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Isoperimetric regions in surfaces and in surfaces with density Michelle Lee Williams College October 16, 2006



Abstract We study the isoperimetric problem, the least-perimeter way to enclose given area, in various surfaces. For example, in two-dimensional Twisted Chimney space, a twodimensional analog of one of the ten flat, orientable models for the universe, we prove that isoperimetric regions are round discs or strips. In the Gauss plane, defined as the Euclidean plane with Gaussian density, we prove that in halfspaces y ≥ a vertical rays minimize perimeter. In Rn with radial density and in certain products we provide partial results and conjectures.
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Introduction



The isoperimetric problem seeks the least-perimeter way to enclose given area or volume. The classical isoperimetric theorem states in R2 that for given area a round circle uniquely minimizes perimeter. The isoperimetric solution is also known in other locally Euclidean surfaces, such as the torus, cylinder, the klein bottle, and some surfaces with density such 2 2 as R2 with density e−cr /2 (the Gauss plane) or ecr . We will examine the isoperimetric problem in surfaces where the solution is unknown. We are first able to prove solutions to the isoperimetric problem on subsets or quotients of R2 and S 2 . There are various tools we can use to help solve this problem. Often, regularity results limit the possibilities of candidates for minimizers because, in general, they require a minimizer to have constant curvature and curves of constant-curvature are just circles or lines in locally Euclidean or spherical surfaces. Moreover, we can use proven results in similar locally Euclidean spaces to help determine minimizers in these unknown spaces. We then examine the isoperimetric problem on surfaces with smooth positive density functions used to weight area and perimeter. Manifolds with density have long appeared throughout mathematics. An example, of much interest to probabilists, is Gauss space 1
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– Euclidean space with density ce−r /2 (see [M2]). The isoperimetric solution is known for Gauss space. We consider halfspaces, strips and sectors in the Gauss plane, other planes with radial density, and simple products. The isoperimetric problem becomes more difficult in surfaces with density because less is known about constant-curvature curves in these spaces. One useful tool in spaces with density is symmetrization (see [Ros]). We also often use simple geometric arguments to rule out possible candidates for minimizers. We now discuss in further detail the spaces we consider and the results.



1.1



Strips of R2 and S 2



The solutions to the isoperimetric problem in both a strip of R2 and a strip of S 2 are doubtless known but we provide two more proofs. In a strip in R2 Proposition 3.1 shows that for small area a semicircle minimizes perimeter and for a larger area a pair of vertical lines minimizes perimeter (Figure 1). Similarly, Proposition 3.2 shows that in a strip of S 2 for small area a circular arc perpendicular to the boundary closer to the equator is minimizing, while for larger area a pair of circular arcs of longitude from one boundary to the other minimizes perimeter (Figure 2).



1.2



Two-dimensional Twisted Chimney Space



Two dimensional Twisted Chimney Space is an infinite horizontal strip of R2 with the boundaries identified with a flip about the y-axis. This space is a two-dimensional analog of one of the ten flat, orientable models for the universe (see [AS]). Proposition 4.1 shows that in this space for small area a circle minimizes perimeter and for large area a pair of vertical lines minimizes perimeter (Figure 3).



1.3



Gauss Space 2



Gauss space, Gm , is Rm endowed with Gaussian density (2π)−m/2 e−r /2 used to weight both volume and perimeter. We examine the translated half-plane of G2 and prove that rays perpendicular to the boundary minimize perimeter (Proposition 5.1). We also examine the strip in G2 . Conjecture 5.5 states that instead of line segments other constantcurvature curves from one boundary to the other minimize perimeter.
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1.4



Rn with Radial Density



Section 6 generalizes results about Gauss space to any radial density on Rn . For example, Theorem 6.22 shows that a connected minimizer in a sector of a plane with radial density must be monotonic in its distance from the origin.



