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Abstract. The problem of three-dimensional liquid-solid impact is considered. A numerical method has been developed to predict the hydrodynamic loads acting on the entering body. The proposed approach is based on the Wagner theory and the boundary element method. In order to validate the numerical simulation, an original experimental study has been performed. It consists of a series of impact tests carried out with a hydraulic machine. Three specimens have been tested: an elliptic paraboloid, a wedge with conical ends and a square pyramid. An excellent agreement between theory and experiments has been observed. Keywords : water impact, slamming, three-dimensional Wagner theory, boundary element method



1. Introduction The prediction of the hydrodynamic loads acting on the wetted part of a solid impacting a liquid free surface is an important issue for a number of industrial applications. For example, information relating to the forces occurring during bottom slamming is important in the design of bulbous bows of ships (Tanizawa et al., 2003) or very large floating structures (Greco et al., 2009a,b). Impact load prediction is also relevant to the crashworthiness of aircraft structures in emergency water landing conditions (Seddon and Moatamedi, 2006). Water entry problems involve highly unsteady free surface fluid flows in which the effect of liquid inertia is predominant. It has become popular to use Computational Fluid Dynamics (CFD) to solve impact-induced flow problems. Examples of both Eulerian and Lagrangian approaches are reported in the literature. Eulerian methods are generally based on the use of an interface capturing scheme, which traces the position of the free surface. The most wellknown interface capturing techniques are the Volume-of-Fluid (VOF) method (Kleefsman et al., 2005; Aquelet et al., 2006), the Level-Set method (Collicchio et al., 2005) and the Constrained Interpolation Profiles (CIP) method (Zhu et al., 2007). An alternative to Eulerian approaches are meshless methods in which a discrete set of particles is followed in time in a Lagrangian manner. Examples of meshless methods are the Smoothed Particle Hydrodynamics (SPH) method (Monaghan, 2005) and the Particle Finite Element method (Idelsohn et al., 2004).
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In spite of the progress of CFD, simplified models of water impact, based for instance on the Wagner theory, are still attractive for both engineering and research purposes. Indeed, CFD techniques require large computational resources, which prohibit their use for preliminary design or optimization. Furthermore, CFD methods may be somewhat difficult to master. Generally, numerous tests are necessary to select appropriate simulation parameters (mesh spacing, number of time steps…). It is also interesting to point out that simplified models of water impact are often used for the assessment of the CFD techniques (Oger et al., 2006; Aquelet et al., 2006; Qian et al., 2006; Gong et al., 2009). Many simplified models for practical analysis of water impact are based on the Wagner theory (Wagner, 1931). The Wagner approach assumes a potential flow. Moreover, the boundary conditions are linearized and imposed on the initial (flat) liquid free surface. Several improvements of the original Wagner theory have been proposed over the years. Cointe and Armand (1987), Watanabe (1986) and Zhao and Faltinsen (1993) used the method of matched asymptotic expansions to account for the effect of the jet flow on the distribution of hydrodynamic pressure at the intersection between the liquid free surface and the body. In order to extend the range of validity of the Wagner theory to large deadrise angles, Zhao et al. (1996) proposed the generalized Wagner approach, in which the real shape of the solid and the exact kinematic boundary condition are employed for the computation of the fluid flow, see also (Mei et al., 1999; Faltinsen, 2002; Malleron and Scolan, 2008). Other theoretical models for the prediction of slamming loads were proposed by Vorus (1996), Korobkin (2004) and Oliver (2007). However, the vast majority of simplified models can only deal with two-dimensional problems. Of course, the impact of three-dimensional bodies can be treated with the use of “strip methods”, in which the three-dimensional problem is approximated by a set of twodimensional problems. Unfortunately, this approach provides accurate results only for very elongated bodies. Truly three-dimensional solutions of water impact problems are very seldom. Scolan and Korokbin (2001) developed an inverse method for three-dimensional problems. In this method, the contact surface between the fluid and the impacting body is assumed to be given at any instant of time and the corresponding body shape is determined from the Wagner condition. Korobkin and Scolan (2006) have proposed a method of solution of the classical (direct) Wagner problem for nearly axisymmetric bodies using a perturbation technique. The displacement potential formulation, introduced by Korobkin (1982), provides an appropriate framework for the development of numerical solution methods for the threedimensional Wagner problem. The displacement potential, which is the time integral of the velocity potential, has better regularity properties than the velocity potential. In particular, its gradient remains bounded in the vicinity of the boundary of the wetted surface. The displacement potential formulation was used by Takagi and Dobashi (2003) and by Takagi (2004) to investigate three-dimensional water impact problems. A drawback of the numerical scheme used by these researchers is that the contact surface between the liquid and the body is represented by a discrete set of rectangular elements, leading to a lack of accuracy in the position of the contact line. For this reason, Takagi (2004) indicated that his numerical approach may be unreliable in the prediction of the pressure distribution on the wetted part of the entering body. Better predictions of contact surface shapes were obtained by Gazzola (2007) by using adaptive mesh refinement techniques, see also Gazzola et al. (2005). However, with this method, it is necessary to execute the same simulation several times to obtain the optimal mesh, leading to an increase in CPU-time.
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Chezhian (2003) and Faltinsen and Chezhian (2005) proposed a three-dimensional generalized Wagner model to predict impact loads on three-dimensional bodies. This method is certainly more accurate than those based on the classical Wagner theory when impacting bodies with large deadrise angles are considered. However, it requires the use of a time marching procedure to obtain the solution. It is therefore necessary to compute the fluid flow around the impacting body (taking into account its exact geometry) at a large number of instants of time. Thus, this approach is clearly computationally more demanding than methods based on the displacement potential formulation (while less demanding than CFD techniques). The main aim of the present paper is to present an efficient method for the prediction of slamming loads on three-dimensional bodies. The proposed approach is based on the displacement potential formulation and the boundary element method. As suggested by Scolan and Korobkin (2007), the geometry of the wetted surface of the impacting solid is described with the use of a truncated Fourier series. An iterative algorithm is applied to determine the coefficients of this series. This algorithm is based on the observation that the displacement discontinuities that occur when the displacement potential is computed for a “wrong” geometry of the wetted surface, provide a measure of the mismatch between this supposed surface and the exact solution of the Wagner problem. The distribution of hydrodynamic pressure is computed with the Modified Logvinovich Model (MLM) proposed by Korobkin (2004). An experimental investigation of the hydrodynamic impact of three-dimensional bodies has been conducted to provide data for the validation of the proposed approach. The tests have been performed using a hydraulic machine. With this device, the velocity is almost constant during the water entry stage. A detailed comparison of the hydrodynamic loads predicted by the proposed method with the experimental data and with results derived from CFD simulations has shown an excellent agreement.



