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Abstract – We study breaking of the “supersymmetry” of an intrinsically achiral armchair carbon nanotube by means of a helical perturbation. Lowering of the symmetry results in the appearance of a non-zero eﬀective mass for nanotube low-energy excitations, which otherwise are massless Dirac fermions. Other important consequences of the symmetry breaking are opening of gaps in the energy spectrum and shifting of the Fermi points, which we classify according to their functional dependence on the nanotube and helix parameters. Within each class the gaps are proportional to the inverse of the nanotube radius, and appear to be sensitive to the exact position of the helix in a unit cell. These results are of immediate importance for the study of DNA-nanotube complexes, and can be veriﬁed by means of optical/electron spectroscopy or tunneling microscopy. c EPLA, 2007 Copyright 



The unusual material and electronic properties of carbon single-wall nanotubes (referred as NTs below) such as extraordinary strength, light weight, high conductivity, sharp optical absorption spectra and bright luminescence [1], are in the focus of interest of physicists at present. NTs hold promise for practical applications in nano-electronics and Nano-Electromechanical Systems (NEMS) [1]. Recently, a DuPont group has shown progress in synthesis of a DNA-NT complex which is used for NT separation and selective placement [2]. In this complex, single-stranded DNA is wrapped around a tube in a helical way with a ﬁxed pitch [2] and, thus, ﬁxed chirality, as shown in ﬁg. 1. Similar complexes were observed in multiwall NTs in [3]. This letter addresses the vibrant question of whether the DNA-NT complex can still have the same electronic and optical properties as a pristine NT. The answer we give is, in general, the DNA changes the band gap of the NT and thus modulates the electronic and optical properties. To demonstrate the most dramatic changes that the DNA wrap may cause, we present the theory of the gap opening in the metallic armchair-NT (A-NT), which is a special type of NT with a “super-symmetry” [4]. The additional (a) E-mail:
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symmetry of the pristine A-NT is responsible for the absence of a band gap [5] and is diﬃcult to break by a nonchiral perturbation. Thus, the A-NT is an ideal system to study the role of the DNA wrap. The highly charged backbone of the DNA wrap [6] is the major source of perturbation to NT electronic structure. The Coulomb eﬀects are often neglected in the literature where NTs are modeled as a lattice of noncharged carbon atoms (for example, [7]). We performed numerical modeling of DNA-NT complexes of diﬀerent symmetry (to be presented elsewhere [8]) and found that a great deal of qualitative understanding of the eﬀect can be obtained within a less computationally demanding and more physically transparent approach. The honeycomb lattice of the graphite monolayer (graphene) that constitutes the NT wall has two atoms in the unit cell, denoted as A and B below (ﬁg. 1). Graphene is a zero-band gap semiconductor: the conduction and valence bands meet at the Fermi point, where the dispersion relation is approximately linear in momentum. Therefore the low-energy excitations of a graphene sheet or a metallic NT are conveniently described by the Dirac Hamiltonian for a massless particle [9], as detailed below. In particular, the four crossing subbands of a metallic NT are given by the Hamiltonian (written in momentum representation,
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Fig. 2: (Color online) Size of the linear gap due to a helical perturbation as a function of the indices M and n. The diameter of a circle is proportional to the gap value. Color assignment for the symmetry breaking mechanisms is as follows: green (Ze); light green - (Zo); light blue - (A1e); blue - (A2e); orange - (A1o); red - (A2o). The insets show: (a) a schematic representation of the states of Hamiltonian H0 and the transitions induced by a helical perturbation; (b) the energy diagram for NT without perturbation, (c) NT with perturbation of type (Z) or (A1), and (d) NT with perturbation of type (A2).
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Fig. 1: (Color online) 3D view of NT wrapped by a DNA helix (top), and the envelope potential proﬁle of the helix with the background of NT carbon network (bottom). The zigzag and armchair directions are shown with red and blue dashed lines, respectively.



