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Indirect Pharmacodynamic Models for Responses with Multicompartmental Distribution or Polyexponential Disposition Wojciech Krzyzanski1 and William J. Jusko1,2 Received February 10, 2000—Final May 25, 2000 Basic indirect response models where drug alters the production (kin) of the response ûariable (R) based on the Hill function preûiously assumed one-compartment distribution of the response ûariable and simple first-order loss (kout) of R. These models were extended using conûolution theory to consideration of two-compartment distribution of R and兾or polyexponential loss of R. Theoretical equations and methods of data analysis were deûeloped and simulations are proûided to demonstrate expected response behaûior based on biexponential response dissipation. The inhibition model was applied to our preûious data for inhibition of circadian cortisol secretion by prednisolone. The presence of multicompartment response ûariables and兾or polyexponential loss complicates the response patterns and resolution of pharmacologic parameters of indirect response models and requires careful experimental and data analysis approaches in order to properly eûaluate such pharmacodynamic responses. The occurrence of these alternatiûe distribution or disposition components does not alter the area under the effect curûe (AUCE) which remains identical to the basic models. Model misselection was addressed by testing fittings comparing the basic and new models. Use of the former for these more complex models does not seûerely perturb the calculated cardinal dynamic parameters. These models may proûide improûed insights into indirect responses with complexities in distribution or disposition. KEY WORDS: pharmacodynamics; indirect response models; Hill function; prednisolone; cortisol.



INTRODUCTION Numerous drug responses are considered ‘‘indirect’’ in nature when the drug inhibits or stimulates the production or loss of a mediator or response Supported in part by Grant GM 57980 from the National Institute of General Medical Sciences, National Institutes of Health. 1 Department of Pharmaceutics, 565 Hochstetter Hall, School of Pharmacy, State University of New York at Buffalo, Buffalo, New York 14260. 2 To whom correspondence should be addressed. 57 1567-567X兾01兾0200-0057$19.50兾0  2001 Plenum Publishing Corporation
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variable via the nonlinear Emax equation or Hill function. Four basic indirect responses have been described (1) and applied to numerous drugs (2,3). The basic models assume zero-order production (kin), first-order loss (kout), and single-compartmental distribution of the response variable (R). The mathematical properties and expected behavior patterns for these models have been elaborated for bolus dose administration (4) and for drug infusion and steady-state conditions (5). These models have also been extended to deal with complexities such as circadian rates of production (6), capacity-limited production (7), and the presence of a precursor compartment (8). A common expectation for the kinetics of many substances in the body is polyexponential disposition. Indeed, the pharmacokinetics (PK) of a large number of drugs requires application of multicompartmental models. It is logical to expect that mediators controlling indirect responses or endogenous markers used in pharmacodynamic modeling may also exhibit distribution into peripheral compartments and兾or polyexponential disposition. Such properties have been observed for glycerol (9) and for cortisol (10). The concept of the convolution integral description of a linear system has been used extensively in pharmacokinetics. The importance of deconvolution analysis was recognized by Rescigno and Segre (11). The theoretical foundations and numerical methods of analyzing pharmacokinetic data by means of deconvolution were subsequently developed and perfected (12– 16). Deconvolution techniques were also applied to describe relationships between a pharmacokinetic input and pharmacological response output (17–19). This approach related the response to the drug available in a biophase via an explicit dose–effect function assuming a direct relationship between the biophase drug kinetics and the response. We apply this concept to the indirect relationship between the drug kinetics and the response where the drug inhibits or stimulates the production of the response. Deconvolution analysis was also applied in endocrinology to describe the hormone secretion rates (20). The purpose of this report is to extend the theory and practice of indirect response modeling to consideration of multicompartment distribution of the response variable and兾or its polyexponential disposition. Convolution theory, simulations, and data fitting were employed to generate and apply new relationships for drugs with indirect mechanism of action.



