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Abstract This paper studies the role of time-on-the-market information in dynamic trading environments under adverse selection. I consider a sequential search model in which (informed) sellers receive price offers from (uninformed) buyers and analyze both the case in which buyers receive no information about sellers’ trading histories and the case in which buyers observe sellers’ time-on-the-market. I analyze how the observability of time-on-the-market influences agents’ trading behavior and investigate its welfare implications in both the single-seller environment and the stationary market environment. JEL Classification Numbers: C78, D82, D83. Keywords : Adverse selection; sequential search; time-on-the-market.
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Introduction



Consider a buyer (he) facing a seller (she) who possesses superior information about the quality of her good. Adverse selection complicates the buyer’s problem. A low price entails the risk of being rejected by the seller, while a high price runs the risk of overpaying for a lemon. One way to mitigate this problem is to rely on the information he has about the seller’s past behavior. If she had rejected a reasonable price in the past, it would indicate that her good is likely to be worth purchasing. However, access to such information is often limited. Regulation or market practice may not allow it, or relevant records may be difficult to obtain or verify. Nevertheless, a particular piece of information is often accessible: sellers’ time-on-the-market. For example, the number of days that a given property has been on the market is publicly available in the real estate market. In ∗
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the labor market, a worker’s unemployment duration can be estimated from his/her employment history. The goal of this paper is to understand the role of time-on-the-market information in dynamic trading environments. In particular, I study how the availability of time-on-the-market information influences agents’ trading behavior and investigate its welfare implications. I consider a sequential search model of trading under adverse selection. I study two versions of the model. In the single-seller model, there is one seller who wishes to sell an indivisible good and has private information about its quality, which can be either high or low. There are always positive gains from trade, but the good is more costly to the seller and more valuable to buyers when its quality is high. The seller faces a sequence of randomly arriving buyers, each of whom makes a price offer to her. The game continues until she accepts a price. Buyers are effectively short-lived, taking a fixed outside option if they fail to trade with the seller. In the market model, I embed the single-seller problem into a stationary market environment in which there is a constant inflow of new agents. In this model, buyers are also long-lived and leave the market only after they trade. The buyers’ outside option in a match is given by their market expected payoff and is, therefore, endogenously determined. In both environments, I analyze and compare the following two information regimes: • Regime I (no information): Buyers receive no information about sellers’ past behavior. • Regime II (time on the market): Buyers observe how long sellers have been on the market. Regime I has been studied in various contexts (see Section 4), while Regime II is new to the literature. I characterize the equilibria that depend only on available information. I show that in Regime I, there is always a unique equilibrium in both the single-seller and market environments, while in Regime II, there is a continuum of equilibria in both environments, provided that search frictions are sufficiently small.1 Interestingly, all equilibria are payoff-equivalent in the single-seller model but not in the market environment. As explained below, this is because different equilibria in the single-seller model, despite being payoff-equivalent, generate different distributions of sellers when they are embedded in the stationary market environment. I demonstrate that the welfare effects of the availability of time-on-the-market are ambiguous in general: in both the single-seller and market environments, social surplus can be higher in one regime than in the other regime, depending on the level of search frictions and other parameter values. Nevertheless, there are certain regular patterns. In the single-seller model, social surplus (defined by the expected value of realized gains from trade discounted from the seller’s entry time) is higher in Regime I than in Regime II if search frictions are sufficiently large or around a 1



Equilibrium multiplicity in Regime II arises because in dynamic trading environments under adverse selection, buyers may make a losing offer (one rejected by sellers for certain) and time-on-the-market can be used as a public randomization device regarding their offer strategies.
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particular interior level, denoted by δ ∗∗ , while the opposite holds if search frictions are sufficiently small. In contrast, in the stationary market environment, social surplus (defined by the sum of agents’ payoffs in a cohort) is higher in Regime I than in Regime II when search frictions are sufficiently small, while no general result holds when search frictions are sufficiently large. To understand these results, first notice that given the same realized price sequence, a hightype seller, due to her higher production cost (reservation value), is less willing to trade than a low-type seller. This implies that a seller is more likely to be the high type the longer she stays on the market.2 In Regime I, buyers cannot condition their offer strategies on this information and, therefore, play a stationary strategy from an individual seller’s perspective. In Regime II, buyers offer a high price only when they become sufficiently optimistic about the seller’s type. This implies that early buyers are less aggressive, while late buyers are more aggressive, in Regime II than in Regime I. The difference in buyers’ offer behavior in the two regimes has opposite implications for the two seller types’ trading rates. The high-type seller trades faster in Regime I than in Regime II at the beginning of the game (say, until t∗ ), but the result is reversed after t∗ . In contrast, the low-type seller’s trading rate is higher (lower) in Regime II than in Regime I before (after) t∗ because her reservation price remains constant in Regime I but increases over time in Regime II. The comparison results for the single-seller model are driven by the interaction between these two opposing patterns. When search frictions are sufficiently large, the high-type seller’s delay until t∗ in Regime II is particularly costly, and thus, Regime I outperforms Regime II. δ ∗∗ is the level at which the low-type seller does not have too strong an incentive to wait for a high price, while buyers expect no net positive payoff from trade. In this case, the welfare difference between the two regimes reduces to the fact that the high-type seller must wait until t∗ in Regime II, and thus, again, social surplus is higher in Regime I. When search frictions are sufficiently small, the lowtype seller has a strong incentive to wait for a high price. This translates into excessive delay in Regime I, while time-on-the-market limits its extent by forcing the low-type seller to trade with a significant probability before t∗ in Regime II. Consequently, Regime II outperforms Regime I. To understand why the welfare results differ in the stationary market environment, notice that buyers cannot distinguish between sellers from different cohorts in Regime I. Since high-type sellers stay in the market for longer than low-type sellers, mixing different cohorts of sellers mitigates the lemons problem. In other words, the proportion of high-type sellers is higher in the market than in the entry population. Provided that search frictions are sufficiently small, this is necessarily beneficial to buyers and improves social welfare. Time-on-the-market excludes such a mechanism 2



This is referred to as the “skimming” property in the literature. It is crucial for this property that buyers’ offers are independent of the seller’s type. In other words, this property may fail if buyers can condition their offers on public or private signals of the seller’s type. See, e.g., Daley and Green (2012), Zhu (2012), and Kaya and Kim (2015).
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in Regime II. This leads to different welfare results in the stationary market environment from those in the single-seller model. Among other things, the results above complement a seminal finding by H¨orner and Vieille (2009). They study a similar single-seller model and show that the observability of past price offers is detrimental to social welfare. Specifically, they consider a discrete-time model in which a new buyer arrives in each period and compare the case in which rejected prices are not observable to future buyers (private offers) and the case in which they are observable (public offers).3 They prove that if the seller is sufficiently patient, then gains from trade are eventually realized with private offers but may be lost forever with public offers (i.e., all seller types trade with private offers, while some seller types never trade with public offers).4 Taken together, the results highlight the subtleties of the role of information about sellers’ past behavior in the market for lemons. What matters is what information is available under what market conditions, rather than how much information is available in the market. The remainder of the paper is organized as follows. Section 2 studies the single-seller model, while Section 3 considers the stationary market model. Section 4 concludes by providing a detailed discussion of related papers and suggesting some directions for future research. All omitted proofs are in the appendix.



2 The Single-Seller Model This section considers the model in which a single seller sequentially meets buyers. Buyers are effectively short-lived, taking a fixed outside option once they fail to trade with the seller. I first introduce the formal model and then provide a full characterization of each regime. Finally, I compare the two regimes in terms of welfare.



2.1 The Model Physical environment. The model is set in continuous time. A single seller who wishes to sell an indivisible object arrives at time 0. She faces a sequence of buyers, who arrive according to a Poisson process of rate λ(> 0). Denote by Ξ the information set of buyers, that is, the set of 3



Their private offers case is similar to Regime II in this paper. The difference is that in their model, buyers know both how long the seller has been on the market (time-on-the-market) and how many offers the seller has previously rejected (number-of-previous-matches) because both of them coincide with the calendar time of the game. In earlier versions of this paper, I considered another information regime in which only sellers’ number-of-previous-matches is observable and showed that the regime (not Regime II) behaves just as in the private offers case. 4 See Kim (2015) for an analogous result with large discounting. When the seller is sufficiently impatient, all seller types trade even with public offers (i.e., no bargaining impasse). It can still be shown that trade always occurs faster with private offers than with public offers.
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the seller’s feasible states that are observable to buyers. The set Ξ is a singleton in Regime I, reflecting the fact that no information about the seller is available to buyers. It is given by the set of non-negative real numbers R+ in Regime II, where a typical element t ∈ Ξ ≡ R+ represents the seller’s time-on-the-market. Upon arrival, each buyer observes the seller’s state ξ and offers a price. The seller then decides whether to accept or reject the price. If an offer is accepted, then exchange takes place, and the game ends. Otherwise, the buyer leaves, while the seller waits for the next buyer. The seller has private information about the quality of her object. The quality is either high (H) or low (L). If the good is of quality a = H, L, then it costs ca to the seller and yields utility va to the buyer at the time of exchange.5 There are always gains from trade (i.e., ca < va for a = H, L), and a high-quality unit is more costly to the seller and more valuable to the buyers (i.e., cH > cL and vH > vL ). It is common knowledge that buyers assign probability qb to the event that the good is of high quality at time 0. In other words, a new seller is the high type with probability qb. I focus on the case in which adverse selection is severe enough to create the lemons problem. Specifically, the following assumption, which is familiar in the adverse selection literature, is maintained throughout the paper. Assumption 1 qbvH + (1 − qb)vL < cH . The left-hand side is the buyers’ unconditional expected value of the good, while the right-hand side is the high-type seller’s production cost (reservation value). When the inequality holds, no price can yield non-negative payoffs to both a buyer and the high-type seller, and thus, a highquality unit cannot trade in the static competitive benchmark. In this paper, this assumption guarantees that there never exists an equilibrium in which buyers always make a winning offer (one accepted by both seller types). All agents are risk neutral and maximize their expected utility. If a price p is accepted by the type-a seller, then the seller obtains utility p − ca , while the buyer’s utility is given by va − p. Buyers’ outside options (i.e., their payoffs in the event that they fail to trade with the seller) are constant and fixed at VB (≥ 0). To avoid triviality, I assume that VB < min{vH − cH , vL − cL }.6 The common discount rate is given by r(> 0). For notational simplicity, define v˜a ≡ va − VB for each a = H, L and δ ≡ λ/ (r + λ) = 5



An alternative interpretation is that the good is durable and yields a constant flow payoff rca to the seller (while she retains the good) and rva to the buyer (once he obtains the good from the seller), where r is the common discount rate. 6 If VB ≥ vH − cH , then the high-type seller can never trade and, therefore, becomes essentially irrelevant. If VB ≥ vL − cL , then no buyer offers a price that is acceptable only to the low-type seller. Combined with Assumption 1, this leads to market breakdown. In Section 3, I show that if VB is endogenized by embedding the single-seller problem in a stationary market environment, then the condition VB < min{vH − cH , vL − cL } holds in both regimes.
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∫∞



e−rt d(1 − e−λt ). The quantity v˜a is the net value of a type-a unit to buyers, taking into account their opportunity cost of trading with the seller (i.e., their outside option). The model can be equally interpreted as one in which the value of a type-a unit to buyers is equal to v˜a and the buyers’ outside option is normalized to 0. Note that the assumption VB < min{vH − cH , vL − cL } implies that v˜a > ca for both a = H, L. The quantity δ is the effective discount factor in the current dynamic environment that accounts for search frictions and discounting. 0



