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Abstract In this investigation, the interface fracture toughness is measured for a pair of ceramic clays which are joined together. The Brazilian disk specimen, which provides a wide range of mode mixity, is employed to measure these properties. Calibration equations relating the stress intensity factors to the applied load and geometry are determined by means of the ®nite element method and the M-integral. The e€ect of residual stresses is accounted for by employing a weight function to obtain the contribution to the stress intensity factors. Total stress intensity factors are obtained by superposition. These are employed to determine the critical interface energy release rate Gic as a function of mode mixity from critical data obtained from tests carried out on the Brazilian disk specimens. An energy release rate fracture criterion is compared to the experimental results for Gic . Ó 2000 Elsevier Science Ltd. All rights reserved. Keywords: Interface fracture mechanics; Weight function; Finite elements; Conservative integral; Interface fracture toughness; Interface fracture criterion



1. Introduction There have been many studies investigating the fracture properties of a crack along the interface between two joined materials. In most studies, the two either identical or di€erent materials are bonded by an interlayer such as epoxy. See, for example, Cao and Evans (1989), Charalambides et al. (1989), Wang and Suo (1990), Kinloch et al. (1991), Akisanya and Fleck (1992), Liechti and Liang (1992), Thurston and Zehnder (1993, 1996), Wang (1995), Wang (1997) and Swadener and Liechti (1998). On the other hand, there have been few studies in which the two materials are joined



without an interlayer. Of these, in all previous investigations, one of the materials was epoxy. These may be found in Kinloch et al. (1991), Liechti and Chai (1991), Liechti and Liang (1992) and BanksSills et al. (1999). In this study, two ceramic clays are joined without a perceptible interlayer. For completeness, relevant concepts related to interface fracture are presented. These may be found in other sources as well. In two dimensions and referring to Fig. 1, the in-plane stresses in the neighborhood of a crack tip at an interface are given by 1 …1† …2† rab ˆ p������� ‰Re…Kri † Rab …h† ‡ Im…Kri † Rab …h†Š; 2pr …1†



* Corresponding author. Tel.: +972-3-640-8132; fax: +972-3640-7617. E-mail address: [email protected] (L. Banks-Sills).



where a; b ˆ x; y; i ˆ intensity factor



0167-6636/00/$ - see front matter Ó 2000 Elsevier Science Ltd. All rights reserved. PII: S 0 1 6 7 - 6 6 3 6 ( 0 0 ) 0 0 0 4 2 - 9



p������� ÿ1, the complex stress
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Gi ˆ



1 2 …K ‡ K22 †; H 1



…7†



where 1 1=E1 ‡ 1=E2 : ˆ H 2 cosh2 p



Fig. 1. Crack tip coordinates.



K ˆ K1 ‡ iK2 and 1 ln ˆ 2p







 j1 l2 ‡ l1 : j2 l1 ‡ l2



…2†



…3†



In (3), li are the shear moduli of the upper and lower materials, respectively, ji ˆ 3 ÿ 4mi for plane strain and …3 ÿ mi †=…1 ‡ mi † for generalized plane stress, and mi are Poisson's ratios. The stress …1† …2† functions Rab and Rab are given in polar coordinates by Rice et al. (1990) and in Cartesian coordinates by Deng (1993). The complex stress intensity factor in (2) may be written in non-dimensional form as KLi K~ ˆ p������ ; r pL



…8†



Ei ˆ Ei =…1 ÿ m2i † for plane strain conditions and Ei for generalized plane stress. Note that the subscript `i' in (7) represents interface and Gi has units of force per length. It should be noted that inherently, for any interface, both K1 and K2 must be prescribed or, equivalently, Gi and W. In describing an interface crack propagation criterion, one may prescribe a relation between K1 and K2 or, what is commonly done, give the critical energy release rate Gic as a function of the phase angle W. The Brazilian disk specimen shown in Fig. 2 has been chosen for measuring the interface fracture toughness Gic because it leads to a wide range of mixed mode values. The materials selected for these tests are two di€erent ceramic clays which may be joined without an apparent interlayer.