THEORETICAL Convolution Integral A pharmacodynamic (PD) system can be understood as a black box (Fig. 1) which exposed to an input kin yields a pharmacological response R
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Fig. 1. Model of a pharmacodynamic system where the pharmacological response R is produced as an alteration of input to the system described by the function kin(t). The input signal is transferred to the response through the process represented by the function Kr(t). The drug perturbs the production rate and causes its change ∆kin(t). The response is calculated as the convolution of the input function with the transfer function.



as an output. A system is linear if the sum of inputs results in the sum of outputs and, if a single input is reduced or magnified by a given factor, then the output is also altered by the same factor. The input can vary with time, i.e., kin Gkin(t). To determine the value of the response at time t one needs to know how the input changed in times preceding t. A linear PD system can be characterized by its function Kr(t) for the response removal through the convolution integral (20) R(t)G



冮



t



kin(z)Kr(tAz) dz



(1)



−S



The removal function Kr(t) is the response of the PD system to the instantaneous unit input kin(t)Gδ (t) where δ (t) denotes the Dirac delta function and is referred to as the unit impulse response function (21) Kr(t)G



冮



t



δ (z)Kr(tAz) dz



(2)



−S



The function Kr(t) is only defined for t¤0. The input function kin(t) is interpreted as the production rate of the response variable and therefore it has the dimension of the response rate (dR兾dt). Since the integration in the convolution integral in Eq. (1) is with respect to time and the integral value has the response dimension, the
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removal function Kr(t) must be dimensionless. The dimensionless of Kr(t) is achieved by the following scaling condition Kr(0)G1



(3)



This sets the scale for Kr(t) such that the instantaneous unit input yields initially a unit system response. One of consequences of the scaling condition Eq. (3) is that at time tG0 the response removal function must be nonzero. The dimensionlessness of Kr(t) rules out another alternative scaling S such as 兰0 Kr(t) dtG1 which might be used if Kr(0)G0. In addition, this type of response removal function is not pharmacodynamically plausible since the response disposition is expected to be a nonnegative function decreasing with time. The behavior of Kr(t) for tH0 determines the disposition of the PD response. For example, if the system consists of the zero-order input rate kin and the first-order loss rate kout (1) for a one-compartment response system as depicted in Fig. 2, then the removal function is Kr(t)Gexp(−kout · t)



(4)



Fig. 2. The basic one-compartment indirect model where the response is produced at the zeroorder rate kin , altered by drug according to H(t), and removed at the first-order rate kout . The response removal function for this pharmacodynamic variable is given in Eq. (4).
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Fig. 3. The two-compartment model with central compartment Rc and peripheral compartment Rp . Intercompartmental rate constants are kpc and kcp . The response removal function for this pharmacodynamic system is described in Eq. (5).



For the two-compartment indirect response system presented in Fig. 3 with intercompartmental rate constants (kcp , kpc) the removal function becomes Kr(t)G



kcpCkoutAλ 2 −λ 1t kcpCkoutAλ 1 −λ 2t e C e λ 1Aλ 2 λ 2Aλ 1



(5a)



where



λ 1 G21 (koutCkcpCkpcC1(koutCkcpCkpc)2A4kout kpc)



(5b)
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and



λ 2 G21 (koutCkcpCkpcA1(koutCkcpCkpc)2A4kout kpc)



(5c)



One can determine the model rate constants if the removal function Kr (t) is known Kr(t)GL1 e −λ 1tCL2 e −λ 2t



(6)



where L1 and L2 are positive constants. Then kout G



冢



−1



冣



L1 L 2 C λ1 λ2



,



kpc Gλ 1Cλ 2AkoutAkcp ,



kcp GL1λ 1CL2λ 2Akout



(7a, b)



kin GkoutR 0c



(7c, d)



0 c



where R denotes the baseline response (initial condition). If the PD system has a polyexponential disposition, then Kr(t) is a polyexponential function Kr(t)GL1 e −λ 1tC· · ·CLN e −λ Nt



(8a)



where L1 , . . . , LNH0. The condition Eq. (3) forms a constraint on the coefficients L1 , . . . ,LN L1C· · ·CLN G1



(8b)



Effect of Drug The endogenous response production rate kin(t) can be perturbed by a drug or another factor, yielding an additional input to the system ∆kin(t) as shown in Fig 1. Then the response is the sum of the baseline effect and the result of the perturbation R(t)GRbaseline(t)C
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t



∆kin(z)Kr(tAz) dz



(9a)



−S



where the baseline response Rbaseline is described by Eq. (1) as Rbaseline(t)G



冮



t



kin(z)Kr(tAz) dz



(9b)



