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Income Mixing via Lotteries in an Equilibrium Sorting Model Muharrem Yeşilırmak ∗ University of Iowa and Federal Reserve Bank of St. Louis March 14, 2012



Abstract Tiebout (1956) has been the workhorse of local public finance. It is criticized on the grounds of implying perfect income sorting across municipalities in equilibrium which contradicts with data. In this paper we are introducing a lottery mechanism into Tiebout (1956) to get income mixing. The paper does not only explain income mixing across municipalities and micro neighborhoods but also is consistent with the following empirical facts about U.S.: i) Conditional on the rent share in income, households do not perfectly sort themselves with respect to income across municipalities (i.e. no conditional sorting). ii) Higher median income municipalities have higher median house values (Corr= 0.72). iii) Municipalities with higher per-household public spending also have higher median house values (Corr= 0.55). iv) Low median income municipalities have higher gini index of income (Corr= -0.59). The theoretical model is calibrated so as to match certain targets in the data. The calibrated model can explain 71% of the income mixing observed in data. With the calibrated model at hand, we try to quantify the effect of the "voting with feet" assumption of Tiebout (1956) on the income sorting process by carrying out a counterfactual experiment that gets rid of tax rate heterogeneity across municipalities. The result is a 17% more income sorted society.
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Introduction



Tiebout (1956) has been the workhorse of local public finance. It is criticized on the grounds of implying perfect income sorting in equilibrium although data for U.S. municipalities implies considerable amount of income mixing where income mixing is defined as the overlap of the support of the income distributions across different municipalities. Table 1 shows that, between 80% to 95% of statewide income variation can be explained by within municipality income variation, as also noted in Epple and Sieg (1999) in the case of Massachusetts. In this paper, differently from previous literature we explain income mixing by using a lottery mechanism which probabilistically matches households to locations. This way, not only we can implement the Pareto efficient allocation but also the equilibrium behavior is more consistent with empirical facts compared to previous theories of income mixing. We present these facts next. State Arizona California Florida Georgia Illinois Massachusetts Michigan Minnesota



S 0.91 0.88 0.89 0.88 0.85 0.88 0.85 0.86



State Missouri New York North Carolina Pennsylvania Rhode Island Texas Virginia Wisconsin



S 0.84 0.88 0.92 0.88 0.94 0.88 0.81 0.90



Note: S=Within Municipality Variance of Income/Statewide Variance of Income1



Table 1: Degree of Income Mixing in Different States



1.0.1



Fact 1: Income Mixing Across Micro Neighborhoods



Our first fact comes from Ioannides (2004) who demonstrates that income mixing holds at the micro neighborhood level which are geographical units, without an independent government, smaller than census tracts consisting of a dwelling and up to ten of its nearest neighbors. This means that poor and rich households live together in all micro neighborhoods. They also find out that the correlation coefficient between incomes of a randomly chosen household and her neighbor is 0.3. The next five facts are about five representative municipalities in Rhode Island. More information on how we group municipalities into five and sources of data are explained in the appendix. Some summary statistics for these representative municipalities is provided in Table 2. 1.0.2



Fact 2: Income Mixing Across Municipalities



There is income mixing also at the municipality level where municipality is defined as the smallest geography that has its own government. Figure 1 plots the income distribution for each municipality. This picture tells us that support of the income distribution in each municipality is same. In other words, every income group shows up in every municipality verifying income mixing. Figure 2 1



See Appendix for more information on S.
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Mun. I II III IV V



Fraction of HH’s 0.1 0.15 0.15 0.23 0.37



Median Income($) Median House Value($) 39,613 113,250 34,963 116,300 44,529 158,766 26,867 101,700 40,788 111,866



Per HH Public Spending($) 3,296 4,071 6,559 5,831 4,296



Table 2: Characteristics of Representative Municipalities



supports this point. In this figure, each 0 +0 shows existence of a particular income group in a particular municipality. 1.0.3



Fact 3: Conditional Imperfect Sorting



In our third fact, we concentrate on the joint distribution of household income and rent expenditure share in income in each municipality. And we ask the following question: Conditional on rent expenditure share, do households perfectly sort themselves with respect to income across municipalities? To answer this question, we divide the sample of households into five distinct groups with regards to rent share in income. These groups are: less than 14%, between 14% and 19%, between 19% and 24%, between 24% and 29% and greater than 29%. The share of these five groups in the whole sample is 46%, 14%, 8%, 8% and 24% respectively. In Figures 3 - 7, we plot for each rent share group how household income is distributed across municipalities. Again, we use a 0 +0 to demonstrate existence of a particular income group in a particular municipality. If there is no 0 +0 for a particular income and rent share group, then it means there does not exist such households in the data. A closer look at Figures 3 - 7, reveals that the answer to the question above is "No". So there is considerable amount of income heterogeneity within municipalities after controlling for rent share in income. It should be noted that this mixing becomes weaker as rent share in income goes up. 1.0.4



Fact 4: Median Income vs. Median House Value



In Figure 8, we plot median income against median house value for each municipality. This fact tells us, house values are higher in richer municipalities. And the correlation coefficient is 0.72. 1.0.5



Fact 5: Median House Value vs. Public Spending



In Figure 9, we plot median house value against public spending per household for each municipality. This fact tells us, house values are higher in high public spending municipalities. And the correlation coefficient is 0.55. 1.0.6



Fact 6: Median Income vs. Gini Index of Income



In Figure 10, we plot median income against gini coefficient of income for each municipality. This fact tells us, poorer municipalities are more unequal with respect to income. And the correlation coefficient is −0.59. Our model to get these facts right is explained next. We divide each municipality into several micro neighborhoods as in Nechyba (2003) where each micro neighborhood is identified by the ex3



ogenous quality of house, residential property tax rate, net state aid per household and endogenous public spending level per household. Since each micro neighborhood possesses only one house quality type, we will use "house" and "micro neighborhood" interchangeably from now on. Given these, income heterogeneous households choose among these different micro neighborhoods in a probabilistic manner. In other words, each household endogenously assigns probabilities for each micro neighborhood. Why does there exist a set of households who chooses more than one alternative with positive probability? The answer is hidden in the nature of the problem: indivisibility of houses. Because of the indivisibility of the houses, the indirect utility function of the household, given in Figure 12, is the upper envelope of the indirect utility functions for each house type which is illustrated in Figure 11.2 Notice the kinks at the income levels I1 , I2 and I3 . This is the reason why households have an incentive to randomize and as a result mix. Figure 13 eases the understanding of this. For example, let us consider the household with income level I3 . This household receives utility V1 under no lottery. With lottery, this household randomizes between house types 3 and 4 and eventually reaches utility level V2 which is greater than V1 . As a result, this household is observed in both micro neighborhoods which gives us mixing. Another advantage of lottery is that, it implements the pareto efficient allocation when there is indivisibility. In the theoretical part of the paper, we will prove that any equilibrium of this model will be consistent with Facts 1 and 2. In the quantitative part of the paper, we will demonstrate the model’s success with respect to Facts 2 to 6. With the estimated model at hand which is broadly consistent with the empirical facts, we try to quantify the effect of the "voting with feet" assumption in Tiebout (1956) on the income sorting process by carrying out a counterfactual experiment that exogenously sets the mean benchmark residential property tax rate to the tax rate in each municipality. The result of the experiment implies a 17% increase in the income sorting where the measure of sorting is defined as the ratio of population weighted average of between municipality income variances to within municipality variance of income. . This result we got from our model has a contribution over Davidoff (2005) who points out the need to find out the effect of local political differences on income sorting in a quantitative equilibrium framework. The paper is organized as follows: Section 2 review previous literature. Section 3 outlines the model. Section 4 calibrates the model. Section 5 gives results coming out of model. Section 6 reports results of computational experiment. Section 7 concludes upon all previous sections.
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Previous Literature