1.5



R 1 × G1



√ 2 R1 × G1 is R2 endowed with density (1/ 2π)e−y /2 . Conjecture 7.4 says that in R1 × G1 for small area some curve from infinity to infinity minimizes perimeter and for large area a pair of vertical lines minimizes perimeter. We also consider S 1 × G1 . Conjecture 7.10 says that in S 1 × G1 for small area a nonlinear, homotopically nontrivial curve minimizes perimeter and for large area a pair of vertical lines minimizes perimeter. Acknowledgements. This paper is based on my undergraduate thesis ([L]) at Williams College with Frank Morgan. I would like to thank my advisor Frank Morgan for his input ˇ sum and guidance. I would also like to thank Diana Davis, Rohan Mehra, and Vojislav Seˇ for their interest and suggestions.
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Existence and Regularity



Even the existence of minimizers is often difficult to show. Standard compactness arguments of geometric measure theory (see [M1], 5.5, 9.1) give the compactness of the space of regions of given volume, but a problem arises when there can be a loss of volume at infinity. Theorem 2.1 gives certain cases when the existence of minimizers is known. Remark 2.2 provides known results about the regularity of minimizers. In general, minimizers are smooth surfaces with some exceptions in higher dimensions. Theorem 2.1. (Existence [[M1], pp. 129-131]) Let M be a complete Riemannian manifold, possibly with positive continuous density function used to weight both volume and perimeter. If M is compact or of finite volume or if M/{isometries} is compact or of finite volume, then for given volume there is a region of least perimeter. Sketch of proof. Consider regions of that volume. The set of their perimeters has an infimum because every set of positive real numbers has an infimum. Take a sequence of regions whose perimeters converge to the infimum. Since the perimeters converge, the perimeters are bounded. Since volume is given it is bounded. Therefore by the local Compactness Theorem (see [M1], 5.5, 9.1) the space of these regions is compact. Thus, there is a subsequence of regions that converges. The limit can have no more perimeter than the perimeters of the regions in the sequence so it must be equal to the infimum of their perimeters. The limit can have no more volume than the volume of the regions in the sequence. The difficulty arises in showing that the limit has the correct volume because 3



the region could for example have components that go off to infinity. If M is compact or has finite total volume then the region must have the correct volume. If M/{isometries} is compact or M/{isometries} has finite total volume, then if volume disappears at infinity use the isometries to pull some back into a compact region or a region of finite total volume (we are omitting many details here). Remark 2.2. (Regularity) There are several known results about the regularity of perimeterminimizing enclosures of prescribed volume. In a Riemannian manifold of low dimension n ≤ 7, minimizers are smooth surfaces ([M3], Corollary 3.7). In higher dimensions minimizers are smooth surfaces except for a set of Hausdorff dimension at most n − 7 ([M3], Corollary 3.8). These results also hold for Riemannian manifolds with positive density functions that are as smooth as the metric ([M3], Remark 3.10). If a minimizer is smooth it must have constant mean curvature ([M1], 8.6). In a surface with free boundary (which does not count in the perimeter cost), it is easy to see that a minimizer must meet the boundary orthogonally.
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Strips in R2 and S 2



Here we examine strips of R2 and S 2 . Proposition 3.1 shows that in a strip of R2 for small area, a semicircle on the boundary minimizes perimeter and for large area a pair of vertical lines minimizes perimeter (Figure 1). Recall that we are working with free boundary, which does not contribute to the perimeter. The proof uses the known minimizers in a cylinder and the correspondence between minimizers in a strip of R2 and symmetric minimizers in a cylinder. Proposition 3.2 shows that in a strip in S 2 for small area a circular arc that meets one boundary perpendicularly minimizes perimeter and for large area a pair of arcs from one boundary to the other minimizes perimeter. The proof uses existence and regularity results to narrow down the possibilities to circular arcs and then examines the individual cases. Proposition 3.1. In an infinite strip S ={ −a ≤ y ≤ a } ⊂ R2 with free boundary, given A > 0, the least-perimeter way to enclose area A is 1. a semicircle on a boundary if 0 < A < 8a2 /π, 2. a pair of vertical lines if 8a2 /π < A, 3. either a semicircle or a pair of vertical lines if A = a2 /π.