−S



If the perturbation took place for tH0, then the lower limit in the above integral can be set as 0. In the case of the constant input and polyexponential response removal functions the baseline becomes a constant R0 and Eq. (9b) reduces to R0 Gkin(L1 兾λ 1C· · ·CLN 兾λ N )



(9c)
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There are two basic mechanisms of drug action affecting the endogenous response production: inhibition and stimulation. One can express the perturbation of kin(t) due to drug action via the Emax or Hill function (1)



∆kin(t)G



冦



−kin(t)



ImaxC(t)γ



γ IC 50 CC(t)γ SmaxC(t)γ kin(t) , γ SC 50 CC(t)γ



,



inhibition (10a, b) stimulation



where C(t) denotes the plasma drug concentration, Imax (or Smax) is the maximum inhibition (or stimulation), and IC50 (or SC50) equals the drug concentration eliciting 50% of the maximum inhibition (or stimulation), and γ is the Hill coefficient. For the system with constant production rate and monoexponential disposition as in Fig. 2, Eqs. (9) and (10a) correspond to the basic indirect response Model I and Eqs. (9) and (10b) to Model III (1,4). Simulated response vs. time profiles following the inhibition or stimulation of the constant production for the two-compartment response model are presented in Fig. 4. The graphs show the role of the peripheral compartment by the differences in the response patterns when kpc and kcp are set to zero. The initial distribution of R allowed 56% in Rc and 44% in Rp . If the dose is very large, then the onset of the response curve is described by the following relationship



R(t) →



冦



R0(1AImax)CkinImax



冢λ e L 冢λ e L1



C



1



R0(1CSmax)AkinSmax



1



1



冣 冣



L2 −λ 2t e λ2



−λ 1t



L2 C e −λ 2t λ2



−λ 1t



(11a,b)



as Dose→S, where L1 and L2 are the coefficients of the exponential functions in Eq. (5a) and λ 1 and λ 2 are given in Eqs. (5b) and (5c). If Imax G1, then λ 1 and λ 2 are slopes and kinL1 兾λ 1 and kinL2 兾λ 2 are zero-time intercepts of the decline of R versus time plotted on a log scale. The convolution integral Eq. (9) can be used as well to describe the response curves in Fig. 4. Then the onset of the response is also described by Eq. (11) but the coefficients L1 and L2 and the exponents λ 1 and λ 2 are primary parameters of the removal function. Equation (11) naturally generalizes to the case of polyexponential removal function for multicompartment response models.
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Fig. 4. The responses of the two-compartment inhibitory and stimulatory indirect models following five different doses of drug with monoexponential pharmacokinetics. The elimination rate constant for the concentration functions was kel G0.3. The corresponding response curves were generated according to the model presented in Fig. 3 where Imax G1, Smax G10, IC50 GSC50 G10, kout G1.66, kcp G0.28, kpc G0.36, R0c G100, R 0p Gkcp R 0c 兾kpc , and kin Gkout R0c . The broken lines represent one-compartment indirect models. The insert in the middle panel using a linear R scale shows that AUCE for the one- and two-compartment models are identical.
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Area of Effect Curûes (AUCE) The total net drug effect can be measured as the area between the response curve and the baseline AUCEG



冮



S



−S



兩R(t)ARbaseline(t)兩 dt



(12)



The integral in Eq. (12) is transformed in Appendix A to the following form AUCEG



冮



S



−S



兩∆kin(t)兩 dt



冮



S



Kr(t) dt



(13)



0



where AUCE can be calculated as the product of the total input to the system due to drug action and the area under the unit impulse response function. If the input function is constant and the alteration of kin is described by the Hill Function H(C(t)) as in Eq. (10), then AUCEGR0



冮



S



(14)



H(C(t)) dt



0



where R0 denotes the constant baseline. An identical relationship holds for the basic indirect response models I and III (22). In the case of the monoexponential kinetics the integral in Eq. (14) can be calculated explicitly (22) yielding



AUCEG



冦



R0Smax γ kel



γ



冢 冢 冣 冣, D兾V ln 冢1C冢 , SC 冣 冣



R0Imax D兾V ln 1C γ kel IC50



inhibition (15a,b)