in the basis K+1 A, K+1 B, K−1 B, K−1 A [10])   σx 0 H0 = vq = vqΠz ⊗ σx , 0 −σx



(1)



matrices and the unit matrix that operate in AB space (space of sublattices A and B) [11]; q is the electron momentum along the NT measured from the Fermi points: k = K + q; v is Fermi velocity, v  9 × 107 cm/s, and b  1.4 ˚ A is the carbon-carbon bond length. One needs two  and σ , because there diﬀerent pseudo-spin operators, Π are four fermion species in the NT bands at the energies close to the Fermi level. The eigenenergies and eigenstates for the Hamiltonian (1) are schematically shown in ﬁg. 2a (inset). The purpose of this letter is to derive the eﬀect of the symmetry breaking due to a DNA/polymer molecule wrapped in a helical fashion around a NT and to compute the resulting gap opening. The DNA/polymer is modeled as a long homogeneous line of charge wrapped around the NT, and the period of the helix along the NT axis is assumed to be commensurate1 with the NT unit cell length. If, for a moment, we assume that the coordinate origin for the helix coincides with one of the NT atoms, which belongs, e.g., to the sublattice A, then, as we move along the helix, we pass through other NT atoms, which belong either to the same sublattice (AAAAA), or to both sublattices alternately (ABABABA). Surprisingly, all helices fall into one of the two categories. 1 Commensurate



where Πx , Πy , Πz , IΠ are Pauli matrices and a unit matrix that operate in√K -point space (space of two Fermi-points: K±1 = ±2π/(3 3b)), whereas σx , σy , σz , Iσ are the Pauli



wrap symmetry is not exhausted by the wraps with a single helix pitch per translational period h. The wraps with Q winds per M unit cells of the NT form a general set of {M/Q, n} rational helixes. Such helix can be chosen arbitrarily close to any incommensurate wrap.



27006-p2



Helicity and broken symmetry of DNA-nanotube hybrids The best example of the former, to which we will refer as “class (Z)”, is a helix running along the zigzag direction at an angle α = π/6 with respect to the circumference, whereas the best example for the latter, which we term “class (A)”, is the helix running along an armchair direction at the angle α = π/3 (see ﬁg. 1). It is shown below that, among the perturbations of their class, these two sample wraps exhibit the largest gaps. A perturbation of type (Z) breaks the symmetry with respect to interchange of the two sublattices and has the form Πz ⊗ σz . The perturbation of type (A) aﬀects both sublattices in the same way, and cannot break the sublattice symmetry, but mixes the fermion species at K+1 and K−1 ; therefore it has the form Πx ⊗ σx . We now part with the assumption that the coordinate origin for the helix coincides with a carbon atom, and write the general form of the perturbation Hamiltonian as H1 + δH = ∆0 C0 IΠ ⊗ Iσ + ∆0 Γω Uω Πx ⊗ σx Uω+ ,



(2)