Proof. Given area A, suppose that a set of curves C enclosing that area has no more length than the semicircle, if it fits, and a pair of vertical lines. Reflect S along one of its boundaries and then identify the other two, creating a cylinder. Then C and its reflection will enclose area 2A but have no more length than the circle, if it fits, and a pair of horizontal circles. This is a contradiction because in a cylinder least-perimeter enclosures are small circles for A ≤ 16a2 /π and two horizontal circles for A ≥ 16a2 /π [HHM]. 4



Figure 1: In a strip of R2 for small area a semicircle minimizes perimeter and for large area a pair of vertical lines minimizes perimeter.



Proposition 3.2. In a strip of S 2 , S = { x2 + y 2 + z 2 = 1, a ≤ z ≤ b, b > a }, with free boundary, for given area, the least-perimeter way to enclose area is a circular arc on the boundary nearer to the equator or a pair of arcs from one boundary to the other (Figure 2).



Figure 2: In a strip of S 2 for small area a circular arc from one boundary to itself minimizes perimeter and for large area a pair of circular arcs minimizes perimeter.



Proof. Since the total area of the strip is finite, by Remark 2.1 minimizers must exist. They must also consist of constant curvature curves that meet the boundary perpendicularly (Remark 2.2). A minimizer cannot contain a homotopically trivial curve because otherwise it could be translated to touch the boundary tangentially, contradicting regularity. So the only two possibilities for minimizers are circular arcs that touch one boundary or circular arcs that touch both boundaries. If a circular arc goes from one boundary to itself it must meet the boundary perpendicularly. Since the surface of the sphere is more curved further from the equator, a circular arc on the boundary nearer to the equator will have less length than a circular arc on the boundary further from the equator. If a circular arc goes from one boundary to the other it must be a an arc of longitude because otherwise it would not meet both boundaries perpendicularly. Since the length of a pair of circular arcs of longitude from one boundary to the other remain constant, they will be more efficient for larger areas.
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Two-Dimensional Twisted Chimney Space



The shape of the universe has puzzled and fascinated scientists for centuries. If the universe is a flat orientable 3-manifold, a likely situation, then Adams and Shapiro ([AS]) discuss the ten possibilities. Here, I examine the isoperimetric problem in the 2-dimensional analog of one of these spaces, namely Twisted Chimney Space. Twisted Chimney Space is a cylinder over a parallelogram with both sets of opposite faces glued together, one straight across and the other with a 180 degree twist around a point on the vertical axis of symmetry. Two-dimensional analogs of the other spaces would be the torus, klein bottle, plane, and infinite cylinder. The isoperimetric solution is known in these other two-dimensional analogs. Proposition 4.1. (Twisted Chimney Space; see Figure 3) Let S be an infinite strip { 0 ≤ y ≤ a ⊂ R2 } with the top boundary glued to the bottom with a flip about the y-axis. Given A > 0, the least-perimeter way to enclose area A is 1. a circle if 0 < A < a2 /π, 2. a pair of vertical lines if a2 /π < A, 3. either a circle or a pair of vertical lines if A = a2 /π.



Figure 3: In 2-D Twisted Chimney Space for small area a circle minimizes perimeter and for large area a pair of vertical lines minimizes perimeter.



Proof. Suppose that there exists a different set of curves C that has no more length than a circle or a pair of vertical lines. If C contains a non-trivial component, it must contain at least two non-trivial components in order to enclose area. Since the unique shortest path between two boundaries is a vertical line, C would have length greater than the length of a pair of vertical lines. Therefore, all of the components of C must be homotopically trivial. A circle enclosing equal area will have less length since a circle is the unique solution in R2 . If the circle does not fit in S then it must have radius at least a/2 and thus length at least πa. This length, however, is greater than the length of a pair of vertical lines, 2a, a contradiction since C has no more length than a pair of vertical lines. Thus, least-perimeter enclosures in S are either circles or vertical lines.
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Gauss Space



