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Abstract In this paper, we provide various Sobolev-type inequalities for smooth nonnegative functions with compact support on a submanifold with variable mean curvature in a Riemannian manifold whose sectional curvature is bounded above by a constant. We further obtain the corresponding linear isoperimetric inequalities involving mean curvature. We also provide various first Dirichlet eigenvalue estimates for submanifolds with bounded mean curvature. Keywords Isoperimetric inequality · Sobolev-type inequality · First eigenvalue · Mean curvature Mathematics Subject Classification (2000)
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1 Introduction The classical isoperimetric inequality says that for a given bounded domain D in Rn , if ωn is the volume of a unit ball in Rn , then n n ωn Vol(D)n−1 ≤ Vol(∂ D)n and equality holds if and only if D is a ball. As an extension of the above classical isoperimetric inequality, it is conjectured that any n-dimensional compact minimal submanifold M of Rm still satisfies the above inequality. Moreover, equality holds Communicated by Andreas Cap. This research was supported by the Sookmyung Women’s University Research Grants 2011. K. Seo (B) Department of Mathematics, Sookmyung Women’s University, Hyochangwongil 52, Yongsan-ku, Seoul 140-742, Korea e-mail: [email protected]
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if and only if M is an n-dimensional ball. When n = 2, there are several partial results ([9,16,18], see also [15] for more references). In particular, for any minimal surface  in Rn with at most two boundary components,  satisfies the following sharp isoperimetric inequality (see [6,12]): 4π Area() ≤ Length(∂)2 , where equality holds if and only if  is a disk. When n ≥ 3, the only known result was due to Almgren [2] who proved that the above conjecture is true for n-dimensional area-minimizing submanifolds in Rm . Even though the conjecture is still open, one may try to extend the classical isoperimetric inequality to more general submanifold with variable mean curvature vector in a Riemannian manifold. In this direction, Allard [1] proved an isoperimetric inequality which involves mean curvature term. More precisely, he showed that given n-dimensional compact submanifold M in Rm , ⎛ ⎞n  (1.1) c(n) Vol(M)n−1 ≤ ⎝Vol(∂ M) + |H |⎠ , M



where c(n) is a constant which depends only on n and H is the mean curvature vector of M in Rm . In [14], Michael and Simon also obtained the similar isoperimetric inequality by proving the corresponding Sobolev inequality on a submanifold in a Euclidean space. One year later, Hoffman and Spruck [10] generalized the inequality on a submanifold in a Riemannian manifold. In this paper, we study linear isoperimetric inequalities and the first (Dirichlet) eigenvalue estimates for submanifolds with variable mean curvature in a Riemannian manifold whose sectional curvature is bounded above. In Sect. 2, we derive some useful inequalities on the Laplacian of functions of distance by virtue of Hessian comparison theorem. For minimal surface cases, such inequalities were obtained by Choe [7]. We modify his arguments to obtain more general inequalities (Lemmas 2.3–2.5) for submanifolds (not necessarily minimal) with variable mean curvature. Let  be a domain in a hyperbolic space Hn or an n-dimensional minimal submanifold of Hm . Then the following linear isoperimetric inequality holds [8,19]: (n − 1)Vol() ≤ Vol(∂). In Sect. 3, we extend the above result and obtain more general linear isoperimetric inequalities for submanifolds in a complete simply connected Riemannian manifold with sectional curvature bounded above by a constant. We further obtain the corresponding Sobolev-type inequalities involving mean curvature for smooth nonnegative functions with compact support on submanifolds. In Sect. 4, we provide various first (Dirichlet) eigenvalue estimates for submanifolds with bounded mean curvature. The first (Dirichlet) eigenvalue of a Riemannian manifold  with boundary is characterized as  |∇ f |2 , λ1 = inf  2 f  f
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where the infimum is taken over all compactly supported smooth functions on . In [5], Cheung and Leung obtained the first eigenvalue estimate for a complete noncompact submanifold with bounded mean curvature in hyperbolic space. More precisely, for a complete minimal submanifold M n in Hm , they proved 1 (n − 1)2 ≤ λ1 (M). 4 Here this inequality is sharp because equality holds when M is totally geodesic [13]. We improve their estimate for a compact submanifold with bounded mean curvature in a complete simply connected Riemannian manifold with sectional curvature bounded above by a constant. 2 Laplacian comparisons of functions of distance Consider an n-dimensional submanifold  in an m-dimensional Riemannian manifold M. Let e1 , . . . , en be orthonormal vector fields on a neighborhood of a point of . These vector fields can be smoothly extended to orthonormal vector fields e¯1 , . . . , e¯m on M satisfying that e¯i = ei for 1 ≤ i ≤ n on . If H is the mean curvature vector of  in M, then H=