2. The three-dimensional Wagner theory of water impact In this section, a brief overview of the Wagner theory is given. One can refer to Scolan and Korobkin (2001), Faltinsen (2005) or Oliver (2002) for a more detailed description of this theory. The three-dimensional problem of water entry of a rigid body into a fluid initially at rest and occupying the unbounded lower half-space ( z  0 ) is considered. It is assumed that liquid inertia dominates the forces acting on the body during the typical duration of the impact, and therefore the effects of viscosity, surface tension, compressibility, gravity and air-cushion are neglected. The flow is also assumed to be irrotational, which makes it possible to introduce a velocity potential φ such that the fluid velocity v is given by v   . The position of a point of the solid surface at any instant of time is given by z  f ( x, y )  h(t ) , where f(x,y) is a function that describes the body shape, f(0,0) = 0, and h(t) is the penetration depth defined by: t



h(t )   Vz ( ).d ,



(1)



0
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where Vz is the vertical velocity of the impacting body (taken to be positive for downward motion). During the initial stage of impact of a blunt body, the deadrise angle (angle between the normal to the body surface and the vertical axis) remains small and that the liquid surface is close to its initial position. Consequently, the instantaneous fluid flow is approximately the same as if the fluid were loaded by a flat plate and the boundary conditions can be imposed on the initial position of the liquid free surface (z=0), see Fig. 1. Moreover, the dynamic free surface boundary condition is formed by considering a linearized form of the Bernoulli equation: p    t , (2) where p and  are respectively the hydrodynamic pressure and the fluid density. Within the Wagner approach, the velocity potential is the solution of the following boundary value problem:  ( w)  0 , z0  ( w) , z  0, ( x, y )  FS ( w) (t )   0 ( w) , (3)   ( w)   V ( t ) , z  0 , ( x , y )  WS ( t ) z  z  ( w) , x2  y2  z 2     0 where FS(w) and WS(w) are respectively the projection of the free surface and the wetted surface on the plane z=0 (superscript w is used to distinguish the solution of the Wagner problem from that of the original potential flow problem). In the present work, these two surfaces are assumed to be connected by a closed curve, called hereafter the contact line and denoted by  ( w) t  . It is worth noticing that, in spite of the fact that the boundary-value problem (3) is linear, the problem of water impact within the Wagner theory remains nonlinear. This is due to the fact that the contact line is not known in advance and must be determined together with the fluid flow. For this purpose, an additional condition should be introduced. The velocity potential is identically zero on the free surface, Eq. (3-b), hence, fluid particles on this surface have a purely vertical motion. Consequently, by considering the linearized boundary conditions, the elevation of the free surface η can be written in the following form: t



 ( x, y,t ) 



 0



 ( w) ( x, y,t ).d . z



(4)



Because it is not possible for a fluid particle to penetrate the surface of the solid, the elevation of the free surface at a point of coordinates (x,y) on the contact line should be equal to the zcoordinate of the corresponding point of the body surface: x, y    ( w) t  .  x, y,t   f x, y   ht  for (5) This equation is known as the Wagner condition and allows one to determine the position of the contact line. Within the Wagner theory, the velocity field is singular in the vicinity of the contact line, which may be problematic for numerical approaches. In order to overcome this difficulty, the Wagner problem can be reformulated by using the displacement potential as proposed by Korobkin (1982). The displacement potential ψ is the time integral of the Wagner velocity potential:
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t







 ( x, y, z,t)   ( w) ( x, y, z, ).d ,



(6)



0



and is the solution of the following boundary value problem (Howison et al., 1991; Gazzola, 2007): ,z0   0   0 , z  0, ( x, y )  FS ( w) (t )  (7)    f ( x, y )  h(t ) , z  0, ( x, y )  WS ( w) (t ) .  z  , x2  y2  z 2     0 The Wagner condition, Eq. (5), can be rewritten in terms of the displacement potential as:  x, y,0, t  x, y    ( w) t . (8)  f x, y   ht  for z It is interesting to point out that Eqs. (7-8) only depend on the actual position of the impacting body. This means that the displacement potential formulation allows one to determine the position of the contact line at a given instant of time independently of its past positions. This makes it possible to design numerical methods which are not based on a time-stepping procedure.



3. Description of the numerical approach In the present section, a numerical method for predicting the hydrodynamic loads acting on a three-dimensional solid during water entry is presented. With the proposed methodology, computations of slamming forces are performed in two steps: first, the position of the contact line is determined by using a numerical scheme based on the displacement potential formulation and the boundary element method. Then, a semi-analytical model is employed to compute the pressure distribution on the contact surface. 3.1. Determination of the wetted surface 3.1.1. General outline of the method As mentioned above, the position of the contact line is defined implicitly by the Wagner condition, Eq. (8). It should, however, be anticipated that for arbitrarily shaped threedimensional solids, it will not be possible to obtain the exact contact line. In other words, the Wagner condition will be satisfied only approximately. From a general point of view, the design of a numerical method for the determination of the contact surface requires the: -Introduction of a parametric representation of the contact surface, where the position of the contact line is defined as a function of a small number of coefficients. -Development of an algorithm for the determination of the coefficients that minimize the error on the Wagner condition. In the present method, the geometry of the contact line  (w) is described by using polar coordinates: the position of any point of  (w) is determined by the distance a from a given reference point C and by the angle θ from the x-axis, see Fig. 2. Moreover, we suppose that the shape of the contact surface at a given instant of time can be described by a single-valued function g such as a=g(θ). Restricting attention to impacting bodies symmetric with respect to the xz-plane, the position of the contact line is approximated using a truncated Fourier series 
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with only cosine terms: Na -1



aˆ ( , t ) 



