),



(4.21)



N (3) = 0 if and only if ξ is a Killing vector ﬁeld. Lemma 4.10. For a compatible pseudo-Riemannian manifold metric g on a (2n+1)dimensional manifold M with an almost contact structure (ϕ, ξ, η), the covariant derivative of ϕ is given by 2g((∇X ϕ)Y, Z) = 3dΦ(X, ϕY, ϕZ) − 3dΦ(X, Y, Z) + g(N (1) (Y, Z), ϕX) + N



(2)



(4.22)



(Y, Z)η(X) + 2(dη)(ϕY, X)η(Z) − 2(dη)(ϕZ, X)η(Y ),



where Φ(X, Y ) = g(X, ϕY ) and X, Y, Z ∈ X(M ). Proof. By the Koszul formula, 2g((∇X ϕ)Y, Z) = 2g(∇X (ϕY ), Z) + 2g(∇X Y, ϕZ) = Xg(ϕY, Z) + ϕ(Y )g(X, Z) − Zg(X, ϕY ) + g([X, ϕY ], Z) + g([Z, X], ϕY ) − g([ϕY, Z], X) + Xg(Y, ϕZ) + Y g(X, ϕZ) − ϕ(Z)g(X, Y ) + g([X, Y ], ϕZ) + g([ϕZ, X], Y ) − g([Y, ϕZ], X) = −XΦ(Y, Z) + ϕ(Y ) {Φ(ϕZ, X) + η(Z)η(X)} − ZΦ(X, Y ) − Φ([X, ϕY ], ϕZ) + η([X, ϕY ])η(Z) + Φ([Z, X], Y ) (4.23) − g(ϕ[ϕY, Z], ϕX) + η(X)η([Z, ϕY ]) + XΦ(ϕY, ϕZ) − Y Φ(Z, X) − φ(Z) {Φ(ϕY, X) + η(Y )η(X)} + Φ([X, Y ], Z) − Φ([ϕZ, X], ϕY ) + η([ϕZ, X])η(Y ) − g(ϕ[Y, ϕZ], ϕX) + η(X)η([ϕZ, Y ]) + {Φ([Y, Z], X) − g([Y, Z], ϕX)} − {Φ([ϕY, ϕZ], X) − g([ϕY, ϕZ], ϕX)} + g(2(dη)(Y, Z)ξ, ϕX) = 3dΦ(X, ϕY, ϕZ) − 3dΦ(X, Y, Z) + g(N (1) (Y, Z), ϕX) + N (2) (Y, Z)η(X) + 2(dη)(ϕY, X)η(Z) − 2(dη)(ϕZ, X)η(Y ).
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Corollary 4.11. For a contact pseudo-metric manifold (M, ϕ, ξ, η, g), the formula of Lemma 4.10 becomes 2g((∇X ϕ)Y, Z) = g(N (1) (Y, Z), ϕX) + 2(dη)(ϕY, X)η(Z) − 2(dη)(ϕZ, X)η(Y ).



(4.24)



In particular, ∇ξ ϕ = 0. Definition 4.12. Let (M, ϕ, ξ, η, g) be a contact pseudo-metric manifold. If ξ is a Killing vector ﬁeld, then we say (M, ϕ, ξ, η, g) is a K-contact pseudo-metric manifold . Definition 4.13. For a contact pseudo-metric manifold (M, ϕ, η, g), we deﬁne a tensor ﬁeld h on M by 1 1 h = Lξ ϕ = N (3) . 2 2



(4.25)



Lemma 4.14. On a contact pseudo-metric manifold (M, ϕ, ξ, η, g), h is a symmetric operator satisfying, ∇X ξ = −ϕX − ϕh(X)



(4.26)



for X ∈ X(M ), hϕ + ϕh = 0 and trace h = 0. Proof. By Corollary 4.11, g((Lξ ϕ)X, Y ) = g([ξ, ϕX], Y ) − g(ϕ[ξ, X], Y ) = g((∇ξ ϕ)X − ∇ϕX ξ + ϕ(∇X ξ), Y ) = g(−∇ϕX ξ + ϕ(∇X ξ), Y ).



(4.27)



If X or Y is ξ, then this equation is zero. For X and Y orthogonal to ξ, 0 = −N (2) (X, Y ) = η([ϕX, Y ]) − η([X, ϕY ]).



(4.28)



Hence we obtain g((Lξ ϕ)X, Y ) = g(ξ, ∇ϕX Y ) − g(∇X ξ, ϕY ) = η(∇ϕX Y ) + η(∇X (ϕY )) = η(∇Y (ϕX)) + η(∇ϕY X) = g((Lξ ϕ)Y, X).