n 



∇¯ e¯i e¯i −



i=1



n 



∇ei ei ,



i=1



where ∇¯ and ∇ are the connections of M and , respectively. Thus for f ∈ C ∞ (M) we have f = =



n  (ei ei f − ∇ei ei f ) i=1 m  i=1



m 



e¯i e¯i f −



e¯α e¯α f −



α=n+1 m 



¯ f + Hf − =



m 



∇¯ e¯i e¯i f + H f +



m 



∇¯ e¯α e¯α f



α=n+1



i=1



∇¯ 2 f (e¯α , e¯α ),



α=n+1



¯ are the Laplacians on  and M, respectively. Hence we get the where  and  following lemma, which was proved by Choe and Gulliver [8] (see also [11]). Lemma 2.1 [8] Let f be a smooth function on an m-dimensional Riemannian manifold M and  an n-dimensional submanifold of M. Let e¯n+1 , . . . , e¯m be orthonormal vectors perpendicular to . Then for the mean curvature vector H of  in M, we have m  2 ¯ f )| + H, ∇¯ f | − ( f | ) = ( ∇¯ f (e¯α , e¯α ) , α=n+1
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¯ are the connection and Laplacian on M respectively, and  is the where ∇¯ and  Laplacian on . In order to study a Riemannian manifold of variable curvature, we need the following useful lemma, which is so-called the H essian comparison theor em. Lemma 2.2 [17] Let M be a Riemannian manifold with the sectional curvature



be a space form of constant sectional curvature K sec ≤ K for some constant K and M



for K . Let r (·) = dist( p, ·) and rˆ (·) = dist( p, ˆ ·) be distance functions on M and M



respectively. Assume that γ is a geodesic from p to fixed points p ∈ M and pˆ ∈ M, q and v ∈ Tq M is a vector at q perpendicular to γ . Then we have ∇ 2 r (v, v) ≥ ∇ˆ 2 rˆ (u, u),



is a vector at qˆ with |u| = |v| and rˆ (q) ˆ = r (q), which is perpendicular where u ∈ Tqˆ M



from pˆ to q. to the geodesic 



γ ⊂M ˆ As a consequence of this comparison, we have the following lemmas on the Laplacian of some functions of distance. Lemma 2.3 Let  be an n-dimensional submanifold in a complete simply connected Riemannian manifold M of nonpositive sectional curvature. Let ∇ and  be the connection and Laplacian on  respectively, and ∇¯ the connection on M. Define r (·) = dist( p, ·) for fixed p ∈ M. Then we have (a) (b)



¯ | r 2 ≥ 2n + 2r H, ∇r n−|∇r |2 ¯ | r ≥ + H, ∇r r



(c)



 log r ≥



n−2|∇r |2 r2



¯ | + r1 H, ∇r 



of constant secProof Denote the metrics of M and an m-dimensional space form M 



tional curvature K by g and g, ˆ respectively. We may assume that M = Rm . It is easy 2 2 ˆ ˆ Since to see that ∇ rˆ = 2g. ∇ 2 r = 2r ∇ 2 r + 2∇r ⊗ ∇r and ∇ˆ 2 rˆ 2 = 2ˆr ∇ˆ 2 rˆ + 2∇ˆ rˆ ⊗ ∇ˆ rˆ , Lemmas 2.1 and 2.2 imply ¯ 2 | = 2n + 2r H, ∇r ¯ | , ∇ 2 r ≥ 2n + H, ∇r which gives (a). For (b), we compute 1



r = div∇(r 2 ) 2 = div
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Similarly,  log r = div



∇r n − 2|∇r |2 1 r |∇r |2 ¯ | , + H, ∇r = − 2 ≥ r r r r2 r 



which gives (c).