The literature on income mixing mainly arose as a critique to the perfect income sorting feature of the seminal work by Tiebout (1956) who demonstrated that efficient provision of local public good is possible since households are revealing their preference for the public good by choosing location of residence. Within this literature, we will go through Epple and Platt (1998), Nechyba (2003) and McFadden (1978)3 In Epple and Platt (1998) each household is heterogeneous with respect to both income and preference for housing. Poor municipalities have lower public spending levels and also lower housing prices whereas this is reverse in rich municipalities. Therefore, poor households with low preference 2



This feature of indirect utility function under indivisibility is first observed in Ng (1965). Due to space limitations we omit Ortalo-Magne and Rady (2008) which proposes another mixing mechanism. Differently from their paper, we have endogenous public spending and the event of mixing in our model is independent of model’s parameter values. 3
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for housing choose rich municipality to enjoy high public spending and rich households with high preference for housing choose poor municipality to enjoy housing. This is the main mechanism that gives mixing in this paper.4 Since each location of residence has its own political and fiscal system in their model and this plays a crucial role in getting income mixing within locations, this theory is therefore not applicable to reconciling mixing within micro neighborhoods (emphasized in Fact 1) given that some of these micro neighborhoods which are in the same municipality are identical in terms of fiscal and political variables. Moreover, equilibrium in their paper implies perfect sorting with respect to income after conditioning on the preference parameter for housing. Under CobbDouglas preferences, this parameter is equivalent to rent share in income. Therefore, it seems that this paper contradicts with Fact 3 given above. In Nechyba (1999), Nechyba (2000), Nechyba (2003) each location of residence is divided into several sublocations where each sublocation has a different house quality type. Let us think of each location as a municipality and each sublocation as a micro neighborhood. Nechyba endows each household with some amount of numeraire consumption good (i.e. "income" in our terminology) and with a particular house quality type. Therefore, same income households end up with different wealth levels where wealth of a household is defined as the sum of income and value of the house owned. This causes same income households to be observed in different municipalities and different micro neighborhoods in equilibrium. On the other hand, this model implies perfect sorting with respect to wealth both at the municipality level and micro neighborhood level. In other words, support of the distribution of wealth does not overlap across municipalities or micro neighborhoods. This is illustrated in Figure 14 where we assume there are two municipalities and two different micro neighborhoods in each municipality making a total of four alternatives. In the figure, 1 and 3 denotes micro neighborhoods in municipality 1, and 2 and 4 denotes micro neighborhoods in municipality 2. As seen, households with wealth level between [0, w1 ] lives in 1, between [w1 , w2 ] lives in 2, between S [w2 , w3 ] lives in 3 and between [w3 , ∞) lives in 4. This implies [0, w1 ] [w2 , w3 ] lives in municipality 1 S and [w1 , w2 ] [w3 , ∞) lives in municipality 2. From this argument, it can be inferred that endowing households with houses is a crucial component of Nechyba (2003) in order to obtain mixing with respect to income. In other words, if households were not endowed with houses, then there would be perfect sorting with respect to income in Nechyba (2003). This can be seen easily by putting income on the x-axis in Figure 14. In the case of our model, regardless of whether we endow households with houses or not, the lottery mechanism will always give us mixing between two micro neighborhoods. Therefore, our paper is not prone to such perfect wealth sorting illustrated in Figure 14. One natural question to ask is whether there is perfect sorting or not with respect to wealth in data where wealth is as defined above. Figure 15 plots wealth of a household against the percentage of municipalities this household is observed.5 If a particular wealth household is observed in all municipalities then the corresponding value on the y-axis is 100%. Figure 16 plots the same thing for Census Tracts. These figures suggest that there is considerable amount of mixing in wealth both within municipalities and census tracts. In McFadden (1978), income mixing is obtained mainly by assuming that same income households receive different preference shocks to their utility.6 Given that these shocks are distributed with extreme value distribution it can be shown that for a particular income household the probability of choosing a particular location m is equal to the ratio of indirect utility received from location m 4



Epple and Sieg (1999) and Schmidheiny (2006) also rely on a similar mechanism. Please see appendix for more information on data used in Figure 15. 6 Ellickson (1977), Anas (1980), Bayer et al. (2005), Ferreyra (2007) and Luk (1993) uses a similar method. 5
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to the sum of indirect utilities across all locations. This ratio is called logit function and known as Luce’s Axiom. The probability assigned to a particular alternative is positive unless utility received from that alternative is zero which is quantitatively very rare. Using logit function to allocate wealth heterogeneous households to municipalities or micro neighborhoods implies every household is observed in 100% of municipalities or micro neighborhoods which contradicts with the data presented in Figures 15. Moreover, we know from Debreu (1960) and McFadden (1973) that logit framework is subject to the so called "duplicates effect". We demonstrate this effect with an example from McFadden (1973). Consider an individual who chooses between car and bus. Assume the utility received from car is twice that of bus. Within logit framework probability of choosing car is 2/3 and probability of choosing bus is 1/3. Now assume we add another alternative to the choice set: midibus. Assume bus and midibus give the same utility and the utility from car is twice that of bus or midibus. Now probability of choosing car drops to 1/2 according to logit framework. Since choosing car has nothing to do with the addition of midibus, one does not expect a change in the probability assigned to car. On the other hand, our lottery framework is not prone to this effect since lottery probabilities are completely pinned down by behavioral optimization. Moreover, we believe that using logit framework may bias the results of policy experiments given that the functional form determining probabilities is exogenously given.
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Model



We are considering a static environment with M ≥ 2 municipalities, H ≥ 1 different house types in each municipality and a continuum of households over [0, 1]. Therefore, there are M × H different alternatives from household’s perspective. Municipalities are heterogeneous with respect to exogenously given residential property tax rates, net state aid per household and housing supply for each type of house. There is a local government in each municipality that collects residential property taxes and spends the whole amount for locally provided public good. Households are heterogeneous with respect to income. All households are renters and they are perfectly mobile with zero mobility cost. Households have access to lotteries supplied by perfectly competitive, risk neutral firms. Lotteries are probability distributions over set of alternatives.