…4†



where L is an arbitrary length parameter and r is the applied stress. The non-dimensional complex stress intensity factor may be written as ~ iW K~ ˆ jKje



…5†



so that the phase angle     Im…KLi † r12 : ˆ arctan W ˆ arctan r22 hˆ0;rˆL Re…KLi † …6† The interface energy release rate Gi is related to the stress intensity factors by



Fig. 2. Brazilian disk bimaterial specimen composed of two ceramic clays.
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In Section 2, the experimental procedure is presented dealing with the materials employed and specimen preparation. Details concerning measurements made during the tests are described. The specimen calibration equations relating the applied load to the stress intensity factors K1 and K2 are developed for the Brazilian disk specimen and described in Section 3. These are obtained for various loading angles and crack lengths by means of the ®nite element method and a conservative integral. In addition, stress intensity factors resulting from residual thermal stresses are obtained by means of a weight function method. Superposition leads to total stress intensity factors. Experimental results are presented in Section 4. An energy release rate fracture criterion is compared with the test results. 2. Experimental procedure 2.1. Materials and specimen preparation In this investigation, two ceramic clays were chosen for study since it is possible to join them without employing a third material. Material (1) is K-142 and material (2) is K-144 (see Table 1). Selected material properties are presented in Table 2. The mechanical properties, Young's modulus E and Poisson's ratio m, for each material were measured by an ultrasonic method presented by Yeheskel and Tevet (1999). The thermal expansion coe�cients were obtained by means of a dilatometric method. Table 1 Material composition of ceramic clays K-142 and K-144 (supplier: Vingerling, Holland) Component



K-142 (% wt)



K-144 (% wt)



Al2 O3 SiO2 TiO2 K2 O Na2 O MgO CaO Fe2 O3 MnO Others



13.20 64.90 0.74 1.48 0.09 0.39 5.61 4.96 0.00 8.70



12.70 62.50 0.71 1.43 0.09 0.37 5.40 4.78 2.70 9.32
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Table 2 Material properties of the two ceramic claysa Material



E (GPa)



m



a …10ÿ6 =°C†



K-142 K-144



19.5 23.3



0.29 0.20



6.01 5.38



a



 ˆ ÿ0:00563.



Brazilian disk specimens were fabricated from the two ceramic clays by pressureless joining. They were made by forming a semi-circle from each ceramic clay and placing them in a Te¯on mold. A similar mold was employed by BanksSills et al. (1999). The mold radius was R ˆ 20 mm. A notch or arti®cial crack was introduced by placing a piece of polytetra¯uoroethylene (PTFE ± trade name Te¯on) 10 lm thick and of nominal length 12 mm along the middle of the interface. Twelve specimens were fabricated simultaneously. They were prepared and remained for 24 h at 25°C with relative humidity at 60±80%. Before being placed in the oven, the specimens were taken out of the molds and ground. The drying procedure included three temperature holding steps: 50°C; 100°C and 200°C. The holding time at each temperature was 48, 24 and 24 h, respectively. Subsequently, the green samples were sintered in an electrically heated furnace in air using four temperature holding steps: 300°C; 500°C; 700°C and 1040°C. The holding time at each temperature was 2, 2, 2 and 24 h, respectively. The heating rate was 5°C= min. The specimens were cooled to room temperature at the same rate. After 24 h, the specimens were removed from the oven. 2.2. Test system and measurements The experimental system included an Instron machine (model no. 1341), a video with a mixer, two cameras and the loading frame exhibited in Fig. 3. The test set-up was the same as that employed by Banks-Sills et al. (1999) for Brazilian disk glass/epoxy specimens. A voltmeter was connected to the Instron machine and exhibited so that the video recorded the applied load as the test progresses. One camera focused on the entire specimen, while the other focused on the crack at which propagation was expected. This allowed one
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Fig. 3. Test set up.