Here we examine the most famous model of a plane with radial density, G2 , the Gauss 2 plane. G2 is R2 endowed with Gaussian density distribution (1/2π)e−r /2 . We prove, Proposition 5.1, that in a translated halfspace of G2 rays perpendicular to the boundary are minimizing. Our proof uses methods used by Corwin et al. ([Co1], Theorem 2.17) to show in Gm that a standard Y is an area-minimizing partition for three nearly equal volumes. It relies on Mehler’s 1856 observation that Gauss space is weakly the limit of projections of normalized high-dimensional spheres and the result that in a ball in S n for given volume the orthogonal intersection with another ball is an isoperimetric region ([BZ], Theorem 18.1.3). We also consider the isoperimetric problem in a strip of G2 . Conjecture 5.5 says that nonlinear constant curvature curves from one boundary to the other are minimizing. Proposition 5.1. In a halfspace of Gm , H m = { y ≥ a > 0}, for given volume a half hyperplane perpendicular to the boundary minimizes area.



Proof. We follow Corwin et al. [Co1] to deduce results on Gm from results on S n for large n. In a ball in S n , for given volume the orthogonal intersection with another ball is isoperimetric ([BZ], Thm. 18.1.3). Suppose that in H m for volume V the half hyperplane is not minimizing, i.e., the half hyperplane has area P and some other surface, S, enclosing the same volume has area P 0 < √ P (see Figure 4). Let  = P − P 0 > 0. By [Co1] Remark 2.15, in a ball of S n ( n), the area of the orthogonal intersection with another ball of volume V converges, as n approaches infinity, to the area of the half hyperplane enclosing volume V in H m . So for large n, the difference in area between the orthogonal intersection with another ball and the half hyperplane is less than /2. Mehler showed that the Gaussian measure on Rm is obtained as the limit as n approaches √ infinity of projections Pn of the uniform probability density on S n ( n) ⊂ Rn+1 to Rm (see [Co1] Proposition 2.1). Furthermore, by [Co1] Proposition 2.4 the areas of the inverse √ orthogonal projections to a ball in S n ( n) of a measurable hypersurface Σ ⊂ H m converge to the area of Σ as n approaches infinity. Thus, the area of S and the area of the preimage √ of S in the ball of S n ( n) differ by at most /4 while the volumes differ by at most δ/2. √ We want to create a competitor to the proven minimizer in a ball of S n ( n) using the preimage of S. Thus, we need a way to adjust volume at low area cost. Let fn (x) be the density function resulting from projecting the uniform probability mea√ sure on S n ( n) to Rm . By [Co1] Lemma 2.16, given a compact region R ∈ Gm and an α > 0, there exists δ > 0 and N such that for all n > N and any ∆V < δ, a ball with fn -weighted volume ∆V which is split by one hyperplane has fn -weighted total area (including the area of the hyperplane inside the ball) ∆A < α. This provides a way to adjust small volumes at a low cost. Observe that there exists a compact region R ∈ H m which contains distinct ”Lebesgue” 7
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Figure 4: For a given volume V, if there exists a surface S with less area than √ the half hyperplane in H m then there exists a surface in a ball in S n ( n) that encloses volume V but has less area than the proven minimizer, a contradiction.
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points of density 1 of the region and its complement (i.e. points contained in open balls which are mostly contained in the region or its complement). Using the above result create two balls by choosing δ > 0 for α = /8 such that the two balls are disjoint and the volume of the region in one ball exceeds half of the volume of the ball and the volume of the complement in the other ball exceeds half of the volume of the ball. The total area cost of constructing two such balls is less than /4. Thus, in these balls we can enclose volumes of at least δ/2 at an area cost of at most /4. Remove the volume from the two balls. Both regions now have less volume than they did in S. Split each ball with a hyperplane and reassign the appropriate amount of volume to each region so that the volume in each region equals the volume in each region of S. This √ new surface is a competitor on the ball in S n ( n) to the known minimizer. The total area difference between the two is less than /2 (area difference between the half hyperplane in H m and the orthogonal intersection with another ball) plus /4 (area difference between S and the preimage of S) plus /4 (area cost of adjusting the volumes of the preimage