3.1



Preferences



Households have identical preferences defined over: M 4×M ×H X = {((cmh , qmh , Emh , πmh )H : h=1 )m=1 ∈ 



M X H X



πmh = 1}



m=1 h=1



where cmh , qmh , Emh represent consumption of the numeraire good, quality of the house rented and per household public spending in municipality m and house type h. Household chooses probabilities M ((πmh )H h=1 )m=1 for each alternative mh. Having defined X, preferences are represented by an expected utility form as follows: M X H X



U (cmh , qmh , Emh )πmh



m=1 h=1



where Bernoulli utility function U (·) satisfies the following assumptions: 6



Assumption 1 U (cmh , qmh , Emh ) is twice continuously differentiable in cmh with U11 (cmh , qmh , Emh ) < 0 for any mh and cmh > 0. Assumption 2 U1 (cmh , qmh , Emh ) > 0 for any mh and cmh > 0. Assumption 3 limcmh →0 U1 (cmh , qmh , Emh ) = −∞ for any mh. Assumption 4 limcmh →∞ U1 (cmh , qmh , Emh ) = 0 for any mh. Assumption 5 For two alternatives mh 6= m0 h0 , if U (c, qmh , Emh ) > U (c, qm0 h0 , Em0 h0 ) at a specific consumption level c > 0, then U (c, qmh , Emh ) > U (c, qm0 h0 , Em0 h0 ) for any c > 0. Assumption 6 For two alternatives mh 6= m0 h0 , if U (c, qmh , Emh ) > U (c, qm0 h0 , Em0 h0 ) for any c > 0, then U1 (c, qmh , Emh ) > U1 (c, qm0 h0 , Em0 h0 ) for any c > 0. Assumptions 1 − 4 are standard but Assumptions 5 and 6 require more explanation. Figure 17 gives a graphical explanation of these assumptions. There, utility as a function of numeraire consumption is plotted for alternatives mh and m0 h0 . The utility level for any level of consumption is higher under alternative mh. As also seen from the slopes of the two curves, the marginal utility of consumption is higher under alternative mh for any c > 0. We will need these assumptions in order to get single crossing between two utility functions which will be explained in more detail below.



3.2



Endowments



Households are heterogeneous with respect to exogenous receipts of annual income y measured in terms of numeraire consumption and income is distributed according to some cumulative distribution function F (·) with support 


3.3



Lotteries



This paper follows Marshall (1984), Bergstrom (1986) and Garratt and Marshall (1994) in modeling M H M lotteries. Each lottery is characterized by probabilities ((πmh )H h=1 )m=1 and prizes ((zmh )h=1 )m=1 for each alternative. It is worth mentioning that the prizes are allowed to take both positive and negative values and prizes are measured in terms of the consumption good. Moreover, each lottery is assumed to behave like a actuarially fair gamble which means there is zero expected gain or loss. Therefore for each lottery: M X H X zmh πmh = 0 (1) m=1 h=1



This condition implies that aggregate receipts equal aggregate value of prizes distributed. In other words, each lottery finances its cost. Lotteries are supplied by perfectly competitive, risk neutral firms. Supplier firms do not care about the probabilities and prizes involved in a lottery since there is zero expected gain or loss from each. As noted in Marshall (1984), Bergstrom (1986) and Garratt and Marshall (1994), each lottery can be thought of as a financial contract between households and suppliers. Both parties agree on the probabilities and prizes for each state. Once the contractual agreement is made, there is no way to change either probabilities or prizes associated with a lottery. 7



3.4



Housing Market



There are M × H different house types in the model. Each house type has a different quality denoted by qmh which is a parameter. Quality of a house qmh captures both the housing services received from the house and neighborhood specific amenities other than municipal public spending. The supply of each house type is denoted by µmh > 0 which is exogenously given to the model. The value of each house type pmh is determined so as to equate the household demand to supply.



3.5



Household’s Decision Problem



M Given residential property tax rates {τm }M m=1 , per household public spending levels {Em }m=1 , house M values and qualities {{pmh , qmh }H h=1 }m=1 , the household’s problem with income y is:



max



M X H X



M {{cmh }H h=1 }m=1 m=1 h=1 H {{zmh }h=1 }M m=1 M {{πmh }H h=1 }m=1



U (cmh , qmh , Em )πmh



(2)



subject to cmh + rmh + τm pmh = y + zmh M X H X



∀(m, h)



zmh πmh = 0



m=1 h=1 M X H X



πmh = 1



m=1 h=1



πmh ∈ [0, 1] ∀(m, h) cmh ≥ 0 ∀(m, h) where rmh denotes the annual rent for house type mh and it is determined by no arbitrage condition: ∞ X rmh pmh = (1 + ρ)t t=0 or equivalently rmh =



ρ pmh 1+ρ



(3)



where ρ is the real annual interest rate given exogenously. Household’s total income in state mh consists of annual income y and lottery prize zmh . This total income is spent on numeraire consumption, house rent rmh and residential property tax τm pmh . The price of the numeraire consumption good is normalized to one. In order to ease the understanding of household’s problem (2), I reformulate it as a two step optimization problem as in Marshall (1984), Bergstrom (1986) and Garratt and Marshall (1994). In M M the first step, household solves the following problem given {{πmh }H h=1 }m=1 along with y, {τm }m=1 , H M {Em }M m=1 and {{qmh }h=1 }m=1 : max



M X H X



M {{cmh }H h=1 }m=1 m=1 h=1 M {{zmh }H } h=1 m=1
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U (cmh , qmh , Em )πmh



(4)



subject to cmh + rmh + τm pmh = y + zmh M X H X



∀(m, h)



zmh πmh = 0



m=1 h=1



cmh ≥ 0 ∀(m, h) H M The above problem (4) gives us the optimal consumption {{cy∗ mh (`)}h=1 }m=1 and optimal lottery y∗ M H M prizes {{zmh (`)}H h=1 }m=1 as a function of ` = {{πmh }h=1 }m=1 . In the second stage, household chooses the probabilities that maximize expected utility:



max



`=



M X H X



M {{πmh }H h=1 }m=1



U (c∗mh (`), qmh , Em )πmh



(5)



m=1 h=1



subject to M X H X



πmh = 1



m=1 h=1



πmh ∈ [0, 1] ∀(m, h) The household’s problem (2) simply matches heterogeneous income households with house quality types in a stochastic manner where house type mh is characterized by a vector (qmh , pmh , τm , Em ). Solution of this problem is an allocation of households to house types. Aggregating over house types gives us the distribution of households in a municipality. Probability density function of income is denoted by fm (y) : 


3.6



Local Government and Public Spending



Given gm (p), local government determines the public spending level in municipality m as follows: X Em = τm p · gm (p) + N SAm (6) The first term on the right hand side of (6) is equal to per household residential property tax revenue in municipality m. And N SAm stands for the per household net state aid to municipality m which is exogenously given.



3.7



Remarks



• Households always randomize between at most two house types. In other words, a particular income household will assign positive probability to at most two house types. To illustrate the point, let us assume two municipalities and two different house types in each municipality making a total of four alternatives denoted 1, 2, 3 and 4. We do not need to specify which alternative belongs to which municipality. The indirect utility as a function of income is already plotted in Figure 11 for each alternative house type. In Figure 18, we demonstrate which income interval randomizes between which two alternatives. As seen, households with income in [0, I1 ] will simply choose alternative 1 for sure since this choice gives them the highest 9



indirect utility. On the other hand, households with income in [I1 , I2 ] will find it more optimal to randomize between alternatives 1 and 2. Similar logic holds for households with income in [I2 , I3 ] and [I3 , ∞). The lesson we derive from this graphical analysis is that households choose either a particular alternative for sure or randomize between two alternatives. This holds also in Kalai and Megiddo (1980), Marshall (1984), Bergstrom (1986) and Garratt and Marshall (1994). • Tiebout (1956) model is a special case of our model when H = 1 and lottery probabilities are only allowed to take values 0 or 1. Our understanding of Tiebout model is consistent with the assumptions listed in Tiebout (1956).