where H1 = ∆0 C0 IΠ ⊗ Iσ shifts the energy origin, ∆0 is the normalized amplitude of the potential of the DNA backbone to be derived in eq. (5), and C0 and Γω depend on the symmetry of the DNA-NT hybrid. Uω = uz (φ)Uy (ω)uy (ω) is a rotation in SU (2) ⊗ SU (2) space2 , Uj (χ) = eiχΠj /2 , and uj (χ) = eiχσj /2 . For the helices commensurate with a NT translational period, the phase ω can take only two values: ω = π/2, and ω = 0, corresponding to cases (Z) and (A), respectively. It will be shown that the phase φ determines the shift of the Fermi points, and takes only the values: 0 and ±2π/3. Below we refer to these two cases as classes (A1) and (A2), respectively. The energy spectra for the unperturbed Hamiltonian and for cases (Z) and (A) are shown in the insets to ﬁg. 2. The helical perturbations do not commute with the pseudospin-ﬂip operator, Πx ⊗ σz , and break the valley degeneracy [10]. The projection of the “spin” onto the NT axis, Σa = IΠ ⊗ σx , is preserved only by a perturbation of type (A1), and therefore is not a convenient characteristic of symmetry breaking. Perturbations of type (Z) and (A) can be distinguished by whether “K -spin”, κ, is preserved. The operator of “K -spin” is K = Πz ⊗ Iσ , and for a perturbation of type (Z) (ω = π/2) it commutes with the total Hamiltonian, H0 + H1 + δH. values The eigenfunctions of H0 corresponding to deﬁnite T√ of κ = ±1, Ψλ,κ are given by Ψλ,+1 = (1, λ, 0, 0) / 2, and T√ Ψλ,−1 = (0, 0, 1, −λ) / 2, where λ = ±1 is the energy index, Eλ (q) = λvq. In this basis, the conservation of κ gives us a trivial result: the Hamiltonian H0 + H1 + δH is already in a block-diagonal form, and the diagonalization of the blocks corresponding to diﬀerent κ = ±1 produces 2 A gauge phase could appear (depending on the choice of the coordinate origin) but can be removed by transformation δH = Uz (ϕ)+ δHUz (ϕ), a rotation about the z-axis in K-space, which commutes with Hamiltonian H0 + H1 .



its energy spectrum as EτZ (q) = ∆0 C0 + τ







(∆0 Γπ/2 )2 + v 2 q 2 ,



(3)



where τ = ±1 labels new conduction and valence bands. This spectrum is twice degenerate in κ, and has a gap of width 2∆ = 2∆0 |Γπ/2 |. The operator which commutes with H0 + H1 and δH in case (A) (ω = 0) is Πy ⊗ σz , similar to the pseudospinﬂip operator mentioned earlier. The eigenfunctions of this operator, which are simultaneously eigenfunctions of H0 , are Φλ,ρ = (1, λ, iρ, −iρλ)T /2. The Hamiltonian H0 + H1 + δH is block-diagonal in their basis and we readily obtain its eigenvalues as  A Eτ,ρ (q) = ∆0 C0 + τ (∆0 Γ0 cos φ)2 + (vq + ρ∆0 Γ0 sin φ)2 , (4) where τ, ρ = ±1. The gap in this spectrum is 2∆ = 2∆0 |Γ0 cosφ|. Non-zero φ means that the Fermi point, initially located at qF = 0, is now split into two Fermi points located at qρ = −ρ∆0 Γ0 sin(φ)/v. In case (A1), φ = 0, and the Fermi point does not split. The gap opening in the pristine metallic A-NT changes the band structure qualitatively, which can be detected by optical and electron spectroscopy, in transport and tunnelling microscopy. Figure 2 shows the dependence of the size of the gap that opens in a (n, n) NT due to a helical perturbation on the NT index, n, and the wrap number, M , which determines the period of the helix, √ h = M a in terms of the length of the NT unit cell, A. Although the gap opens virtually for a = 3b = 2.4 ˚ any combination {n, M }, one can clearly notice several leading sequences, corresponding to the same ratio n/M (same helical angle α). Thus, each sequence can be labeled ¯ }, which do not have common divisors, by a pair {¯ n, M √ ¯ /(¯ or, equivalently, by the helical angle: tan α = M n 3). The two most pronounced gap sequences correspond to the series {1, 1} (α = π/6), and {1, 3} (α = π/3), which are the helices directed along the zigzag and armchair directions. The gaps in the same sequence are inversely proportional to the NT radius: ∆ ∼ 1/R. ¯ }, apart from their deﬁnitions as {n, M } Numbers {¯ n, M reduced by their greatest common divisor, have additional meaning from the point of view of the NT symmetry: they specify the screw symmetry that remains after the NT is wrapped by the helix: rotation about the NT axis by an angle 2π/(n/¯ n) together with translation by ¯ NT periods, i.e., they specify the unit cell of M/M the DNA-NT hybrid. The potential of the DNA is assumed to be homogeneous along the helix and to have Lorentzian shape, V (x), in the direction perpendicular to the helix, with its Fourier transform given by V˜ (k) = u0 Λe−|k|Λ , where Λ stands for the helix thickness. In the following we consider only the eﬀect linear in the perturbation potential, though the small correction by the higher-order terms of the perturbation theory can be readily obtained as in ref. [12].
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V. I. Puller and S. V. Rotkin We ﬁnd that there are three parameters that determine the size of the gap: √ √ ¯ 2 + 3¯ i) The shape parameter z= exp[−2πΛ M n2 /(a 3)] results from the ﬁnite range of the DNA potential. The argument of the exponent is the ratio of the area covered by the helix in a unit cell of DNA-NT hybrid to the area of one hexagon. ii) The oﬀset parameter, x = 2π¯ nl0 /a, characterizes the coordinate origin of the helix x0 , y0 . Here, l0 = x0 − y0 tanα is the axial distance between the helix and C2 rotational axis passing through the middle of a bond parallel to the circumference. The results have to be periodic functions of this parameter, since displacement of the helix along the NT by one NT period a does not alter the size of a gap. iii) The characteristic gap scale as given by the normalized amplitude of the potential of the DNA backbone u0