Lemma 2.4 Let  be an n-dimensional submanifold in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a positive constant K = k 2 for k > 0. Let ∇ and  be the connection and Laplacian on  respectively, and ∇¯ the connection on M. Define r (·) = dist( p, ·) for fixed p ∈ M. π . Then we have Assume that r < 2k ¯ | (a) r ≥ k(n − |∇r |2 ) cot kr + H, ∇r 2 ¯ | (b)  sin kr ≥ sink kr (n cos2 kr − |∇r |2 ) + k cos kr H, ∇r 2 ¯ (c)  cos kr ≤ −nk cos kr − k sin kr H, ∇r | 2 |2 2 ¯ (d)  log sin kr ≥ nk 2 cot 2 kr − ksin|∇r 2 kr (1 + cos kr ) + k cot kr H, ∇r | 2 2 2 2 ¯ (e)  log cos kr ≤ −nk − k |∇r | tan kr − k tan kr H, ∇r |



of constant secProof Denote the metrics of M and an m-dimensional space form M tional curvature K by g and g, ˆ respectively. Assume finally that K = k 2 > 0 for some constant k > 0. As in the case of K < 0 above, we have ∇ˆ 2 rˆ = k cot k rˆ (gˆ − ∇ˆ rˆ ⊗ ∇ˆ rˆ )



of constant sectional curvature K . Using Lemmas 2.1 and 2.2 again, we get (a). in M For (b), we compute  sin kr = div(k cos kr ∇r ) = −k 2 sin kr |∇r |2 + k cos kr r ¯ | ] ≥ −k 2 sin kr |∇r |2 + k cos kr [k(n − |∇r |2 ) cot kr + H, ∇r 2 k ¯ | (n cos2 kr − |∇r |2 ) + k cos kr H, ∇r = sin kr Similarly,  cos kr = div(−k sin kr ∇r ) = −k 2 cos kr |∇r |2 − k sin kr r



¯ | ], ≤ −k 2 cos kr |∇r |2 − k sin kr [k(n − |∇r |2 ) cot kr + H, ∇r



which gives (c). For (d), 



k cos kr ∇r  log sin kr = div sin kr



=−



k 2 |∇r |2 k cos kr r + 2 sin kr sin kr



k 2 |∇r |2 k cos kr ¯ | ) (k(n − |∇r |2 ) cot kr + H, ∇r + 2 sin kr sin kr k 2 |∇r |2 ¯ | . = nk 2 cot 2 kr − (1 + cos2 kr ) + k cot kr H, ∇r sin2 kr ≥−
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For (e),







−k sin kr ∇r  log cos kr = div cos kr



=−



k 2 |∇r |2 k sin kr − r 2 cos kr cos kr



k 2 |∇r |2 k sin kr ¯ | ) − (k(n − |∇r |2 ) cot kr + H, ∇r 2 cos kr cos kr ¯ | , = −nk 2 − k 2 |∇r |2 tan2 kr − k tan kr H, ∇r ≤−



which completes the proof.







Lemma 2.5 Let  be an n-dimensional submanifold in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a negative constant K = −k 2 for k > 0. Let ∇ and  be the connection and Laplacian on  respectively, and ∇¯ the connection on M. Define r (·) = dist( p, ·) for fixed p ∈ M. Then we have (a) (b) (c) (d) (e)



¯ | r ≥ k(n − |∇r |2 ) coth kr + H, ∇r k2 2 ¯ |  sinh kr ≥ sinh kr (n cosh kr − |∇r |2 ) + k cosh kr H, ∇r 2 ¯ |  cosh kr ≥ nk cosh kr + k sinh kr H, ∇r k 2 |∇r |2 2 2 ¯ |  log sinh kr ≥ nk coth kr − sinh2 kr (1 + cosh2 kr ) + k coth kr H, ∇r ¯ |  log cosh kr ≥ nk 2 − k 2 |∇r |2 tanh2 kr + k coth kr H, ∇r 



of constant secProof Denote the metrics of M and an m-dimensional space form M tional curvature K by g and g, ˆ respectively. Assume now that K = −k 2 < 0 for some constant k > 0. It is well known that ∇ˆ 2 rˆ = k coth k rˆ (gˆ − ∇ˆ rˆ ⊗ ∇ˆ rˆ ). Thus (a) follows from Lemmas 2.1 and 2.2. For (b), we compute  sinh kr = div(k cosh kr ∇r ) = k 2 sinh kr |∇r |2 + k cosh kr r



¯ | ] ≥ k 2 sinh kr |∇r |2 + k cosh kr [k(n − |∇r |2 ) coth kr + H, ∇r k2 ¯ | (n cosh2 kr − |∇r |2 ) + k cosh kr H, ∇r = sinh kr