3.8



Equilibrium7



An equilibrium is a collection of distribution functions {fm (y), gm (p∗ )}M m=1 , per household public ∗ M ∗ ∗ H M spending levels {Em }m=1 , housing values and rents {{pmh , rmh }h=1 }m=1 , residential property tax M H M rates {τm }M m=1 , per household net state aid {N SAm }m=1 , house supplies {{µmh }h=1 }m=1 and optimal ∗ ∗ M decisions {{c∗mh , πmh , zmh }H h=1 }m=1 for each household such that: M ∗ ∗ }H , zmh i) {{c∗mh , πmh h=1 }m=1 solves the decision problem of the household with a particular income M M ∗ M }m=1 ), {{p∗mh }H given {Em h=1 }m=1 and {τm }m=1 . ii) No arbitrage in the housing market, i.e. equation (3) holds. ∗ M iii) The equilibrium distributions {fm (y), gm (p∗ )}M m=1 and {Em }m=1 are consistent with households’ optimal decisions. iv) Housing market clears for each alternative mh: Z ∗ µmh = πmh dF (y) v) Local government budget balances in each municipality m: X ∗ Em = τm p∗ · gm (p∗ ) + N SAm Definition 1 User cost of a house type mh is defined as smh = rmh + τm pmh . ∗ ∗ Lemma 1 For any two alternatives mh and m0 h0 if U (c, qmh , Emh ) > U (c, qm0 h0 , Em 0 h0 ) for any c > 0 ∗ ∗ then in any equilibrium smh > sm0 h0 .



Proof ∗ ∗ Assume to the contrary that s∗mh < s∗m0 h0 . Given that U (c, qmh , Emh ) > U (c, qm0 h0 , Em 0 h0 ) for any 0 0 c > 0, then any household will prefer alternative mh over m h . This means demand for alternative house type m0 h0 is zero which contradicts with market clearing condition for m0 h0 since µm0 h0 > 0 by assumption. Lemma 1 simply states that an alternative that gives higher utility compared to another alternative at same consumption levels should have higher user cost in equilibrium. Definition 2 Two house types mh and m0 h0 are called "consecutive" if there does not exist a third alternative m”h” such that either s∗mh < s∗m”h” < s∗m0 h0 or s∗m0 h0 < s∗m”h” < s∗mh holds in equilibrium. 7



Equilibrium values are denoted with a ’*’ from now on.
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Proposition 1 For any two consecutive house types mh and m0 h0 , there exists a set of households with positive measure who assign positive probability to each house type in equilibrium. Proof ∗ ∗ Without loss of generality let us assume that U (c, qmh , Emh ) ≥ U (c, qm0 h0 , Em 0 h0 ) for any c > 0. Then ∗ ∗ Lemma 1 implies smh > sm0 h0 . This combined with assumptions 1 − 6 implies existence of a unique income level yb such that ∗ ∗ ) = V (b y , s∗m0 h0 , qm0 h0 , Em V (b y , s∗mh , qmh , Emh 0 h0 )



(7)



Our claim is that this household with income yb assigns positive probability to both alternatives mh and m0 h0 . To prove this let us assume contrary so that this agent chooses either alternative with probability one. Without loss of generality let’s assume alternative mh is chosen with probability ∗ one. The indirect utility of this agent is equal to V (b y , s∗mh , qmh , Emh ). Now let us compare this with ∗ ∗ the indirect utility at which πmh = 0.5 and zmh = ε. By the fair gambling condition (1), zm 0 h0 = −ε. The resulting indirect utility is: ∗ ∗ ) + V (b y − ε, s∗m0 h0 , qm0 h0 , Em 0.5[V (b y + ε, s∗mh , qmh , Emh 0 h0 )]



We want to show that: ∗ ∗ ∗ 0.5[V (b y + ε, s∗mh , qmh , Emh ) + V (b y − ε, s∗m0 h0 , qm0 h0 , Em y , s∗mh , qmh , Emh ) 0 h0 )] > V (b



or equivalently: ∗ ∗ ∗ ∗ V (b y +ε, s∗mh , qmh , Emh )−V (b y , s∗mh , qmh , Emh )+V (b y −ε, s∗m0 h0 , qm0 h0 , Em y , s∗m0 h0 , qm0 h0 , Em 0 h0 )−V (b 0 h0 ) > 0 (8) The left hand side of (8) is equal to: ∗ ∗ ∗ ∗ V1 (b y , s∗mh , qmh , Emh )dy − V1 (b y , s∗m0 h0 , qm0 h0 , Em y , s∗mh , qmh , Emh ) − V1 (b y , s∗m0 h0 , qm0 h0 , Em 0 h0 )dy = [V1 (b 0 h0 )]ε



Using s∗mh > s∗m0 h0 , Assumption 1 and Assumption 6 implies ∗ ∗ V1 (b y , s∗mh , qmh , Emh ) − V1 (b y , s∗m0 h0 , qm0 h0 , Em 0 h0 ) > 0



so (8) holds and this gives us the contradiction. Therefore, the agent with income yb assigns positive probability to both alternatives mh and m0 h0 . Given this finding, the strictly concave first stage and second stage optimization problems, (4) and (5), yield unique interior solution for household with income yb. The first order conditions of these problems are sufficient and given by: yb∗ yb∗ ∗ ∗ ∗ ) = U1 (b y + zm U1 (b y + zmh − s∗mh , qmh , Emh 0 h0 − sm0 h0 , qm0 h0 , Em0 h0 )



b∗ b∗ yb∗ ∗ ∗ U (cymh , qmh , Emh ) + U1 (cymh , qmh , Emh )[πmh



b∗ ∗ U (cym 0 h0 , qm0 h0 , Em0 h0 )



+



b∗ yb∗ ∂cymh yb∗ ∂cm0 h0 + πm ]= 0 h0 ∂πmh ∂πmh



b∗ yb∗ ∗ U1 (cym 0 h0 , qm0 h0 , Em0 h0 )[πmh
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b∗ yb∗ ∂cymh yb∗ ∂cm0 h0 + πm0 h0 ] ∂πm0 h0 ∂πm0 h0



(9)



(10)



Budget constraint implies that for any y and i, j ∈ {mh, m0 h0 }: ∂ziy∗ ∂cy∗ i = ∂πj ∂πj



(11)



Also differentiating fair gambling condition with respect to probabilities implies for any y: y∗ zmh



+



y∗ y∗ ∂zmh πmh ∂πmh



y∗ y∗ zm 0 h0 + πmh



+



y∗ y∗ ∂zm0 h0 πm0 h0 ∂πmh



=0



(12)



y∗ y∗ ∂zmh y∗ ∂zm0 h0 + πm =0 0 h0 ∂πm0 h0 ∂πm0 h0



(13)