Strategies and equilibrium. I restrict attention to the equilibria in which all agents’ strategies depend only on the seller’s observable characteristic. Buyers’ offers are conditioned only on the seller’s observable type. The seller’s acceptance strategy depends on her own history but only through its effects on her observable type. Formally, buyers’ offer strategies are represented by a Lebesque-measurable right-continuous function σB : Ξ × R+ → [0, 1], where σB (ξ, p) denotes the probability that a buyer offers p to the seller with observable type ξ. The seller’s strategy is a function σS : {L, H} × Ξ × R+ → [0, 1], where σS (a, ξ, p) denotes the probability that the type-a seller accepts price p when her observable type is ξ. Finally, buyers’ beliefs about the seller’s intrinsic type a are represented by a function q : Ξ → [0, 1], where q(ξ) denotes the probability that buyers assign to the event that the seller is the high type when her observable type is ξ. A (weak perfect Bayesian) equilibrium of the game consists of an offer strategy σB , an acceptance strategy σS , and a belief function q that satisfy the following requirements: (i) σB (ξ, p) > 0 (i.e., a buyer offers p to the seller with observable type ξ) only when p maximizes the buyer’s expected payoff q(ξ)σS (H, ξ, p)(˜ vH − p) + (1 − q(ξ))σS (L, ξ, p)(˜ vL − p). (ii) σS (a, ξ, p) > 0 (i.e., the type-a seller with observable type ξ accepts p with a positive probability) only when p − ca is not less than the seller’s continuation payoff (i.e., only when p − ca ≥ E[e−rτ (p′ − ca )|ξ], where τ and p′ represent the random time and price, respectively, at which the seller trades conditional on her current observable type ξ). (iii) q(ξ) is derived through Bayes’ rule. Preliminary observations. Following the same reasoning as in the Diamond paradox, in equilibrium, no buyer offers strictly more than cH .7 It is then clear that the high-type seller’s expected payoff is equal to 0, her reservation price is equal to cH , and cH is always accepted by the seller. In the two regimes considered in this paper, the low-type seller’s reservation price is independent of a buyer’s offer because the offer is not observable to future buyers. In what follows, I use p(ξ) to denote the reservation price of the low-type seller whose observable type is ξ. I restrict attention to the equilibria in which each buyer offers cH , p(ξ), or a sufficiently low 7



To be precise, denote by p the supremum among all equilibrium prices, and suppose that p > cH . Due to search frictions, the high-type seller’s reservation price can never be larger than (1 − δ)cH + δp. Since no buyer has an incentive to offer strictly more than the high-type seller’s reservation price, p ≤ (1 − δ)cH + δp. This is equivalent to p ≤ cH and, therefore, a contradiction.
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price that will be rejected for certain (i.e., a losing price), and the low-type seller accepts her reservation price with probability 1. These restrictions incur no loss of generality in either regime. First, it is strictly suboptimal for each buyer to offer strictly more than cH or between cH and p(ξ). Second, if p(ξ) < v˜L , then in equilibrium, p(ξ) must be accepted with probability 1: otherwise, the buyer could deviate to p(ξ) + ε for ε positive but arbitrarily small and obtain a strictly higher expected payoff. Finally, if p(ξ) ≥ v˜L , then the buyer prefers a losing offer to p(ξ). Therefore, the buyer either never offers p(ξ) (if p(ξ) > v˜L ) or obtains zero expected payoff (if p(ξ) = v˜L ). In the latter case, the buyer’s offer strategy and the seller’s acceptance strategy can be adjusted such that the low-type seller always accepts p(ξ): it suffices to increase the probability that the buyer offers a losing price by just enough to keep the unconditional probability that the seller trades at p(ξ) unchanged. These restrictions make trivial the seller’s equilibrium acceptance strategy. In what follows, for each a = H, L, I denote by σa (ξ) the probability that each buyer offers the type-a seller’s reservation price to the seller with observable type ξ. In other words, σH (ξ) = σB (ξ, cH ), and σL (ξ) = σB (ξ, p(ξ)).



2.2 Regime I: No Information I first analyze the regime in which buyers do not observe the seller’s time-on-the-market. Since the set Ξ is a singleton, I suppress the seller’s observable type ξ in agents’ strategies and beliefs, denoting q(ξ) by q, p(ξ) by p, and σa (ξ) by σa for each a = H, L. 2.2.1 Buyers’ Beliefs I begin by deriving buyers’ beliefs about the seller’s type given buyers’ offer strategies σH and σL (and the seller’s acceptance strategy as described above).8 Note that q is not necessarily equal to the prior belief qb: q is the probability conditional on the event that a buyer meets the seller, and the very fact that the seller is available (i.e., has not traded yet) provides information about her type. Intuitively, the low-type seller trades faster than the high-type seller. Therefore, a seller who is available is more likely to be the high type. The high-type seller accepts only cH , while the low-type seller accepts both p and cH . Therefore, the probability that the high type does not trade by time t is equal to e−λσH t , while the corresponding probability for the low type is equal to e−λ(σH +σL )t . Then, the unconditional probability 8



The same inference problem arises in Zhu (2012) and Lauermann and Wolinsky (2016). I apply a different technique, exploiting the continuous-time structure of my model, but it is straightforward to verify that all techniques lead to the same result.
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that a buyer meets a high-type seller is equal to ∫∞ qb 0 e−λσH t dt qb/σH ∫∞ = q = ∫ ∞ −λσ t . −λ(σ +σ )t H H L qb/σH + (1 − qb)/(σH + σL ) qb 0 e dt + (1 − qb) 0 e dt



(1)



An alternative, and probably more intuitive, way to understand equation (1) is to interpret qb and 1 − qb as the initial masses of high-type sellers and low-type sellers, respectively, and e−λσH t and e−λ(σH +σL )t as the proportions of high-type sellers and low-type sellers, respectively, who remain in the market until time t. Under this interpretation, q is simply the unconditional proportion of high-type sellers in the market. 2.2.2



Equilibrium Offer and Acceptance Strategies



I derive two further equilibrium conditions with the seller’s and buyers’ optimality requirements. The first condition comes from the fact that in equilibrium buyers must offer both p and cH with positive probabilities.9 It clearly cannot be the case that all buyers offer only a losing price (i.e., σL = σH = 0): if so, p = cL , but then buyers strictly prefer offering cL to a losing price. Now suppose that buyers never offer cH (i.e., σL > 0 but σH = 0). In this case, the low-type seller trades in finite time, while the high-type seller never trades. This implies that the probability that the seller is the high type conditional on being available is arbitrarily close to 1 (see equation (1)). Buyers would then strictly prefer offering cH to p, which is a contradiction. Finally, suppose buyers never offer p (i.e., σH > 0 but σL = 0). In this case, the two seller types trade at an identical rate, and thus, q = qb. Assumption 1 then implies that buyers’ expected payoffs would be strictly negative, which cannot be the case in equilibrium. This observation leads to the following equilibrium condition: q(˜ vH − cH ) + (1 − q)(˜ vL − cH ) = (1 − q)(˜ vL − p)(≥ 0).



(2)



The left-hand side is a buyer’s expected payoff when he offers cH (accepted by both seller types), while the right-hand side is his expected payoff with offer p (accepted only by the low type). The second condition states that the low-type seller must be indifferent between accepting and rejecting her reservation price p. Formally, p − cL = δ(σH (cH − cL ) + (1 − σH )(p − cL )).



(3)



The left-hand side is the low-type seller’s payoff when she accepts p, while the right-hand side 9



This necessity of price dispersion is similar to the seminal insight by Albrecht and Axell (1984). The difference is that in their private values environment (i.e., v˜L = v˜H ), price dispersion arises only when search frictions are sufficiently large, while it always emerges under Assumption 1, independent of the level of search frictions.
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is her continuation payoff when she rejects p. In the latter case, the next buyer offers cH with probability σH , p with probability σL , and a losing price with probability 1 − σH − σL . The low-type seller’s expected payoff is independent of σL because she is, again, indifferent between accepting p and remaining in the market (whether she rejects p or not). An equilibrium can be described by a tuple (p, σH , σL , q) that satisfies (1), (2), and (3). The following proposition characterizes the unique equilibrium of Regime I. Proposition 1 In Regime I, there always exists a unique equilibrium. If δ ≥ δ ∗∗ ≡



(1 − qb)(˜ v L − cL ) , qb(˜ vH − cH ) + (1 − qb)(˜ vL − cL )



(4) (



q cH −˜ vL 1−δ v˜L −cL and p = v˜L with probability 1−b − δ cH −˜ vL qb v˜H −cH qb v˜H −cH qb δ probability σH = 1−b and p = cL + 1−δ (˜ v − cH ) q cH −p 1−b q H



then each buyer offers cH with probability σH = Otherwise, each buyer offers cH with with probability 1 − σH .



Proof. There are two cases to consider, depending on whether p = v˜L or p < v˜L . In the former case, the other equilibrium variables can be explicitly calculated from (1), (2), and (3). Condition (4) derives from the requirement that σH + σL ≤ 1. In the latter case, each buyer obtains a strictly positive expected payoff and, therefore, never offers a losing price. This gives another equilibrium condition: σH + σL = 1. Then, all equilibrium variables can be explicitly calculated from the four equilibrium conditions. To see why the equilibrium structure depends on the level of search frictions, notice that, ceteris paribus, the low-type seller’s reservation price p increases in δ: a reduction in search frictions lowers the cost for the low-type seller to wait for cH . This is the main working mechanism when search frictions are rather large. However, p is accepted only by the low-type seller and, therefore, cannot exceed v˜L . When search frictions are sufficiently small, this constraint is binding, and p becomes independent of δ. In this case, the positive effect due to an increase in δ is offset by a decrease in σH . Intuitively, as search frictions decrease, the low-type seller is more willing to wait for cH . This reduces the buyers’ incentives to offer cH , which negatively affects the low-type seller. In equilibrium, this indirect effect exactly offsets the direct effect, and thus, the low-type seller’s reservation price stays constant at v˜L .



2.3 Regime II: Time on the Market Now, I consider the regime in which buyers observe how long the seller has stayed on the market. The observability of time-on-the-market gives rise to non-stationary dynamics. Initially, due to
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) 1 σH .



Assumption 1, the probability of the high type is so low that buyers offer only p(t). Since only the low type accepts p(t), buyers assign increasingly higher probabilities to the high type as the seller’s time-on-the-market t increases. Buyers offer cH only after the probability of the high type becomes sufficiently large. In this structure, a potential problem is the low-type seller’s incentive to accept p(t). If buyers offer cH too early or too frequently, then the low type would not accept p(t), the probability of the high type would stay low, and consequently, buyers would not be willing to offer cH . In equilibrium, the seller must wait sufficiently long to receive cH , and meanwhile, buyers must have an incentive to offer cH sufficiently late and infrequently. 2.3.1 Optimality and Consistency Conditions I first explain how the equilibrium variables σH (t), σL (t), p(t), and q(t) interact with one another. Buyers’ beliefs. The high-type seller accepts only cH , while the low-type seller accepts both p(t) and cH . Therefore, the probability that the seller is the high type necessarily increases over time. Formally, given the buyers’ strategies σL and σH , the probability that the high type stays ∫t until time t is equal to e−λ 0 σH (x)dx , while the corresponding probability for the low type is equal ∫t to e−λ 0 (σL (x)+σH (x))dx . Therefore, the probability that the seller is the high type evolves according to ∫t qb qbe− 0 λσH (x)dx ∫ ∫ ∫t = . (5) q(t) = − 0t λσH (x)dx − 0t λ(σL (x)+σH (x))dx qbe qb + (1 − qb)e− 0 λσL (x)dx + (1 − qb)e Clearly, this expression is always (weakly) increasing in t. Buyers’ optimal offer strategies. Consider a buyer who arrives at time t. Given his belief q(t) and the low-type seller’s reservation price p(t), his expected payoff is equal to q(t)(˜ vH − cH ) + (1 − q(t))(˜ vL − cH ) if he offers cH and equal to (1 − q(t))(˜ vL − p(t)) if he offers p(t). Therefore, cH is an optimal price if and only if q(t)(˜ vH − cH ) + (1 − q(t))(˜ vL − cH ) ≥ max{(1 − q(t))(˜ vL − p(t)), 0}. The condition for p(t) to be optimal can be similarly derived. Low-type seller’s reservation price. The low-type seller is indifferent between accepting and rejecting her reservation price p(t). Therefore, for the purpose of calculating p(t), she can be assumed to accept only cH , although in equilibrium, she also accepts p(t). Since the probability ∫x that the seller receives cH between time t and time x is equal to 1 − e− t λσH (y)dy , the low-type
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seller’s reservation price can be calculated as follows: ∫ p(t) = cL +



∞



( ) ∫x e−r(x−t) (cH − cL )d 1 − e− t λσH (y)dy .