(4.29)



By Corollary 4.11, 2g((∇X ϕ)ξ, Z) = g(ϕ2 [ξ, Z] − ϕ[ξ, ϕZ], ϕX) − 2(dη)(ϕZ, X) = −g(ϕ(Lξ ϕ)(Z), ϕX) − 2g(ϕZ, ϕX) = −g((Lξ ϕ)Z, X) + η((Lξ ϕ)Z)η(X) − 2g(Z, X) + 2η(Z)η(X) = g(−(Lξ ϕ)X − 2X + 2η(X)ξ, Z). 39



(4.30)
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Therefore ∇X ξ = −ϕ2 (∇X ξ) = ϕ(−hX − X + η(X)ξ) = −ϕ(X) − ϕh(X).



(4.31)



Next, we show the anticommutativity of h. 2g(X, ϕY ) = 2(dη)(X, Y ) = g(∇X ξ, Y ) − g(∇Y ξ, X) = 2g(X, ϕY ) − g((ϕh + hϕ)X, Y ).



(4.32)



Thus, ϕh + hϕ = 0. If hX = λX, where λ ∈ R. Then hϕX = −λϕX. Hence if λ is an eigenvalue of h, −λ is also the eigenvalue of h. Therefore trace h = 0. Definition 4.15. A pseudo-Sasakian manifold is a normal contact pseudo-metric manifold. Theorem 4.16. Let (M, g) be a pseudo-Riemannian manifold and g be compatible with an almost structure (ϕ, ξ, η). Then (M, ϕ, ξ, η, g) is a pseudo-Sasakian manifold if and only if (∇X ϕ)Y = g(X, Y )ξ − η(Y )X.



(4.33)



Proof. If (M, ϕ, ξ, η, g) is a pseudo-Sasakian manifold, then we obtain the following from Corollary 4.11: g((∇X ϕ)Y, Z) = (dη)(ϕY, X)η(Z) − (dη)(ϕZ, X)η(Y ) = η(Z) {g(Y, X) − η(Y )η(X)} − η(Y ) {g(Z, X) − η(Z)η(X)} = g(g(X, Y )ξ − η(Y )X, Z)



(4.34)



for X, Y, Z ∈ X(M ). Conversely, the following equation holds: ∇X ξ = −ϕ2 (∇X ξ) = ϕ(g(X, ξ)ξ − X) = −ϕX.



(4.35)



Therefore, 1 {g(∇X ξ, Y ) − g(∇Y ξ, X)} 2 1 = {g(ϕY, X) − g(ϕX, Y )} = g(X, ϕY ). 2 Finally, we show (M, ϕ, ξ, η, g) is a pseudo-Sasakian manifold. (dη(X, Y )) =



[ϕ, ϕ](X, Y ) = ϕ(∇Y ϕ)X − (∇ϕY ϕ)X = −2g(X, ϕY )ξ = −2(dη)(X, Y )ξ.



(4.36)



(4.37)



From Theorem 4.16, we obtain the following: Corollary 4.17. A pseudo-Sasakian manifold is a K-contact pseudo-metric manifold. 40
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4.2



Contact geometry on the tangent hyperquadric bundle



In this section, we consider the unit tangent hyperquadric bundle (T1 M, g˜). Now, we deﬁne a triplet (ϕ0 , ξ 0 , η 0 ) at each point (x, u) ∈ Tr M by N = uv , ξ 0 = −JN, η 0 = ˜ g (ξ 0 , ·), ϕ0 = J − η 0 ⊗ N.



(4.38)



Lemma 4.18. (ϕ0 , ξ 0 , η 0 ) is an almost contact structure on T1 M. Proof. By deﬁnition, η 0 (ξ 0 ) = ˜ g (ξ 0 , ξ 0 ) = 1, ϕ0 (ξ 0 ) = Jξ 0 − η 0 (ξ 0 )N = 0.



(4.39) (4.40)



For each X ∈ X(M ), η 0 (ϕ0 (X h )) = ˜ g (ξ 0 , ϕ0 (X h )) = 0, 0



0



(4.41)



η (ϕ (X )) = ˜ g (u , −X + g(X, u)u ) = 0, 02 ¯ ¯ = J(J(X) ¯ − η 0 (X)N ¯ ) = (−I + η 0 ⊗ ξ 0 )(X). ¯ ϕ (X) = J(ϕ0 (X)) t



h



h



h



(4.42) (4.43)



Lemma 4.19. A pseudo-Riemannian metric g˜ on T1 M is compatible with the almost ˜ Y˜ ∈ X(T  M ), the following equation holds; contact structure (ϕ0 , ξ 0 , η 0 ), i.e., for X, 1 ˜ ϕ0 Y˜ ) = g˜(X, ˜ Y˜ ) − η 0 (X)η ˜ 0 (Y˜ ). g˜(ϕ0 X,



(4.44)