to discern if a crack had propagated at an undesirable location. The test was reviewed on the video to obtain the critical load Pc at fracture. To determine the critical crack length ac , a picture from the video was employed to measure the arti®cial crack on one side of the specimen. A straight, through crack was created by the Te¯on. The range of critical crack lengths was 5:4 mm 6 ac 6 6:4 mm. The crack was actually a notch with a very small radius of curvature at its tip. It may be noted that other investigators employed notches rather than cracks in studying interface fracture toughness. In a study by Gledhill and Kinloch (1979), the Te¯on thickness was 80 lm. Thurston and Zehnder (1993, 1996) employed sputtering to create an arti®cial crack of 0:015 lm thickness, whereas Wang (1995) employed physical vapor deposition to create a notch of 0:02 lm thickness. Other investigators, including Wang and Suo (1990) and Akisanya and Fleck (1992), created notches; the former from wax and the latter from graphite powder. In both cases, it



was not possible to measure the thickness. Recall that the thickness of the Te¯on strip here is 10 lm. Moreover, it was observed during the experiments that the crack always propagated from crack tip A. In order to obtain Gic values from crack tip B, it was necessary to inhibit propagation at crack tip A. To this end, the ceramic halves, before being placed in the mold, were roughened at the appropriate crack tip. This did not a€ect the calibration equations presented below. 3. Specimen calibration equations In order to obtain the critical interface energy release rate Gic versus the phase angle W, specimen calibration equations relating the stress intensity factors to the applied load, geometry and residual stresses must be determined. To this end, ®nite element analyses were carried out on the specimen with the applied loading illustrated in Fig. 2 for various loading angles h and non-dimensional
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crack length and P is applied load. For this material combination  ˆ ÿ0:00563 (see Table 2). The non-dimensional expression chosen for the stress intensity factor follows Atkinson et al. (1982) for the homogeneous Brazilian disk specimen. Sample results are presented in Tables 3±5. In each table values are presented for a speci®c loading angle h and crack tip (see Fig. 2). Calculations were made for other loading angles as well. These are not presented here. In the analyses, the non-dimensional crack length a=R was varied between 0.25 and 0.5, which was a convenient range for testing. Calibration equations are given in Appendix A for the non-dimensional stress intensity factors. It Table 3 …f † …f † Non-dimensional stress intensity factors K~1 and K~2 determined for crack tip A of the bimaterial ceramic clay Brazilian disk specimen in Fig. 2. The mesh employed is exhibited in Fig. 4. The loading angle is h ˆ 10° …f † …f † a=R K~1 K~2 0.25 0.3 0.4 0.5



1.872 1.918 2.018 2.100



)1.621 )1.732 )2.039 )2.508



Table 4 …f † …f † Non-dimensional stress intensity factors K~1 and K~2 determined for the bimaterial ceramic clay Brazilian disk specimen in Fig. 2. The mesh employed is exhibited in Fig. 4. The loading angle is h ˆ 0° …f † …f † a=R K~1 K~2 0.25 0.3 0.4 0.5



2.181 2.265 2.479 2.766



)0.0221 )0.0249 )0.0346 )0.0464



Table 5 …f † …f † Non-dimensional stress intensity factors K~1 and K~2 determined for crack tip B of the bimaterial ceramic clay Brazilian disk specimen in Fig. 2. The mesh employed is exhibited in Fig. 4. The loading angle is h ˆ 10° …f † …f † a=R K~1 K~2 0.25 0.3 0.4 0.5



