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Graph theory and Commutative Algebra Emanuele Ventura Department of Mathematics and Systems Analysis Aalto University [email protected]



Abstract The aim of this talk is to picture a very little part of the interplay between graph theory and commutative algebra. In the first part, we will try to characterize Cohen-Macaulay bipartite graphs; in the second part, we will summarize some results about the connection between coloring properties of graphs and secants of their edge ideals.



Introduction and notation In the recent years, commutative algebra has enjoyed a fruitful interplay with combinatorics giving rise to an exciting field of research called combinatorial commutative algebra [3], [4]. The book [4] by Stanley is a milestone in this development. The book [3] by Miller and Sturmfels is a natural continuation of Stanley’s work with some glimpses of combinatorial algebraic geometry and many other advanced topics. This field has many connections to other fields of pure and applied mathematics. The tools used in this context varies from commutative algebra, combinatorics, algebraic geometry to representation theory, toric geometry and topology among others. For instance, on the topology side, topological combinatorics is a fast growing subfield of combinatorics providing numerous useful techniques in the hands of combinatorial algebraists. The aim of this talk is to picture a little part of these connections, focusing on graph theory and commutative algebra, mostly following the wonderful survey [2]. The definitions for the graph theoretic part are standard (cf. [1]). Given a graph G = (V, E) and a subset W ⊂ V , we denote the induced subgraph on W by GW . Let G be a finite undirected graph on the vertex set V = [n] and let S = k[x 1 , . . . , x n ] be the polynomial ring in n variables over a field k. We associate to each edge e = {i, j} ∈ E(G) of G the monomial ue = x i x j in our polynomial ring S.
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Cohen-Macaulayness and graphs



The aim of this section is to try to characterize Cohen-Macaulay bipartite graphs.



1



Definition 1. Given a graph G, the edge ideal of G is the monomial ideal I(G) of S which is generated by all the quadratic monomials ue with e ∈ E(G). Example 1. If G = C5 then I(G) = 〈x 1 x 2 , x 2 x 3 , x 3 x 4 , x 4 x 5 , x 5 x 1 〉. Remark 1. From the definition 1, the edge ideal of G is the Stanley-Reisner ideal of the clique complex ∆(G) of the complementary graph G of G, i.e. I(G) = I∆(G) . Definition 2. Let R be a commutative ring with unit and M a module over R. M is Cohen-Macaulay (CM for short) if its minimal free resolution as an R-module is smallest as possible. Indeed if cod imM = c then length of the minimal free resolution is ≥ c. Then if this length equals the codimension of M , then M is called CM, which is a nice property. In the case of ideals we have that cod imI := ht I. Definition 3. Let k be a field. We say that a graph G is Cohen-Macaulay (CM for short) if the k-algebra S/I(G) has this property. In general it depends on char k. One example is the following: Let ∆ be the triangulation of the real projective plane RP2 . Then I∆ is CM if char k 6= 2. Lemma 1. Let G be a graph on [n]. A subset C = {i1 , . . . , i r } ⊂ [n] is a vertex cover of G if and only if the prime ideal PC = 〈x i1 , . . . , x ir 〉 contains I(G). C is minimal vertex cover of G if and only if PC is a minimal prime ideal of I(G). Example 2. G = C4 Proof. A generator x i x j of I(G) belongs to PC if and only if x ik divides x i x j for some ik ∈ C if and only if C ∩ {i, j} 6= ;. Then I(G) ⊂ PC iff C is a vertex cover of G. The second statement follows from that all minimal prime ideals of a monomial ideal are monomial prime ideals. Definition 4. Let G be a graph. W write I G for the Alexander dual I(G)∗ of I(G). Remark 2. The ideal I G is minimally generated by those monomials x C for which C is a vertex cover. Example 3. G = C4 Definition 5. A graph G is unmixed if all the minimal vertex covers of G have the same cardinality. Lemma 2. Every CM graph is unmixed. Proof. Recall that for a subset C ⊂ [n], PC stands for the monomial prime ideal of S generated by the variables x i with i ∈ C. Let C1 , . . . , Cs be the minimal vertex covers of G. Then PC1 , . . . , PCs are precisely the minimal prime ideals of I(G). Since S/I(G) is CM, then all minimal prime ideals of any ideal have the same height. Then all the Ci have the same cardinality. Definition 6. Let P = {p1 , . . . , pn } be a finite poset with a partial order ≤ and Vn = {x 1 , . . . , x n , y1 , . . . , yn }. Write G(P) for the bipartite graph on Vn whose edges are the 2-element subsets {x i , y j } such that pi ≤ p j . A bipartite graph G on W ∪ W 0 comes from a poset if |W | = |W 0 | = n and if there is a finite poset P on [n] with |W | = n such that G(P) = G (possibly after relabeling).
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Remark 3. A bipartite graph coming from a poset P is CM. The proof is quite technical and involves the construction of a squarefree monomial ideal from the lattice of poset ideals of P, which is in turn an ideal having linear quotients and hence a linear resolution. One proves also that a bipartite graph G is CM if G is coming from some finite poset. In this direction, one uses Cohen-Macaulay complexed and the fact that they are connected in codimension one. Then, we have: A bipartite graph G is CM ⇐⇒ G comes from a finite poset. The beauty of this result comes from mixing in the same statement a key algebraic concept with two widely used combinatorial structures.
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Secant ideals and graphs