(6)



t



2.3.2 Small Search Frictions I first consider the case in which search frictions are relatively small. Precisely, I make use of the following condition: v˜L − cL δ > δ∗ ≡ . (7) cH − cL Economically, the inequality means that search frictions are so small that the low-type seller is willing to reject v˜L if she expects to receive cH with probability 1 from the next buyer. As shown above, buyers’ beliefs q(t) are always increasing over time. The following lemma shows that q(t) cannot be strictly increasing permanently: once it reaches a certain point, it remains constant thereafter. Lemma 1 If q(t) = (cH − v˜L )/(˜ vH − v˜L ), then q(t′ ) = (cH − v˜L )/(˜ vH − v˜L ) for any t′ > t. To understand this result, first notice that if q(t) = (cH − v˜L )/(˜ vH − v˜L ), then the buyer breaks even when he offers cH (i.e., q(t)˜ vH + (1 − q(t))˜ vL = cH ). This means that (cH − v˜L )/(˜ vH − v˜L ) is the minimal value of q(t) at which buyers are willing to offer cH . Now, suppose that buyers’ beliefs q(t) are strictly increasing at t. On the one hand, since q(t′ ) > q(t) for any t′ > t, subsequent buyers are more willing to offer cH . In fact, it can be shown that once buyers’ beliefs strictly exceed (cH − v˜L )/(˜ vH − v˜L ), it is the unique equilibrium that all buyers offer cH with probability 1. This implies that p(t) = (1 − δ)cL + δcH . On the other hand, buyers’ beliefs can be strictly increasing only when they offer p(t) with a positive probability (see equation (5)). This implies that the low-type seller’s reservation price at time t cannot exceed the value of a low-quality unit to buyers (i.e., p(t) ≤ v˜L ). This is a contradiction because the two conditions on p(t) are not compatible under condition (7). Let t∗ be the (first) time at which buyers’ beliefs q(t) reach (cH − v˜L )/(˜ vH − v˜L ). The following two observations are crucial for understanding the overall equilibrium structure. First, the low-type seller’s reservation price at time t∗ must be equal to v˜L (i.e., p(t∗ ) = v˜L ). Suppose that p(t∗ ) < v˜L . In this case, buyers obtain a strictly positive expected payoff only by offering p(t∗ ). This means that buyers’ beliefs q(t) are strictly increasing at t∗ , which is a contradiction. Now suppose that p(t∗ ) > v˜L . In this case, trade could not occur at p(t∗ − ε) for ε sufficiently small. This means that buyers’ beliefs q(t) must have reached (cH − v˜L )/(˜ vH − v˜L ) before time t∗ , which violates the definition of t∗ . Second, the low-type seller’s reservation price p(t) must be strictly increasing before time t∗ . Buyers offer cH only after t∗ , while the low-type seller’s reservation price depends 11



only on the rate at which she receives offer cH (see equation (6)). Therefore, the closer the low-type seller is to t∗ , the higher her expected payoff is. I use the two observations to pin down the equilibrium strategy profile before time t∗ and the value of t∗ . For any t < t∗ , p(t) < v˜L , while q(t) < (cH − v˜L )/(˜ vH − v˜L ). Therefore, buyers ∗ who arrive before time t offer p(t) with probability 1. This implies that buyers’ beliefs evolve according to qb q(t) = , if t < t∗ . qb + (1 − qb)e−λt The value of t∗ is then uniquely determined by q(t∗ ) =



cH − v˜L qb . ∗ = −λt qb + (1 − qb)e v˜H − v˜L



(8)



Given the unique value of t∗ , the low-type seller’s reservation price p(t) before time t∗ is also fully determined. Since buyers never offer cH before t∗ and p(t∗ ) = v˜L , ∗ −t)



p(t) = cL + e−r(t



(˜ vL − cL ), if t < t∗ .



The following proposition shows that the results thus far suffice to characterize the set of all equilibria in Regime II. Proposition 2 In Regime II, if δ > δ ∗ , then there is a continuum of equilibria. Let t∗ be the value that satisfies equation (8). A strategy profile (σH , σL ) is an equilibrium if and only if the following properties hold: ∗ −t)



• If t < t∗ , then the buyer offers p(t) = cL + e−r(t



(˜ vL − cL ) with probability 1.



• If t ≥ t∗ , then the buyer offers either cH or a losing price. • The function σH satisfies p(t∗ ) = v˜L and p(t) ≥ v˜L for any t > t∗ . There are only two restrictions on equilibrium behavior after time t∗ : the function σH must be such that, via equation (6), p(t∗ ) = v˜L , as shown above, and p(t) ≥ v˜L for any t > t∗ . The necessity of the second condition follows from Lemma 1: if p(t) < v˜L for some t > t∗ , then some buyers have an incentive to offer p(t), in which case their beliefs strictly exceed (cH − v˜L )/(˜ vH − v˜L ), and Lemma 1 is violated. Conversely, if the property holds, then it can be ensured that all buyers offer only cH or a losing price, and therefore, their beliefs do not vary over time. I construct two equilibria that are of particular interest.10 As shown below, their special properties are useful for understanding the difference between Regimes I and II in the single-seller model, as well as for characterizing the set of equilibria in the market environment in the next section. 10



See the proof of Lemma 2 in the appendix for a class of equilibria that encompasses both equilibria.
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Figure 1: Two simple equilibria with small search frictions in Regime II. The left panel describes the structure of the unique Markov equilibrium, while the right panel describes that of the simple pure-strategy equilibrium. Markov equilibrium. Let σ H be the value such that ∫ v˜L − cL =



∞



( ) e−rt (cH − cL )d 1 − e−λσH t =



0



λσ H (cH − cL ). r + λσ H



Condition (7) guarantees that σ H is well-defined. Consider the following strategy profile: all buyers who arrive after time t∗ offer cH with probability σ H and a losing price with probability 1 − σ H . This clearly can constitute an equilibrium because, by construction, p(t) = v˜L for any t ≥ t∗ . See the left panel of Figure 1 for the structure of this equilibrium. In what follows, I refer to this strategy as the Markov equilibrium because buyers’ offer strategies can be interpreted as depending only on their beliefs q(t). Simple pure-strategy equilibrium. Let t be the value such that −r(t−t∗ )



∫



v˜L − cL = e



∞



∗



e−r(t−t) (cH − cL )d(1 − e−λ(t−t) ) = e−r(t−t ) δ(cH − cL ).



t



Condition (7) ensures that t > t∗ . Consider the following strategy profile: buyers who arrive between t∗ and t offer a losing price with probability 1, while all buyers who arrive after t offer cH with probability 1. Under this scenario, the low-type seller’s reservation price p(t) after time t∗ is equal to p(t) = cL + e−r·max{t−t,0} δ(cH − cL ). By the definition of t, p(t∗ ) = v˜L . In addition, since p(t) is increasing, p(t) > v˜L for any t > t∗ . The right panel of Figure 1 describes the structure of this equilibrium. In what follows, I refer 13



to this equilibrium as the simple pure-strategy equilibrium because it has the simplest structure among the equilibria that do not involve buyers’ randomization between offering cH and a losing price. 2.3.3



Large Search Frictions



Now, I consider the case in which search frictions are sufficiently large. Precisely, I assume that δ < δ ∗ , which is the opposite of condition (7).11 A crucial difference from the previous case is that no buyer offers a losing price. To see this, let p∗ be the value such that p∗ − cL = δ(cH − cL ). In other words, p∗ is the low-type seller’s reservation price when she expects to receive offer cH with probability 1 from the next buyer. Clearly, the low-type seller’s reservation price p(t) can never exceed p∗ . However, the inequality δ < δ ∗ implies that p∗ < v˜L . It follows that every buyer obtains a strictly positive expected payoff and, therefore, never offers a losing price. Given this observation, all equilibrium properties can be derived as in the previous case. p∗ plays the same role as v˜L does in the previous case. Let q ∗ be the value such that q ∗ (˜ vH − cH ) + (1 − q ∗ )(˜ vL − cH ) = (1 − q ∗ )(˜ vL − p∗ ). In other words, the buyer with belief q ∗ is indifferent between offering cH (left) and p∗ (right). Let t∗ be the time at which buyers’ beliefs q(t) reach q ∗ conditional on the event that only the low-type seller trades, that is, cH − p ∗ qb q∗ = = . (9) ∗ v˜H − p qb + (1 − qb)e−λt∗ Given t∗ and p(t∗ ) = p∗ , the low-type seller’s reservation price p(t) before t∗ is given by p(t) = ∗ cL + e−r(t −t) (p∗ − cL ). All the results are reported in the following proposition. Proposition 3 In Regime II, if δ ≤ δ ∗ , then there is a unique equilibrium. Let p∗ ≡ (1−δ)cL +δcH and t∗ be the value that satisfies equation (9). In the unique equilibrium, ∗ −t)



• if t < t∗ , then the buyer offers p(t) = cL + e−r(t



(p∗ − cL ) with probability 1, and



• if t ≥ t∗ , then the buyer offers cH with probability 1. Intuitively, equilibrium multiplicity with small search frictions is due to the possibility that the low-type seller may be given too much incentive to delay trade. If buyers offer cH with probability 1 from a given point on, then the low-type seller is unwilling to trade at a price below v˜L , which For expositional simplicity, I do not consider the knife-edge case in which δ = δ ∗ . It can be shown that the equilibrium structure varies continuously around δ ∗ , and therefore, the unique equilibrium can be found by taking either the left limit or the right limit of the equilibria. 11
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Figure 2: The low-type seller’s expected payoffs depending on δ. The dashed lines represent Regime I, while the solid lines represent Regime II. may dampen later buyers’ incentives to offer cH . Because of this problem, buyers must offer cH sufficiently slowly and infrequently. This necessitates a losing offer, which is the main source of equilibrium multiplicity. When search frictions are sufficiently large, the low-type seller’s incentive to wait for cH cannot be so strong that her reservation price always falls short of v˜L . In this case, a losing offer plays no role, which ultimately leads to equilibrium uniqueness.



2.4 Welfare Comparison Now, I compare the two regimes in terms of welfare. I begin with seller surplus. Since the hightype seller obtains zero expected payoff in both regimes, I consider only the low-type seller. Corollary 1 There exist δ 1 (> 0) and δ 2 (∈ [δ 1 , δ ∗∗ )) such that the low-type seller’s expected payoff is strictly higher in Regime I than in Regime II whenever δ < δ 1 or δ > δ 2 . If v˜L − cL > cH − v˜L , then δ 1 < δ 2 . If (1 − qb)(˜ vL − cL ) ≤ qb(˜ vH − cH ), then δ 1 = δ 2 . Figure 2 graphically illustrates Corollary 1. The low-type seller obtains a higher expected payoff in Regime I than in Regime II if search frictions are sufficiently large (δ < δ 1 ) or sufficiently small (δ > δ 2 ). At an intermediate level of search frictions, the result is ambiguous and depends on other parameter values. The low-type seller may uniformly prefer Regime I to Regime II (the right panel), but the result does not hold in general (the left panel).12 12