Similarly,  cosh kr = div(−k sinh kr ∇r ) = k 2 cosh kr |∇r |2 + k sinh kr r



¯ | ], ≥ k 2 cosh kr |∇r |2 + k sinh kr [k(n − |∇r |2 ) coth kr + H, ∇r



which gives (c). For (d),



 k cosh kr (k 2 sinh2 kr −k 2 cosh2 kr )|∇r |2 k cosh kr  log sinh kr = div ∇r = r + sinh kr sinh kr sinh2 kr k 2 |∇r |2 k cosh kr ¯ | ) (k(n − |∇r |2 ) coth kr + H, ∇r + 2 sinh kr sinh kr k 2 |∇r |2 ¯ | , = nk 2 coth2 kr − (1 + cosh2 kr ) + k coth kr H, ∇r sinh2 kr ≥−
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where we used (a) in the above inequality. Similarly,  (k 2 cosh2 kr −k 2 sinh2 kr )|∇r |2 k sinh kr k sinh kr ∇r = r  log cosh kr = div + cosh kr cosh kr cosh2 kr k 2 |∇r |2 k sinh kr ¯ | ) (k(n − |∇r |2 ) coth kr + H, ∇r + 2 cosh kr cosh kr ¯ | , = nk 2 − k 2 |∇r |2 tanh2 kr + k coth kr H, ∇r ≥







which proves (e).



Remark If  is a minimal surface in a complete simply connected Riemannian manifold with sectional curvature bounded above by a constant, Lemmas 2.3–2.5 were proved by Choe [7] as mentioned in the introduction. Therefore the above lemmas can be regarded as an extension of his results. 3 Isoperimetric inequalities and Sobolev-type inequalities In this section, we investigate Sobolev-type inequalities for submanifolds with variable mean curvature vector in a Riemannian manifold whose sectional curvature is bounded above by a constant. We also derive linear isoperimetric inequalities via these Sobolev-type inequalities. When the ambient space has nonpositive sectional curvature (i.e., the sectional curvature is bounded above by 0), the following theorem holds: Theorem 3.1 Let f be a compactly supported smooth nonnegative function on an n-dimensional compact submanifold  with boundary in a complete simply connected Riemannian manifold M of nonpositive sectional curvature. Let H denote the mean curvature vector of  in M. Assume that  is contained in a geodesic ball B p (R) ⊂ M of radius R centered at a fixed point p ∈ M. Then we have    n−1 f ≤ |∇ f | + |H | f. R 











Proof Let r (·) = dist( p, ·) be the distance function on M for p ∈ M. From Lemma 2.3 (b), we have div( f ∇r ) = ∇ f, ∇r  + f r f ¯ | ≥ ∇ f, ∇r  + (n − |∇r |2 ) + f H, ∇r r f ≥ ∇ f, ∇r  + (n − 1) − |H | f. r Integrating both sides over  gives    f (n − 1) − |H | f ≤ |∇ f |. r 











The conclusion follows from the assumption that  is contained in B p (R).







123



532



K. Seo



It is well-known that the isoperimetric inequalities can be recovered from Sobolevtype inequalities using smooth characteristic functions as test functions. Therefore, as a consequence of the above theorem, we get the following linear isoperimetric inequality involving mean curvature. Corollary 3.2 Under the same hypothesis as in Theorem 3.1, we have (n − 1) Vol() ≤ Vol(∂) + R



 |H |. 



Remark It should be mentioned that Cheung and Leung [4] proved that if M is an n-dimensional complete noncompact submanifold with bounded mean curvature in the Euclidean space or hyperbolic space, then the rate of volume growth of M is at least linear, that is, for any p ∈ M and for a sufficiently large R > 0, Vol(B p (R)) ≥ α R



(3.1)



for some constant α > 0, where B p (R) denotes the geodesic ball centered at p with radius R. In this case, if one applies the general isoperimetric inequality (1.1) in the introduction, then one immediately gets 1



c(n) n (α R)



n−1 n



1



≤ c(n) n Vol(B p (R))



n−1 n







≤ Vol(∂(B p (R))) +



|H |,



(3.2)



