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. What it States



The Hardy–Weinberg theorem states what the genotype frequencies are, in terms of the gene frequencies, at a single locus, under the simplest assumptions for the genetic processes in a diploid organism. It is essentially the cornerstone on which much of the theory of population genetics has been built.



. Example of Population in Hardy–Weinberg Equilibrium



What it States



. Interest and Importance of the Theorem



The Hardy–Weinberg theorem is named after Hardy and Weinberg who independently discovered it in 1908. The theorem states what the genotype frequencies are, in terms of the gene frequencies, at a single locus, under the simplest assumptions for the genetic processes in a diploid organism. These genotype frequencies are attained after one generation of random mating, under the assumption of no selection, no mutation, no random changes in frequencies and no migration. Moreover, the gene frequencies remain constant from generation to generation. The formula for the genotype frequencies is easiest to present in the two-allele case, although the theorem also holds with more alleles. Denote the frequency of allele A by p, and the frequency of allele a by q 5 1 2 p. Then, after a single generation of random mating, the genotype frequencies are as given in Table 1. A similar relationship will hold if there are three alleles at a single locus, which we could designate as A1, A2, A3. In this case, there would be six diﬀerent genotypes, so the situation is a bit more complicated algebraically, although the underlying principles would be exactly the same. In fact, the theorem extends to an arbitrary number of alleles which we could designate as Ai, where the subscript denotes the allele. Assume that the frequency of the Ai allele is given by pi. Then the frequency of the AiAi homozygote genotype will be p2i , and the frequency of the AiAj heterozygote (with i and j diﬀerent) will be given by 2pipj. One can also extend the Hardy–Weinberg equilibrium to a case of multiple loci. This is easiest to explain in the case of two loci and two alleles. Denote the alleles at the A locus by A and a, and the alleles at the B locus by B and b. Then there are four haplotypes, AB, Ab, aB and ab, and consequently ten genotypes, AB/AB, AB/Ab, AB/aB, AB/ ab, Ab/Ab, Ab/aB. Ab/ab, aB/aB, aB/ab and ab/ab. Another issue arises which we will not deal with here, namely linkage disequilibrium, or the nonrandom assortment of alleles at the diﬀerent loci. However, the Hardy– Weinberg proportions still hold, and after one generation, the genotype frequencies can be determined from the haplotype frequencies. Since the Hardy–Weinberg law depends on knowing the allele frequencies, it is important to state that in any



. How You Can Tell Whether a Population is in Hardy– Weinberg Equilibrium . Assumptions, and How Much and In What Sense They Matter



generation, independent of whether the population is at Hardy–Weinberg equilibrium, the allele frequencies can be derived from the genotype frequencies. For the case of two alleles at a single locus, the frequency of the allele A is given by the sum of the frequency of the AA homozygotes plus one half the frequency of the Aa heterozygotes: p 5 pAA 1 pAa/2 For more than two alleles, the frequency of the allele A is given by the sum of the frequency of the AA homozygotes plus one half the frequency of all the heterozygotes that have an A allele.



Example of Population in Hardy– Weinberg Equilibrium If there are data providing genotype frequencies at a single locus, one can tell if the population is in Hardy–Weinberg equilibrium. Obviously, no natural population will be exactly in Hardy–Weinberg proportions, but in many instances the population will be close to Hardy–Weinberg equilibrium. An example of a hypothetical population in Hardy–Weinberg equilibrium is given in Table 2. A natural population will never be in perfect Hardy–Weinberg equilibrium, but in many cases the genotype frequencies are very close to the Hardy–Weinberg proportions.