 a (t)  cos(i ) ,



(9)



i



i 0



where the symbol ^ denotes a trial function and Na is the number of terms of the Fourier series. Such a parameterization provides a smooth approximation of the contact line. To our knowledge, there is no proof of the smoothness of the contact line. However, Gazzola et al. (2005) and Korobkin and Scolan (2006) have shown that the contact line for a square pyramid (a non-smooth body) is a smooth curve. The location of the reference point of the polar description is important as it affects the accuracy in the description of the contact line. Indeed, some tests have revealed that, for a given number of harmonic components, a better approximation of the contact line is obtained when point C is close to the centre of the contact surface. Of course, the position of this point is only known once the wetted surface has been determined. So, it cannot be used as reference point. For this reason, C is taken as the centre of the wetted surface predicted by the von Karman theory, i.e. the intersection  between the body and the initial free surface. This point is generally very close to the centre of the Wagner contact surface.  Before describing the method employed to determine the coefficients ai which minimize the error on the Wagner condition, a remark on the displacement potential formulation should be made: the boundary value problem (7) can be solved even for a “wrong” contact line (that does not fulfil the Wagner condition (8)). In this case, the displacement of the liquid surface is discontinuous. This phenomenon is illustrated by Fig. 3, which displays the displacement of the liquid surface in the case of the impact of a cone, obtained for several values of the radius c of the wetted surface. One observes that, for values of c different from its theoretical value (satisfying the Wagner condition), the position of the free surface at x=c does not coincide with the body surface. Furthermore, the magnitude of the displacement discontinuity increases with the discrepancy between c and its theoretical value. It is also interesting to point out that the sign of the discontinuity depends on whether c is smaller or greater than the theoretical value. From these observations, one may conclude that the displacement discontinuities on the water surface (z=0) provide a measure of the mismatch between the considered contact surface and the one satisfying the Wagner condition. The local displacement discontinuity at any point of the contact line is:  ET ( , t )  ( x, y,0,t )   f ( x, y )  h(t ) . (10) z In order to find the “best possible approximation” with the proposed parametric description of the contact line, Eq. (9), a possible solution would be to use optimization techniques to obtain the values of coefficients ai that minimize the root mean square of the displacement discontinuity:



eT (t ) 



1 2



2



 E ( , t) .d . 2



(11)



T



0



Nonetheless, this approach would probably be rather demanding in computational resources. Indeed, with optimization methods, it is generally necessary to compute the gradient of the cost function (11). In the present case, as there is no analytical solution to the boundary value problem (7), the cost function can only be calculated numerically and the evaluation of its gradient would require the use of finite difference techniques. This method involves a large number of evaluations of the cost function and can be very time consuming.
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In order to avoid the drawbacks of optimization methods, a different methodology is proposed. The error of continuity is expanded in a truncated Fourier series, the coefficients ei of which are given by: 2



ei (t ) 



 E ( , t ).cos(i ).d .



(12)



T



0



The contact line is determined by seeking the values of coefficients ai such that the corresponding Fourier components of the error of continuity are equal to zero: E(A)  0 ,



(13)



where E (e0 , e1 ,..., eNa 1 ) and A  (a0 , a1 ,..., a Na 1 ) . As previously indicated, in order to determine the displacement discontinuity (11), one has to compute the elevation of the free surface by solving the boundary value problem (7). For this purpose, a special boundary element model, in which the unknowns are approximated with the use of Fourier series, was developed. This model is described in the next section. The method used to solve the set of equations (13) is presented in section 3.1.3. t



t



3.1.2. Computation of the free surface elevation with the boundary element method The displacement potential is governed by the Laplace equation, Eq. (7-a). It is well known that the solution of this equation is fully determined by its boundary conditions. This means that if the displacement potential  and its normal derivative  n are given on the boundary of the fluid domain then the solution can be computed everywhere. The boundary element method takes advantage of this fact by reducing the Laplace equation into a boundary integral equation, which can be written as follows (Bonnet (1999), Wrobel (2002)): G(p, q)    (q)  (p)  (p)   G(p, q)   (q) (14) .dSq , n n   S







where G(p, q) is a Green’s function of the Laplace operator. In the present section, the freespace Green’s function is considered: 1 (15) G(p, q)  p  q . S is the boundary of the fluid domain and n is the outward unit normal vector to S.  (p) stands for the solid angle at location p ; it is equal to 4π when point p is inside the fluid domain and it is equal to 2π when p is on a smooth part of the boundary surface S. In the present study, the surface S consists of the wetted surface WS(w), the free surface FS(w) and a far-field boundary S  . According to the far field condition, Eq. (7-d), the contribution of S  to (14) will be negligible if the domain extension is large enough. We suppose that point p is on the free surface. Within the Wagner theory, WS(w) and FS(w) are planar, so one can easily show that G(p, q) n  0 when points p and q are on these surfaces. Taking the boundary conditions, Eqs. (7-b) and (7-c), into account, the boundary integral equation (14) can be rewritten in the following form:



(q)  G(p, q)  dS



FS  w  t 



q







  f ( x , y )  h(t) G(p, q)  dS q



q



WS  w  t 



where η denotes the elevation of the free surface (    z ). 7



q



 0,



(16)



The standard method of solution of boundary integral equations consists in approximating the unknowns with the use of interpolation functions, building a linear system of equations using a collocation technique and solving this system. In the present work, truncated Fourier series are used to approximate the displacement of the free surface: Nq -1



ˆ ( ,  ) 