1.865 1.910 2.012 2.109



1.544 1.639 1.910 2.328



may be noted that for none of the loading angles considered was crack overlap observed at either crack tip in the numerical studies. The nondimensional element length `=R at the crack tip was 6:7  10ÿ3 . In this section, values of the stress intensity factors for various loading angles and crack lengths have been determined. In the next section, the stress intensity factors resulting from the residual thermal stresses are obtained. 3.2. Stress intensity factors from residual curing stresses A weight function method presented by BanksSills (1993) is employed to obtain the stress intensity factors resulting from the residual stresses. Application of this method may be found in Banks-Sills et al. (1997). In particular, the weight function method was employed by Banks-Sills et al. (1999) to determine stress intensity factors resulting from residual stresses in an investigation of glass/epoxy Brazilian disk specimens. The same approach was followed here. The tractions on the interface of the uncracked specimen arising from the temperature change are required in the weight function. Since the stresses are related linearly to the temperature change, any change may be employed in the calculations. It was assumed here that DT ˆ ÿ5°C. Thus, the residual stresses along the interface were determined by the ®nite element method for a temperature decrease of 5°C. The mesh illustrated in Fig. 4 was also employed here. These stresses for the uncracked Brazilian disk specimen are exhibited in Fig. 5. The non-dimensional stress intensity factors resulting from residual thermal stresses and …r† …r† denoted as K~1 and K~2 are presented in Table 6 for various crack lengths. The values are nondimensional with L ˆ a in (4) and rˆ



‰…1 ÿ m1 †a1 ÿ …1 ÿ m2 †a2 ŠDT ; …1=E2 † ÿ …1=E1 †



…10†



where ai are the thermal expansion coe�cients of each material and DT is the temperature change. Some stress intensity factor values were checked
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crack length and P is applied load. For this material combination  ˆ ÿ0:00563 (see Table 2). The non-dimensional expression chosen for the stress intensity factor follows Atkinson et al. (1982) for the homogeneous Brazilian disk specimen. Sample results are presented in Tables 3±5. In each table values are presented for a speci®c loading angle h and crack tip (see Fig. 2). Calculations were made for other loading angles as well. These are not presented here. In the analyses, the non-dimensional crack length a=R was varied between 0.25 and 0.5, which was a convenient range for testing. Calibration equations are given in Appendix A for the non-dimensional stress intensity factors. It Table 3 …f † …f † Non-dimensional stress intensity factors K~1 and K~2 determined for crack tip A of the bimaterial ceramic clay Brazilian disk specimen in Fig. 2. The mesh employed is exhibited in Fig. 4. The loading angle is h ˆ 10° …f † …f † a=R K~1 K~2 0.25 0.3 0.4 0.5



1.872 1.918 2.018 2.100



)1.621 )1.732 )2.039 )2.508



Table 4 …f † …f † Non-dimensional stress intensity factors K~1 and K~2 determined for the bimaterial ceramic clay Brazilian disk specimen in Fig. 2. The mesh employed is exhibited in Fig. 4. The loading angle is h ˆ 0° …f † …f † a=R K~1 K~2 0.25 0.3 0.4 0.5



2.181 2.265 2.479 2.766



)0.0221 )0.0249 )0.0346 )0.0464



Table 5 …f † …f † Non-dimensional stress intensity factors K~1 and K~2 determined for crack tip B of the bimaterial ceramic clay Brazilian disk specimen in Fig. 2. The mesh employed is exhibited in Fig. 4. The loading angle is h ˆ 10° …f † …f † a=R K~1 K~2 0.25 0.3 0.4 0.5



1.865 1.910 2.012 2.109



1.544 1.639 1.910 2.328



may be noted that for none of the loading angles considered was crack overlap observed at either crack tip in the numerical studies. The nondimensional element length `=R at the crack tip was 6:7  10ÿ3 . In this section, values of the stress intensity factors for various loading angles and crack lengths have been determined. In the next section, the stress intensity factors resulting from the residual thermal stresses are obtained. 3.2. Stress intensity factors from residual curing stresses A weight function method presented by BanksSills (1993) is employed to obtain the stress intensity factors resulting from the residual stresses. Application of this method may be found in Banks-Sills et al. (1997). In particular, the weight function method was employed by Banks-Sills et al. (1999) to determine stress intensity factors resulting from residual stresses in an investigation of glass/epoxy Brazilian disk specimens. The same approach was followed here. The tractions on the interface of the uncracked specimen arising from the temperature change are required in the weight function. Since the stresses are related linearly to the temperature change, any change may be employed in the calculations. It was assumed here that DT ˆ ÿ5°C. Thus, the residual stresses along the interface were determined by the ®nite element method for a temperature decrease of 5°C. The mesh illustrated in Fig. 4 was also employed here. These stresses for the uncracked Brazilian disk specimen are exhibited in Fig. 5. The non-dimensional stress intensity factors resulting from residual thermal stresses and …r† …r† denoted as K~1 and K~2 are presented in Table 6 for various crack lengths. The values are nondimensional with L ˆ a in (4) and rˆ