How You Can Tell Whether a Population is in Hardy–Weinberg Equilibrium Deciding whether a population is in Hardy–Weinberg equilibrium involves a statistical test to determine the likelihood of a population with the observed allele frequencies having the observed genotype frequencies. Following the usual statistical procedures, one accepts the null hypothesis that the population is in Hardy–Weinberg equilibrium if the chance of a deviation from the Hardy– Weinberg proportions that is less than or equal to that
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Table 1 Genotype frequencies after one generation of random mating as given by the Hardy–Weinberg law Genotype Frequency



AA p2



Aa 2pq



aa q2



observed is greater than 0.05. If the probability is less than 0.05, then one would say that the population is not in Hardy–Weinberg equilibrium. In discussing these tests, it is useful to deﬁne the Hardy– Weinberg disequilibrium for the allele A, DA, as the frequency of the AA genotype minus the square of the frequency of the A allele: DA 5 pAA 2 (pA)2 Then the statistical question is to test the null hypothesis that DA 5 0. Written this way, we can use the test even if there are more than two alleles, but lumping together all the alleles other than A. The appropriate statistical test is outlined in Weir (1996). Two diﬀerent approaches can be used. The simplest test begins by using the observed allele frequencies to compute the genotype frequencies, as given in Table 3. Then, the expected genotype numbers are calculated as the sample size times the expected frequencies. Then the w2 goodness of ﬁt statistic is: 2A ¼



X genotypes



¼



ðnDA Þ2 ð2nDA Þ2 ðnDA Þ2 nD2A þ þ ¼ 2 2 np2 2npq nq2 p q



Table 2 Numbers of a hypothetical population in perfect Hardy–Weinberg equilibrium; the population size is 1000, and the frequency of the A allele is 0.6
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AA p2 5 0.36 360



Aa 2pq 5 0.48 480



Genotype Observed number Expected number Observed 2 Expected



AA nAA np2 nDA



Aa nAa 2npq 2 2nDA



aa naa nq2 nDA



of summing either the probability of observing fewer homozygotes than were actually observed, or the probability of observing more homozygotes than were actually observed. We will give the formula in the case of two alleles, A and a, in a population of size n (so there are 2n alleles). For a given number of A alleles, nA, the conditional probability of observing x heterozygotes can be shown to be: PrðxjnA Þ ¼



n!nA !ð2n  nA Þ!2x ½ðnA  xÞ=2!x!½n  ðnA þ xÞ=2!ð2nÞ!



For the observed value of the frequency of the A allele and the given population size, this formula can be evaluated numerically for all possible values of the heterozygote frequency, x. The least likely outcomes that sum to a given rejection level form a rejection level of that size.



Assumptions, and How Much and In What Sense They Matter



ðObserved  ExpectedÞ2 Expected



This statistic is distributed as a w2 with one degree of freedom, and thus signiﬁcance can be determined using standard tables. The reason that the test has one degree of freedom and not two, is that there are two constraints: the allele frequencies are given and the genotype frequencies must sum to one. There are problems with this approach, especially if numbers are small. Since the situation is quite simple, exact tests are available, based on computing exactly the probability of an observed set of genotype frequencies. This approach, which goes back to Fisher (1935) is summarized by Weir (1996). Conceptually the test consists



Genotype Frequency Numbers



Table 3 Test for Hardy–Weinberg



aa q2 5 0.16 160



The Hardy–Weinberg theorem rests upon a series of assumptions, namely that: . . . . . .



Generations are nonoverlapping. There is random mating. The population size is very large – eﬀectively inﬁnite. There is no migration. There is no mutation. There is no natural selection.