 ( ) cos(i ) ,



(17)



i



i 0



where  is the non-dimensional radial coordinate defined by  



( x - x ) c



2







 y 2 a , t  . The



wetted surface is truncated at    max and the domain 1, max  is divided into several elements. Within each element, the evolution of the Fourier coefficients  i with the non-dimensional radius is approximated using linear functions:  ξ    i ξ k  ξ  ξ k   i ξ k  ,   [ξ k , ξ k 1 ] ,  i    i k 1 (18) ξ k 1  ξ k coordinates  k and  k 1 correspond to the boundaries of the kth element. The deformation of the free surface is more pronounced in the vicinity of the contact line. For this reason, a nonuniform mesh size is used: the nodal positions are defined according to the following geometric progression with common ratio  : (19) k2 k1  (k1 k ). Denoting by Ne the number of elements, the proposed approximation of η involves N q   N e  1 variables. The same number of equations is generated using a collocation technique, leading to a linear system that can be written in matrix form as (20) GX  B , where X is the vector of nodal unknowns (nodal values of the Fourier coefficients of the free surface displacement η). The coefficients of matrix G are derived from the first integral in the left hand side in Eq. (16). The integration is done numerically. Each (ring-shaped) element is divided in the angular direction into several integration cells. Because the free surface displacement is approximated using truncated Fourier series, the integrand in Eq. (16) contains an oscillatory function with a wavelength depending on the number of harmonic components used to approximate the free surface displacement. Therefore, it is necessary to adopt a larger number of integration cells when the number of harmonics increases. For the influence coefficients related to the ith Fourier component  i of the free surface displacement, the number of cells per element is taken to be equal to 9×(i+2). In each cell, a Gaussian quadrature is performed. The number of Gauss points ranges from 4×4 to 16×16, depending on the distance of the considered collocation point. The coefficients of vector B are obtained by integration of the second term in the left hand side of Eq. (16) using integration cells (the wetted surface is divided into several ring-shaped element and each element is divided in the angular direction similarly to the free surface elements). The position of the collocation points is important because it affects the conditioning of matrix G. When standard isoparametric elements are used, the collocation point locations are commonly assigned to the nodal positions (Wrobel, 2002). In the present work, the collocation points are also located at the boundary of the elements. Nevertheless, it is worth noticing that the correct use of the boundary integral equation (14) requires the potential and its normal derivative to be continuous at location p (Bonnet, 1999). Consequently, no collocation point should be on the contact line (   1 ). Therefore, in the first element, the
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collocation points are located at ξ  ξ 0  ξ 1  2 and ξ  ξ 1 . The angular positions  i of the



collocation points are chosen such as cosii   1 . Indeed, with this choice and an adequate ordering of the variables, G is likely to be diagonally dominant. Furthermore, as the contact line, the body geometry and the displacement of the free surface are assumed to be symmetric with respect to the xz-plane, symmetric collocation points have to be avoided (because two symmetric collocation points yield the same equation), leading to the following condition: cos( i )  cos( j ), i  j . (21) Fig. 4 shows the position of the collocation points for Nq=7. 3.1.3. Computation of the coefficients of the contact line The Fourier coefficients of the contact line are determined by solving the nonlinear system of equations (13). This task is carried out by using a fixed point algorithm with dynamic relaxation as proposed by Küttler and Wall (2008). This method is easy to implement and does not require the computation of the Jacobian matrix of (13). With the fixed point algorithm, the solution of a system in the form of (13) is obtained by applying the following iterative process: A( n1)  A( n)   ( n) Ε( n) , (22) where n indicates the iteration counter and  n  is a relaxation parameter. It is reminded that A is the vector containing the coefficients of the Fourier series used to describe the wetted surface geometry, see Eq. (9). Vector E contains the Fourier components of the displacement discontinuity at the contact line, Eqs. (10,12-13). At each iteration of the fixed point algorithm, the elevation of the free-surface is computed with the boundary element model described in section 3.1.2 in order to determine the displacement discontinuity. Iterations are continued until a convergence criterion, which is defined by the largest component of E, is reached: max ein  i (23)  . h The relaxation factor  n  does not change the final converged solution, but it has a strong effect on the speed of convergence of the fixed-point iterations. Moreover, it has to be small enough to keep the algorithm from diverging. In the present work,  n  is determined dynamically using the Aithken’s 2 method, see e.g. Brezinski (2000). At each iteration,  n  is updated according to (Küttler and Wall, 2008): t Ε ( n ) (Ε ( n1)  Ε ( n ) )  ( n1)   ( n ) . (24) 2 Ε ( n1)  Ε ( n ) This method shows good convergence properties. Generally, less than 10 iterations are necessary to meet the convergence criterion.



3.2. Distribution of hydrodynamic pressure 3.2.1. The modified Logvinovich model (Korobkin, 2004, 2005) In the original Wagner theory, the pressure acting on the impacting body is calculated with the linearized Bernoulli equation, Eq. (2). It is well known that the original Wagner model
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overestimates slamming loads and predicts infinite pressure at the contact line. Several studies were carried out to obtain more accurate predictions of hydrodynamic pressure from the Wagner potential  (w) , see e.g. Cointe and Arnand (1987), Zhao and Faltinsen (1993). In the present work, the hydrodynamic pressure is computed using the Modified Logvinovigh Model (MLM), which was proposed by Korobkin (2004) and extended to three-dimensional problems in (Korobkin, 2005). In the two-dimensional and axisymmetric cases, the MLM was tested against numerical and experimental results and a good agreement was observed (Korobkin and Malenica, 2005; Tassin et al., 2010). The hydrodynamic pressure p(x, y, z,t ) in the fluid domain is given by the original (nonlinear) Bernoulli equation: 2   1 p  x, y, z, t    ρ    . (25)  t 2    The following definitions are introduced: P( x, y, t )  p( x, y, f ( x, y )  h(t ), t ) ,  ( x, y, t )   ( x, y, f ( x, y )  h(t ), t ) . Taking into account the exact kinematic condition on the contact surface,  ,z  f ,x ,x  f ,y ,y  Vz , the pressure acting on the impacting body can be presented in the following form:  1 1 (f.  Vz ) 2  2 , (26) Px, y,t    ρ,t     2 2 1  f 2    t t where   ,x ,,y  and f   f ,x , f ,y  . One can notice that equation (26) is exact within the potential flow theory. Unfortunately,  can only be obtained numerically using, for instance, a nonlinear boundary element model, see e.g. Zhao and Faltinsen (1993), Battistin and Iafrati (2003). In order to circumvent this difficulty, Korobkin (2004) proposed to approximate  using the potential  (w) solution of the Wagner problem. The approximation is based on the following Taylor expansion:  ( x, y,t )   (w) ( x, y,0,t )  ,(w) (27) z ( x, y,0,t )( f ( x, y)  h(t )) . Taking into  account the boundary condition on the wetted surface, Eq. (3-b),  can be rewritten in the following form:  ( x, y, t )   ( w) ( x, y,0, t )  Vz (t )( f ( x, y )  h(t )) . (28)  Eqs. (26) and (28) allow one to derive the distribution of hydrodynamic pressure on the wetted surface from the Wagner velocity potential. It should be noted that the pressure predicted by the MLM is negative in a small region near the contact line. This is a wellknown problem of models of water impact in which the hydrodynamic pressure is calculated using the original (nonlinear) Bernoulli equation (Zhao et al., 1996; Vorus, 1996; Korobkin, 2004, 2005). To circumvent this difficulty, it was suggested by Zhao et al. (1996) to consider the pressure only in the part of the contact surface where the pressure is positive. Accordingly, the vertical component of the total hydrodynamic load Fz is obtained by integration of the positive part of the pressure over the wetted surface:



Fz t  



 max0, Px, y,t  dx  dy .