Proof. By the deﬁnition, ˜ ϕ0 Y˜ ) g˜(ϕ0 X, ˜ J Y˜ ) − g˜(J Y˜ , uv ) − η 0 (Y˜ )˜ ˜ uv ) + η 0 (X)η ˜ 0 (Y˜ )˜ = g˜(J X, g (J X, g (uv , uv ) (4.45) ˜ Y˜ ) − η 0 (X)η ˜ 0 (Y˜ ). = g˜(X,



Since ˜ Y˜ ), ˜ ϕ0 Y˜ ) = 2(dη 0 )(X, g˜(X,



(4.46)



(T1 M, ϕ0 , ξ 0 , η 0 , g˜) is not a contact pseudo-metric manifold. By rescaling as 1 1 ξˆ = 2ξ 0 , ηˆ = η 0 , ϕˆ = ϕ0 , gˆ = g˜, 2 4 ˆ ηˆ, gˆ). ˆ ξ, we obtain the contact pseudo-metric manifold (T1 M, ϕ, 41
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CHAPTER 4. CONTACT PSEUDO-METRIC GEOMETRY ˆ = ∇, ˜ R ˆ = R, ˆ K ˆ = 4K, ˜ Ric c = Ric f Here g˜ is homothetic to gˆ. Therefore ∇ ˆ ˆ ˆ c and Sc(ˆ g ) = 4 Sc(˜ g ), where ∇, R, K, Ric, Sc(ˆ g ) are the Levi-Civita connection, the curvature tensor ﬁeld, the sectional curvature, the Ricci tensor and the scalar curvature of (T1 M, gˆ), respectively. For the next theorem, we need some calculation. At each point (x, u) ∈ T1 M, we obtain ˆ (x,u) = −(Rx (X, u)u)t , ˆ X h ξ) (∇ (4.48) ˆ (x,u) = −2(ϕX ˆ X t ξ) (∇ ˆ t )(x,u) + (Rx (u, X)u)h , where X ∈ Tx M. Moreover we obtain the following t (ϕX ˆ h )(x,u) = X(x,u) ,



(ϕX ˆ t )(x,u) = −X h + ηˆ(x,u) (X h )ξˆ(x,u) .



(4.49)



for X ∈ Tx M at each point (x, u) ∈ T1 M. Finally we calculate, at each point (x, u) ∈ T1 M, the derivative of the (1, 1)-tensor ﬁeld ϕˆ as follows: 1 ˆ X h ϕ) (∇ ˆ (x,u) (Y h ) = (Rx (u, X)Y )h , 2 1 ˆ X h ϕ) (∇ ˆ (x,u) (Y t ) = (Rx (X, u)K(x,u) Y t )t , 2 (4.50) 1 h h t t ˆ (∇X t ϕ) ˆ (x,u) (Y ) = −2ˆ η(x,u) (Y )X(x,u) + (Rx (X, u)Y ) , 2 1 1 ˆ X t ϕ) (∇ ˆ (x,u) (Y t ) = (Rx (X, u)K(x,u) Y t )h + gx (X, K(x,u) Y t )ξˆ(x,u) . 2 2 ˆ ηˆ, gˆ) is K-contact if Theorem 4.20. The contact pseudo-metric manifold (T1 M, ϕ, ˆ ξ, ˆ ηˆ, gˆ) is and only if the sectional curvature K of (M, g) is , in which case (T1 M, ϕ, ˆ ξ, a pseudo-Sasakian manifold. In particular, if the dimension of M is 2, then T1 M is pseudo-Sasaki Einstein. Proof. If the contact pseudo-metric manifold is K-contact, then ˆ X h ξˆ = −(R(X, u)u)t −X t = −ϕX ˆ h=∇



(4.51)



for X ∈ X(M ). Therefore for an unit vector X ∈ {u}⊥ ⊂ Tx M at each point (x, u) ∈ T1 M, Kx (X, u) = .



(4.52)



Conversely, h ˆ X h ϕ) , (∇ ˆ (x,u) (Y h ) = gˆ(x,u) (X h , Y h )ξˆ(x,u) − ˆ η(x,u) (Y h )X(x,u) ˆ X h ϕ) (∇ ˆ (x,u) (Y t ) = 0, t ˆ X t ϕ) (∇ , ˆ (x,u) (Y h ) = −ˆ η(x,u) (Y h )X(x,u) ˆ X t ϕ) (∇ ˆ (x,u) (Y t ) = gˆ(x,u) (X t , Y t )ξˆ(x,u)



42
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CHAPTER 4. CONTACT PSEUDO-METRIC GEOMETRY for X ∈ Tx M at each point (x, u) ∈ T1 M. Thus the contact pseudo-metric manifold is Sasakian. If the dimension of M is 2, then the assertion is obtained by Theorem 3.19.
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