of S). Thus, this new competitor has less area than the proven minimizer, a contradiction. Proposition 5.2. In an infinite strip S = { −a ≤ y ≤ a } ⊂ G2 , there exist minimizers that do not intersect a horizontal line { y = y0 } two or more times. Proof. Since the total area of the strip is finite, minimizers must exist (Remark 2.1). Take a minimizer M that intersects a horizontal line two or more times. Then slice the region enclosed by M with horizontal slices and replace each slice with a halfline of equal weighted length. This new region encloses the same area but intersects a horizontal line at most one time. In each slice halflines are minimizing so the perimeter of each slice decreases. This process does not increase perimeter ([Ros], Proposition 7). √ Proposition 5.3. In an infinite strip S = { −a ≤ y ≤ a } ⊂ G2 , if a < 2 ln 2 there exist minimizers that do not intersect a vertical line { x = x0 } two or more times. Proof. Since the total area of the strip is finite, minimizers (Remark 2.1). Con√ must exist 2 2 2 sider a vertical line segment in S, x = x0 . Since a < 2 ln 2, e−y −x0 /2 > (1/2)e−x0 /2 . In 2 each vertical slice an initial interval will have perimeter less than or equal to e−x0 /2 and 2 2 2 anything else will have greater perimeter since e−y −x0 /2 > (1/2)e−x0 /2 . Take a minimizer M that intersects a vertical line two or more times. Slice the region enclosed by M with vertical slices and replace each slice with an initial interval of equal weighted length. In each slice initial intervals are minimizing so this process does not increase length ([Ros] Proposition 7). Lemma 5.4. In an infinite strip S = { −a ≤ y ≤ a } ⊂ G2 , a curve from infinity to infinity cannot be minimizing. Proof. Suppose that C a curve from infinity to infinity is minimizing. Then C can be translated along a circular arc until it crosses the boundary not perpendicularly. If it crosses the boundary not perpendicularly, take the portion of the curve, now outside of S and move it
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to the other boundary. This curve encloses the same area and has the same perimeter but now contradicts regularity (Remark 2.2). Conjecture 5.5. In an infinite strip S = { −a ≤ y ≤ a } ⊂ G2 with free boundary given area a nonlinear curve from one boundary to the other minimizes perimeter. This idea behind this conjecture is similar to the idea behind Proposition 5.1. For low dimensional slabs of Rn , halfspheres and cylinders minimize perimeter, but for n ≥ 10 cylinder-like surfaces with variable width called unduloids sometimes minimize perimeter for intermediate values of the volume (see [Ros], Theorem 4). Thus, it seems likely that unduloids may solve the isoperimetric problem in slabs of high dimensional spheres. When unduloids are projected down into a strip of the Gauss plane, they would be nonlinear curves from one boundary to the other. Lemma 5.4 should be helpful in proving this conjecture.
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Rn with Radial Density



We consider Euclidean space Rn with continuous positive density functions Ψ(r) = eψ(r) 2 used to weight both volume and perimeter. Two classic models have density ce−r /2 , called 2 Gauss space G2 , and ce+r /2 . Borell and Sudakov-Tsirel’son ([Bor1], [ST]) proved independently that in Gn , for prescribed volumes, halfspaces are perimeter-minimizing enclosures. Carlen and Kerce ([CK]) went on to prove uniqueness. Adams et al. [ACDLV] examined the isoperimetric problem in sectors of the Gauss plane and discovered, numerically, inter2 esting new candidates. Borell ([Bor2], Theorem 4.1) proved that in Rn with density cer /2 round balls about the origin minimize perimeter and Rosales et al. ([RCBM], Theorem 5.2) later proved uniqueness. Here, we generalize various known results for Gm to other radial densities on Rm . We look especially closely at the free boundary isoperimetric problem in α-sectors (0 ≤ θ ≤ α) of a plane with radial density . Theorem 6.22 shows that connected minimizers in these sectors, if they exist, must be monotonic in their distance from the origin. We show this by first eliminating families of curves that are never monotonic, such as closed curves and curves from infinity to infinity and then showing that the remaining families, curves from one boundary to itself, and one boundary to the other, must be monotonic in their distance from the origin. We also extend some results to Rn with radial density. For instance, we are again able to rule out families of surfaces that are never monotonic in their distance from the origin.