γ



stimulation



50



where D is the dose, V is the volume of distribution, and kel is the elimination rate constant. METHODS If the response removal function Kr(t) is polyexponential, then the response R can be represented as a combination of responses of the system each with monoexponential disposition N



RG ∑ Ln Rn n G1



(16)
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where Rn is a solution of the differential equation dRn dt



Gkin (t)C∆kin(t)Aλ nRn



(17a)



with the initial condition Rn (0)G



冮



0



kin(z) e λnz dz



(17b)



−S



which for the constant input function reduces to Rn (0)Gkin 兾λ n



(17c)



The case of the input function varying with time is discussed in Appendix B. Equations (16) and (17) allow us to calculate the convolution integral in Eq. (9) by means of differential equations with no need of software usually applied to deconvolution analysis. Simulations and data-fitting were performed using the ADAPT II software (23). The errorless data were generated at 27 equally spaced sampling times whereas the erroneous data were generated at 10 unequally spaced times by adding a uniformly distributed random error with a relative standard deviation of 10% to each response point. A reanalysis of previously published (24) adrenal suppression data exhibiting biexponential decline in response was also performed.



RESULTS Simulations To validate the convolution integral approach for analysis of data obtained from systems showing polyexponential disposition, the twocompartment response model was used to generate the response data for a drug with monoexponential kinetics with the elimination rate kel G0.3 and three doses yielding initial concentrations of C0 G10, 100, and 10,000. The pharmacodynamic parameters were set up as follows: Imax G1, Smax G10, IC50 GSC50 G10, kout G1.66, kcp G0.28, kpc G0.36, R 0c G100, R 0p GkcpR 0c 兾kpc , and kin GkoutR 0c . The response data were created with no noise as well as with 10% (relative standard deviation) noise up to the time tG50. Equation (16) was fitted simultaneously to three response data sets. The biexponential response removal function Eq. (6) was used. The baseline R0 was fixed as R0c and kin was calculated from Eq. (9c). The initial conditions for the auxiliary variables R1 and R2 were calculated from Eq. (17c).
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The results of nonlinear regression fitting are given in Table I. The values of parameters predicted by Eq. (7) for the two-compartment model coincided with their true values. The generated data and response curves fitted according to the convolution equation are presented in Figs. 5 and 6. To assess the impact of model misselection on the estimations of PD parameters, the one-compartment indirect response models I and III were also fitted to the data. The parameter values are listed in Table I. Models I and III predicted well the true IC50 and SC50 values and were close to the true kout with 23% difference. Most parameters of the model were recaptured well. The percentage differences (calculatedB100兾true, no noise and 10% noise) were kin (21%, 31%), Imax (0%, 0%), and IC50 (7%, 15%) for Model I. Differences for Model III were kin (23%, 30%), Smax (3%, 6%), and SC50 (7%, 12%). While these simulations offer only a limited perspective based on one set of model parameters, it is noteworthy that the most important pharmacodynamic parameters Imax or Smax and IC50 or SC50 are not severely disturbed. Nevertheless, some perturbations of the true parameter estimates are found when this type of model misselection occurs. Cortisol Suppression The proposed methodology was applied to describing the suppressive effect of prednisolone on cortisol plasma concentrations (24). Six healthy male volunteers received 16.4 and 49.2 mg intravenous bolus doses of prednisolone and blood samples were collected at various times over 32 hr to determine the PK of prednisolone and cortisol concentrations. The biexponential function for unbound prednisolone in plasma was fitted to the data Cp GCa e −α tCCb e −β t



(18)



The estimated parameters values were Ca G197.8, Cb G80.1 ng兾ml, α G7.0, and β G0.36 hr −1. The data and the fitted function are presented in Fig. 7. The baseline cortisol concentrations exhibit a circadian pattern. Both cortisol secretion rate and cortisol baseline concentrations were described by a cosine function. The relevant relationships are presented in the Appendix B. The baseline function along with the data is presented in Fig. 6. The cortisol removal function was assumed to be biexponential as in Eq. (6). The parameters L1 , L2 , λ 1 , and λ 2 and the cortisol secretion parameters were estimated from the simultaneous fittings to the baseline and drug treatment data. The suppressive effect of prednisolone on cortisol secretion was described by the inhibitory function Eq. (10a) where Imax was set to 1 due
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Table I. Results of Fitting Models with Mono- and Biexponential Response Removal Functionsa Inhibition of kin Parameter IC50 or SC50 Imax or Smax λ1 λ 2 or kout L1 L2 kin a