In this paper, the information structure is exogenously given, that is, it is not each seller’s choice whether to disclose her time-on-the-market. Optimal disclosure in dynamic trading environments under adverse selection is an interesting and relevant question but goes far beyond the scope of this paper. Nevertheless, the analysis in this paper sheds some light on the problem. As shown above, the probability that a seller is the high type increases over time as she stays longer on the market. This means that assuming that buyers make inferences about the seller’s intrinsic
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To understand the result, notice that the observability of time-on-the-market makes early buyers less aggressive but late buyers more aggressive. Formally, the seller may receive cH immediately in Regime I but must wait until time t∗ in Regime II. However, conditional on waiting until t∗ , she is more likely to receive cH in Regime II than in Regime I: the low-type seller’s expected payoff after t∗ in Regime II (p(t∗ ) − cL ) is equal to her expected payoff in Regime I (p − cL ) if δ ≥ δ ∗∗ and strictly larger if δ < δ ∗∗ .13 Corollary 1 is driven by the interaction between these two opposing effects. If δ ≥ δ ∗∗ , then the second effect (which favors Regime II) is negligible, and thus, the low-type seller obtains a higher expected payoff in Regime I. If δ < δ ∗∗ , then both effects are present, and therefore, the rankings depend on which effect dominates. This explains why the result is ambiguous in general (in particular, why there may exist a gap (δ 1 , δ 2 )). The clear result when δ < δ 1 is obtained because waiting until t∗ in Regime II is significantly costly, and therefore, the first effect is particularly prominent when search frictions are sufficiently large. Now, I turn to buyers’ expected payoffs. Figure 3 shows how they evolve over time. In Regime I, buyers are unaware of their arrival time, while the probability that the seller is the high type changes over time. This creates a discrepancy between their perceived expected payoffs, which are independent of t (the dotted lines), and their expected payoffs conditional on t (the dashed lines). The latter often increase over time (the left and the middle panels), reflecting the fact that the probability of the high type rises over time. However, they can decrease over time (the right panel) if adverse selection is sufficiently severe and search frictions are sufficiently large (see Corollary 3 in the appendix). Independent of the payoff criterion for Regime I, it is clear that buyers’ expected payoffs cannot generally be ranked between the two regimes. Early buyers tend to obtain a higher expected payoff in Regime II, while late buyers tend to receive a weakly higher expected payoff in Regime I. Intuitively, this is because the observability of time-on-the-market reduces the risk of early buyers’ overpaying for a low-quality unit (thus, early buyers obtain a higher expected payoff in Regime II) but increases the low-type seller’s incentive to insist on a high price over time (thus, late buyers receive a lower expected payoff in Regime II). Finally, I compare the two regimes in terms of social surplus. Specifically, I consider the expected values of net realized social surplus discounted from time 0 (hereafter, referred to as type based solely on disclosing content (time-on-the-market), not on the disclosing action itself (i.e., excluding, for example, an equilibrium in which buyers believe that the high-type seller always, or never, discloses her time-on-themarket), a seller who has stayed for a sufficiently long time has an incentive to reveal her time-on-the-market, which unravels Regime I. Conversely, it is straightforward to show that any equilibrium in Regime II can be supported as an equilibrium with full disclosure, following the familiar logic in the literature on persuasion games (Grossman, 1981; Milgrom, 1981). 13 The result is clear if δ ∈ [δ ∗ , δ ∗∗ ) because p < v˜L = p(t∗ ). If δ < δ ∗ , then p = cL +



qb δ (˜ vH − cH ) < cL + δ(cH − cL ) = p(t∗ ), 1 − δ 1 − qb



because Assumption 1 implies qb(˜ vH − cH ) < (1 − qb)(cH − v˜L ), while δ < δ ∗ implies cH − v˜L < (1 − δ)(cH − cL ).
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Figure 3: Buyers’ expected payoffs conditional on arrival time t in Regime I (dashed) and in Regime II (solid). The dotted lines depict their unconditional expected payoffs in Regime I. The left panel depicts the case in which search frictions are sufficiently small (i.e., δ > δ ∗∗ ), the middle panel the case in which δ is smaller than δ ∗ but not sufficiently small, and the right panel the case in which both qb and δ are sufficiently small. expected social surplus): denote by τa the random time at which the type-a seller trades for each a = H, L. Expected social surplus is defined as qbE[e−rτH (˜ vH − cH )] + (1 − qb)E[e−rτL (˜ vL − cL )]. This is a reasonable measure of social welfare in the current dynamic environment with adverse selection because inefficiency typically takes the form of delay, and therefore, a central question is how quickly gains from trade are realized. Figure 4 shows how expected social surplus depends on δ in each regime. Two facts regarding Regime I are noteworthy, one that expected social surplus stays constant after δ ∗∗ and the other that expected social surplus can differ from the sum of all agents’ expected payoffs.14 A decrease in search frictions directly contributes to expected social surplus by speeding up trade. However, it also increases the low-type seller’s incentive to wait for cH , which induces buyers to offer cH less frequently and, therefore, causes further delay. As for the low-type seller’s expected payoff, these two effects exactly cancel one another out, and therefore, expected social surplus remains constant above δ ∗∗ . To understand the discrepancy between expected social surplus and the sum of agents’ expected payoffs, recall that buyers’ expected payoffs vary over time in Regime I (see Figure 3). In forming their offer strategies, due to the unobservability of time-on-the-market, buyers assign equal weights to payoffs from different points in time. In contrast, in the calculation of expected social surplus, due to discounting, earlier payoffs are valued more highly than later payoffs. This difference leads to a gap between expected social surplus and the payoff sum. In other words, although each buyer’s perceived expected payoff is equal to 0, the expected sum of their ex post Recall that if δ ≥ δ ∗∗ , then the low-type seller’s expected payoff is equal to v˜L − cL , while all buyers obtain zero expected payoff. Therefore, the sum of agents’ expected payoffs is equal to (1 − qb)(˜ vL − cL ), regardless of how buyers’ expected payoffs are discounted. 14
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Figure 4: Expected social surpluses depending on δ. The dashed lines represent Regime I, while the solid lines represent Regime II. payoffs can differ from 0 because of discounting. Clearly, neither of the two regimes generally dominates the other. Furthermore, the two regimes’ expected social surpluses may cross one another multiple times (the right panel). Nevertheless, in both panels, expected social surplus is higher in Regime II if δ is sufficiently small or around δ ∗∗ , but the opposite holds if δ is sufficiently close to 1. The following result shows that the pattern holds in general. Corollary 2 There exist δ 1 (> 0), δ 2 (∈ [δ 1 , δ ∗∗ )), and δ 3 (∈ (δ ∗∗ , 1)) such that expected social surplus is higher in Regime I than in Regime II whenever δ < δ 1 or δ ∈ (δ 2 , δ 3 ). If v˜L − cL > cH − v˜L , then δ 1 < δ 2 . If v˜L − cL < cH − v˜L and qb is sufficiently close to (cH − v˜L )/(˜ vH − v˜L ), then δ 1 = δ 2 . The result is, again, driven by two opposing effects that the observability of time-on-the-market has on buyers’ offer strategies, namely that early buyers offer cH less frequently, but late buyers offer cH more frequently, in Regime II than in Regime I. When δ is sufficiently small, the high-type seller’s delay until t∗ in Regime II is particularly costly, and thus, expected social surplus is higher in Regime I. When δ is not sufficiently small but smaller than δ ∗∗ , conditional on being after t∗ , buyers offer cH more frequently, and therefore, the high-type seller trades faster in Regime II than in Regime I. This effect can dominate the effect due to delay until t∗ , and thus, the rankings are ambiguous in general. When δ is equal to δ ∗∗ , buyers offer cH after t∗ in Regime II at the same rate as in Regime I. Since the difference in expected social surplus is only due to the high-type seller’s delay until t∗ in Regime II, Regime I clearly dominates Regime II. When δ is sufficiently close to 18



1, in which case waiting until t∗ becomes sufficiently costless, the result is driven primarily by the low-type seller’s excessive delay in Regime I. The observability of time-on-the-market forces the low-type seller to trade with a significant probability before t∗ in Regime II. The same mechanism does not apply, and therefore, the low-type seller stays on the market for too long in Regime I: this can be best seen by the fact that in Proposition 1, the probability that the low-type seller trades with each buyer, σH + σL , vanishes as δ tends to 1.15 This difference makes Regime II outperform Regime I when search frictions are sufficiently small.



3



Stationary Market Environment



In this section, I consider a stationary market in which there is a constant inflow of new sellers and buyers, and agents leave the market only after they trade. The measures of incoming sellers and buyers are identical, and the proportion of high-type sellers remains constant over time. I characterize stationary market equilibria of each regime and compare the two regimes in terms of welfare. This exercise provides implications of the observability of time-on-the-market for aggregate market outcomes. The single-seller model in Section 2 highlights the effects of different information structures on individual agents’ incentives. The resulting difference in agents’ trading patterns, however, affects aggregate market variables, which, in turn, influence individual agents’ trading behavior. The stationary market provides a tractable environment to study those market effects of the observability of time-on-the-market.16



3.1



The Model



Physical environment. At each point in time, unit measures of new sellers and buyers join the market. Buyers are homogeneous, while there are two types of sellers. A fraction qb of new sellers possess a high-quality unit, while the others own a low-quality unit. The quality of each unit is private information to its owner (seller), and the cost and value specifications for each quality are 15



More precisely, σH + σL converges to 0 at the same rate as δ approaches 1: it is immediate from Proposition 1 that (σH + σL )/(1 − δ) converges to a constant number as δ tends to 1. 16 Although the stationary market environment studied in this section possesses several advantages, there are various other market environments in which the single-seller model in Section 2 can be embedded. For example, the singleseller model can be directly interpreted as a model in which a continuum of sellers enter the market at the same time. In that case, it suffices to interpret qb as the proportion of high-type sellers at time 0. If buyers remain short-lived, then the analysis carries through unchanged. If buyers are also long-lived (e.g., they also enter the market at time 0 and leave only after trading), then their outside options do not remain constant, and this needs to be taken into account (see, e.g., Camargo and Lester, 2014; Moreno and Wooders, 2016). Another possibility is to allow for repeated trade without new entry (see, e.g., Guerrieri and Shimer, 2014; Chiu and Koeppl, 2016) or adopt different entry assumptions (see, e.g., Burdett and Coles (1999) for various alternative entry specifications).
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identical to those in the single-seller model. I also maintain Assumption 1: qbvH + (1 − qb)vL < cH . Agents on both sides of the market match randomly and bilaterally at Poisson rate λ. Agents’ payoffs are also given as in the single-seller model. The only difference is that buyers are now long-lived and their payoffs are also discounted at rate r. Finally, agents leave the market if, and only after, they trade. Strategies and equilibrium. I focus on stationary equilibria in which agents’ strategies depend only on sellers’ observable characteristics Ξ. This implies that agents’ strategies and beliefs are given exactly as in the single-seller model: buyers’ offer strategies are represented by a Lebesquemeasurable right-continuous function σB : Ξ×R+ → [0, 1], where σB (ξ, p) denotes the probability that each buyer offers p when he is matched with a seller with observable type ξ. Sellers’ acceptance strategies are represented by a function σS : {L, H} × Ξ × R+ → [0, 1], where σS (a, ξ, p) denotes the probability that each type-a seller accepts price p when her observable type is ξ. Finally, buyers’ beliefs about sellers’ intrinsic types are represented by a function q : Ξ → [0, 1], where q(ξ) denotes the probability that buyers assign to the event that a seller is the high type when her observable type is ξ. To define a market equilibrium, fix a strategy profile (σB , σS ). Let VB denote buyers’ market expected payoff. In other words, define VB ≡ E[e−rτ (va − p)], where τ and p denote the random time and price, respectively, at which a buyer trades. The strategy restrictions above imply that VB is constant across all buyers and invariant over time. Given VB , a market equilibrium is defined just as in the single-seller model. I omit a formal definition to avoid repetition. The only difference is that buyers’ outside option VB in a match, which is exogenously given in the single-seller model, now depends on the strategy profile (σB , σS ). Since an equilibrium strategy profile (σB , σS ) also depends on VB , they must be determined jointly. It follows that given the full characterization of the single-seller model, the characterization of market equilibrium reduces to finding an equilibrium value of VB . In other words, it suffices to identify a value of VB such that an equilibrium strategy profile (σB , σS ) in the single-seller model given VB , once employed by all agents in the market, yields the same market payoff VB . The analysis in this section focuses on finding such a fixed point, fully utilizing the results in Section 2. For the same reason as in the single-seller model, high-type sellers never obtain a strictly positive payoff. In what follows, I denote by VS (ξ) the market expected payoff of low-type sellers with observable type ξ and by VS that of new low-type sellers.
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3.2 Regime I: No Information Let Ω(VB ) denote a buyer’s expected payoff conditional on facing a seller in the single-seller model of Regime I. Proposition 1 shows that for each VB ∈ [0, min{vH − cH , vL − cL }), there exists a unique equilibrium in the single-seller model. Therefore, Ω(VB ) always has a unique value. Furthermore, since the low-type seller’s reservation price p(VB ) is an optimal price for buyers, Ω(VB ) = q(VB )VB + (1 − q(VB ))(vL − p(VB )), where q(VB ) denotes the probability that buyers assign to the high type in the unique equilibrium. Now consider a buyer who has yet to meet a seller with whom to trade. Due to search frictions, his expected payoff is equal to δΩ(VB ). In other words, given VB , the buyers’ market payoff is equal to δΩ(VB ). It follows that the problem reduces to finding a fixed point of δΩ(VB ) such that VB = δΩ(VB ). The following proposition shows that there always exists a unique market equilibrium in Regime I. In addition, it provides a necessary and sufficient condition under which the buyers’ market expected payoff is equal to 0 and low-type sellers’ market expected payoff is equal to vL − cL . Proposition 4 There always exists a unique market equilibrium in Regime I. If δ ≥ δ ∗∗ ≡



(1 − qb)(vL − cL ) , qb(vH − cH ) + (1 − qb)(vL − cL )



(10)



then VB = 0, while VS = vL − cL . Otherwise, VB > 0, and VS < vL − cL . For the existence, first notice that Ω(VB ) is continuous, as both q(VB ) and p(VB ) are continuous in the single-seller model (see Proposition 1). The result then follows from the fact that Ω(0) ≥ 0, while δΩ(min{vH −cH , vL −cL }) < min{vH −cH , vL −cL }: the former simply states that no buyer obtains zero expected payoff, while the latter is because each buyer’s expected payoff is bounded above by min{vH − cH , vL − cL } and there are search frictions (i.e., δ < 1). The uniqueness is not straightforward because the function Ω(VB ) is also strictly increasing. In the appendix, I prove that the function Ω(VB ) is either concave or convex and, thus, that there can exist at most one fixed point. Condition (10) is similar to condition (4) in Proposition 1. Indeed, the two conditions are identical if the buyers’ outside option VB is equal to 0 in the single-seller model (such that v˜a = va − VB = va for each a = H, L). For an intuition, suppose that δ is sufficiently large that condition (4) holds. In this case, the low-type seller’s reservation price binds at v˜L , and thus, each buyer obtains only as much as his outside option, whether he trades with the seller or not (i.e., Ω(VB ) = VB ). However, then, due to search frictions, VB = δΩ(VB ) = δVB holds if and only 21



if VB = 0. Conversely, if δ is sufficiently small, then the low-type seller’s reservation price falls short of v˜L . In this case, a buyer receives strictly more than VB when he trades with the seller (i.e., Ω(VB ) > VB ). Therefore, VB = δΩ(VB ) holds only when VB > 0.