6.1



Existence



Remark 2.1 provided known results on the existence of minimizers when Rn with density is compact or has finite volume. Remark 6.1 provides a necessary but not sufficient condi-
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tion for the existence of minimizers when the total measure of Rn with density is infinite. Remarks 6.2, 6.3 provides two examples of spaces in which no minimizers exist. Remark 6.1. Rosales et al. ([RCBM], Thm. 2.6) show that in planes with increasing, radial density f such that f (x) → ∞ when |x| → ∞ minimizers exist for any given area. Remark 6.2. We provide an example of a plane with nonincreasing radial density where minimizers do not exist for any given area A. Take a plane with a smooth, non-increasing radial density function such that the region of constant density 1/n can fit a circular disc of weighted area n. The perimeter of a circular p disc of constant density 1/n enclosing area A is (4πA)/n. As n approaches infinity the perimeter of a circular disc approaches zero. Thus, there cannot exist a perimeter minimizing region enclosing area A because any possible candidate can be replaced by a circular disc with less perimeter. Remark 6.3. Rosales et al. ([RCBM] Example 2.7) give an example of Rn with density going to infinity where no minimizers exist. For another example, take Rn with density f (x) = 1 + |x|2 with bumps in the density such that any volume vk that corresponds to a positive rational can be enclosed with a perimeter of 1/k. Thus, given any area there is a sequence of regions enclosing this area with arbitrarily small perimeter.



6.2



Constant-curvature curves in planes with radial density



Since in a plane with density minimizers must consist of constant-curvature curves, the study of constant-curvature curves in planes with radial density is interesting. In R2 (with density 1) the only constant curvature curves are circular arcs and straight lines. More interesting densities yield more interesting constant-curvature curves. We also describe an attempt to find radial symmetric densities such that a given curve has constant curvature. Definition 6.4. In Rn with density eψ , the ψ-curvature κψ of a curve with unit normal vector n is defined as ∂ψ κψ = κ − , ∂n where κ is the Euclidean mean curvature of the curve. Proposition 6.8 justifies this definition. Remark 6.5. According to computations of [ACDLV], in G2 , there apparently exist other constant curvature curves, called rounded n-gons (see Figure 5). They satisfy the differential equation −x0 (s)y 00 (s) + y 0 (s)x00 (s) + x(s)y 0 (s) − y(s)x0 (s) = κ where s is the arc length with the constraints x0 (s)2 + y 0 (s)2 = 1 x(0) = 0 x0 (0) = 1 y 0 (0) = 0 . 11



(1)



Originally, [ACDLV] used a equivalent differential equation in a different form. p x00 (s)2 + y 00 (s)2 + x0 (s)y(s) − x(s)y 0 (s) = κψ



(2)



where s is the arc length, with the constraints x0 (s)2 + y 0 (s)2 = 1 x(0) = 0 x0 (0) = 1 y 0 (0) = 0 x00 (0) = 0 y 00 (0) = −y(0) − κψ ≤ 0. Equation 2 requires more initial conditions than Equation 1. Moreover, when using Equation 2, although Mathematica still provides a picture of the curve it gives often gives error messages while using Equation 1 produces fewer error messages. [ACDLV] conjecture that these constant-curvature curves are sometimes minimizing in sectors of the Gauss plane. Conjecture. There exists an α0 ≈ 0.58π such that in an α-sector of the Gauss plane for π/2 ≤ α ≤ α0 , minimizers are circular arcs or rays orthogonal to the boundary. For α > α0 , minimizers are rays orthogonal to the boundary or emanating from the origin. For 0 < α < π/2, minimizers are circular arcs or half-edges of rounded n-gons. Remark 6.6. Inspired by the results of [ACDLV], I started with an interesting curve and looked for a radial symmetric density function such that the curve would have constant curvature. The Euclidean curvature of a curve in polar coordinates is κ=