B p (R)



which implies that the term Vol(∂(B p (R))) + 1 n







B p (R) |H |



has a lower bound



n−1 n



c(n) (α R) for a sufficiently large R > 0. Note that the volume growth condition (3.1) is not satisfied for small R > 0. Therefore one cannot expect the inequality (3.2) for small R > 0. However Corollary 3.2 holds for any R > 0. Hence one sees that even though a complete noncompact submanifold with bounded mean curvature has a linear volume growth, the linear isoperimetric inequality in Corollary 3.2 is different from the well-known general isoperimetric inequality (1.1). When the sectional curvature of the ambient space is bounded above by a positive constant, the following theorem holds: Theorem 3.3 Let f be a compactly supported smooth nonnegative function on an n-dimensional compact submanifold  with boundary in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a positive constant K = k 2 for k > 0. Let H denote the mean curvature vector of  in M. Assume π . Then we have that the diameter diam() of  satisfies diam() ≤ d < 2k nk tan kd
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 f ≤ 



 |∇ f | +







|H | f. 
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Proof From Lemma 2.4 (e), we have div( f ∇ log cos kr ) = ∇ f, −k tan kr ∇r  + f  log cos kr ≤ −k tan kr ∇ f, ∇r  − f (nk 2 + k 2 |∇r |2 tan2 kr ¯ | ) + k tan kr H, ∇r ≤ −k tan kr ∇ f, ∇r  − f nk 2 + f |H |k tan kd. Integrating both sides over  gives 



 nk



f ≤ k tan kd



2 



 |∇ f | + k tan kd







|H | f, 







which completes the proof. Corollary 3.4 Under the same hypothesis as in Theorem 3.3, we have nk Vol() ≤ Vol(∂) + tan kd



 |H |. 



If the sectional curvature is bounded above by a negative constant, we have the following theorem. Theorem 3.5 Let f be a compactly supported smooth nonnegative function on an n-dimensional compact submanifold  with boundary in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a negative constant K = −k 2 for k > 0. Let H denote the mean curvature vector of  in M. Then we have    f ≤ |∇ f | + |H | f. k(n − 1) 











Proof Since ¯ | ] div( f ∇r ) ≥ ∇ f, ∇r  + f [k(n − |∇r |2 ) coth kr + H, ∇r ≥ ∇ f, ∇r  + (k(n − 1) − |H |) f, 



we get the conclusion. Corollary 3.6 Under the same hypothesis as in Theorem 3.5, we have  |H |.



k(n − 1)Vol() ≤ Vol(∂) + 
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Remark For a domain in hyperbolic space Hn or an n-dimensional minimal submanifold of hyperbolic space, Corollary 3.6 was obtained by Yau [19] and Choe-Gulliver [8]. Hence our results can be regarded as an extension of their results. When the ambient space has sectional curvature bounded by a negative constant, we have more Sobolev-type inequalities and the corresponding linear isoperimetric inequalities. Theorem 3.7 Let f be a compactly supported smooth nonnegative function on an n-dimensional compact submanifold  with boundary in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a negative constant K = −k 2 for k > 0. Let H denote the mean curvature vector of  in M. Assume that  is contained in a geodesic ball B p (R) ⊂ M of radius R centered at a fixed point p ∈ M. Then we have nk sinh k R







 f ≤ 



 |∇ f | +







|H | f. 



Proof Using ¯ | ] div( f ∇ cosh kr ) ≥ ∇ f, k sinh kr ∇r  + f [nk 2 cosh kr + k sinh kr H, ∇r 2 ≥ k sinh kr ∇ f, ∇r  + nk f − |H |k f sinh k R and integrating both sides over  give the proof.







Corollary 3.8 Under the same hypothesis as in Theorem 3.7, we have nk Vol() ≤ Vol(∂) + sinh k R



 |H |. 



In particular, if we restrict the dimension of submanifold to 2, then we have the following additional Sobolev-type inequalities for a surface with bounded mean curvature and the corresponding isoperimetric inequalities. Theorem 3.9 Let f be a compactly supported smooth nonnegative function on a surface  in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a positive constant K = k 2 for k > 0. Let H denote the π , then mean curvature vector of  in M with |H | ≤ α. If diam() < 2k  2π



⎛ f2 ≤ ⎝















⎞2



⎛



|∇ f |⎠ + 2(k + α) ⎝











⎞⎛ ⎞ ⎛ ⎞2   |∇ f |⎠ ⎝ f ⎠ + α(2k + α) ⎝ f ⎠ . 