WS



( w)



(29)



(t )
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3.2.2. Computation of the Wagner velocity potential As explained previously, the determination of the Wagner velocity potential  (w) on the wetted surface is needed to determine the hydrodynamic pressure acting on the impacting body with the MLM. In the present section, a semi-analytical approach to compute the Wagner velocity potential is presented.  (w) ( x, y, z,t ) is the solution of the boundary value  problem (3). An exact closed-form expression of  (w) is only available in the case of an elliptic contact surface. In the present work, an approximate analytical solution for  (w) in the case of arbitrarily-shaped contact  surfaces is sought by using the form of the solution for an elliptic contact line as a trial function. The velocity potential over the contact surface is  expressed as:  2   r  . ˆ ( w) (r, θ,0, t )  Bt  1   (30)  a , t   with r  ( x  xc ) 2  y 2 . Coefficient B(t) is determined by using the boundary integral equation for potential flow problems, Eq. (14). The following green function is considered: 1 1 (31) G D (p, q)  p  q  p  q , where p stands for the symmetric of p with respect to the xy-plan. This leads to the following expression for the velocity potential in the lower half-space ( z p  0 ):







w



x



p



, y p , z p ,t   



 ( x



zp 2π



WS  w (t)



 w  xq , yq , zq ,t 



p



 xq ) 2  ( y p  y q ) 2  z p



2







3/2



dxq dyq .



(32)



The vertical component of the fluid velocity is obtained by differentiating Eq. (32) with respect to zp:  w xq , yq , zq ,t   w  1 x p , y p , z p ,t    dxq dyq z p 2π  w  ( x  x ) 2  ( y  y ) 2  z 2 3/2 p q p q p WS (t)



 







3z p 2π
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WS  w (t)







 w  x q , y q , z q , t 
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 xq ) 2  ( y p  y q ) 2  z p



2







5/2



(33)



dxq dy q



Considering the limit of Eq. (33) for z p 0  and taking into account the kinematic boundary condition, Eq. (3-c), the following equation is obtained:  (w) xq , y q ,0,t    (w) x p , y p ,0,t  2Vz  dxq dyq   (w) x p , y p ,0 ,t  I 2 (t )  I 3 (t ) , 2 2 3/ 2 x p  xq   y p  yq  WS  w  t 



 







2    ( x p  xq ) 2  ( y p  y q ) 2  2 z p   dx dy with I 2 (t )  lim   q q , 2 5/ 2 2 2 z p 0    WS w  ( t ) ( x p  xq )  ( y p  yq )  z p 



 







 3z 2   ( w) xq , y q ,0 ,t    ( w) x p , y p ,0 ,t   p  dxq dyq  and I 3 (t )  lim   (34) 5/ 2 2 2 2 z p 0  2  ( x  x )  ( y  y )  z  w p q p q p WS ( t )   It can be shown that I 3 (t )  0 (Tassin, 2010). Considering that point p coincides with the reference point of the polar description of the contact line (Fig. 2), xp=xc and yp=0, I 2 can be rewritten as:
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I 2 (t ) 



 a( , t)d . 1



(35)



0



Introducing Eq. (30) into Eq. (34), coefficient B(t) can be expressed as: 2Vz B (t )   , I 4 (t ) 2  1  2 d d  d  with I 4 (t )  1  (36)   2  0 1    1 0 a( , t ) 2 0 a( , t ) I4(t) is evaluated numerically from the coefficients of the contact line ai, see Eq. (9), that have been computed with the algorithm described in section 3.1 (it is reminded that, in the proposed approach, the computation of the Wagner velocity potential and the hydrodynamic pressure are performed after the determination of the wetted surface).















One may ask what level of accuracy is achieved with the proposed approximation of the velocity potential. In the case of an elliptic contact line, the proposed approach provides the exact solution. In order to evaluate its accuracy for more complex contact surfaces, a comparison with numerical results obtained by solving the boundary value problem (3) with the finite element method was performed. It was shown that the analytical approach predicts the velocity potential with good accuracy. For example, Fig. 5 shows the results obtained for a contact surface corresponding to an asymmetric cone defined by:  f x, y   tan15  x 2  y 2 , x0  . (37)   f x, y   tan15  x/ 32  y 2 , x0  A good agreement between the analytical model and the finite element simulation is observed.



4. Experiments Impact tests were conducted in order to provide data to validate the proposed numerical approach. The main goal was to measure the hydrodynamic force during the initial stage of impact of three-dimensional bodies. Figure 6 represents the three specimens which have been tested: an elliptic paraboloid, a square pyramid and a body consisting of a central cylindrical part with a wedge cross-section and two conical ends (this specimen will be simply referred to as the wedge-cone hereafter). The shape of the bottom surface of the paraboloid is defined by: f x, y   ax 2  by 2 , (38) -1 -1 with a=1.418 m and b=0.517 m . The specimens are made of a high strength aluminium alloy. During the tests, they are forced to enter water by a hydraulic shock machine (Fig. 7) at a velocity ranging from 8 to 15 m/s. The water tank has horizontal dimensions of 3m by 2m and a height of 2m and is generally filled with water to a height of 1.1 m. Strain gages were mounted on the piston and made it possible to measure the total hydrodynamic force acting on the tested specimen. Two different methods were used to obtain the time evolution of the velocity during the tests. First, the velocity history can be derived by differentiating the time history of the piston position which is given by a built-in sensor in the shock machine. Secondly, it can be obtained by integrating the signal of an accelerometer mounted on the specimen. Both methods produce almost the same results. It should be noted that an advantage of the present experimental apparatus over free-fall drop tests is that the velocity is almost constant during the impact stage (the velocity variation is less than 3%). 12



