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HAMILTONIAN PDE’S AND WEAK TURBULENCE PHENOMENON ´ SANDRINE GRELLIER - ORLEANS



An important problem in mathematical physics is to understand the large time behavior of solutions to Hamiltonian partial differential equations. For an infinite dimensional Hamiltonian system, it depends strongly on the topology of the phase space. For instance, it is known that the cubic defocusing nonlinear Schr¨odinger equation i∂t u + ∆u = |u|2 u posed on a Riemannian manifold M of dimension d = 1, 2, 3 with sufficiently uniform properties at infinity, defines a global flow on the Sobolev spaces H s (M ) for every s ≥ 1. In this case, a typical large time behavior of interest is the boundedness of trajectories. On the energy space H 1 (M ), the conservation of energy trivially implies that all the trajectories are bounded. On the other hand, the existence of unbounded trajectories in H s (M ) for s > 1 is a long standing question. It is naturally connected to weak turbulence, which only recently received a positive answer in some very special cases. The aim of the proposed work is to understand a simple equation for which such a turbulence phenomenon may be exhibited by performing explicit computations. The reference paper is the lecture notes of a mini course given by Patrick G´erard at Chapel Hill, university of north carolina, february 2016 (lectures 2 and 3 essentially). Long time estimates of solutions to Hamiltonian nonlinear PDEs Patrick G´erard. http://pde.unc.edu/lecture-notes-from-patrick-gerard-minischool-now-available/(39 pages). The main part of the master thesis will be to understand these lecture notes and, if possible, to obtain a particular case of weak turbulence phenomenon by producing explicit computations. The mathematical tools are basic ones, essentially Fourier series and ODE’s. ´partement de Mathe ´matiques, Universite ´ d’Orleans, 45067 FDP/MAPMO-UMR 7349, De ´ans Cedex 2, France Orle E-mail address: [email protected]
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