Thie second section is devoted to state some results about combinatorial secant varieties [5], without giving all the proofs, but with the intent to draw a clear picture of what is going on. Given two projective varieties X and Y embedded in some projective space Pn we construct their join. Definition 7. The join X ∗ Y of X and Y is the Zariski closure of the union of lines spanned by a point in X and a point in Y . Given a projective variety X in Pn , one construct its secants, using the definition 7 of joins. Definition 8. The r-secant variety is X {r} = X ∗ X ∗ . . . ∗ X . Secants and joins are classical projective varieties. Here classical means that they are much studied since the 19 th century by geometers. Many results are known about dimensions and degrees of many secants of other varieties. However, much has to be proved. Secants are also interesting in the field of algebraic statistics, where they correspond to mixture models. One can define joins and secants for arbitrary projective schemes, and hence for any homogeneous ideal. In particular then, for monomial and edge ideals: Give the ideal I in the polynomial ring S we denote the r-secant ideal of I as I {r} . The formal definition for ideals is an elimination ideal, but we want to avoid it to keep things simpler. Indeed, the definition is not fundamental here: instead, think of the geometry of the projective varieties associated to those ideals (actually to their saturations). The operation of taking the r-secant of an ideal preserves many features of the ideal itself: being prime, monomial and radical for instance. We relate the coloring properties of a graph G to the algebraic properties of the secant ideal I(G){r} . Definition 9. The chromatic number χ(G) of a graph G is the smallest number of colors which can be used to give a coloring of the vertices of G such that two adjacent vertices have the same color. To any Q subset W ⊂ V = [n] we associate the monomial mW = i∈W x i ∈ S. Proposition 3. The chromatic number χ(G) of a graph G is the smallest integer r ≥ 0 such that the r-th secant ideal I(G){r} is the zero ideal. Example 4. G = C5 . We get I(G){r} = 〈0〉 for r ≥ 3.
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Q Proof. The monomial mW = i∈W x i is a standard monomial of I(G) if and only if W is an independent subset of the vertices of G. An r-coloring is a partition W1 , . . . , Wr of the vertices of G such that each Wi is an independent subset of vertices of G. It turns out that the r-secant ideal I {r} of a monomial ideal I is a monomial ideal and every standard monomial of I {r} is a product of r standard monomials of I. For squarefree monomial ideals (and in any characteristic of the base field k), every such product is standard for I {r} ; see Corollary 2.5, [5]. Qr Using this remarks, an r-coloring for G exists if and only if x 1 x 2 . . . x n = i=1 mWi is a standard {r} {r} monomial of I (G). Since I (G) is radical (because I(G) is radical), then the last condition is equivalent to I {r} (G) = 〈0〉. Theorem 1. I(G){r} of an edge ideal I(G) is generated by the squarefree monomials mW whose induced subgraph GW is not r-colorable I(G){r} = 〈mW |χ(GW ) > r〉. The minimal generators of I(G){r} are those monomials mW such that GW is not colorable but GU is r-colorable for any proper subgraph U ⊂ W . In other words, its minimal generators are the minimal obstructions to an r-coloring of G. Example 5. G = C5 . Then I(G){2} = 〈x 1 x 2 x 3 x 4 x 5 〉. Definition 10. A graph G is perfect if χ(GW ) = ω(GW ) for every subset W ⊂ [n]. Recall that the clique number ω of a graph is the size of the largest complete subgraph. Example 6. Example of a perfect graph: C3 ; example of a non-perfect graph: C4 . Proposition 4. A graph G is perfect if and only if every non-zero secant ideal I(G){r} is generated in degree r + 1. Example 7. Look at the 2-nd secant of I(G) for G = C5 , which is not perfect. This is not generated in the third degree. One of the main breakthrough in graph theory in the last decade has been the strong perfect graph theorem which characterizes perfect graphs in terms of forbidden induced subgraphs, which is one of the deepest theorems in graph theory right now. Theorem 2 (Strong perfect graph theorem). The minimal non-perfect graphs are precisely the odd cycles of length > 4 and their complements. Remark 4. One can prove a result on secant ideals of non-perfect graphs which is equivalent to this celebrated theorem. The statement is on the degrees of the minimal generators of some secants of the ideal, see [5] for details.
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