In addition, the model is phrased for diploid sexual organisms. Violation of any of these assumptions would mean that the theorem is not strictly true. It is recognized that the Hardy–Weinberg theorem applies only to idealized populations and that the assumptions will never be met exactly for any real population. Of more interest is how large the deviation from the Hardy–Weinberg proportions is if any particular assumption is not met. If generations are overlapping, then Hardy–Weinberg proportions are approached, but only asymptotically, rather than after a single generation, as is the case with nonoverlapping generations. The rate of approach is geometric, so that the theorem holds approximately after several generations, even if it is not strictly true. Similarly,
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for sex-linked loci, the Hardy–Weinberg proportions are only approached asymptotically and not in a single generation. Lack of random mating is perhaps the most important reason for deviations from Hardy–Weinberg proportions in natural populations. The most common reason for an observed population showing a deﬁciency of heterozygotes relative to the Hardy–Weinberg proportions is if two populations that do not interbreed freely are sampled together, a result known as the Wahlund eﬀect. How this arises is easiest to understand in the case where it is most dramatic: where two populations that are essentially monomorphic for diﬀerent alleles are sampled together. In this case the deﬁciency of heterozygotes can be very large, and the Wahlund eﬀect is the most likely explanation for most observed deviations of natural populations from Hardy–Weinberg proportions. Consider the case where one population is entirely AA individuals and the other is all aa individuals. Then a sample of these two populations together will have no Aa individuals and will appear not to be in Hardy–Weinberg equilibrium. Thus it would be fallacious to attribute deviations from Hardy–Weinberg equilibrium to the action of selection without extensive further investigation. In a similar vein, other deviations from random mating, such as selﬁng, would also lead to deviations from Hardy– Weinberg equilibrium. The size of the deviation from Hardy–Weinberg proportions would depend on the degree of deviation from random mating. If the population size is small enough, then random eﬀects will lead to deviations from the Hardy–Weinberg proportions. These eﬀects will be very small, however, unless the population size is extremely small (much less than 50). If there is migration, input of alleles from an outside population, then there can be deviations from Hardy– Weinberg. The size of the deviation will depend on the rate of migration, but will typically be quite small. However, the Wahlund eﬀect described above could be viewed as an eﬀect of migration. Similarly, mutation is only likely to cause very small deviations from Hardy–Weinberg proportions. In theory, one way to detect natural selection would be to look for deviations from Hardy–Weinberg proportions. In practice, however, any deviation from Hardy–Weinberg proportions resulting from selection would be relatively small unless selection is very strong. Moreover, the deviations from Hardy–Wienberg proportions depend on the form of selection. Clearly, very strong selection could lead to large deviations from Hardy–Weinberg proportions, such as if all heterozygotes die. However, strong directional selection (favouring a single allele) may lead to no deviations from Hardy–Weinberg proportions. In summary, although all the assumptions listed are required for the strict truth of the Hardy–Weinberg theorem, the eﬀect of nonrandom mating is the most likely



cause of large deviations from Hardy–Weinberg proportions. Very strong selection can also produce sizeable deviations from Hardy–Weinberg proportions, but these will only be large enough to be detected if selection is very strong and sample sizes are very large.



Interest and Importance of the Theorem The Hardy–Weinberg theorem is essentially the cornerstone on which much of the theory of population genetics has been built. It is thus of great historical importance. It also has a number of direct consequences of great import in population genetics. One of the most important questions in population genetics is understanding what maintains variability. The Hardy–Weinberg theorem shows, under the assumptions of the theorem, that variability will be maintained. Before the Hardy–Weinberg theorem was demonstrated, this result was not known, even though it seems so obvious today. Further work on understanding the dynamics of populations depends critically on the Hardy–Weinberg theorem. Since the Hardy–Weinberg proportions are obtained in one generation, the theorem has the consequence that population genetic questions can be described by the frequencies of alleles rather than the frequency of genotypes. Thus, if there are two alleles, only one variable, a single allele frequency, is needed to describe the genetic state of the population. (The other allele frequency can be obtained because the frequencies must sum to one.) If one followed genotypes, two variables (three frequencies minus one since the frequencies must sum to one) would be needed. In general, in a system with n alleles, use of the Hardy–Weinberg theorem would suggest that n 2 1 variables are needed, while there would be n(n 1 1)/2 2 1 variables needed to follow the genotype frequencies. This is a much larger number. Similarly, as we noted, the theorem applies even to systems with more than one locus. Once again, this allows for a great simpliﬁcation in the description of these systems, so only frequencies of haplotypes, rather than genotypes, need be followed. This observation is essential for organizing large data sets in population genetics.



References Fisher RA (1935) The logic of inductive inference. Journal of the Royal Statistical Society 98: 39–54. Weir BS (1996) Genetic Data Analysis II. Sunderland, MA: Sinauer.



Further Reading Hardy GH (1908) Mendelian proportions in a mixed population. Science 28: 41–50.
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