Using (9), (11), (12) and (13), (10) reduces to yb∗ yb∗ ∗ ∗ ∗ ) = U (b y + zm U (b y + zmh − s∗mh , qmh , Emh 0 h0 − sm0 h0 , qm0 h0 , Em0 h0 ) +



(14)



yb∗ yb∗ yb∗ ∗ − zm − s∗mh , qmh , Emh )(zmh U1 (b y + zmh 0 h0 ) yb∗ yb∗ Now let us consider an arbitrary household with income y ∈ [b y + zm b + zmh ]. We guess that the 0 h0 , y y∗ yb∗ y∗ yb∗ 0 0 optimal prizes chosen by this agent in states mh and m h are zmh = yb+zmh −y and zm b+zm 0 h0 = y 0 h0 −y respectively. Since household problems (4) and (5) are strictly concave, this guess has to satisfy the following first order conditions: y∗ y∗ ∗ ∗ ∗ U1 (y + zmh − s∗mh , qmh , Emh ) = U1 (y + zm 0 h0 − sm0 h0 , qm0 h0 , Em0 h0 ) y∗ y∗ ∗ ∗ ∗ U (y + zmh − s∗mh , qmh , Emh ) = U (y + zm 0 h0 − sm0 h0 , qm0 h0 , Em0 h0 ) +



(15) (16)



y∗ y∗ y∗ ∗ U1 (y + zmh − s∗mh , qmh , Emh )(zmh − zm 0 h0 )



These conditions are equal to (9) and (14) respectively at our guess. The associated probabilities chosen by this household with income y can be found from fair gambling condition as: πmh =



yb∗ y − yb − zm 0 h0 yb∗ yb∗ zmh − zm 0 h0



πm0 h0 = 1 − πmh Note that both πmh , πm0 h0 are in [0, 1]. This implies that the solution to household’s problem is also yb∗ yb∗ unique for households with income in [b y + zm b + zmh ]. 0 h0 , y Definition 3 There is perfect income sorting among a set of locations if the support of income distribution in any location has an empty intersection with any other location’s support of income distribution. Theorem 1 In equilibrium, there is never perfect income sorting among micro neighborhoods or among municipalities. Proof By Proposition 1, between any two consecutive micro neighborhoods there exists households who show up in both. This proves imperfect sorting among micro neighborhoods. Since municipalities are made of micro neighborhoods, there always exists at least M − 1 pairs of municipalities where each pair includes households with same income levels. 12



4



Calibration



In the dataset, there are 5 municipalities and 6 house types in each municipality. Therefore, we set M = 5 and H = 6 in our computational analysis making a total of 30 different alternatives. Residential property tax rates (τ ) and net state aid (N SA) for each municipality are taken exogenously from data. Table 3 summarizes these numbers. Municipality I II III IV V



τ 2.9% 2.5% 2.2% 3.4% 2.6%



NSA ($) 485 1,674 471 2,515 1,161



Table 3: Residential Property Tax Rates and NSA



The supply of these 30 different house types is also coming from data. Table 4 gives the supply of each house quality type in each municipality. We work with fractions instead of nominal numbers in order to be able to compare supply with household demand. House supply includes both renter occupied and owner occupied houses. hhhh



hhhh House Quality Type hhh Q1 hhhh hhh Municipality h h



I II III IV V



0.0045 0.0006 10−5 0.0070 0.0020



Q2



Q3



Q4



Q5



Q6



0.0041 0.0083 0.0085 0.0210 0.0148



0.0193 0.0201 0.0122 0.0497 0.0534



0.0725 0.1054 0.0737 0.1316 0.2461



0.0104 0.0085 0.0373 0.0263 0.0468



0.0016 0.0002 0.0117 0.0023 10−5



Table 4: House Supply



We have 10, 000 households with different income levels. We assign income to each household so as to replicate the observed income distribution in data which is plotted in Figure 19. The measure of each household type is set to 10−4 assuming uniform distribution. ∗ In order to determine annual rent rmh for house type mh, I assume real annual interest rate is 5%. Equation (3) then implies: p∗mh r(qmh ) = (17) 21 The functional form for Bernoulli utility is: U (cmh , qmh , Emh ) = qmh cαmh (ln Emh )γ where α > 0, γ > 0 and α + γ ≤ 1. It should be noted that this functional form is consistent with all of Assumptions 1- 6.
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Our model has 30 house quality parameters, qmh , and two utility parameters, α and γ, making =5 H=6 a total of 32 parameters.8 Let’s define θ ≡ (α, γ, {{qmh }M m=1 }h=1 ). We are solving the following optimization problem to pin down these parameters: !2 !2 M =5 H=6 PM =5 ∗ Z y∗ 1 XX E (θ) cmh (θ) m m=1 data M min dF (y) − T1data + − T + (Ip∗mh (θ) − 1)2 2 ∗ (θ)}M =5 y max{E θ y m=1 m m=1 h=1 where: T1data : Average ratio of consumption to income in data T2data : Ratio of mean public spending per household to maximum public spending per household across municipalities in data  Ip∗m1 = 



1 if p∗m2 ∈ [25000, 50000] 0 o.w.







1 if p∗m3 ∈ [50000, 90000] 0 o.w.







1 if p∗m4 ∈ [90000, 175000] 0 o.w.







1 if p∗m5 ∈ [175000, 400000] 0 o.w.







1 if p∗m6 ∈ [400000, 1000000] 0 o.w.



Ip∗m2 = Ip∗m3 = Ip∗m4 = Ip∗m5 = Ip∗m6 =



1 if p∗m1 ∈ [0, 25000] 0 o.w.



In words, Ipmh is equal to one if the equilibrium value for house type mh lies in an interval, given by data, and zero otherwise. In our dataset, for each house type in every municipality, we observe the number of houses and the interval that its value lies in. These value intervals are common across municipalities for each house type. For example, in data the value of lowest quality house lies in [0, 25000] in each municipality. We are simply targeting an equilibrium value for the lowest quality house types in every municipality such that each belongs to [0, 25000]. The level of public spending per household is observable from data for each municipality. The mean across municipalities is equal to 4, 810$ per household and maximum public spending per household is 6, 559$. Therefore, T2data is equal to 0.73. We also need to determine T1data . Consider the household with income y. Let us assume this household randomizes between alternatives mh and m0 h0 in equilibrium.9 The budget constraint normalized by income for this household in both states are: y∗ ∗ cy∗ rmh τm p∗mh zmh mh + + =1+ y y y y y∗ ∗ cy∗ rm τm0 p∗m0 h0 zm 0 h0 0 h0 m0 h0 + + =1+ y y y y 8 9



The computational algorithm used to solve the model for given parameters is explained in appendix. We do not require household to assign positive probability on each alternative.
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These imply that: !



y∗ y∗ y∗ ∗ zmh rmh τm p∗mh y∗ cmh y∗ cm0 h0 y∗ 1 + πmh + πm = π − − 0 h0 mh y y y y y



y∗ πm 0 h0



y∗ Using (1) and (17) and defining ζ y ≡ πmh



ζy = 1 −



cy∗ mh y



∗ ∗ y∗ rmh y∗ rm0 h0 πmh + πm 0 h0 y y



+



y∗ r∗ 0 0 τm0 p∗m0 h0 zm 0 h0 − mh − 1+ y y y y∗ + πm 0 h0 !



