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GEOMETRY OF TWO- AND THREE-DIMENSIONAL MINKOWSKI SPACES V. V. Makeev



UDC 514.172



A class of centrally-symmetric convex 12-topes (12-hedrons) in R 3 is described such that for an arbitrary prescribed norm k · k on R3 each polyhedron in the class can be inscribed in (circumscribed about) the k · k-ball via an affine transformation, and this can be done with large degree of freedom. Bibliography: 5 titles.



In this paper, a Minkowski space is a finite-dimensional real normed space, which we regard as the space Rn with a certain norm k · k. §1. Polytopes inscribed in the unit ball of the Minkowski space Let k · k be a norm on the plane R2 . It is known that the unit k · k-disk K is circumscibed about an affine image of a regular hexagon with a vertex at a prescribed point of the boundary ∂K, as well as about an affine image of a regular octagon [1]. The results of [2] (cf. [3]) easily imply that if a three-dimensional Minkowski space contains no two-dimensional subspace isometric to (R2 , |x + y|), then the ball K in this space is circumscribed about an affine image of the cube-octahedron with a vertex at any prescribed point of the boundary ∂K of K. (The cube-octahedron is the convex hull of midpoints of the edges of a cube.) In [4], it is proved that if k·k is a norm in R 3 with the standard Euclidean structure and K is the unit k·k-ball, then ∂K contains the midpoints of the edges of a certain rectangular parallelepiped, or a certain central section of K is a rectangle. A complete oriented flag in Rn is a collection of embedded oriented subspaces of increasing dimension: O ∈ L1 ⊂ L2 ⊂ · · · ⊂ Ln = Rn , where the orientation of Ln is fixed (O denotes the origin). The set of all flags is denoted by Flag(Rn ). Theorem 1. Let M be a convex centrally symmetric (n2 + n)-tope inscribed in the unit sphere Sn−1 ⊂ Rn . Furthermore, we assume that (a) Sn−1 is a unique quadric containing the vertices of M and (b) the open cones of support of the vertices cover the complement Rn \O after shifting all the vertices to the point O = (0, . . . , 0) ∈ Rn . Let L1 , L2 ∈ Flag(Rn ) be two flags and let k · k be a norm on Rn with unit k · k-ball K. Then there is a linear transformation a : Rn → Rn such that the polytope a(M ) is inscribed in K and a(L1 ) = L2 . Proof. We assume that the unit k · k-ball K has smooth boundary ∂K. In the other cases, the theorem is proved by a simple passage to the limit. We consider the manifold  2 G := (g(A1 ), . . . , g(A (n2 +n)/2 )) | g ∈ GL+ (n) ⊂ (Rn )(n +n)/2 , where A1 , A2 , . . . , A (n2 +n)/2 belong to distinct pairs of symmetric vertices and GL+ (n) is the group of orientation preserving linear isomorphisms of Rn . We set 2 GK := {g ∈ GL+ (n) | (g(A1 ), . . . , g(A (n2 +n)/2)) ∈ (∂K)(n +n)/2}. We must prove that {g(L1 ) | g ∈ GK} = Flag(Rn ). We prove this for a C 1 -open and dense set of centrally symmetric convex compacta K. In the other cases, the proof is obtained by a passage to the limit. 2 For a C 1 -open and dense set of “balls” K, the manifolds G and (∂K)(n +n)/2 intersect transversally. Therefore, GK is an empty set or a smooth compact (n2 − n)/2-dimensional submanifold in GL+ (n). (The fact that GK is compact follows from the condition on the open cones of support of the vertices of M . The condition ensures that there exists a positive constant c such that Vol(M ) ≥ c Vol(K) for an arbitrary convex compact set K circumscibed about M (see [5]).) Translated from Zapiski Nauchnykh Seminarov POMI, Vol. 267, 2000, pp. 146–151. Original article submitted October 31, 1999. 812
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We show that if G and (∂K)(n