3.3 Regime II: Time-on-the-market As in Regime I, let Ω(VB ) denote the (unconditional) expected payoff of a buyer who is facing a seller in the single-seller model. Once again, an equilibrium value of VB is a fixed point of the mapping δΩ(VB ) (i.e., VB = δΩ(VB )). Unlike in Regime I, each seller’s time-on-the-market is observable to buyers and affects their expected payoffs. Therefore, it is necessary to derive a buyer’s expected payoff as a function of the seller’s time-on-the-market t and the distribution of sellers in the market. To avoid repetition, I restrict attention to the case in which search frictions are sufficiently small. In particular, I maintain the following assumption in the main text: δ>



vL − cL . cH − cL



(11)



Notice that, since VB is necessarily non-negative, this condition always implies condition (7). In other words, under condition (11), the condition for small search frictions is always satisfied in the single-seller model, and thus, Proposition 2 is sufficient for subsequent discussions. I consider the case in which condition (11) is violated in the appendix. Let Ω(t) denote the expected payoff of a buyer who arrives at time t in the single-seller model.17 Proposition 2 implies that in any equilibrium, { Ω(t) =



q(t)VB + (1 − q(t))(vL − p(t)), if t < t∗ , VB , otherwise.



Furthermore, Ω(t) is weakly decreasing in t, and Ω(t) > VB if t < t∗ , while Ω(t) = VB if t ≥ t∗ . For the distribution of sellers, recall that the probability that a high-type seller trades until time ∫t t is equal to e− 0 λσH (s)ds , while the corresponding probability for a low-type seller is equal to ∫t e− 0 λ(σH (s)+σL (s))ds . Combining this with the fact that the measures of incoming high-type and low-type sellers remain constant at qb and 1 − qb, respectively, it follows that the measures of hightype and low-type sellers whose time-on-the-market is equal to t at each point in time are equal to ∫t ∫t qbe− 0 λσH (s)ds and (1 − qb)e− 0 λ(σH (s)+σL (s))ds , respectively. Now, define a function G : Ξ → R+ , such that G(t) represents the steady-state measure of 17



For notational simplicity, I suppress VB in the expressions for Ω(t) and all other equilibrium objects. It should be clear, however, that all of them depend on VB .
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sellers who have stayed less than t. No high-type seller trades, while each low-type seller trades at rate λ, until their time-on-the-market reaches t∗ . Therefore, if t < t∗ , then ∫ G(t) = qb



∫



t



1ds + (1 − qb) 0



t



e−λs ds.



0



Once a seller stays longer than t∗ , she trades at rate λσH (t), independent of her intrinsic type. Therefore, if t ≥ t∗ , then (∫ G(t) = qb
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For notational simplicity, I denote by G(∞) the total measure of sellers in the market (i.e., G(∞) ≡ limt→∞ G(t)). It is shown below that G(∞) is always well-defined. Since sellers are randomly drawn according to the distribution function G, and buyers observe sellers’ time-on-the-market, the unconditional expected payoff of a buyer facing a seller Ω(VB ) can be calculated as follows: ∫ ∞ dG(t) . (12) Ω(VB ) = Ω(t) G(∞) 0 Notice that Ω(VB ) depends on the distribution function G, which differs across different equilibria in the single-seller model. In other words, in Regime II, because of equilibrium multiplicity in the single-seller model, a mapping Ω is not a function but a correspondence. Recall that in the single-seller model, a buyer obtains strictly more than VB if and only if the seller is the low type with time-on-the-market below t∗ . Applying this fact to equation (12) yields ∫ Ω(VB ) =



t∗



(1 − qb)e−λt (p(t∗ ) − p(t))



0



dt + VB . G(∞)



(13)



This equation shows that the distribution function G affects Ω(VB ) only through its impact on the total measure of sellers G(∞). Combined with the following lemma, this observation suggests that the correspondence Ω(VB ) exhibits various desirable properties. Lemma 2 Denote by G and G the distribution functions of sellers that correspond to the simple pure-strategy equilibrium and the Markov equilibrium, respectively, in the single-seller model of Regime II. For any equilibrium in the single-seller model, the corresponding distribution function G satisfies G(∞) ∈ [G(∞), G(∞)]. Conversely, for any value x in the interval [G(∞), G(∞)], there exists an equilibrium in the single-seller model in which the total measure of sellers in the market is equal to x. To understand this result, suppose that σH (t) marginally increases for some t > t∗ . This
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Figure 5: The shaded area depicts the correspondence δΩ(VB ) (when condition (11) holds), and the thick line represents the set of fixed points of the correspondence δΩ(VB ). increases the low-type seller’s expected payoff at time t∗ . In equilibrium, however, her reservation price at t∗ must be equal to vL − VB . Therefore, σH (s) must decrease at some s ̸= t. Suppose that s > t. The increase in σH (t) decreases G(∞), while the decrease in σH (s) increases G(∞). The net effect is unambiguously positive. This is because sellers discount future payoffs, while discounting plays no role in determining G(∞). If sellers are perfectly patient, then σH (t) and σH (s) are perfect substitutes. Therefore, the decrease in σH (s) necessary to keep sellers indifferent is identical to that necessary to keep G(∞) constant. Whenever sellers are impatient, the former is larger than the latter, and thus, the adjustments always increase G(∞). Since σH (t) is concentrated around t∗ most in the Markov equilibrium and least in the simple pure-strategy equilibrium, the total measure of sellers G(∞) is bounded below by G(∞) and above by G(∞). The following proposition incorporates all the results thus far and characterizes the set of market equilibria in Regime II, including the case in which condition (11) does not hold. Proposition 5 There always exists a market equilibrium in Regime II. If δ > (vL − cL )/(cH − cL ), then there necessarily exists a continuum of equilibria. Figure 5 depicts the correspondence δΩ(VB ) and the set of equilibrium values of VB . By the arguments given above, the upper bound of the correspondence δΩ(VB ) is provided by simple purestrategy equilibria, while the corresponding lower bound is spanned by Markov equilibria, in the single-seller model. Given that the correspondence Ω(VB ) is well-behaved (non-empty, convexvalued, and continuous), Ω(0) > 0 (because t∗ > 0 in the single-seller model) and Ω(min{vH − 24



cH , vL −cL }) < min{vH −cH , vL −cL }, it is clear that there necessarily exists a market equilibrium. Whenever condition (11) holds, there exists a continuum of equilibria in the single-seller model for any value of VB , and thus, the correspondence δΩ(VB ) takes an interval form. Equilibrium multiplicity under condition (11) follows from this observation.18 Despite equilibrium multiplicity, some regular patterns of the correspondence Ω(VB ) (in particular, its monotonicity) permit characterization of the set of equilibrium values of VB . The following proposition reports some results that are useful in the next subsection. Proposition 6 In any equilibrium, buyers obtain a strictly positive expected payoff (i.e., VB > 0). Whenever there are multiple equilibria, the buyers’ expected payoff VB is maximized, while low-type sellers’ expected payoff VS is minimized in the market equilibrium associated with the simple pure-strategy equilibrium in the single-seller model. The opposite is true in the equilibrium associated with the Markov equilibrium in the single-seller model. Finally, as the arrival rate of buyers λ tends to infinity, the buyers’ expected payoff VB converges to 0, while a low-type seller’s expected payoff VS approaches vL − cL in any equilibrium. The first result (that VB > 0 in any equilibrium) follows from the fact that buyers who arrive before the seller’s time-on-the-market reaches t∗ obtain strictly more than their outside option VB , and there is a positive probability that a buyer meets such a seller in the market. The second result regarding payoff rankings derives from the monotonicity of the correspondence Ω(VB ). The final result is obtained because t∗ becomes arbitrarily close to 0 as the arrival rate of buyers tends to infinity, which lowers both the expected payoffs of buyers who meet sellers before t∗ and the proportion of those sellers in the market.



3.4 Welfare Comparison Now, I compare the two regimes in terms of welfare. For agents’ payoffs, the main difference from the single-seller model is that buyers’ outside options VB are endogenously determined in the current market environment and, therefore, may take different values in the two regimes. Despite this difference, the comparison results for seller surplus and buyer surplus do not change significantly from those of the single-seller model. In the remainder of this section, I focus on social surplus, which is defined to be the sum of agents’ expected payoffs in a cohort. Notice that, since high-type sellers always obtain zero expected payoff, the measures of entering sellers and buyers are identical, and the proportion of low-type sellers is given by 1 − qb, the relevant welfare measure reduces to (1 − qb)VS + VB . 18



I note that condition (11) is a sufficient, but not necessary, condition for equilibrium multiplicity. Typically, there exist multiple equilibria if δ is sufficiently close to (vL − cL )/(cH − cL ), while there exists a unique equilibrium if δ is sufficiently small.
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Figure 6: The sums of agents’ expected payoffs in a cohort (1 − qb)VS + VB in the two regimes for two different sets of parameter values. The dashed lines represent Regime I, while the (partially thick) solid lines represent Regime II. Figure 6 depicts the social surpluses of the two regimes for two different sets of parameter values. As in the single-seller model, neither regime generally dominates. The result that Regime I outperforms Regime II around δ ∗∗ remains unchanged.19 Unlike in the single-seller model, Regime II may outperform Regime I when search frictions are sufficiently large. The most notable finding is the reversal of the welfare rankings from the single-seller model when search frictions are sufficiently small, which is formally stated in the following proposition. Proposition 7 There exists δ(< 1) such that the sum of agents’ expected payoffs in a cohort (1 − qb)VS + VB is strictly higher in Regime I than in Regime II whenever δ ∈ (δ, 1). The sum is equal to (1 − qb)(vL − cL ) as long as δ > δ ∗∗ in Regime I, while it approaches (1 − qb)(vL − cL ) as δ tends to 1 in Regime II. To understand the first result, recall that in Regime I, sellers from different cohorts are completely mixed (i.e., not distinguishable to buyers), while in Regime II, due to the observability of time-on-the-market, sellers from different cohorts are effectively disconnected from one another. Mixing different cohorts of sellers relaxes the lemons problem because high-type sellers stay relatively longer than low-type sellers, and therefore, the proportion of high-type sellers is higher in the market than in each entry cohort. When search frictions are sufficiently small, this is beneficial 19



To understand this result, notice that an increase in VB reduces buyers’ incentives to trade and, therefore, reduces social surplus in the single-seller model. Since Regime I outperforms Regime II even with the same value of VB , the result continues to hold in the stationary market environment because when δ = δ ∗∗ , VB = 0 in Regime I, while VB > 0 in Regime II.
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to buyers.20 To be more concrete, consider a buyer who just entered the market, and assume that condition (4) holds. In Regime I, given his equilibrium offer strategy (σH , σL ), he obtains a strictly negative expected payoff if he is matched with a seller in his cohort (because the probability that the seller is the high type is equal to qb). However, he can also meet a seller who entered the market long ago, in which case he obtains a strictly positive expected payoff (because the probability that the seller is the high type is strictly above (cH −vL )/(vH −vL )). Since matching is random and different cohorts of sellers are simultaneously present, this allows the buyer to enjoy a higher expected payoff.21 In Regime II, the observability of time-on-the-market disrupts this positive mechanism. The welfare dominance of Regime I over Regime II when search frictions are sufficiently small is driven primarily by this difference in intergenerational links.22 The second result (that the difference in social surplus between the two regimes disappears as search frictions vanish) highlights the limit to the aforementioned welfare effects due to intergenerational links in Regime I. It is driven by fundamental incentive constraints in the current environment with adverse selection: low-type sellers’ reservation price cannot exceed vL because otherwise adverse selection in the market cannot be sufficiently mitigated and trade simply cannot occur. In Regime I, this constraint binds as soon as condition (10) holds, and thus, social surplus remains constant. In Regime II, this constraint does not bind for any δ < 1, and thus, social surplus increases as search frictions decrease. In the limit, as search frictions disappear, despite no transfers across generations, social surplus reaches the same level as in Regime I.