where ν = ±1, µ = 0, ±1. The phase φ, which is given by φ = µν2π/3, renders additional classiﬁcation, depending on whether µ = 0 (scenario (A1)) or not (scenario (A2)). The gap that opens in case (A2) is half of that in case (A1). The parity of n0 + M0 allows the following classiﬁcation: (A1e) mod(n0 + M0 , 2) = 0, and µ = 0: the gap is   2 2 1 4 (7a) ∆ = ∆0 z 3 1 + z 3 cos 2x − z 3 cos 4x . 2 This gap is a periodic function of the oﬀset parameter, but never decreases to zero. The oscillations of the gaps that open according to scenario (A) are in opposite phase with those from scenario (Z), which further conﬁrms the complementary symmetry of these wraps. (A1o) if mod(n0 + M0 , 2) = 1, and µ = 0 the gap is 1



∆0 =



u0 Λ u0 Λ = √ . 2πR sin α na 3 sin α



(5)



Since our analytical results follow from the linear perturbation theory, all gaps are proportional to ∆0 . Since z and ¯ }, the gap x depend only on the reduced parameters {¯ n, M scales as the inverse NT radius, i.e., in the same way as the band gap of a pristine semiconductor NT, in contrast to the case of secondary gaps, that can be induced by deformations, for example. Selection rules for helical perturbation. Apart from the scaling as 1/R, the size of the gap is determined by the symmetry of the NT-helix system, that is by numbers ¯ }. {¯ n, M For a realistic potential proﬁle of the DNA backbone charge, the shape parameter z  1 and the leading terms of the gaps for small z values are as follows: ¯ , 3) = ±1: the gap opens according to (Z) class, mod(M the scenario (Z), i.e., ∆ = ∆0 |Γπ/2 |. Depending on the ¯ +n parity of M ¯ , one should distinguish two cases: ¯ , 2) = 0, which automatically implies – (Ze) mod(¯ n+M ¯ that M , n ¯ are odd numbers, since otherwise they would have 2 as a common divisor. The gap is given by √ (6a) ∆  ∆0 3z| sin x|.



∆ = ∆0 z 3







 1 1 2 1 + (−1)M0 z 3 cos x − z 3 cos 2x . 2



(7b)



(A2o, A2e) As we discussed above, the gap opening according to scenario (A2) (µ = ±1) is accompanied by a shift of the Fermi points (the phase φ is non-zero). In this case the gap is half of that given by expressions (7a) and (7): ∆ = ∆/2. The Fermi points split and shift to positions (ﬁg. 2d) √ 3∆ ∆0 |Γ0 sin φ| =± . (8) qF = ± v 2v As we have seen, the gaps that appear due to the mixing of states lying near the same Fermi point of an A-NT, (Z), are proportional to z or z 2 , whereas the gaps due to mixing of the states belonging to diﬀerent Fermi points, (A), are proportional to z 1/3 and z 2/3 . According to the deﬁnition of the parameter√z, the largest gaps are those ¯ 2 + 3¯ n2 . Thus, the largest with the smallest value of M gaps are those in the sequence {1, 1} (i.e., with M = n, Class (Ze)), and in the sequence {1, 3} (i.e., with M = 3n, Class (A2o)), see ﬁg. 2. Because of the importance of these gaps we provide the explicit expressions for them. The gap for the {1, 1} sequence is √ 3 u0 Λ − 4πΛ √ e a 3 π R