!



cy∗ m0 h0 : y



∗ ∗ y∗ τm rmh y∗ τm0 rm0 h0 − 21 πmh + πm 0 h0 y y



Now we can find the average of ζ across households as: ! Z r − 21τ ζ y dF (y) = 1 − y y



r y



!



! (18) !



where we also assume tax rates are same across municipalities.



r y



stands for the average rent !



share in income. Following Davis and Ortalo-Magne (2011), we set



r y



= 0.18 which only includes



the contract rent as a share of income. Moreover, we set τ = 0.016 which is the average residential property tax rate in Rhode Island given by Emrath (2002). Computing right hand side of (18) at R these values implies y ζ y dF (y) = 0.7568 which is our estimate of T1data given our model. In Table 5, we provide the fit of our calibration.



5



Results



Given the estimated parameters, we are asking how well the quantitative model behaves with respect to Facts 2 to 6 mentioned in the introduction.10 It is worth noting that none of these empirical Facts are targeted in the estimation stage.



5.1



Fact 2



Throughout Figures 20- 24, we are comparing model implied income distribution with data for each municipality. We believe that model would be closer to data if there are more house types in each municipality. Moreover, our model implies that people from each income group shows up in each municipality as in data.11 This is plotted in Figure 25 where "circle" indicates existence of a particular income group in a particular municipality in data and "plus" indicates existence of a particular income group in a particular municipality in model. In getting this fact quantitatively right, lotteries together with existence of several house types in each municipality play an important role. We are also computing the model implied ratio of within municipality variance of income to statewide variance of income as 0.67. This statistic is equal 0.94 in data for Rhode Island as given in Table 1. Therefore model can explain around 71% of the income mixing observed in data. 10 11



Theorem 1 is our only result about Fact 1 which we think is enough given that it is a qualitative observation. Although some portions of the income distributions in Figures 20- 24 seem linear, in fact they are not.
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Parameter α γ Mun. I q11 q12 q13 q14 q15 q16 Mun. II q21 q22 q23 q24 q25 q26 Mun. III q31 q32 q33 q34 q35 q36 Mun. IV q21 q22 q23 q24 q25 q26 Mun. V q31 q32 q33 q34 q35 q36



Value 0.6 0.2



Target Data Mean Cons. Exp. Sh. 0.75 mean(E) 0.73 max(E)



Model 0.79 0.76



4.2861 5.0311 5.4378 5.8580 6.3651 7.1512



House House House House House House



Value Value Value Value Value Value



Int. Int. Int. Int. Int. Int.



0$-25,000$ 25,000$-50,000$ 50,000$-90,000$ 90,000$-175,000$ 175,000$-400,000$ 400,000$-1,000,000$



36,221$ 39,767$ 48,300$ 75,374$ 204,760$ 658,280$



4.2493 4.9905 5.3951 5.8131 6.3177 7.0997



House House House House House House



Value Value Value Value Value Value



Int. Int. Int. Int. Int. Int.



0$-25,000$ 25,000$-50,000$ 50,000$-90,000$ 90,000$-175,000$ 175,000$-400,000$ 400,000$-1,000,000$



37,982$ 41,446$ 49,797$ 75,256$ 208,170$ 665,420$



4.3696 5.1025 5.5027 5.9161 6.4150 7.1883



House House House House House House



Value Value Value Value Value Value



Int. Int. Int. Int. Int. Int.



0$-25,000$ 25,000$-50,000$ 50,000$-90,000$ 90,000$-175,000$ 175,000$-400,000$ 400,000$-1,000,000$



40,698$ 46,712$ 60,941$ 117,800$ 279,200$ 987,880$



4.2077 4.9377 5.3389 5.7534 6.2537 7.0291



House House House House House House



Value Value Value Value Value Value



Int. Int. Int. Int. Int. Int.



0$-25,000$ 25,000$-50,000$ 50,000$-90,000$ 90,000$-175,000$ 175,000$-400,000$ 400,000$-1,000,000$



33,725$ 36,658$ 43,702$ 64,809$ 180,610$ 574,760$



4.2263 4.9665 5.3707 5.7882 6.2920 7.0730



House House House House House House



Value Value Value Value Value Value



Int. Int. Int. Int. Int. Int.



0$-25,000$ 25,000$-50,000$ 50,000$-90,000$ 90,000$-175,000$ 175,000$-400,000$ 400,000$-1,000,000$



37,463$ 40,543$ 47,752$ 68,901$ 192,450$ 635,750$



Table 5: Fit of Calibration
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5.2



Fact 3



What data tells us is, households with same rent share in income but with different incomes show up in the same municipality. Figures 26- 30 compare model implied distribution of households grouped with respect to their rent share in income across municipalities to that in data. In these figures, "circle" indicates existence of a particular income group in a particular municipality in data and "plus" indicates existence of a particular income group in a particular municipality in model. The share of the five "rent share in income" groups in the whole sample is 46%, 14%, 8%, 8% and 24% respectively as mentioned earlier. We can explain the intuition for the success of the model with respect to this fact as follows. Let us think of two micro neighborhoods in the same municipality. Let’s consider two households with income levels y and 2y. And assume income y household assigns positive probability to micro neighborhood 1 and income 2y household assigns positive probability to micro neighborhood 2. And also assume the price of housing in these micro neighborhoods is p and 2p respectively. Then the rent share in income for household with income y showing up in micro neighborhood 1 is p/y and rent share in income for household with income 2y showing up in micro neighborhood 2 is also p/y. Given that these micro neighborhoods are in the same municipality, this shows that two different households with the same rent share in income may show up in the same municipality in our model.



5.3



Facts 4 & 5 & 6



Table 6 compares the model implied correlations with those in data. Median income and median house value correlation and median house value and per household public spending correlation are also identified in Epple and Sieg (1999). Differently, we introduce the median income and gini index of income correlation. The workings of the model regarding this new fact may be thought as follows. Taking as given the median incomes in each municipality, richer municipalities will have higher house values. This will in turn sweep away poor people from rich municipality whereas rich people will show up in poor municipalities. Therefore, distribution of income in poor municipality will have a higher variance compared to a richer municipality. Correlations (Not Targeted in Estimation) Median Income & Median House Value Median House Value & Per Household Public Spending Median Income & Gini Index of Income



Data 0.7250 0.5571 -0.5993



Model 0.7611 0.5687 -0.3754



Table 6: Facts 4,5 and 6
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Counterfactual Experiment