Proof Consider the distance function r (·) = dist( p, ·) on M for p ∈ M. From Lemma 2.4 (a), we have
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  sin kr r − k cos kr |∇r |2 k∇r = ∇ f, + kf sin kr sin2 kr ¯ | ] k f [k(2 − |∇r |2 ) cot kr + H, ∇r k ∇ f, ∇r  + sin kr sin kr 2 2 f k cos kr |∇r | − sin2 kr  k kf  ¯ | = k(2−2|∇r |2 ) cos kr +sin kr H, ∇r ∇ f, ∇r + 2 sin kr sin kr kα f k ∇ f, ∇r  − . (3.3) ≥ sin kr sin kr ≥



Take y = p ∈ . Let B y (t) ⊂ M be the geodesic ball of radius t centered at y ∈ , t < dist(y, ∂), t =  \ B y (t), and Ct =  ∩ ∂ B y (t). Then 



 div 



f k∇r sin kr







 = ∂t



k f ∂r = sin kr ∂ν



 ∂



k f ∂r − sin kr ∂ν



 Ct



k f ∂r =− sin kr ∂ν



 Ct



k f ∂r , sin kr ∂ν



where ν on ∂t is the outward unit conormal to ∂t . Here we used the assumption ∂r → 1 on Ct as t → 0, we have that f ∈ C0∞ (). Since ∂ν  2π f (y) = lim



t→0 Ct



k f ∂r =− sin kr ∂ν







 div 



f k∇r sin kr



.



Thus integrating both sides of (3.3) over  gives  2π f (y) ≤ 



k|∇ f (x)| d Vx + α sin kr y (x)







k f (x) d Vx , sin kr y (x)







(3.4)



where r y (x) = dist(x, y). Moreover  div( f ∇ sin kr ) ≥ ∇ f, k cos kr ∇r  + f ¯ | + k cos kr H, ∇r







≥ k cos kr ∇ f, ∇r  + f



k2 (2 cos2 kr − |∇r |2 ) sin kr



k2 2 − 2k − αk . sin kr



So  k 



f ≤ (2k + α) sin kr







 f +







|∇ f |.



(3.5)
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Thus applying the inequalities (3.4) and (3.5), we obtain 



⎛











k|∇ f (x)| d Vx + α sin kr y (x)



⎞







k f (x) d Vx ⎠ d Vy sin kr y (x)        k f (y) k f (y) d Vy d Vx + α d Vy d Vx = |∇ f (x)| f (x) sin kr x (y) sin kr x (y)     ⎛ ⎞⎛ ⎞     ≤ ⎝ |∇ f | + α f ⎠ ⎝(2k + α) f + |∇ f |⎠ f (y) ⎝



f2 ≤



2π























⎛ ⎞2 ⎛ ⎞⎛ ⎞ ⎛ ⎞2     ≤ ⎝ |∇ f |⎠ + 2(k + α) ⎝ |∇ f |⎠ ⎝ f ⎠ + α(2k + α) ⎝ f ⎠ , 



















which completes the proof. Corollary 3.10 Under the same hypothesis as in Theorem 3.9, we have 2π Area() ≤ Length(∂)2 +2(k +α)Length(∂)Area()+α(2k +α)Area()2 .



Remark For a minimal surface in a complete simply connected Riemannian manifold with sectional curvature bounded above, Choe [7] obtained this result. Theorem 3.11 Let f be a compactly supported smooth nonnegative function on a surface  in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a positive constant K = k 2 for k > 0. Let H denote the π , then mean curvature vector of  in M. If diam() ≤ d < 2k  2π 



⎞2 ⎛   1 ⎝ |∇ f | + |H | f ⎠ . f2 ≤ cos kd 







Proof Since ¯ | ] div( f ∇r ) ≥ ∇ f, ∇r  + f [k(2 − |∇r |2 ) cot kr + H, ∇r cos kd f k − |H | f, ≥ ∇ f, ∇r  + sin kr it follows  
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⎞ ⎛   1 ⎝ kf ≤ |∇ f | + |H | f ⎠ . sin kr cos kd 







(3.6)
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Therefore applying the inequalities (3.4) and (3.6) gives  2π 



⎛



⎞ k|H (x)| f (x) d Vx ⎠ d Vy f2 ≤ f (y) ⎝ sin kr y (x)        k f (y) k|H (x)| f (y) d Vy d Vx + d Vy d Vx = |∇ f (x)| f (x) sin kr x (y) sin kr x (y) 







≤







k|∇ f (x)| d Vx + sin kr y (x)







1 cos kd







⎞2 ⎛   ⎝ |∇ f | + |H | f ⎠ . 