     sin 2πl0  ,   a



(9a) This gap is a periodic function of the oﬀset parameter x, and takes zero values when l0 = (a/(2¯ n))s, where s is an arbitrary integer, i.e. when the helix passes through and the gap for {1, 3} sequence is a C2 axis.    ¯ , 2) = 1: the gap becomes – (Zo) if mod(¯ n+M 4πΛ 2πl0 1 u0 Λ − 4πΛ − √ e 3a 1 − e 3a cos ∆1,3 = √ 2 a 2π 3 R (6b) ∆  ∆0 3z | sin 2x|,   4πl0 1 8πΛ − e− 3a cos . (9b) 2 a and takes zero values when l0 = (a/(4¯ n))s. ¯ , 3) = 0: The gap opens according to (A) class, mod(M the scenario (A), and ∆ = ∆0 |Γ0 cosφ|. At small z, the In conclusion, we found that a DNA wrapped as a gap formula is determined by integer numbers M0 and regular helix may drastically change NT band structure. ¯ = 3M0 , M0 = 3m0 + µ, and n n0 , deﬁned as M ¯ = 3n0 + ν, As an example, we presented the analytical low-energy ∆1,1 =
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Helicity and broken symmetry of DNA-nanotube hybrids theory for the band gap opening in metallic A-NTs, due to symmetry breaking. We classiﬁed all possible helical potentials (that are commensurate with the A-NT lattice) and found two major mechanisms of the symmetry breaking: pseudo-spin-ﬂip which preserves the “K -spin” symmetry and the one which mixes the “K -spin”. Main features of the gaps due to the helical potential are: 1) there are classes with same helicity of DNA wraps and similar symmetry properties; 2) within a class the gap scales as ∼ 1/R with the NT radius; 3) a wider helical potential (which corresponds to larger Λ in our model) results in the exponential suppression of the gap (due to averaging of the potential over the atoms lying under the helix); 4) the gaps are sensitive to rotation/shift of the helix about the NT axis. In particular, there exist two positions of the helix in the {1, 1} sequence, when the gap vanishes by symmetry: when the helix passes through the middle of the bond or the center of the hexagon. A twofold symmetry axis for the NT-helix system exists in both these cases. In contrast, the gap of the {1, 3} sequence, that opens due to scenario (A), remains even when there are two-fold rotation symmetries of A-NT left intact. Our analysis proves that this eﬀect is due to the symmetry of the operator δH which breaks the “K -spin” degeneracy in this case but preserves the sublattice degeneracy. Although to make an estimate for the band gap opening one may need a detailed knowledge of the perturbation potential, we infer from numerical studies that typical bandgaps are of the order of few meV to few tens of meV for metallic NTs [8]. Further experimental study of the structure of the DNA on the NT would be very valuable to make accurate predictions of the band structure modulation due to nanotube functionalization [13]. The ability to perform spatial modulation of the band gap of a NT via functionalization paves the way for creating NT heterostructures and related electronic devices, at least in principle. For optical spectroscopy, the role of the DNA wrap is in developing natural optical activity, typical for chiral media, even for non-chiral pristine NTs. It is known [6] that the DNA charge may vary and depends on environmental factors such as: the type of solvent, its chemical potential and pH. The band gap in a DNA-NT hybrid is a function of the charge of the DNA backbone, thus, DNA-NT hybrids may be utilized in chemical/biological sensors.
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