With the calibrated model at hand, we are interested in quantifying the effect of the "voting with feet" assumption of Tiebout (1956) on the income sorting process. Validity of this assumption is subjected to several econometric tests with the most recent studies by Banzhaf and Walsh (2008), Davidoff (2005) and Rhode and Strumpf (2003). However, we don’t know any previous study that tries to quantify the effect of this assumption, assuming it is a valid assumption, on the residential 17



location decisions of households. Understanding determinants of income distribution are particularly important since local public good level is a function of this and also at the macroeconomic level sorting has several implications in terms of evolution of income inequality and economic growth over time.12 For this goal, we are getting rid of tax rate heterogeneity by exogenously imposing the benchmark mean tax rate as the tax rate in each municipality. The mean tax rate in the benchmark model as seen from Table 3 is around 2.7%. Therefore, this is the new tax rate in each municipality under the experiment. The resulting income distributions in each municipality are demonstrated in Figures 31 to 35. The comparison of median incomes, per household public spending levels and median house values for each municipality under benchmark and experiment is provided in Table 7. Before commenting on these results, it should be noted that the benchmark tax rates are higher than mean tax rate in municipalities I and IV and lower than mean for municipalities II, III and V . According to Table 7, below the mean municipalities, II, III and V , experience increase in median incomes, per household public spending levels and median house values whereas the reverse happens in above the mean municipalities I and IV . This finding reveals that either rich households move from municipalities I and IV to municipalities II, III and V or poor households move from II, III and V to I and IV . Considering this together with Figures 31 to 35 reveals that rich households actually move from I and IV to II and III and at the same time poor households move from V to I and IV . The intuitive explanation for this result is as follows. When we look at Tables 3 and 7, we see that richer municipalities have lower residential property tax rates. Therefore, under the experiment richer municipalities experience an increase in tax rates whereas poorer municipalities experience a decrease. But at the same time, richer municipalities experience an increase in per household public spending levels and poorer municipalities experience a decrease in per household public spending levels. Depending on the elasticity of substitution between public spending and consumption, some rich households choose to move to richer municipalities and poorer households find it more optimal to go to poorer municipalities. This in turn increases housing prices in rich municipalities and decreases housing prices in poor municipalities which further adds to level of public spending. As a result, richer households agglomerate in richer municipalities and vice versa for poor households. In the end, this policy increases the degree of income sorting in the society. To give a precise number about Mun. I II III IV V



Median Income($) Benchmark Experiment 62,394 50,277 51,658 59,931 78,215 79,637 39,185 20,552 25,596 35,510



Public Spending Per Household($) Benchmark Experiment 3,084 2,783 3,693 4,191 5,351 7,225 5,131 4,526 3,305 3,425



Median House Value($) Benchmark Experiment 74,983 73,773 72,893 80,272 157,000 176,130 63,734 64,939 72,686 74,364



Table 7: Comparison of Equilibrium Values under Benchmark and Experiment



the increase in income sorting we use the following measure of sorting: PM ym BG m=1 λm ln y R Ω= M = y y WG Σm=1 λm y Nm y ln y fm (y)dy m



12



See Benabou (1996) and Durlauf (1996)
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m



where: • λm is the income share of municipality m • y m is the mean income in municipality m • y is the mean income in the society • Nm is the measure of households living in municipality m The numerator of Ω, BG, is the between municipality variance of income and denominator, W G, is the within group variance of income. Sum of numerator and denominator is Theil Index. This measure is used also in Kremer and Maskin (1996) and Davidoff (2005) to measure sorting. Higher levels of Ω is associated with higher levels of sorting. Table 8 reports the values of W G, BG and Ω under both benchmark and experiment. As seen, sorting in the society increases by 17% under experiment compared to benchmark. Therefore, tax rate heterogeneity plays an integrating role in society. WG BG Ω Benchmark 0.5324 0.2658 0.4992 Experiment 0.5033 0.2952 0.5865 Table 8: Income Sorting under Benchmark and Experiment
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Conclusion



In this paper, we introduced a pareto efficient mechanism of income mixing, namely lottery, into a Tiebout type framework of residential location choice. Compared to previous works, our framework has the advantage of being more consistent with the empirical evidence. Firstly, there is income mixing both at the micro neighborhood level and municipality level. And this mixing occurs in any equilibrium of the model independently of how income (or wealth) is defined or what the parameter values are. Secondly, conditional on rent shares in income households are not perfectly stratified across locations. Thirdly, our model produces correlations between median income, median house value, per household public spending and gini index of income which are close to that observed in data. Moreover, our lottery mechanism is not prone to "duplicates effect" common to logit framework. Estimated model is used in a policy experiment that gets rid of residential tax rate heterogeneity. Result is a 17% increase in the degree of sorting in the society. Future work aims to endogenize residential property tax rates so as to analyze very important policy questions like centralization or decentralization of public good provision which is a debate at the heart of fiscal federalism topic. Moreover, such a model can be used to understand the effects of a mixed income housing policy which aims to provide affordable housing for low income households in rich neighborhoods as noted in Ioannides (2004) and Schwartz and Tajbakhsh (1997).
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Appendix: Data



Given the boundaries of our model, we choose to work with Rhode Island because: • In our model, local property tax revenue is the most important component local municipal revenues. In Rhode Island, local property tax revenue are on average 60% − 70% of the total municipal revenue. • School choice is constrained by the boundary of municipality of residence in our model and also in Rhode Island. • In our model, households are not given the opportunity to choose a municipality outside the state. Net migration to Rhode Island between 2000-2004 Island is a small fraction, around 1.3%, of total population which demonstrates that households living in Rhode Island are naturally staying there. • Rhode Island is a small piece of land compared to other states which is important since we are not modeling tradeoffs related to transportation over space. There are 14 municipalities belonging to Rhode Island in our original dataset. The year is 2000. Income Distribution: Income distribution data is from Census 2000 Table P52. The geographical unit of observation is called Census Designated Place (CDP). It basically corresponds to towns and cities. I prefer to work with CDP’s since each CDP has its own local government so has its own tax rate. Income distribution data shows the number of households that belong to a particular income bin for each CDP. There are 16 income bins for each CDP which are same across CDP’s. We compute gini index of income using this dataset. Median Income Median income for CDP’s is from Census 2000 Table P53. House Value Distribution: The data of house value distribution for each CDP is the sum of owner occupied housing value distribution (Census 2000 Table H84) and renter occupied housing contract rent distribution (Census 2000 Table H54). The data comes in terms of value or contract rent intervals. We use equation (17) to convert contract rent into value and then we merge the two datasets to come up with the eventual house value distribution used in the estimation which includes both owner and renter occupied housing units. In the dataset, there are 24 value intervals for each municipality. We decrease this to 6 by combining 4 consecutive intervals into one. Joint Distribution of Household Income and Contract Rent as a Percentage of Household Income Census 2000 Table H73 gives joint distribution of household income and gross rent as a percentage of household income for renter occupied housing. Since gross rent includes also utilities, we subtract 6% gross rent percentage to obtain contract rent as a percentage of household income following Davis and Ortalo-Magne (2011) who founds that utilities account for 6% of household income. Since Table H73 is for renter occupied housing, we also consider Census 2000 Table HCT17 which provides joint distribution of household income and value of house occupied for owners. Using (17), we convert house values in Table HCT17 into contract rent and then merge this with Table H73 to obtain the data used in Figures 3- 7. Public Spending Per Household and NSA This data comes from Rhode Island Department of Revenue. The data link as of January 2011 is available here. In order to find per household numbers for each municipality, we divide by the total number of households in each municipality.
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Residential Property Tax Rate: The residential property tax rate data is obtained from Rhode Island Department of Revenue for each municipality. The data link as of January 2011 is available here.
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Appendix: Grouping Municipalities via Hierarchical Clustering