For each specimen, three or four values of the impact velocity were considered and, for each velocity, three tests were performed. Results are most conveniently presented in terms of the slamming coefficient (non-dimensional force) defined by: 2 Fz Cs  , (39) Vz 2 S max where Smax is a reference area taken as the area of the orthographic projection of the impacting solid on the xy-plane (Smax=0.133 m2 for the elliptic paraboloid, Smax=0.123 m2 for the pyramid and Smax=0.142 m2 for the wedge-cone specimen). Figure 8 presents some selected evolutions of the slamming coefficient with the body submergence for the wedgecone specimen and the elliptic paraboloid. Six experimental recordings obtained for two different impact velocities are plotted. In the case of the wedge-cone (Fig. 8-a), the six curves are nearly identical indicating a good repeatability of the measurements. For the paraboloid (Fig. 8-b), the repeatability is still very good, the curves obtained for a given velocity (10 m/s or 14 m/s) being almost superimposed. However, there is a slight influence of the impact velocity on the evolution of the slamming coefficient and the curves exhibit some undulations. This phenomenon is probably due to a vibration of the specimen induced by the impact. Indeed, the frequency of the undulations is very close to the first natural frequency of the specimen.



5. Results The main goal of the present section is to evaluate the accuracy of the proposed numerical approach. For this purpose, numerical results are first compared to analytical results of the literature. Secondly, predictions of slamming loads are compared to experimental data and results of fully nonlinear CFD simulations based on the Volume-of-Fluid method.



5.1. Comparison with theoretical results Scolan and Korobkin (2001) derived exact analytical results for the three-dimensional Wagner problem assuming an elliptic contact surface. Examples of impacting bodies having an elliptic contact region are cones and elliptic paraboloids. Figure 9 presents a comparison between the free surface elevation predicted by the proposed numerical method and the analytical solution in the case of a cone. A very good agreement between the two approaches is observed. Fig. 10 depicts the exact contact line for two elliptic paraboloids, together with numerical results obtained for several numbers of harmonic components Na. As expected, the accuracy of the proposed approach increases with the number of harmonics used in the computations. For the paraboloid with the lowest aspect ratio (Fig. 10-a), the contact line predicted by the numerical method is almost indistinguishable from the analytical result when Na is greater than or equal to 5. The second paraboloid is more elongated and a greater number of harmonic components is required to accurately describe the contact line (Fig. 10-b). Within the Wagner theory, the added mass of the wetted part of the body surface is given by:  Ma t     ( w) x, y,0,t   dx  dy . (40) Vz ( w )







WS



(t )



The values of Ma corresponding to the wetted surfaces shown in Fig. 10 are given in Table 1. It is observed that the values of Ma predicted by the proposed numerical method tend toward
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the exact analytical results for increasing values of the number of harmonics Na. It is also interesting to point out that rather good estimations of the added masses are obtained with a small number of harmonic components. For example, even if there is a significant discrepancy between the wetted surface obtained with Na=5 and the theoretical wetted surface for the elongated paraboloid, the resulting error on the added mass is only of 7%. Water entry of an inclined cone was analysed by Korobkin and Scolan (2006). They derived a closed-form solution for the shape of the contact surface and the hydrodynamic force. It is worth noting that the solution of Korobkin and Scolan (2006) is not the exact solution of the three-dimensional Wagner problem. Indeed, it has been obtained from an asymptotic analysis, in which the solution of the three-dimensional problem is sought in the form of a perturbation of an axisymmetric solution. Therefore, the range of validity of that solution is restricted to slightly inclined cones. Figure 11 presents the evolution with the inclination angle of the force coefficient fc given by: Fz (t ) tan( ) 3 , (41) fC  Vz 4t 2 where γ is the cone deadrise angle. As Korobkin and Scolan (2006) used the original Wagner model to compute the slamming load Fz, the numerical results shown in Fig. 11 were calculated by using Eq. (2) instead of the modified Logvinovich model (26). There is a good agreement between the two approaches for small values of the inclination angle, i.e. in the domain of validity of the asymptotic analysis.



5.2 Comparison with experiments and fully nonlinear simulations 5.2.1 Elliptic paraboloid The distribution of pressure coefficient on the elliptic paraboloid (Fig. 6-a) predicted by the present approach is portrayed in Fig. 12. The pressure coefficient is defined by: 2P Cp  . (42) V z 2 One observes that the pressure reaches its maximal value in the yz-plane near the boundary of the contact surface. Figure 13 displays the evolution of the total hydrodynamic force acting on the elliptic paraboloid as a function of the penetration depth for several numbers of harmonic components Na. The convergence of the numerical results is obtained for Na=5. This observation can be related to the fact that the contact line for the elliptic paraboloid predicted by the proposed approach using Na=5 is almost identical to the analytical solution (Fig. 10-a). Figure 14 presents a comparison of results of the present model (Na=5), the experiments described in Section 4, and a fully nonlinear simulation carried out with the commercial finite element software ABAQUS (2007). This simulation is based on the Volume of Fluid (VOF) method (Hirt and Nichols, 1981; Ferziger and Perić, 2002) and an Euler-Lagrange coupling algorithm (Aquelet et al., 2006). The results of the proposed model compare very well with those of the ABAQUS simulation and with the experimental data. However, it should be noted that the bottom surface of the specimen is totally wetted when the penetration depth reaches about 0.025 m. Since the Wagner theory cannot handle an impacting body with vertical surfaces, the proposed approach is not able to describe the drop of the slamming load, which occurs when the submergence depth exceeds 0.025 m.
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5.2.2 Wedge-cone specimen Figure 15-a represents the evolution of the Fourier coefficients of the contact line with the submergence depth for the wedge-cone specimen. Contrary to the case of the elliptic paraboloid, the contact surface does not grow homothetically. The weight of high order harmonics is greater for low values of the penetration depth, indicating that the aspect ratio of the wetted surface decreases gradually during the water entry of the specimen. The contact surface is very elongated in the early stage of impact (Fig. 15-b). At the time of the first contact between the specimen and the liquid, the contact surface reduces to a line and cannot be described with a truncated Fourier series, Eq. (9). Consequently, for the considered impacting body, the proposed method cannot be applied for very low values of the penetration depth. However, it should be kept in mind that the present numerical method is not based on a time-marching procedure. This means that the contact line for a given penetration depth is determined independently of its previous history. Thus, the simulation can be started at a penetration depth where the contact line is not too elongated and can be approximated by a truncated Fourier series with a reasonable number of harmonic components. To cover the early stage of slamming for the wedge-cone specimen, it would be possible to use a strip method (in which the three-dimensional problem of impact is approximated by a sequence of two-dimensional problems). According to Scolan and Korobkin (2001), this approach can be safely used to predict slamming loads when the aspect ratio of the entering body is greater than 4. This corresponds approximately to the aspect ratio of the wetted surface for the wedge-cone specimen at the lowest value of the penetration depth considered in Fig. 15-b. Figure 16 shows the distribution of pressure coefficient for the wedge-cone specimen. Figure 17 represents the evolution of the slamming load with the submergence depth. There is also an excellent agreement between the proposed model, the ABAQUS simulation and the experiment.