‰…1 ÿ m1 †a1 ÿ …1 ÿ m2 †a2 ŠDT ; …1=E2 † ÿ …1=E1 †



…10†



where ai are the thermal expansion coe�cients of each material and DT is the temperature change. Some stress intensity factor values were checked
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Fig. 5. Residual stresses r22 and r12 along the interface of the uncracked ceramic clay Brazilian disk specimen.



Table 6 …r† …r† Non-dimensional stress intensity factors K~1 and K~2 determined for crack tips A and B of the bimaterial ceramic clay Brazilian disk specimen in Fig. 2. The mesh employed is exhibited in Fig. 4 …r† …r† a=R K~1 K~2 0.25 0.3 0.4 0.5



0.0191 0.0200 0.0217 0.0240



0.0918 0.1159 0.1588 0.2044



by the Eshelby cut-and-paste superposition method employed by O'Dowd et al. (1992). Di€erences …r† between Kj values (j ˆ 1; 2, denoting modes 1 and 2) determined here with the weight function method and the cut-and-paste method were between 0.4% and 3.8%. Calibration equations are presented in Appendix A.



4. Results To obtain the critical interface energy release rate Gic , the calibration equations in Appendix A were employed. For a particular loading angle, …f † critical crack length and critical applied load, K1 …f † and K2 , were calculated from the non-dimensional calibration expressions in Appendix A and



…r†



…r†



(9). In addition, K1 and K2 were determined from (4), (10), (A.23) and (A.24) with L ˆ a. The temperature decrease in (10) was taken according to the ambient room temperature; DT varied between ÿ1013°C and ÿ1020°C. The complex stress intensity factors were superposed to obtain K T as K T ˆ K …f † ‡ K …r†



…11†



and Gic was computed from (7). The phase angle W was obtained from (6) with K ˆ K T and L ˆ 100 lm. Including the residual stresses changes Gic values by as much as 43%, whereas W changes by as much as 217%. In Fig. 6, the interface toughness for this ceramic clay combination is characterized. Thirty-one tests were carried out; they are shown as the symbol  in the graph. The toughness of the two constituents plays a role in determining whether the crack will be interfacial or will propagate into one of the constituents. In all cases, the crack propagated along the interface. It may be noted that, according to the ®rst term of the asymptotic expression for the crack opening displacement in the neighborhood of the crack tip, with the stress intensity factor taken as K T , which includes the residual stresses, the region of crack closure is smaller than O…10ÿ33 †  a. Since the value of  was very small ()0.00563), the test results could be centered with
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Fig. 6. Critical interface energy release rate for the ceramic clay pair. The phase angle W is calculated from (6) with L ˆ 100 lm.



100 lm 6 L 6 1000 lm. This change in L shifted the graph by less than 1° or 0.013 radians. The shift was obtained from   L2 ; …12† W2 ˆ W1 ‡  ln L1 where W1 ˆ 0. Since both materials were very brittle, it could be assumed that the length L ˆ 100 lm was within the K-dominance region. Several fracture criteria presented by BanksSills and Ashkenazi (2000) were compared with experimental data from tests on bimaterial Brazilian disk glass/epoxy specimens. One of the energy release rate fracture criteria presented there was employed in this study. This criterion is given by Gic ˆ G1 ‰1 ‡ tan2 WŠ;



…13†



where G1  K^12 =H , K^1  Re…KLi † and K^2  Im…KLi †. In fact, G1 is the value of Gic when W ˆ 0. Before applying this criterion, the test values were centered about W ˆ 0. As mentioned previously, for this material pair with  rather small, centering of the data is not particularly sensitive to the exact value of the length parameter L. The value L ˆ 100 lm was chosen. In order to determine G1 , values of K^1 and K^2 from the tests were plotted as shown in Fig. 7. A straight line, constrained to be parallel to the ordinate, was ®t to these values, yielding



Fig. 7. Graph of K^1 vs K^2 at fracture with L ˆ 100 lm.