Assigned value 10 1 or 10 2 0.3 or 1.66 0.964 0.036 166



Biexponential removal No noise 10J0 1J0 2J0 0.2J0 0.964J0 0.036J0 166J0



Stimulation of kin Basic model



10% noise



No noise



10% noise



9.9J0.8 1J0.8 1.9J0.4 0.3J0.1 0.96J0.02 0.04J0.02 157J24



9.3J0.1 1J0.5 NA 1.31J0.03 NA NA 131J3



8.5J0.8 1J0.3 NA 1.14J0.06 NA NA 114J6



Biexponential removal No noise 10J0 10J0 2J0 0.3J0 0.964J0 0.036J0 166J0



Basic model



10% noise



No noise



10% noise



10.7J1.3 10.2J0.5 1.5J0.3 0.1J0.08 0.99J0.01 0.01J0.01 130J26



9.3J0.1 9.7J0.1 NA 1.27J0.05 NA NA 127J5



8.8J0.2 9.4J0.5 NA 1.17J0.2 NA NA 117J18



Data generated by the two-compartment response model as in Fig. 3 where kin was inhibited or stimulated. The kinetics was monoexponential with the elimination rate kel G0.3 and three doses yielding initial concentrations of C0 G10, 100, and 10,000. The pharmacodynamic parameters were assigned as indicated. The parameter values are reported as estimated valueJstandard error.
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Fig. 5. Recharacterization of part of the response data generated by the twocompartment indirect model shown in Fig. 3. The kinetic function was monoexponential with the three doses yielding initial concentrations of C0 G10, 100, and 10,000. The biexponential response removal function Eq. (6) was used. Equation (3) was actually used for fitting where L1 and L2 were calculated according to Eq. (13a) with the initial conditions provided by Eq. (13b). The baseline was fixed at R0 G100. The broken lines represent the fittings of basic indirect response models I and III. The input rate constant kin was calculated from Eq. (9c) for biexponential response removal and kin GR0 兾 kout for the basic indirect models. The results of nonlinear regression fitting with the maximum likelihood estimator are presented in Table I.
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Fig. 6. Recharacterization of part of the response data generated by the two-compartment indirect model shown in Fig. 3 with unequal sampling times and 10% noise. The kinetic functions and pharmacodynamic parameters were as in Fig. 5. The results of nonlinear regression fitting with the maximum likelihood estimator are presented in Table I.
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Fig. 7. The suppressive effect of prednisolone on cortisol secretion. The top left panel describes the plasma concentrations of unbound prednisolone at two dose levels (16.4 and 49.2 mg) in a representative subject. The solid line was derived by nonlinear regression fitting of Eq. (18) to the data. The top right panel shows the biexponential response removal function Eq. (7a) used to describe cortisol plasma concentrations. The coefficients and exponents were estimated by nonlinear regression. The cortisol plasma at baseline (●) and after prednisolone dosing are given in the bottom panel. The solid line was obtained by nonlinear regression fitting of Eq. (9) to the data. The cortisol secretion was described by Eq. (B1). The broken lines are the fittings of the indirect response Model I. Parameters values are given in Table II. The data were taken from Wald et al. (24).



to observed maximal suppression. Equation (9) was used as a model describing the response function. It was implemented into the nonlinear regression fitting program (23) in the form of a system of two differential equations [Eq. (17a)] with initial conditions [Eq. (B5)]. The estimated values of the parameters are presented in Table II. The baseline cortisol concentration
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Parameter IC50 (ng兾ml) λ 1 (hr −1) λ 2 or kout (hr −1) L1 (or A (ng兾ml)) L2 (or B (ng兾ml)) Rm (ng兾ml) Rb (ng兾ml) tz (hr) a



Empirical model 0.99 10.45 0.44 65.99 44.39 60.28 41.71 1.66



Monoexponential removal Biexponential removal 0.22J0.07 NA 0.82J0.06 NA NA 74.56J1.6 66.41J1.6 1.24J0.01