r2 + 2rθ 2 − rrθθ (r2 + rθ 2 )3/2



The ∂ψ/∂n term becomes ∂ψ ∂ψ ∂ψ (1, −r0 (θ)) =( , )· p ∂n ∂r r∂θ 1 + r0 (θ)2 Since we want this density function to be radially symmetric we set ∂ψ/∂θ = 0. So we get κψ = κ − (



∂ψ 1 )( p ) ∂r 1 + r0 (θ)2



For a constant-curvature curve, we get the differential equation 0 = κ0 −



∂2ψ 1 1 ∂ψ 1 (p )+ ( ) r00 (θ) 2 0 2 )3/2 0 2 ∂r 2 ∂r (1 + r (θ) 1 + r (θ)
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(3)
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Figure 5: Examples of constant-curvature curves in the Gauss plane, R2 en2 dowed with density eψ = (2π)−m/2 e−r /2 . Figure taken from [ACDLV] Figure 13.



I tried to solve this differential equation for the following curves x4 + y 4 = 1 x2 − y 2 = 1 x2 + y2 = 1 4 1 (x − )2 + y 2 = 1. 2 Mathematica was unable to solve the differential equation, 3 for the curves x4 + y 4 = 1, x2 −y 2 = 1, and x2 /4+y 2 = 1. The solution to equation 3 for the curve (x−(1/2))2 +y 2 = 1 is p 1 p ψ = C2 + C1 ( r −2 + r2 − Log[r + −2 + r2 ]). 2 This equation, however, is undefined on { r2 < 2 } which unfortunately includes the curve. Take two identical α-sectors and identify the boundaries so that the vertices are identified. This process yields a 2α-cone. 13



Proposition 6.7. There is a one-to-one correspondence between symmetric minimizers in a 2αcone and minimizers in an α-sector. Proof. Take a symmetric minimizer M in the 2α-cone. Suppose that one of the halves of M is not a minimizer in the α-sector. Then some other region R in the α-sector with the same area has less perimeter. But then R and its reflection will be more efficient than M , a contradiction. Conversely, take a minimizer R in the α-sector. Suppose that R and its reflection are not minimizing in the 2α-cone. Then some competing region M in the 2α-cone has less perimeter than R and its reflection. There are antipodal rays dividing the total area of M into halves. The cheaper half will have less perimeter than R, contradicting the fact that R is a minimizer. Proposition 6.8 (Variation formulae, [B], [Co2], [M2]). The first variation δ 1 (v) = dLψ /dt of the length of a smooth curve in a smooth Riemannian surface with smooth density eψ under a smooth, compactly supported variation with initial velocity v satisfies Z dLψ δ 1 (v) = = − κψ vdsψ . dt If κψ is constant then κψ = dLψ /dAψ , where dAψ denotes the weighted area on the side of the compactly supported normal. It follows that an isoperimetric curve has constant curvature κψ . The second variation δ 2 (v) = d2 Lψ /dt2 of a curve Γ in equilibrium in Rn with density eψ for a compactly supported normal variation with initial velocity v and dAψ /dt = 0 satisfies Z Z Z d2 dψ dv ∂2ψ δ 2 L(v, v) = − v( 2 v + κ2 v) − v + v2 2 ds ∂n Γ Γ ds ds Γ where κ is the Euclidean curvature, s is the Euclidean arc length, and integrals are taken with respect to weighted length. If δ 2 L(v, v) is nonnegative, the curve is stable. Remark 6.9. Circles are unstable in planes with strictly log-concave density (i.e. when ψ is strictly concave). Proposition 6.10 ([RCBM], Corollary 3.9). In R2 endowed with strictly log-concave density, compact minimizing curves are connected. Proof. Suppose that a minimizer has two components, Γ1 and Γ2 . Choose nonzero, constant initial velocities v1 , v2 on Γ1 and Γ2 such that A0 = 0. By the second variation formula, Z Z Z Z 2 ∂2ψ 2 2 2 2∂ ψ 2 2 δ L(v, v) = − κ v1 + v1 2 − v22 2 < 0 κ v2 + ∂n ∂n Γ1 Γ1 Γ2 Γ2 because ψ is strictly concave, a contradiction. 14