K^1 ˆ 287:8 kN/m3=2 . This behavior was previously observed in Wang (1997) for alumina adherends joined by a copper interlayer and in Banks-Sills and Ashkenazi (2000) for bimaterial glass/epoxy specimens. From this value of K^1 , G1 was found to be 3.7 N/m. With G1 determined, the curve in (13) is plotted in Fig. 6. It appears to ®t the data quite well.



5. Summary and discussion In this study, the critical interface fracture properties of a bimaterial pair of two ceramic clays were determined. To this end, the Brazilian disk specimen was employed with joined ceramic clays. A strip of Te¯on was placed along the center of the interface to induce an arti®cial crack.
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Appendix A



Fig. 8. SEM micrograph of arti®cial crack and crack surface. The arrow indicates the boundary between them.



Calibration equations were determined relating the stress intensity factors to the applied load, loading angle and crack length. The residual stresses which contribute signi®cantly to the total stress intensity factors were obtained. Finite element analyses were carried out to determine the former, whereas a weight function method was employed to determine the latter. The test data exhibited the usual behavior with, Gic increasing as jWj increased. This behavior is generally explained by either friction along the crack faces or plastic deformation. For these materials, plastic deformation is not expected. Perhaps this increase in Gic is induced by a small zone of micro-cracks or damage at the crack tip. It was not possible to observe this damage. On the other hand, based upon the ®rst term in the asymptotic expansion for the displacements, there was no crack face contact at the crack tip. However, the scanning electron microscopy (SEM) micrograph in Fig. 8 indicates a rough fracture surface which could induce frictional behavior, providing an explanation for the increase in Gic values. Friction was not taken into account in the calculations. No chemical reaction between the two ceramics was discerned by SEM with energy dispersive analysis (EDS). The method employed in this investigation is versatile and may be employed in the future to determine critical interface fracture properties of other material pairs.



First, the calibration equations for the applied loading in Fig. 2 are presented. An expression for the non-dimensional stress intensity factor K~…f † is given in (9). Curve ®tting is employed to express …f † …f † the stress intensity factors K~1 and K~2 as functions of the non-dimensional crack length a=R. The superscript …f † represents applied load. The crack length range is chosen to be 0:25 6 a= R 6 0:5. The speci®c crack tip considered (either A or B as shown in Fig. 2) is denoted. For crack tip A, h ˆ 15°:  a a …f † ~ 17:302 ÿ 74:915 K1 ˆ R R  a 2  a 3  ÿ 106:214 ‡ 144:492 R R



…A:1†



and  a a …f † ~ ÿ 23:779 ‡ 97:483 K2 ˆ R R  a 2  a 3  ‡ 126:363 : ÿ 190:550 R R



…A:2†



For crack tip A, h ˆ 13°:  a a …f † 18:883 ÿ 81:231 K~1 ˆ R R  a 2  a 3  ÿ 114:166 ‡ 157:371 R R



…A:3†



and  a a …f † ~ ÿ 20:912 ‡ 85:666 K2 ˆ R R  a 2  a 3  ‡ 109:829 : ÿ 167:389 R R



…A:4†
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For crack tip A, h ˆ 10°:  a a …f † ~ 20:868 ÿ 89:137 K1 ˆ R R  a 2  a 3  ÿ 123:420 ‡ 173:309 R R



and



…A:5†



and 



a a …f † ÿ 16:156 ‡ 65:070 K~2 ˆ R R  a 2  a 3  ‡ 79:762 : ÿ 125:459 R R For crack tip A, h ˆ 5°:  a a …f † ~ 22:892 ÿ 96:432 K1 ˆ R R  a 2  a 3  ÿ 129:122 ‡ 186:694 R R