2



+n)/2



are transverse, then the mapping



F : GK → Flag(Rn ),



g 7→ g(L1 ),



has degree one. Since ∂K is determined up to regular homotopy, it follows that the manifold GK is determined up to inner cobordism in GL+ (n), and so the singular bordism class of the mapping F is uniquely determined. We consider the case where K is the standard Euclidean ball and the vertices of M belong to ∂K = Sn−1 . 2 In this case, the transversality of G and (∂K)(n +n)/2 follows from the fact that, by assumption, ∂K = Sn−1 is a unique quadric containing the vertices of M . In this case, we obviously have GK = SO(n), and F is a homeomorphism.  Remarks. 0. Clearly, the sphere Sn−1 in the statement of Theorem 1 can be replaced by any ellipsoid centered at O. 1. For n = 2, any centrally symmetric convex hexagon satisfies the assumptions of Theorem 1, and we obtain a generalization of the result of [1]. 2. For n = 3, the assumptions of Theorem 1 are fulfilled, e.g., for the vertices of a regular icosahedron, and, consequently, for all centrally symmetric collections of points sufficiently close to them. The cube-octahedron does not satisfy the assumptions of Theorem 1 because the condition on the open cones of support of the vertices is violated, but it can be regarded as a limit case. 3. It may happen that Theorem 1 gives nothing for n > 3 because no collection of points satisfies its assumptions. 4. The flags L1 and L2 in the statement of Theorem 1 indicate the freedom with which the polytope M can be affinely inscribed in the unit k · k-ball K. 5. Assume that, in the hypotheses of Theorem 1, M0 is the polyhedron bounded by the tangent hyperplanes of S n−1 at the vertices of M . Then, for a certain affine transformation a of Rn , the polyhedron a(M 0 ) is circumscibed about K and we have a(L1 ) = L2 . To prove this, we perform the polar transformation with respect to the Euclidean unit ball in Rn and apply Theorem 1. For example, a regular dodecahedron in R3 , as well as any centrally symmetric 12-hedron sufficiently close to it, is such a polyhedron. §2. On the diameter of the set of the Minkowski planes with respect to the Banach–Mazur distance metric Let E1 and E2 be two Minkowski spaces of the same dimension. The Banach–Mazur distance between them is defined as  d(E1 , E2) = inf log(kAk · kA−1 k) , A



where the infimum is taken over all linear isomorphisms A : E1 → E2 . Using inscribed affine-regular octagons, we can estimate the diameter of the set of the Minkowski planes with respect to the Banach–Mazur metric. (The sharp estimate log 23 was obtained by Stromquist in 1980s.) Proposition 2. √ The diameter of the set of the Minkowski planes with respect to the Banach–Mazur metric is at most log(6 − 3 2). Proof. First, we reformulate this assertion in a more convenient form. Let K1 and K2 be the unit disks of two norms on the plane R2 . Then there is a linear isomorphism a of R2 and two positive constants α and β such that √ β ≤ 6 − 3 2. α a(K1 ) ⊂ K2 ⊂ β a(K1 ) and α (Clearly, α a(K1 ) and β a(K1 ) are the homothetic images of a(K1 ) with coefficients α and β.) We use the fact that each centrally-symmetric planar convex set is circumscribed about an affine image of a regular octagon [1]. In what follows, we assume that K1 and K2 are circumscibed about one and the same regular octagon O. In this case, K1 and K2 lie in the set O0 obtained by adding to O eight equal isosceles rectangular triangles bounded by the continuations of the sides of O (Fig. 1). We denote these triangles clockwise by ∆1 , . . . , ∆ 4 , ∆01 , . . . , ∆ 04 . 813



Fig. 1



Fig. 2 (0)



(0)



In what follows, we denote by α∆i the image of ∆i under the homothety with coefficient α and center at the vertex of the right angle of ∆i (Fig. 2). of Ki passing through a vertex of O intersects the interior of at most one of the triangles √Each line of support √ 0 ( 2 − 1) ∆1 , . . . , ( 2 − 1) ∆ √ each of the “disks” K1 and K2 intersects the interiors of at most √4 . Consequently, two pairs of the triangles ( 2 − 1) ∆i and ( 2 − 1) ∆0i , and these pairs of triangles are not adjacent. the triangles, Ki either intersects only the interiors of the √Hence, after √ appropriately √ renumerating √ √ triangles 0 0 ( 2−1) ∆ , ( 2−1) ∆ , ( 2−1) ∆ , and ( 2−1) ∆ , or intersects only the interior of the triangles ( 2−1) ∆1 1 3 1 3 √ and ( 2 − 1) ∆01 , or does not intersect the interiors of such triangles at all. Thus, after appropriately renumerating the “disks” K1 and K2 and a rotation, we can assume that K2 does √ (0) not intersect those of the triangles ( 2 − 1) ∆i that√do not √ intersect K1 . We show that in this case we have √ K2 ⊂ (3 2 − 3)K1 , and since, obviously, K1 ⊂ O0 ⊂ 2 O ⊂ 2 K2 , it follows that √ 1 √ K1 ⊂ K2 ⊂ (3 2 − 3)K1 , 2 which implies the assertion of Theorem 2. √ √ By our choice of the coefficient of the homothety (3 2 − 3), the polygon (3 2 − 3) O covers the entire set √ √ O0 with the , . . . , ( 2 − 1) ∆04 . For example, let K2 intersect the √ possible exception of the triangles ( 2 − 1) ∆1√ triangle ( 2 − 1) ∆1 . Then K1 also intersects the triangle ( 2 − 1) ∆1 and obviously contains the triangle ABC shaded in Fig. 2, which is bounded by the side AB of O and two lines joining the vertices of the triangles ∆1 and √ √ ( 2 − 1) ∆1 , as shown in the figure. Simple calculations show that (3 2 − 3)(O ∪4ABC) covers the triangle ∆1 . Theorem 2 is proved. 



Translated by N. Yu. Netsvetaev. 814
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