4



Conclusion



I conclude by providing a detailed review of related literature and suggesting some directions for future research. 20



The result can be reversed when search frictions are large. As shown in the right panel of Figure 3 and formally stated in Corollary 3 in the appendix, buyers’ expected payoffs conditional on t decrease over time if both qb and δ are sufficiently small. In this case, the presence of old sellers lowers new buyers’ expected payoffs. This explains why Regime II can outperform Regime I in the stationary market when search frictions are sufficiently large (despite that the opposite result always holds in the single-seller model). 21 Observe that the sum of agents’ expected payoffs in a cohort is strictly larger than expected social surplus from a cohort in Regime I. The difference is precisely because of buyers’ payoffs. For example, suppose that condition (4) holds. In this case, as explained in Section 2.4, the discounted sum of buyers’ expected payoffs associated with a representative seller is strictly negative, and this is why expected social surplus is bounded away from (1− qb)(˜ vL −cL ). In the stationary market, in contrast, the buyers’ market expected payoff is equal to 0 because of the presence of old sellers, and thus, the sum of agents’ expected payoffs in a cohort becomes equal to (1 − qb)(vL − cL ). 22 In other words, the current stationary market environment can be interpreted as an overlapping-generations model (Samuelson, 1958). As is well-known in the literature, intergenerational transfers can make all agents strictly better off in an infinite-horizon economy. Such intergenerational transfers can well be operative in Regime I because of the unobservability of time-on-the-market and the resulting mixing of different cohorts of sellers. This also explains why the single-seller model and the stationary market model yield different social surpluses.
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4.1 Related Literature It is well recognized that information about informed players’ past behavior plays a crucial role in dynamic environments. In a dynamic version of Spence’s signaling model, N¨oldeke and van Damme (1990) show that, although there are multiple sequential equilibria, there is an essentially unique sequential equilibrium outcome that satisfies the never-a-weak-best-response requirement (Kohlberg and Mertens, 1986). As the offer interval tends to zero (i.e., the worker receives wage offers more frequently), the unique equilibrium outcome converges to the Riley outcome. Swinkels (1999) notes that the result crucially depends on the perfect observability assumption. He shows that if offers are not observable to future uninformed players, then the unique equilibrium outcome is complete pooling with no delay. H¨orner and Vieille (2009) can be interpreted as considering the two cases, public and private offers, in a dynamic trading context with interdependent values. Kaya and Liu (2015) and Fuchs et al. (2016) also consider the same problem in closely related dynamic trading models. Taylor (1999) considers a richer two-period model and shows that the observability of previous reservation prices and inspection outcomes is efficiency-improving, that is, more information about trading histories is desirable. The literature on adverse selection in dynamic trading environments is growing rapidly.23 Particularly related to this paper are Lauermann and Wolinsky (2016), Zhu (2012), and Moreno and Wooders (2010), each of which studies a version of Regime I. Lauermann and Wolinsky (2016) consider a single-seller model in which each uninformed player receives an informative signal about the informed player’s type and uninformed players do not have all bargaining power.24 Importantly, a non-trivial strategic problem arises in their model precisely because of these two modeling differences: in their model, different sellers have an identical reservation value (i.e., cL = cH ) but still have different reservation prices because a hightype seller generates good signals more frequently than a low-type seller and, therefore, is more likely to receive a high price offer. If buyers either do not receive informative signals or have all the bargaining power, as in this paper, then equilibrium is trivial (complete pooling and immediate trade). Furthermore, their main substantive question is the ability of prices to aggregate dispersed information in the sequential search environment. In particular, their goal is to obtain a condition on the signal-generating process for equilibrium prices to coincide with buyers’ underlying values in the limit as the cost of sampling an additional buyer tends to zero. The adverse selection model of Zhu (2012) is closer to my model in that different seller types 23



See Evans (1989), Vincent (1989, 1990), Hendel and Lizzeri (1999), Janssen and Roy (2002), and Deneckere and Liang (2006) for some seminal contributions. 24 In an older working paper version, they focus on the case in which the informed player makes a price offer to each uninformed player. In the published version, they adopt the “random proposals” bargaining model in which a suggested price is randomly drawn from an exogenously given distribution in each period, as in Compte and Jehiel (2010).
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have different reservation values and buyers have all the bargaining power.25 The main difference is that in his model, there are only a finite number of buyers and no gains from trading a low-quality unit (i.e., cL = vL ). The former leads to a difference in buyers’ inference problems, while the latter yields different predictions for certain outcomes. For instance, the high-type seller trades faster than the low-type seller in his model, while the opposite is true in my model. Finally, his main goal is to obtain various predictions regarding opaque over-the-counter markets, while my goal is to study the effects of time-on-the-market information. Moreno and Wooders (2010) consider Regime I in the same stationary market environment as in Section 3. There are two main differences. First, they focus on the case in which search frictions are sufficiently small, while I obtain full characterization for any level of search frictions. Second, they set up the model in discrete time, while I consider the continuous-time version of the problem. This difference is more than technical. The continuous-time model allows me to indirectly uncover the main driving force behind their main welfare result (that social welfare is higher in the decentralized market than in the static competitive benchmark). In the continuoustime setting of this paper, as long as search frictions are below a certain level, social welfare in Regime I is exactly the same as that of the competitive benchmark (see Proposition 4). This shows that their result is driven by their assumption that matching occurs at the beginning of each discretetime period. If matching takes place at the end of each period, the payoff difference between the decentralized market and the static competitive benchmark also disappears in the discrete-time setting. Camargo and Lester (2014) and Moreno and Wooders (2016) study a related market environment in discrete time. Their models are similar to the single-seller model of Regime II because all agents enter the market at the beginning (one-time entry), there is a positive probability that each agent fails to match in each period (search frictions), and the calendar time of the market, which is identical to sellers’ time-on-the-market, is available to buyers. However, they focus on the case in which search frictions are sufficiently small (i.e., the probability of a match is sufficiently close to 1 in each period), and therefore, their models are closer to the private offers case considered by H¨orner and Vieille (2009) than to Regime II in this paper (see footnote 3 for a relevant discussion). Two papers study the effects of decreasing information asymmetry in the market for lemons. Levin (2001) considers a static setting and shows that reducing information asymmetry may or may not improve trade. Daley and Green (2012) consider a dynamic setting in which a single seller faces a competitive market and news (public signals about the seller’s type) arrives over time.26 They show that increasing the news quality may or may not improve efficiency. Despite 25



Zhu (2012) also studies a model in which the seller’s private information concerns only her own cost and buyers have private information about their own values. 26 In Daley and Green (2012), there are no search frictions, and the seller receives offers from multiple buyers at each instant. In addition, buyers are short-lived, and past offers are not observable to future buyers. Therefore, their
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apparent similarities, the question and the result of this paper are fundamentally different from those of these two papers. They study the effects of changing the level of information asymmetry given an information structure, while this paper examines the effects of changing the information structure. As a result, they are mainly concerned with quantitative aspects of sellers’ incentives in the market for lemons, while this paper is more interested in qualitative aspects.



4.2



Directions for Future Research



This paper takes one further step toward better understanding the effects of transparency in dynamic environments under adverse selection. Several important questions remain unresolved. What information structure is optimal in terms of social welfare? Could it be a simple and common information regime that has been studied in the literature, or would it require a complicated non-stationary structure? To the best of my knowledge, it is not even clear what the constrained efficient benchmark is, not to mention how to implement it. New techniques need to be developed to address these questions, and it is probable that they can help answer other related problems in dynamic environments. The tractable framework developed in this paper can be used to study various theoretical and applied problems regarding adverse selection.27 In principle, each information regime can be adopted to study each problem. A more sensible approach would be to choose an information regime based on the nature and complexity of the problem. Regime I would be most appropriate if the market environment considered is sufficiently opaque or the problem is sufficiently complicated. If the main question is non-stationary (for example, the relationship between time-on-themarket and other economic variables, such as trading probabilities and transaction prices), then Regime II could be a serious candidate because, as demonstrated in this paper, it generates nonstationary dynamics in a particularly simple fashion. Of course, other information regimes, such as the two cases studied by H¨orner and Vieille (2009), could also be more appropriate depending on the problem studied.



Appendix: Omitted Proofs Proof of Lemma 1. I first show that if q(t) > (cH − v˜L )/(˜ vH − v˜L ), then it is the unique ′ equilibrium that all subsequent buyers offer cH . Since q(t ) ≥ q(t) > (cH − v˜L )/(˜ vH − v˜L ) for any setup (without public news) can be interpreted as the frictionless limit of Regime II. Nevertheless, their equilibrium outcome is not identical to the frictionless limit of Regime II because of the difference in market structures. In their competitive market structure, buyers may offer strictly more than cH . An excellent discussion on this property and a related multiplicity issue can be found in Fuchs and Skrzypacz (2012). 27 See, for example, Kaya and Kim (2015), Hwang (2016), and Palazzo (2015) for some recent developments based on the framework of this paper.
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t′ (which implies that q(t′ )˜ vH + (1 − q(t′ ))˜ vL > cH ), it suffices to show that the low-type seller’s ′ reservation price p(t ) cannot be smaller than v˜L (i.e., no buyer has an incentive to offer p(t′ )). Suppose there exists t′ > t at which p(t′ ) < v˜L . Since q(s) ≥ q(t) > (cH − v˜L )/(˜ vH − v˜L ) for any s > t, it is clear that no buyer offers a losing price after t′ , that is, σH (s) + σL (s) = 1 for any s ≥ t′ . Due to condition (7), it cannot be that all subsequent buyers offer cH with probability 1. This means that there must be a positive measure of subsequent buyers who offer the low-type seller’s reservation price p(s). Recursively applying the same argument, it follows that the measure of buyers who offer p(s) cannot vanish even in the limit as s tends to infinity. This, however, implies that buyers’ beliefs q(s) eventually converge to 1, and thus cH eventually becomes a strictly optimal price offer for all buyers, which is a contradiction. Now suppose q(t) = (cH − v˜L )/(˜ vH − v˜L ), but there exists t′ (> t) such that q(t′ ) > (cH − v˜L )/(˜ vH − v˜L ). Without loss of generality, assume that t′ is arbitrarily close to t. By the previous result, all buyers after time t′ offer cH with probability 1. Therefore, p(t′ ) must be equal to (1 − δ)cL + δcH . Since t′ is arbitrarily close to t, p(t) is close to (1 − δ)cL + δcH and, therefore, strictly exceeds v˜L (by condition (7)). This, however, implies that buyers around t have no incentive to offer p(t), in which case buyers’ beliefs q(t) cannot be strictly increasing at t (see equation (5)). This contradicts the supposition that q(t′ ) > q(t). Proof of Proposition 2. The necessity of the first property (the equilibrium behavior before time t∗ ) comes from the analysis before the proposition. The necessity of the second condition stems from the fact that if the property is violated (in particular, if p(t) < v˜L for some t > t∗ ), then some buyers after time t∗ have an incentive to offer p(t). This makes buyers’ beliefs q(t) exceed (cH − v˜L )/(˜ vH − v˜L ), which violates Lemma 1. The sufficiency of the two properties is clear from the discussion before Proposition 2 (in particular, notice that the equilibrium strategy profile is constructed so that no agent has an incentive to deviate before time t∗ ) and the fact that all buyers after time t∗ are indifferent between cH and a losing price and always prefer them to p(t)(≥ v˜L ). Proof of Proposition 3. The proof proceeds as in the proof of Proposition 2. I skip identical arguments and point out only necessary adjustments. (i) Analogously to Lemma 1, if q(t) = (cH − p∗ )/(˜ vH − p∗ ), then q(t′ ) = (cH − p∗ )/(˜ vH − p∗ ) for any t′ > t. (ii) Let t∗ be the time at which q(t) reaches (cH − p∗ )/(˜ vH − p∗ ). Then, as in the small frictions case, p(t∗ ) = p∗ , and p(t) is strictly increasing until t∗ . (iii) Buyers’ beliefs increase according to q(t) = qb/(b q + (1 − qb)e−λt ) until time t∗ , and t∗ is ∗ the value such that q(t∗ ) = qb/(b q + (1 − qb)e−λt ) = (cH − p∗ )/(˜ vH − p∗ ). (iv) By (i), after time t∗ , trade must occur only at cH . Since no buyer offers a losing price, this means that all buyers offer cH with probability 1 after t∗ . Proof of Corollary 1. For each δ ∈ (0, 1), let V1 (δ) and V2 (δ) denote the low-type seller’s expected payoffs in Regime I and in Regime II, respectively. Then, from Propositions 1, 2, and 3, { v˜L − cL , if δ ≥ δ ∗∗ , V1 (δ) = p − cL = qb δ (˜ v − cH ), otherwise, 1−δ 1−b q H
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while