5.2.3 Square pyramid Water entry of a square pyramid (Fig. 6-c) is considered. This problem was previously studied by Gazzola (2007), also see Gazzola et al. (2005), and by Korobkin and Scolan (2006). Figure 18 represents the contact line for the pyramid. It is interesting to point out that this line is a smooth curve. The results of the proposed approach are almost identical to those obtained by Gazzola (2007) using the variational inequality method. Figure 19 shows that the present model predicts the slamming load on the pyramid with good accuracy.



5.2.4 Asymmetric cone We now consider the impact of the asymmetric cone defined by Eq. (37). No experimental result is available for this case. Figure 20 shows the evolution of the slamming coefficient and the non-dimensional moment due to the hydrodynamic pressure as a function of the penetration depth predicted by the proposed model and by ABAQUS. The non-dimensional moment is defined by: 2M y , (43) Cm  Vz 2 S max3 2 where My is the y-component of the moment due to hydrodynamic pressure about the cone apex. One sees that the results derived from the proposed approach are in good agreement 15



with those of the ABAQUS simulation. Figure 21 displays the pressure distribution obtained with the proposed approach. As expected, the pressure reaches its maximum value on the left hand side of the wetted surface, in the xz-plane (where the deadrise angle is smallest). It is also interesting to point out that the pressure distribution is continuous. Recently, a fully nonlinear analytical model for the water entry of an asymmetric wedge based on the potential flow theory was derived by Semenov and Iafrati (2006). This model predicts a pressure singularity at the wedge apex, caused by the crossflow. It is possible that a similar phenomenon occurs in the case of an asymmetric cone. However, because it is based on the Wagner theory, the present model cannot predict a singular behaviour at the cone apex. Indeed, within the Wagner approach, the kinematic boundary condition on the wetted surface is linearized and imposed on the initial position of the liquid free surface (see section 2). This means that the wetted part of the body is approximated by an equivalent flat surface (i.e. the projection of the contact surface on the xy-plane). For this reason, the flow field on the wetted surface is regular (except at the contact line) and the pressure at the position of the cone apex is bounded. It should be mentioned that the asymmetric hydrodynamic impact of twodimensional wedges was examined by Scolan et al. (1999) and Hua et al. (2000) using the Wagner theory and no pressure singularity was found.



5.2.5 Sphere Within the Wagner theory, the evolution of the radius a(t) of the wetted surface with the penetration depth h(t) for an axisymmetric impacting solid is given by the following relationship (Korobkin and Scolan, 2006):  /2



 f a(t) sin   sin   d  h(t) ,



(44)



0



where the function f(r) describes the body shape; for a sphere, f (r )  R  R 2  r 2 . It should be noticed that Eq. (44) is equivalent to Wagner’s condition. Figure 22 presents a comparison between the wetted surface radius versus penetration depth relations obtained with the proposed numerical model and the Korobkin and Scolan equation (44). The results of the two approaches are identical. Figure 23 represents the variation of the slamming coefficient with the relative submergence depth for a sphere. Numerical results provided by the present model and by ABAQUS are compared to those obtained by Battistin and Iafrati (2003) with a fully nonlinear boundary element model and to the experimental data of Nisewanger (1961) and Baldwin and Steves (1975), reported in (Battistin and Iafrati, 2003). The agreement is satisfactory for relative penetrations up to 0.25 and the maximum slamming force is accurately predicted by the proposed model. For greater submergence depths, we observe that the results of the present model do not concord with the experiments and the fully nonlinear simulations. In the proposed approach, the hydrodynamic pressure acting on the wetted part of the impacting body is calculated using the modified Logvinovich model (MLM). The MLM is based on the Wagner “flat-disc approximation”, but approximately accounts for the exact body shape and retains the nonlinear term in the Bernoulli condition for the pressure on the impacting solid. The MLM was found to be more accurate than the linearized Wagner model (Korobkin, 2004; Tassin et al., 2010). However, Tuitman and Malenica (2009) observed that the MLM underestimates slamming loads for slender bodies with high deadrise angles. For a sphere, the maximum deadrise angle on the wetted surface increases gradually with the penetration depth and reaches very large values in the late stage of slamming (Fig. 22). This explains why the predictions of the proposed model are less accurate for large submergence depths (Fig. 23). 16



6. Conclusion A simplified method for the analysis of the hydrodynamic loads acting on three-dimensional bodies during water entry has been proposed. This method is based on the Wagner theory and the boundary element method. An efficient algorithm has been developed to compute the surface of contact between the impacting solid and the liquid. The hydrodynamic pressure acting on this surface is calculated using the modified Logvinovich model. In order to evaluate the predictive capabilities of the proposed model, experimental impact tests and CFD simulations have been carried out. The proposed approach has been found to be able to predict slamming forces with good accuracy. Future studies are planned. Firstly, new experimental tests will be conducted to measure pressure distributions during impact. Secondly, the proposed approach will be extended to take into account forward velocities.
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Fig. 1. Three-dimensional water impact problem. Original flow domain and its approximation within the a) Original flow domain Wagner theory. b) Projected flow domain











Fig. 2. Polar description of the position of the contact line
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Fig. 3. Free surface configuration for a cone obtained by solving the boundary value problem (7) for several values of the radius of the wetted surface (not necessarily satisfying the Wagner condition).