 Corollary 3.12 Under the same hypothesis as in Theorem 3.11, we have ⎛ 2π Area() ≤



1 ⎝ Length(∂) + cos kd







⎞2 |H |)⎠ .







For a surface with variable mean curvature in a negatively curved manifold, we have the following Sobolev-type inequality which contains a mean curvature term. Theorem 3.13 Let f be a compactly supported smooth nonnegative function on a compact surface  with boundary in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a negative constant K = −k 2 for k > 0. Let H denote the mean curvature vector of  in M. Assume that  is contained in a geodesic ball B p (R) ⊂ M of radius R centered at a fixed point p ∈ M. Then we have ⎛ ⎞2    f 2 ≤ cosh k R ⎝ |∇ f | + |H | f ⎠ . 2π 











Proof From Lemma 2.5 (a), we have 



f ∇r div sinh kr







  ∇r sinh kr r − k cosh kr |∇r |2 = ∇ f, + f sinh kr sinh2 kr 



1 ∇ f, ∇r  + sinh kr f k cosh kr |∇r |2 − sinh2 kr 1 = ∇ f, ∇r  + sinh kr 1 ≥ ∇ f, ∇r  − sinh kr ≥



¯ | ] f [k(2 − |∇r |2 ) coth kr + H, ∇r sinh kr



¯ | f H, ∇r f [k(2 − 2|∇r |2 ) cosh kr ] + sinh kr sinh2 kr |H | f . sinh kr
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As in the proof of Theorem 3.9, integrating both sides over  yields  2π f (y) ≤ 



k|∇ f (x)| d Vx + sinh kr y (x)







k|H (x)| f (x) d Vx , sinh kr y (x)







where r y (x) = dist(x, y). Moreover  div( f ∇ sinh kr ) ≥ ∇ f, k cosh kr ∇r  + f ¯ | + k cosh kr H, ∇r







≥ k cosh kr ∇ f, ∇r  + f



k2 (2 cosh2 kr − |∇r |2 ) sinh kr



k2 − k|H | f cosh kr. sinh kr



Thus  



kf ≤ sinh kr







 |∇ f | cosh kr +







|H | f cosh kr. 



Hence using the inequality (3.4), we get  2π 



⎛



⎞ k|H (x)| f (x) d Vx ⎠ d Vy f2 ≤ f (y) ⎝ sinh kr y (x)        k f (y) k|H (x)| f (y) d Vy d Vx + d Vy d Vx = |∇ f (x)| f (x) sinh kr x (y) sinh kr x (y)     ⎛ ⎞⎛ ⎞     ≤ ⎝ |∇ f | + |H | f ⎠ ⎝ |∇ f | cosh kr + |H | f cosh kr ⎠ 











k|∇ f (x)| d Vx + sinh kr y (x)















⎛ ⎞2   ≤ cosh k R ⎝ |∇ f | + |H | f ⎠ , 















which completes the proof. Corollary 3.14 Under the same hypothesis as in Theorem 3.13, we have ⎛ 2π Area() ≤ cosh k R ⎝Length(∂) +
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4 First eigenvalue estimates In this section, we obtain various first Dirichlet eigenvalue estimates for a compact submanifold with bounded mean curvature in a complete simply connected Riemannian manifold with sectional curvature bounded above by a constant. Theorem 4.1 Let  be an n-dimensional compact submanifold with boundary in a complete simply connected Riemannian manifold M of nonpositive sectional curvature. Let H denote the mean curvature vector of  in M. Assume that  is contained in a geodesic ball B p (R) ⊂ M of radius R centered at a fixed point p ∈ M. If |H | ≤ α for some constant α < n−1 R , then we have 1 4







n−1 −α R



2 ≤ λ1 ().



Proof By Lemma 2.3 (b), we have for any f ∈ C0∞ (M) div( f 2 ∇r ) = ∇ f 2 , ∇r  + f 2 r f2 ¯ | (n − |∇r |2 ) + f 2 H, ∇r ≥ ∇ f 2 , ∇r  + r f2 − α f 2. ≥ −2| f ||∇ f | + (n − 1) r Integrating both sides over  and applying Schwarz inequality, we get n−1 R







 f2 −α 



 f2 ≤ 2







 | f ||∇ f | ≤ ε







f2 + 



1 ε



 |∇ f |2 . 