0.18J0.05 3.29J1.2 0.40J0.07 0.95J0.02 0.05J0.02 77.82J1.9 60.22J2.0 0.51J0.01



The Empirical Model reflects parameter values presented in Wald et al. (24) where A and B were used as coefficients of the biexponential function. The remaining columns were obtained by fitting Eq. (9) for mono- and biexponential response removal functions. The parameter values are reported as estimated valueJstandard error.



parameters were calculated as secondary parameters from Eq. (B4). Additionally, the basic indirect response Model I described in Fig. 2 was fitted to the data. The estimated parameters are compared to those for biexponential and the originally used (10,24) empirical models in Table I. The observed data and values predicted by the model Eq. (9) are plotted in Fig. 7. The model well described the data with the squared correlation coefficients (r 2)G.74 to .86. The graph of the cortisol removal function calculated from the baseline perturbed by prednisolone according to Eq. (7a) is also shown in Fig. 7.



DISCUSSION Observations and basic expectations that many endogenous substances may exhibit multicompartmental distribution or that other phenomena may explain polyexponential disposition kinetics led to this report which extends the theory and applications of basic indirect response models. The recognition that these types of models may be relevant can occur when an endogenous substance is administered separately, such as assessed for glycerol (9) or for drugs which fully block kin and produce a biexponential decline in the response viable such as for prednisolone effects on cortisol. The latter case is shown in Figs. 4 and 7. As also demonstrated in Figs. 4 and 5, it may be difficult or impossible to recognize the type of distribution model which underlies a drug causing stimulation of kin . Part of the difficulty in determining whether Kr(t) is polyexponential relates to the initial conditions of Rc and Rp . Pharmacologic response variables typically start at or near steady state. Simulations of bolus dose vs. steady-state washout kinetics for drugs with biexponential kinetics have demonstrated that the distribution phase is markedly reduced in the latter instance (25). In
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addition, the relative values of the distribution rate constants (kcp , kpc ) relative to the kinetics of the drug and the values of kin and kout may affect interpretation of experimental data. The simplest case for these extended models is where either a twocompartment distribution model or a biexponential disposition pattern is found for a drug which fully (Imax G1) inhibits kin . This is shown in Fig. 3 and was simulated in Fig. 4. The parameters L1 , λ 1 , L2 , and λ 2 can be directly calculated from the experimental data for a large dose in a manner analogous to characterizing a biexponential PK function [see text following Eq. (11a, b)]. Other situations may require that these biexponential coefficients or the parameters of the two-compartment response model (Fig. 3) be fitted as part of the overall model characterization. The simulations in Fig. 4 where the response profiles in the presence and absence of the Rp compartment were assessed show the major differences between the one- and two-compartment indirect response models. Besides mono- vs. biexponential decline in responses for these models, the maximum or minimum response (Rmax), and the time of occurrence of the peak response (tRmax) also can differ appreciably. These differences in time patterns relate to the presence of the extra response ‘‘material’’ in the Rp compartment which buffers the system somewhat against the perturbations caused by the drug. Thus changes in these properties of Rc are less marked owing to the Rp compartment. However, the area under the effect curve (AUCE ) is same for all multicompartmental response models. According to Eq. (14), AUCE does not depend on the response removal process. These simulations also indicate that an optimal sampling strategy for discriminating between these models requires most intensive sample collections between time 0 and the occurrence of the maximum or minimum response. In addition, larger doses are necessary. A different type of model approximation was used in previous publications which examined adrenal suppressive effects of prednisolone (10,24). While the decline in cortisol concentrations was recognized and fitted to a bioexponential equation, an empirical indirect response equation was utilized instead of the more exact differential equation such as given in Fig. 3. Our previous mean estimate of the IC50 of prednisolone was 1 ng兾ml for 6 normal subjects while the fitting in Fig. 5 yielded a value of 0.2 ng兾ml. The biexponential nature of the decline in cortisol concentrations following prednisolone differs from the monoexponential patterns after doses of methylprednisolone (26) or fluticasone (6). This may be caused by dual effects of prednisolone on both adrenal suppression as well as displacement of cortisol from plasma protein binding sites. The other steroids do not bind to transcortin as do cortisol and prednisolone (27).
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The presence of secondary compartments or polyexponential disposition is often difficult to detect in some response data and there is high likelihood that the more basic models will be used in quantitating such experimental data. This model misselection does not appear to severely perturb the calculation of most dynamic parameters as evidenced from our simulations as well as examination of cortisol suppression. This is due to the fact that the general biphasic shape of the response curves remains very similar, the range of the responses is constrained between the baseline and the lower兾upper limit, and the AUCE is identical. Thus the fittings remain close to the data, but are of course slightly imperfect. Basic theory and applications of modeling indirect responses were developed for drugs which alter input to a multicompartmental response variable. In principle, such distribution properties are relevant for drugs which inhibit or stimulate kout as well. The present equations do not apply in these cases. Characterizing such responses requires a structural model such as shown in Fig. 3 where the Hill function is attached to kout in the differential equations. Response patterns will be more ambiguous and trialand-error modeling techniques will be needed in fitting data. Direct administration of the endogenous substance would prove helpful for these models. In general, the convolution integral representation of a pharmacodynamic system yielding a pharmacodynamic response as a result of a continuous input is useful when the mechanisms of the response input and disposition are unknown. The monoexponential removal of the response variable from the system is often a simplifying assumption. On the other hand, lack of information about other system components which affect the loss of response (e.g., a peripheral compartment) requires a polyexponential function to better describe the response disposition. This report extends the recognition that the original basic indirect response models (1–5) serve as a starting point in evaluation of relevant pharmacodynamic data and that numerous complexities can complicate the analysis of experimental data and enrich the interpretation of pharmacologic responses. APPENDIX A Calculation of AUCE We consider only the case when the sign of the input perturbation is fixed, i.e., ∆kin(t)⁄0 (inhibition) or ∆kin(t)¤0 (stimulation) for all times t. Then Eq. (9) implies 兩R(t)ARbaseline(t)兩G