 ( ) 1−δ δ  qb v˜H −cH  (˜ vL − cL ), if δ ≥ δ ∗ , 1−b q cH −˜ vL V2 (δ) = p(0) − cL = ( ) 1−δ δ  qb v˜H −cH  δ(cH − cL ), otherwise. 1−b q (1−δ)(cH −cL )



By Assumption 1, qb(˜ vH − cH ) < (1 − qb)(cH − v˜L ), and thus V1 (δ) > V2 (δ) whenever δ ≥ δ ∗∗ . ∗∗ This implies that δ 2 < δ . Now consider δ ≤ δ ∗ . In this case, V1 (δ) ≥ V2 (δ) if and only if qb v˜H − cH ≥ 1 − qb (1 − δ)(cH − cL )



(



qb v˜H − cH 1 − qb (1 − δ)(cH − cL )



) 1−δ δ .



Notice that if δ ≤ δ ∗ , then v˜H − cH qb v˜H − cH qb ≤ < 1. 1 − qb (1 − δ)(cH − cL ) 1 − qb cH − v˜L



(14)



This implies that the above inequality holds as long as δ ≤ 1/2. It then follows that δ 1 ≥ min{δ ∗ , 1/2}. The inequality v˜L −cL > cH − v˜L is equivalent to δ ∗ > 1/2. If δ ∈ (1/2, δ ∗ ), then the inequality (14) holds, while (1 − δ)/δ < 1. Therefore, V1 (δ) < V2 (δ). It follows that δ 1 = 1/2 < δ ∗ ≤ δ 2 . Finally, suppose (1 − qb)(˜ vL − cL ) ≤ qb(˜ vH − cH ), which is equivalent to q ∗∗ ≤ 1/2. Since δ ∗ < δ ∗∗ , it suffices to show that V1 (δ) > V2 (δ) for any δ ∈ (δ ∗ , δ ∗∗ ). The inequality that δ > δ ∗ implies that qb v˜H − cH δ qb (˜ v H − cH ) > V1 (δ) = (˜ vL − cL ). 1 − δ 1 − qb 1 − qb cH − v˜L Combining this with the fact that δ < δ ∗∗ ≤ 1/2 leads to qb v˜H − cH V1 (δ) > (˜ vL − cL ) > 1 − qb cH − v˜L



(



qb v˜H − cH 1 − qb cH − v˜L



) 1−δ δ



(˜ vL − cL ) = V2 (δ).



Corollary 3 Let V1 (t) and V2 (t) denote buyers’ net expected payoffs in Regime I and in Regime II, respectively, conditional on arrival time t. There exists qb∗ such that if qb > qb∗ then V1 (t) increases in t and limt→∞ V1 (t) > limt→∞ V2 (t), independent of δ. If qb < qb∗ , then there exist δ1 (b q )(> 0) and δ2 (b q ) such that V1 (t) increases in t if and only if δ > δ1 (b q ) and limt→∞ V1 (t) > limt→∞ V2 (t) if and only if δ > δ2 (b q ). For each qb < qb∗ , δ1 (b q ) > δ2 (b q ). Proof. Since the results are straightforward when δ ≥ δ ∗ , I assume throughout this proof that δ < δ∗. Applying Propositions 1 yields V1 (t) = σH (q(t)(˜ vH − cH ) + (1 − q(t))(˜ vL − cH )) + (1 − σH )(1 − q(t))(˜ vL − p),
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where p = cL +



δ qb qb v˜H − cH qbe−λσH t (˜ vH − cH ), σH = , and q(t) = −λσ t . 1 − δ 1 − qb 1 − qb cH − p qbe H + (1 − qb)e−λt



Since q(t) is strictly increasing in t and V1 (t) is linear in q(t), V1 (t) increases in t if and only if σH =



qb v˜H − cH v˜L − p v˜H − v˜L > =1− . 1 − qb cH − p v˜H − p v˜H − p



Notice that the left-hand side is strictly increasing in p (thus, in δ), while the right-hand is strictly decreasing in p (thus, in δ). It then follows that the inequality holds independent of δ if qb v˜H − cH v˜L − cL > 1 − qb cH − cL v˜H − cL It suffices to set qb∗ to be the value that equates the two sides and set δ1 (b q ) to be the value that equates σH to (˜ vL − p)/(˜ vH − p) for each qb < qb1 . For the set of results regarding limt→∞ V1 (t) > lim t → ∞V2 (t), notice that lim V1 (t) = V1 (∞) ≡ σH (˜ vH − cH ) =



t→∞



and



v˜H − cH qb (˜ vH − cH ), qb δ 1 − qb cH − cL − 1−δ (˜ v − cH ) 1−b q H



( lim V2 (t) = V2 (∞) ≡ (1 − q )(˜ vL − p ) = 1 − ∗



∗



t→∞



v˜H − v˜L v˜H − cL − δ(cH − cL )



) (˜ vH − cH ).



It is easy to see that V1 (∞) strictly increases in δ, while V2 (∞) strictly decreases in δ. Therefore, similarly to the above, V1 (∞) > V2 (∞) if and only if v˜L − cL qb v˜H − cH > , 1 − qb cH − cL v˜H − cL Notice that this condition is identical to the one above, which implies that the cutoff qb∗ also applies here. Given this, it suffices to set δ2 (b q ) to be the value such that V1 (∞) = V2 (∞) for each qb < qb∗ . Finally, the result that δ1 (b q ) > δ2 (b q ) follows from the fact that p = cL +



qb δ (˜ vH − cH ) < p∗ = cL + δ(cH − cL ), 1 − δ 1 − qb



which is implied by δ < δ ∗ and Assumption 1. Proof of Corollary 2. From Propositions 1, 2, and 3, it is straightforward to calculate expected social surplus of each regime, which is given as follows: { q )(˜ vL −cL ) L (˜ v − cL ) + qbcv˜HL −c (˜ v − cH ), if δ ≥ δ ∗∗ , (1 − qb) qb(˜vH −c(1−b q )(˜ vL −cL ) L −cL H H )+(1−b S1 (δ) = qb v˜H −cH δ (1 − qb)δ(˜ vL − cL ) + qb1−δ (˜ vH − cH ), if δ < δ ∗∗ . 1−b q cH −cL 33



In Regime II, expected social surplus is equal to (  )1/δ ) ( q b  v ˜ −c  (1 − qb) δ + (1 − δ) 1−bq cH −˜vH (˜ vL − cL ), if δ ≥ δ ∗ , H L S2 (δ) = ( )(1−δ)/δ  qb v˜H −cH  (1 − qb)δ(˜ vL − cL ) + qb 1−bq (1−δ)(cH −cL ) δ(˜ vH − cH ), if δ < δ ∗ . Notice that S1 (δ) is independent of δ provided that δ ≥ δ ∗∗ , while S2 (δ) strictly increases in δ. In addition, S2 (δ ∗∗ ) < S1 (δ ∗∗ ) = S1 (1) < S2 (1). The first inequality is due to the fact that the low-type seller necessarily trades with the first buyer in Regime I (recall that σH +σL = 1 if δ ≤ δ ∗∗ in Regime I) but not in Regime II, and the high-type seller also trades faster in Regime I than in Regime II (the high-type seller must wait at least until t∗ in Regime II). The second inequality is due to Assumption 1: S2 (1) − S1 (1) = (1 − qb)



qb(˜ v H − cH ) v˜L − cL (˜ vL − cL ) − qb (˜ vH − cH ), qb(˜ vH − cH ) + (1 − qb)(˜ v L − cL ) cH − cL



which reduces to (1 − qb)(cH − cL ) − qb(˜ vH − cH ) − (1 − qb)(˜ vL − cL ) = cH − (b q v˜H + (1 − qb)˜ vL ) > 0. All these imply that there exist δ 2 (< δ ∗∗ ) and δ 3 (∈ (δ ∗∗ , 1)) such that S1 (δ) < S2 (δ) if δ ∈ (δ 2 , δ 3 ) and S1 (δ) > S2 (δ) if δ > δ 3 . Now suppose δ ∈ (0, δ ∗ ). Applying the closed-form solutions above yields ( ( )(1−δ)/δ ) qb v˜H − cH qb v˜H − cH S1 (δ) − S2 (δ) = qbδ(˜ vH − cH ) − . 1 − qb (1 − δ)(cH − cL ) 1 − qb (1 − δ)(cH − cL ) Following the same logic as in the proof of Corollary 1, S1 (δ) > S2 (δ) as long as δ < min{δ ∗ , 1/2}, and thus δ 1 ≥ min{δ ∗ , 1/2}. From this argument, it is clear that if δ ∗ > 1/2, which is equivalent to vL − cL < cH − vL , then it is necessary the case that S1 (δ ∗ ) < S2 (δ ∗ ), which implies that δ 1 < δ 2 . For the last result, consider δ ∈ (δ ∗ , δ ∗∗ ). In this case, δ qb v˜H − cH S1 (δ) − S2 (δ) = qb (˜ vH − cH ) − (1 − qb)(1 − δ) 1 − δ 1 − qb cH − cL



(



qb v˜H − cH 1 − qb cH − v˜L



)1/δ (˜ vL − cL ).



The first term is always increasing in δ. Although the second term may not be decreasing in general, it is decreasing over the interval [δ ∗ , δ ∗∗ ) if qb is sufficiently close to (cH − vL )/(vH − vL ). The result then follows from the fact that S1 (δ ∗ ) > S2 (δ ∗ ) when δ ∗ < 1/2 and S1 (δ ∗∗ ) > S2 (δ ∗∗ ).