Therefore  ε



n−1 −α−ε R







 f2 ≤







|∇ f |2 . 



Since the maximum value of the quadratic function ε( n−1 R − α − ε) is attained at n−1 − α ε= R , we obtain 2  2  |∇ f |2 1 n−1 − α ≤  , 2 4 R  f which completes the proof.







Theorem 4.2 Let  be an n-dimensional compact submanifold with boundary in a complete simply connected Riemannian manifold M with sectional curvature bounded
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above by a positive constant K = k 2 for k > 0. Let H denote the mean curvature π . vector of  in M. Assume that the diameter diam() of  satisfies diam() ≤ d < 2k nk If |H | ≤ α for some constant α < tan kd , then we have 1 4







nk −α tan kd



2 ≤ λ1 ().



Proof Using Lemma 2.4 (e), we see that for any f ∈ C0∞ (M) div( f 2 ∇ log cos kr ) = ∇ f 2 , −k tan kr ∇r  + f 2  log cos kr ≤ −k tan kr ∇ f 2 , ∇r  − f 2 (nk 2 + k 2 |∇r |2 tan2 kr ¯ | ) + k tan kr H, ∇r ≤ −k tan kr ∇ f 2 , ∇r  − nk 2 f 2 + f 2 αk tan kd. Integrating both sides over  and applying Schwarz inequality for ε > 0 give  (nk 2 −αk tan kd)



 f 2 ≤ 2k tan kd







⎛ | f ||∇ f | ≤ k tan kd ⎝ε







 f 2+ 



1 ε







⎞ |∇ f |2 ⎠ ,







which implies  ε (nk − α tan kd − ε tan kd) ≤



 |∇ 



f |2



f2



.



Since the minimum of the left hand side is 14 ( tannkkd − α)2 at ε = 1 4







nk −α tan kd



nk−α tan kd 2 tan kd , we obtain



2 ≤ λ1 (). 



When the ambient space is a complete simply connected Riemannian manifold with sectional curvature bounded above by a negative constant, we have the following first eigenvalue estimate which was proved by Bessa and Montenegro [3]. Here we give a simple proof of their theorem. Theorem 4.3 [3] Let  be an n-dimensional submanifold in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a negative constant K = −k 2 for k > 0. Let H denote the mean curvature vector of  in M. If |H | ≤ α for some constant α < (n − 1)k, then we have [(n − 1)k − α]2 ≤ λ1 () 4
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Proof Since ¯ | ] div( f 2 ∇r ) ≥ ∇ f 2 , ∇r  + f 2 [k(n − |∇r |2 ) coth kr + H, ∇r for any f ∈ C0∞ (M), integrating both sides over  and applying Schwarz inequality for ε > 0 as before give     1 [(n − 1)k − α] f 2 ≤ 2| f ||∇ f | ≤ ε f2 + |∇ f |2 , ε 















which implies  ε ((n − 1)k − α − ε)



 f2 ≤







As before, taking ε =



(n−1)k−α 2



|∇ f |2 . 







gives the conclusion.



Theorem 4.4 Let  be an n-dimensional compact submanifold with boundary in a complete simply connected Riemannian manifold M with sectional curvature bounded above by a negative constant K = −k 2 for k > 0. Let H denote the mean curvature vector of  in M. Assume that  is contained in a geodesic ball B p (R) ⊂ M of radius R centered at a fixed point p ∈ M. If |H | ≤ α for some constant α < sinhnkk R , then we have 1 4







nk −α sinh k R



2 ≤ λ1 ().



Proof Using ¯ | ] div( f 2 ∇ cosh kr ) ≥ ∇ f 2 , k sinh kr ∇r  + f 2 [nk 2 cosh kr + k sinh kr H, ∇r 2 2 ≥ k sinh kr ∇ f , ∇r  + nk f − αk f sinh k R for any f ∈ C0∞ (M), integrating both sides over  and applying Schwarz inequality for ε > 0, we see that ⎛ ⎞     1 (nk − α sinh k R) f 2 ≤ sinh k R 2| f ||∇ f | ≤ sinh k R ⎝ε f2 + |∇ f |2 ⎠ ε 















which implies 



nk ε −α−ε sinh k R Therefore we obtain the conclusion.







 f ≤



|∇ f |2 .



2
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