…A:6†



…A:7†







For crack tip A, h ˆ 2°:  a a …f † ~ 23:388 ÿ 97:938 K1 ˆ R R  a 2  a 3  ÿ 129:082 ‡ 188:844 R R



…A:8†



…A:9†







For h ˆ 0°  a a …f † ~ 23:520 ÿ 98:643 K1 ˆ R R  a 2  a 3  ÿ 130:083 ‡ 190:370 R R



…A:13†



 a a …f † 2:998 ÿ 11:857 K~2 ˆ R R  a 2  a 3  ÿ 13:258 : ‡ 22:080 R R For crack tip B, h ˆ 5°:  a a …f † ~ 22:944 ÿ 97:238 K1 ˆ R R  a 2  a 3  ÿ 130:451 ‡ 188:568 R R



…A:14†



…A:15†



and



and a a …f † ÿ 3:519 ‡ 14:400 K~2 ˆ R R  a 2  a 3  ‡ 17:819 : ÿ 28:194 R R



For crack tip B, h ˆ 2°:  a a …f † ~ 23:428 ÿ 98:508 K1 ˆ R R  a 2  a 3  ÿ 130:287 ‡ 190:270 R R



…A:12†



and



and a a …f † ÿ 8:361 ‡ 33:837 K~2 ˆ R R  a 2  a 3  ‡ 41:043 : ÿ 65:482 R R



 a a …f † K~2 ˆ ÿ 0:2802 ‡ 1:558 R R  a 2  a 3  ‡ 3:168 : ÿ 3:950 R R



…A:10†



 a a …f † ~ 7:971 ÿ 32:618 K2 ˆ R R  a 2  a 3  ÿ 39:509 : ‡ 62:765 R R For crack tip B, h ˆ 10°:  a a …f † ~ 20:836 ÿ 89:011 K1 ˆ R R  a 2  a 3  ÿ 121:890 ‡ 172:499 R R



…A:16†



…A:17†



and



…A:11†



 a a …f † ~ 15:889 ÿ 65:504 K2 ˆ R R  a 2  a 3  ÿ 82:221 : ‡ 127:192 R R



…A:18†
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For crack tip B, h ˆ 13°:  a a …f † ~ 19:002 ÿ 82:013 K1 ˆ R R  a 2  a 3  ÿ 114:319 ‡ 158:897 R R



References



…A:19†



and



 a a …f † 20:422 ÿ 84:509 K~2 ˆ R R  a 2  a 3  ÿ 108:286 : ‡ 164:699 R R For crack tip B, h ˆ 15°:  a a …f † ~ 17:452 ÿ 75:650 K1 ˆ R R  a 2  a 3  ÿ 105:944 ‡ 145:799 R R



…A:20†



…A:21†



and



 a a …f † ~ 23:438 ÿ 97:701 K2 ˆ R R  a 2  a 3  ÿ 127:563 : ‡ 191:348 R R



…A:22†



The calibration equations for the residual thermal stresses at both crack tips A and B are  a a …r† 0:1779 ÿ 0:6279 K~1 ˆ R R  a 2  a 3  ÿ 0:6060 …A:23† ‡ 1:0394 R R and



 a a …r† ~ ÿ 0:1034 ‡ 3:712 K2 ˆ R R  a 2  a 3  ‡ 7:775 ; ÿ 9:262 R R
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…A:24†



where the stress intensity factors are non-dimensionalized according to (4), with L ˆ a and r given in (10). Note that 0:25 6 a=R 6 0:5 for (A.23) and (A.24). It should be noted that all relations presented in this appendix pertain to the speci®c material combination of the two ceramic clays K-142 and K-144.
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