Proof of Proposition 4. I first consider the case when the equilibrium value of VB is equal to 0. A necessary and sufficient condition for this to be the case is Ω(0) = 0, which is equivalent to p(0) = vL . It is immediate from Proposition 1 that this holds if and only if condition (10) holds. Now consider the case when equilibrium VB is strictly positive. A sufficient condition for the 34



existence of such a value of VB is Ω(0) > 0, which is equivalent to vL > p(0): note that Ω(VB ) is continuous in VB and Ω(min{vH − cH , vL − cL }) < min{vH − cH , vL − cL }. From Proposition 1, vL > p(0) = cL +



δ qb (1 − qb)(vL − cL ) (vH − cH ) ⇔ δ < . 1 − δ 1 − qb qb(vH − cH ) + (1 − qb)(vL − cL )



To show that this condition is also necessary for VB > 0, I prove that the slope of Ω(VB ) is either increasing or decreasing in VB . Notice that this also suffices for the equilibrium uniqueness, because it implies that δΩ(VB ) is either concave or convex and, therefore, can cross the 45-degree line only once (recall that Ω(min{vH − cH , vL − cL }) < min{vH − cH , vL − cL }). The result is straightforward if condition (10) holds, because δΩ(VB ) is linear in VB in that case. Suppose (10) does not hold. In this case, δ qb p′ (VB ) = − . 1 − δ 1 − qb In addition, from equation (2), q ′ (VB ) =



cH − cL 1 (q(VB ) − (1 − q(VB ))p′ (VB )) = . vH − VB − p(VB ) (vH − VB − p(VB ))2



Therefore, Ω′ (VB ) = q ′ (VB )(VB − vL + p(VB )) + q(VB ) − (1 − q(VB ))p′ (VB ) =



(vH − vL )(cH − cL ) . (vH − VB − p(VB ))2



Now observe that VB + p(VB ) = VB + cL +



δ qb (vH − VB − cH ) 1 − δ 1 − qb



is linear in VB . This guarantees that Ω′ (VB ) is either always increasing or always decreasing. Proof of Lemma 2. Given an equilibrium in the single-seller model, (∫ t∗ ) (∫ t∗ ∫ ∫ ∞ ∫ −λt −λt∗ − tt∗ λσH (s)ds G(t) = qb 1dt + e dt +(1− qb) e dt + e 0



t∗



0



∞



e



−



∫t



t∗



λσH (s)ds



) dt .



t∗



∫ ∞ ∫t Since t∗ depends only on VB , it suffices to show that t∗ e− t∗ λσH (s)ds dt is minimized with G (i.e., the simple pure-strategy ∫equilibrium) and maximized with G (i.e., the unique Markov equilibrium). ∫ ∞ − t∗ λσH (s)ds To this end, I prove that t∗ e t dt is increasing in σH (t), subject to p(t∗ ) = vL − VB and p(t) ≥ vL − VB for any t > t∗ . Since the latter constraint binds for all t > t∗ only in the Markov equilibrium, it can be ignored to evaluate the effects of ∫local variations. ∫t ∞ Consider a marginal increase of σH (t). It increases t∗ e− t∗ λσH (s)ds dt at rate ∫ ∞ ∫ s −λ e− t∗ λσH (x)dx ds, t
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(∫ ∞ ∫ s ) and the constraint t∗ e− t∗ (r+λσH (x))dx λσH (s)ds (cH − cL ) at rate ( ∫ ) ∫ ∞ ∫ − tt∗ (r+λσH (x))dx − ts∗ (r+λσH (x))dx λ e − e λσH (s)ds (cH − cL ). t



These marginal changes evolve over time at rates ∫t



λe− t∗ λσH (x)dx 1 ∫ ∞ − ∫ s λσ (x)dx = − ∫ ∞ − ∫ s λσ (x)dx −λ t e t∗ H ds λ t e t H ds and ∫t



r −λre− t∗ (r+λσH (x))dx ) =− ( ∫t ∫ ∞ − ∫ s (r+λσ (x))dx , ∫s ∫ ∞ H 1− t e t λσH (s)ds λ e− t∗ (r+λσH (x))dx − t e− t∗ (r+λσH (x))dx λσH (s)ds respectively. The absolute value of the latter is strictly larger than that of the former, because ∫ ∞ ∫ ∫ ∞ ∫ s − ts λσH (x)dx rλ e ds + e− t (r+λσH (x))dx λσH (s)ds t t ∫ ∞ ∫ ∞ ∫ ∫s s − t (r+λσH (x))dx e e− t (r+λσH (x))dx λσH (s)ds > λ ds + t ∫ ∞t ∫ s = e− t (r+λσH (x))dx (r + λσH (s))ds = 1. t



This means that when σH (t) increases, the decrease of σH (t + dt) necessary to maintain the constraint is larger than necessary to keep the objective function constant. Therefore, the higher σH (t) ∫ ∞ − ∫ t λσ (s)ds ∗ is relative to σH (t + dt), the higher the objective function t∗ e t H dt is. The result then follows from the fact that σH (t) is highest around t∗ in the simple pure-strategy equilibrium, while lowest in the Markov equilibrium. For the second result, it suffices to consider the following class of simple equilibria in the single-seller model: • For each α ∈ [r(˜ vL − cL )/(λ(cH − v˜L )), 1], let t(α) be the value such that ∫ ∞ ( ) λα ∗ −r(t(α)−t∗ ) v˜L −cL = e e−r(t−t(α)) (cH −cL )d 1 − e−λα(t−t(α)) = e−r(t(α)−t ) (cH −cL ). r + λα t(α) • Each buyer offers p(t) if t < t∗ and a losing price if t ∈ [t∗ , t(α)). After t(α), each buyer offers cH with probability α and a losing price with probability 1 − α. It is clear that each strategy profile satisfies all the equilibrium requirements in Proposition 2. In particular, p(t∗ ) = v˜L , and p(t) increases from v˜L to λα(cH − cL )/(r + λα) as t increases from t∗ to t(α). Notice that the Markov equilibrium and the simple pure-strategy equilibrium are two extreme cases of these equilibria. Clearly, this class spans the whole interval [G(∞), G(∞)]. Proof of Proposition 5. I first derive the correspondence Ω(VB ) for the case of large search frictions (i.e., δ ≤ (vL − cL )/(cH − cL )). In this case, both Propositions 2 and 3 can apply for 36



the single-seller model, depending on the value of VB . To be formal, let V B be the value such that vL − cL − V B = δ(cH − cL ). If VB ≤ V B , then Proposition 3 applies, while if VB > V B , then Proposition 2 applies. In the latter case, the correspondence Ω(VB ) can be characterized just as in the case of small search frictions. In what follows, I restrict attention to the former case. There is a unique equilibrium in Proposition 3 (thus, the mapping Ω(VB ) is a function on the relevant region). In the equilibrium, each buyer obtains strictly more than VB . Specifically, { q(t)VB + (1 − q(t))(vL − p(t)), if t < t∗ , Ω(t) = ∗ ∗ q(t )(vH − cH ) + (1 − q(t ))(vL − cH ), otherwise, ∗



where p∗ = (1 − δ)cL + δcH , q(t) = qb/(b q + (1 − qb)e−λt ), and p(t) = cL + e−r(t −t) (p∗ − cL ). In addition, since a low-type seller trades whenever she meets a buyer, while a high-type seller trades only after time t∗ , the distribution of sellers in the market is given by { ∫t ∫t qb (0 1ds + (1 − qb) 0 e−λs ds, if t < t∗ , ) ∫ t∗ ∫t ∫t G(t) = ∗ qb 0 1ds + t∗ e−λ(s−t ) ds + (1 − qb) 0 e−λs ds, otherwise. Combining the two functions above, ) ( ∫ t∗ −λt −r(t∗ −t) ∗ 1 (1 − q b )e (v − c − V − e (p − c ))dt L L B L 0 × Ω(VB ) = ∗ ∗ q (vH − cH − VB ) + (1 − qb)e−λt (vL − VB − cH )) + VB + λ1 (b qbt + 1/λ Proposition 3 implies that this function is well-behaved (non-empty, continuous, and increasing). The existence of equilibrium follows from the fact that the correspondence Ω(VB ) is nonempty, continuous, compact-valued, and convex-valued, and δΩ(min{vH − cH , vL − cL }) < min{vH − cH , vL − cL }. The last result regarding equilibrium multiplicity follows from the fact that δ > (vL − cL )/(cH − cL ) implies δ > (vL − cL − VB )/(cH − cL ) for any VB > 0, and thus there always exists a continuum of equilibria in the single-seller model. Proof of Proposition 6. The result that VB > 0 is clear from the fact that t∗ > 0 in the singleseller model. For the result regarding payoff rankings, observe that equation (13) and Lemma 2 imply that Ω(VB ) is maximized with the simple pure-strategy equilibrium and minimized with the Markov equilibrium. The desired result follows once this observation is combined with the monotonicity of the correspondence Ω(VB ). For the last result, first observe that the equilibrium condition VB = δΩ(VB ) is identical to λ 1 − qb VB = Φ(VB ) ≡ r G(∞)



∫



t∗



e−λt (p(t∗ ) − p(t))dt.



0



I use the new correspondence Φ(VB ) to obtain the result. Since p(t) ≥ p(0) for any t ≤ t∗ , λ 1 − qb Φ(VB ) ≤ r G(∞)



∫



t∗



e−λt (p(t∗ ) − p(0))dt =



0



1 − qb ∗ (1 − e−λt )(p(t∗ ) − p(0)). rG(∞)



(15)



I show that if λ is sufficiently large, then a fixed point to the correspondence Φ(VB ) can occur only near 0. Note that this also implies the payoff result for low-type sellers (that VS (0) converges to 37



vL − cL as λ tends to infinity). The proof differs depending on whether vL − cL < vH − cH or not. (i) vL − cL < vH − cH . In this case, I prove that if λ is sufficiently large, then t∗ is close to 0. The desired result then follows from inequality (15), because G(∞) is bounded away from 0. Suppose t∗ is bounded away from 0. Then, q(t∗ ) is close to 0 (see equation (8)). Buyers then strictly prefer offering cH to a losing price after t∗ , because q(t∗ )(vH − cH ) + (1 − q(t∗ ))(vL − cL ) ≈ vH − cH > vL − cL ≥ vL − p(t∗ ) = VB , which violates the structure of the equilibrium (see Proposition 2). (ii) vL − cL ≥ vH − cH . The result follows from the following two claims. (ii-1) Given VB < vH −cH , Φ(VB ) approaches 0 as λ tends to infinity (point-wise convergence). Fix VB < vH − cH . If λ is sufficiently large, by the same reasoning as above, t∗ must be sufficiently small, which implies that Φ(VB ) is close to zero. (ii-2) For a fixed λ, Φ(VB ) approaches 0 as VB tends to vH − cH (uniform convergence). Fix λ and suppose VB is sufficiently close to vH − cH . For q(t∗ )(vH − cH ) + (1 − q(t∗ ))(vL − cH ) = VB , q(t∗ ) must be sufficiently small, and thus t∗ must be sufficiently large. Applying this to the inequality (15), it follows that Φ(VB ) is close to 0. Proof of Proposition 7. Proposition 4 implies that in Regime I, (1 − qb)VS + VB = (1 − qb)(vL − cL ), as long as condition (10) holds. For Regime II, recall the following three equilibrium properties with small frictions: ∗



∗



vL − p(t∗ ) = VB , p(0) − cL = e−rt (p(t∗ ) − cL ), e−λt =



qb vH − cH − VB . 1 − qb cH − vL + VB



Since VS = p(0) − cL , these imply that ( (1 − qb)VS + VB = (1 − qb)



qb vH − cH − VB 1 − qb cH − vL + VB



) λr



(vL − cL − VB ) + VB .



Notice that if VB = 0, then, due to Assumption 1, ( (1 − qb)VS + VB = (1 − qb)



qb vH − cH 1 − qb cH − vL



) λr



(vL − cL ) < (1 − qb)(vL − cL ).



Now notice that ∂((1 − qb)VS + VB ) |VB =0 = −(1 − qb) ∂VB



(



qb vH − cH 1 − qb cH − vL



) λr (



) vH − vL vL − cL + 1 + 1. cH − vL vH − cH



If this expression is strictly negative, then the desired result follows: as shown above, (1 − qb)VS + VB < (1 − qb)(vL − cL ) when VB = 0, and (1 − qb)VS + VB < (1 − qb)(vL − cL ) is strictly decreasing
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in VB . When λ is sufficiently large, the condition holds when 1 − qb cH − vL vH − cH > . qb vH − vL vL − cL



(16)



Combining the fact that VS = p(0) − cL with the inequality (15) in the proof of Proposition 6, ( ) ∗ 1 − e−λt ∗ (1 − qb)VS + VB < (1 − qb) p(0) − cL + (p(t ) − p(0)) . rG(∞) ∗



Since p(t∗ ) < vL , it suffices that 1 − e−λt < rG(∞). When λ is sufficiently large, it reduces to 1− Arranging the terms,



1 − qb < qb



vH − vL qb vH − cH < qb . 1 − qb cH − vL vL − cL (



vH − cH (1 − qb)(vH − vL ) + cH − v L v L − cL



) .



(17)



It is easy to show that the right-hand side in equation (17) is strictly larger than that in equation (16) under Assumption 1. Therefore, the result holds for any qb that satisfies Assumption 1.
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