冮



t



−S



兩∆kin(z)兩Kr(tAz) dz



(A1)
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One can use the Moment Theorem of Laplace Transforms (28) to calculate AUCE as AUCEGlim L(RARbaseline)(s)



(A2)



s→0



where L(·)(s) denotes the Laplace transform evaluated at the point s. Since the Laplace transform of the convolution integral is the product of the Laplace transforms of the integrants, Eq. (9a) implies AUCEGlim L(兩∆kin 兩)(s) lim L(Kr)(s) s→0



(A3)



s→0



Applying again the Moment Theorem of Laplace Transforms one can conclude that lim L(∆kin)(s)G



s→0



冮



S



兩∆kin(t)兩 dt and



−S



lim L(Kr)(s)G



s→0



冮



S



Kr(t) dt (A4)



0



which combined with Eq. (A3) yields Eq. (13). If Kr is described by Eq. (8a), then the integral in Eq. (A4) becomes
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Equation (10) implies that
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One can combine kin from Eq. (A6) with Eq. (A5) and use Eq. (9c) to derive Eq. (14). APPENDIX B Circadian Input In many pharmacodynamic systems the input rate is regulated by endogenous biorhythmic processes such as circadian rhythms (20). Then kin varies with time kin Gkin(t) and consequently the response also exhibits a similar biorhythmic pattern. The simplest biorhythm can be described by the cosine function kin(t)GkmCkb cos[2π (tAtp)兾T]



(B1)



where km is the mean value (mesor), kb is the amplitude, tp denotes the peak time (acrophase), and T is the rhythm period. For circadian rhythms TG
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24 hr. The periodic input Eq. (B1) produces the following periodic response for the simple indirect response system in Fig. 2 R(t)GRmCRb cos(2π (tAtz )兾T)



(B2)
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and tz is the peak time of the observed baseline. For the response system showing biexponential disposition, the single cosine input Eq. (B2) yields also the response described by the cosine function Eq. (B3a, b, c) and the parameters Rm , Rb , and tz are as follows Rm Gkm
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(B4b) (B4c)



One can use Eq. (B4a, b, c) to describe the two-compartment response system if the parameters L1 , L2 , λ 1 , and λ 2 are chosen as in Eq. (5). When the input rate is described by Eq. (B1), then the integral Eq. (17b) can be calculated for nG1, . . . , N Rn(0)G



km kb C 2 λ n λ nC(2π 兾T)2 B(λ n cos(2π tp 兾T)A(2π 兾T) sin(2π tp 兾T))
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