In our original dataset we have 14 municipalities in Rhode Island which are Barrington, Bristol, Central Falls, Cranston, East Providence, Narragansett, Newport, North Providence, Pawtucket, Providence, Tiverton, Warwick, West Warwick and Woonsocket. Because of computational difficulties, we are grouping these 14 municipalities using Hierarchical Clustering Method as explained in Kaufman and Rousseeuw (1990). It should be noted that Hierarchical Clustering is a path independent method as opposed to K-Means Clustering. We cluster these municipalities with respect to residential property tax rate, net state aid per household and house supply. We determine the optimal number of clusters by analyzing the change in SSE (sum of squared error with respect to ward metric) that results from adding a municipality to a group at each level of hierarchy. We plot number of clusters against the corresponding SSE in Figure 36. As the figure suggests, there is a jump in SSE when number of clusters decreases from 4 to 3. Therefore 4 clusters seems like a natural choice. We also compute Silhouette coefficients for each number of clusters. Higher values of Silhouette coefficient means better approximation. When there are 4 and 5 clusters, Silhouette coefficient is 0.7 and 0.72 respectively. Given that SSE is slightly smaller under 5 clusters compared to 4, we simply set the number of clusters to 5. One natural question is which municipality is in which cluster? We provide the answer in Table 9. It should ne noted that the biggest municipality Providence is itself a cluster. Municipality Barrington Bristol Central Falls Cranston East Providence Narragansett New Port North Providence Pawtucket Providence Tiverton Warwick West Warwick Woonsocket



Cluster III III III V II III III I V IV III V I II



Table 9: Hierarchical Clustering Result
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C



Appendix: Computational Algorithm



The computational algorithm used to solve the model for given parameters follows closely Nechyba (1999) and it consists of one inner loop for finding house values pmh and one outer loop for finding per pupil public education spending Em as described below: 1. Create a grid of probabilities with 100 elements. 0 2. Guess an initial Em for each municipality.



• Guess p0mh . −1 −2 −1 −1 −2 0 • In the first iteration set EDmh = 0 and p−1 mh = pmh = pmh where EDmh , pmh , pmh stand for excess demand in the previous iteration, house value in the previous iteration and two iterations prior to the current iteration respectively.



• Solve household’s first stage optimization problem (4) at each possible pair of house type alternatives and at each point in the grid of lotteries. Since there are 30 alternatives that makes 435 possible combinations with two alternatives in each combination. Since there 100 points in the probability grid, that requires solving the problem for an individual at 435 ∗ 100 = 43500 different points. As noted in the Remark in the model section, an arbitrary individual will at most randomize between two pairs of alternatives regardless of the number of alternatives. Consider an household choosing among alternatives mh and m0 h0 . Then the solution to (4) under utility specification implies: cmh =



1 1 (y − ( 21 + τm0 )pm0 h0 )πm0 h0 + (y − ( 21 + τm )pmh )πmh 1



ln E 0



γ



πmh + ( qqmh ) α−1 ( ln E 0mh ) α−1 πm0 h0 0 0 m h



cm0 h0 = (



m0 h0



0 γ 1 qmh α−1 ln Emh ) ( ) α−1 cmh 0 qm0 h0 ln Em0 h0



• Solve second stage optimization problem (5) and find the optimal probabilities for the household at each alternative pair {mh, m0 h0 } and choose that probability and alternative pair that maximizes expected utility. 0 • Find excess demand EDmh by using housing market clearing condition and update house values as follows: −1 0 0 – If EDmh > 0 and EDmh > 0, then set p0mh = p−1 mh + c ∗ norm(ED ). −1 0 0 – If EDmh < 0 and EDmh < 0, then set p0mh = p−1 mh − c ∗ norm(ED ). −2 −1 0 ≤ 0, then set p0mh = (p−1 – If EDmh > 0 and EDmh mh + pmh )/2. −2 −1 0 – If EDmh < 0 and EDmh ≥ 0, then set p0mh = (p−1 mh + pmh )/2. where c = 100 initially and it is multiplied by 0.999 whenever norm(ED0 ) > norm(ED−1 ). mh • Iterate in the inner loop until ED is close to zero for each house type mh. µmh 



3. Then compute Em for each municipality using local government budget (6). 4. Iterate until Em converges for each municipality. The computational algorithm is summarized in Figure 37. 24



On a computer with Intel Core i7 3.06 GHz processor and 9 GB Ram, this program takes between 120-130 hours to run completely. We are using GPU programming in Matlab to compute the model. For GPU programming see Aldrich et al. (2010).
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Figure 1: Income Distribution in Representative Municipalities
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Figure 2: Income Mixing in Representative Municipalities
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Figure 3: Income Mixing Conditional on Rent Share in Income Less Than 14%
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Figure 4: Income Mixing Conditional on Rent Share in Income Between 14% and 19%
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Figure 5: Income Mixing Conditional on Rent Share in Income Between 19% and 24%
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Figure 6: Income Mixing Conditional on Rent Share in Income Between 24% and 29%
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Figure 7: Income Mixing Conditional on Rent Share in Income More Than 29%
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Figure 8: Median Income vs. Median House Value in Representative Municipalities Corr=0.72
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Figure 9: Public Spending Per Household vs. Median House Value in Representative Municipalities Corr=0.55
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Figure 10: Median Income vs. Gini Coefficient of Income in Representative Municipalities Corr=-0.59
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Figure 11: Behavior of Indirect Utility Function Under Indivisibility
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Figure 12: Behavior of Indirect Utility Function Under Indivisibility
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Figure 13: Lottery and Income Mixing
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Figure 14: Perfect Sorting wrto Wealth in Nechyba Nechyba (2003)
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Figure 15: Mixing wrto Wealth in Rhode Island Municipalities
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Figure 16: Mixing wrto Wealth in Rhode Island Census Tracts
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Figure 17: Illustration of Assumptions 5 and 6
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Figure 18: Household’s Lottery Choice
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Figure 19: Histogram of Income for Rhode Island
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Figure 20: Income Distribution in Municipality I: Data vs. Model
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Figure 21: Income Distribution in Municipality II: Data vs. Model
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Figure 22: Income Distribution in Municipality III: Data vs. Model
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Figure 23: Income Distribution in Municipality IV: Data vs. Model
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Figure 24: Income Distribution in Municipality V: Data vs. Model
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Figure 25: Income Mixing in Representative Municipalities
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Figure 26: Income Mixing Conditional on Rent Share in Income Less Than 14%: Data vs. Model
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Figure 27: Income Mixing Conditional on Rent Share in Income Between 14% and 19%: Data vs. Model
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Figure 28: Income Mixing Conditional on Rent Share in Income Between 19% and 24%: Data vs. Model
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Figure 29: Income Mixing Conditional on Rent Share in Income Between 24% and 29%: Data vs. Model
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Figure 30: Income Mixing Conditional on Rent Share in Income More Than 29%: Data vs. Model
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Figure 31: Income Distribution in Municipality I: Benchmark vs. Experiment
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Figure 32: Income Distribution in Municipality II: Benchmark vs. Experiment
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Figure 33: Income Distribution in Municipality III: Benchmark vs. Experiment
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Figure 34: Income Distribution in Municipality IV: Benchmark vs. Experiment
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Figure 35: Income Distribution in Municipality V: Benchmark vs. Experiment
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Figure 36: Determining the Optimal Number of Clusters
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Figure 37: Computational Algorithm
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