Fig. 4. Position of the collocation points of the boundary element model for Nq=7
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Fig. 5. Comparison of the velocity potential distributions obtained with the one-mode approximation presented in Section 3.2.2 and with a finite element computation. (a) Overall view of the distribution. (b) Evolution of the potential and (c) its derivative in the x-direction at different cross-sections; solid lines: finite element computation; dashed lines: analytical model; blue lines: y/h(t)=0; green lines: y/h(t)=1; black lines: y/h(t)=2; red lines: y/h(t)=3; pink lines: y/h(t)=4 (see the online edition for a colour version of this figure).
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Fig. 6. Geometry of the tested specimens. (a) elliptic paraboloid; (c) wedge-cone specimen; (c) square pyramid.
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Fig. 7. Picture of the shock test machine and the water basin. During the tests, a specimen is attached at the end of the piston and the tank is positioned under the machine.
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Fig. 8. Check of the repeatability of the impact-force measurements. (a) wedge-cone specimen; (a) elliptic paraboloid.
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Fig. 9. Free surface elevation obtained for a cone with a deadrise of 15°. Comparison between the exact analytical solution and numerical results obtained with the proposed numerical approach.
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(a)
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Fig. 10: Contact line for two elliptic paraboloids (38). Comparison between numerical results derived from the proposed method for several numbers of harmonic components and the exact analytical solution by Scolan and Korobkin (2001). The submergence is equal to 2.4×10-2 m. (a) a=1.545 m-1, b=0.563 m-1; (b) a=1.726 m-1, b=0.121 m-1.
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Fig. 11: Impact of an inclined cone. Variation of the force coefficient (41) with the inclination angle α. Results derived from the present numerical approach are compared to those of the asymptotic analysis of Korobkin and Scolan (2006). The cone has a deadrise angle of 15°
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Fig. 12. Distribution of pressure coefficient Cp on the elliptic paraboloid (Fig. 6-a) for a penetration depth of 2.28×10-2 m predicted by the proposed approach (with Na=5). (a) Overall view of the distribution; (b) Evolution of Cp in the xz and yz-planes.
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Fig. 13. Influence of the number of harmonic components Na on the evolution of the slamming load on the elliptic paraboloid (Fig. 6-a) with the penetration depth predicted by the proposed approach.



Fig. 14. Slamming coefficient as a function of the penetration depth for the elliptic paraboloid (Fig. 6-a). Results obtained with the proposed approach (with Na=5) are compared to those of a simulation performed with the ABAQUS software and to experimental data.
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(a)
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Fig. 15. Evolution of the contact surface during water entry of the wedge-cone specimen. (a) Coefficients of the Fourier coefficient of the contact line (see Eq. 9) as a function of the penetration submergence. (b) Snapshots of the contact line for several penetration depths: h(t) = 6, 12, 18 and 24 mm. Computations have been performed with Na=7.
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Fig. 16. Distribution of pressure coefficient Cp on the wedge-cone specimen (Fig. 6-b) for a penetration depth of 18 mm predicted by the proposed approach (with Na=7). (a) Overall view of the distribution; (b) Evolution of Cp in the xz and yz-planes.
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Fig. 17. Slamming coefficient as a function of the penetration depth for the wedge-cone specimen (Fig. 5b). Results obtained with the proposed approach (with Na=7) are compared to those of a simulation performed with the ABAQUS software and to experimental data.



Fig. 18. Contact line for a square pyramid. Comparison between results of the proposed approach (with Na=15), the variational inequality method of Gazzola (2007) and the asymptotic analysis of Korobkin and Scolan (2006).  denotes the maximum value of the pyramid deadrise angle.
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Fig. 19. Evolution of the slamming coefficient with the penetration depth for the square pyramid (Fig. 6c). Results obtained with the proposed approach (with Na=15) are compared to those of a simulation performed with the ABAQUS software and to experimental data.
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Fig. 20. Impact of the asymmetric cone (37). Evolution with the penetration depth of (a) the slamming coefficient and (b) the non-dimensional moment due to the hydrodynamic pressure about the cone apex (43). Comparison between the proposed approach (with Na=11) and ABAQUS. In the ABAQUS simulation, the cone is truncated at a height of 4.69×10-2 m (the corresponding reference area is Smax=0.192 m2).
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Fig. 21. Distribution of pressure coefficient on the asymmetric cone (37) predicted by the proposed model (with Na=11). (a) Overall view of the distribution; (b) Evolution of Cp in the xz-plane.
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Fig. 22. Evolution of the radius of the wetted surface with the submergence depth for a sphere. The numerical results of the present model are compared to those derived from the analytical formulation of Korobkin and Scolan (2006). The variation of the maximum deadrise angle on the contact surface is also plotted.



Fig. 23. Slamming coefficient versus non-dimensional penetration depth for a sphere of radius R. The numerical results obtained with the present model and ABAQUS are compared to those of Battistin and Iafrati (2003) and to experimental data by Baldwin and Steves (1975) and Nisewanger (1961).
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(a) Na Ma (kg) Na -3 1 5,90×10 5 3 1.03×10-2 7 -3 5 9.69×10 9 7 9.70×10-3 11 Exact 9.73×10-3 Exact



(b) Ma (kg) 2.14×10-2 2.23×10-2 2.27×10-2 2.29×10-2 2.31×10-2



Table 1: Added masses (40) of two elliptic paraboloids (computed with a unit density) for a submergence of 2.4×10-2 m. Comparison between the results of the proposed numerical model for several numbers of harmonics and the exact solution from Scolan and Korobkin (2001). (a) a=1.545 m-1, b=0.563 m-1; (b) a=1.726 m-1, b=0.121 m-1.
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hydrodynamic pressure at the intersection between the liquid free surface and the body. ..... S to (14) will be negligible if the domain extension is large enough. 
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