Corollary 6.11. In R2 with radially symmetric, strictly log-concave density, for α < π, minimizing curves in α-sectors are connected. Proof. By Proposition 6.7 it is sufficient to show that symmetric minimizers in cones are connected under symmetric variations. Suppose that a symmetric minimizer in a 2α-cone has two components, Γ1 and Γ2 . Since α < π, neither curve can pass through the vertex by Remark 2.2. Therefore, the second variation formula applies. Choose nonzero, constant initial velocities v1 and v2 on Γ1 and Γ2 such that A0 = 0. By Proposition 6.10, minimizing curves must be connected.



6.3



Sectors in planes with radial density



Theorem 6.22 shows that in α-sectors, α < π connected minimizers must be monotonic in their distance from the origin. Lemmas 6.13-6.20 lead to this result. Definition 6.12. In R2 an α-sector is the region enclosed by two rays from the origin at an angle α. Lemma 6.13. A closed curve cannot be a minimizer in an α-sector. Proof. Suppose C is a closed curve that is minimizing for area A in an α-sector (see Figure 6). Then C must be smooth (Remark 2.2). Maintaining area and perimeter, we rotate C about the origin until C is tangential to the boundary of the sector, a contradiction of regularity (Remark 2.2).



Figure 6: A closed curve can never be minimizing in an α-sector.



Lemma 6.14. A curve from infinity to infinity cannot be a minimizer in an α-sector. Proof. Suppose that a curve C from infinity to infinity as in Figure 7 is minimizing in a sector. Maintaining area and perimeter rotate C about the origin until C crosses the lower boundary of the sector not perpendicularly. Move the portion of C now below the lower 15



boundary to below the upper boundary. C has the same area and perimeter but now contradicts regularity (Remark 2.2).



Figure 7: A curve from infinity to infinity can never be minimizing in an α-sector.



Remark 6.15. Lemmas 6.13 and 6.14 should extend to surfaces without boundary in αcones and α-wedges (see Section 6.4). Lemma 6.16. A noncircular minimizer in an α-sector cannot intersect a circular arc three times. Proof. Suppose a smooth, noncircular curve C intersects a circular arc at least three times as in Figure 8. Take any three consecutive intersection points. Then we can rearrange C by flipping the portion of the curve between the two outer intersection points across a ray from the origin through their midpoint to obtain a new curve C 0 . This operation maintains both area and length. C 0 , however, has sharp corners, so it cannot be minimizing (Remark 2.2). Therefore C cannot be minimizing.



Figure 8: By Lemma 6.16, a minimizers cannot intersect a circular arc three or more times. (Figure taken from [ACDLV] Figure 6, with permission).



Lemma 6.17. Any constant-curvature curve in an α-sector that is perpendicular to a ray from the origin must be symmetric about the ray. 16



Proof. Since the density of the plane is symmetric under reflection across a line through the origin, this result follows from the uniqueness of solutions to differential equations. Lemma 6.18. In an α-sector, if a minimizer goes from one boundary to infinity, its distance from the origin must be monotonic. Proof. By Lemma 6.16, such a minimizer can intersect a circular arc at most twice. If the curve is not monotonic, then there exists at most one point where the curve’s distance from the origin is a strict local minimum. At this point, the curve is orthogonal to a ray from the origin, and therefore it must be symmetric about this ray. Reflect the portion of the curve that meets the boundary about this line. If this curve does not hit the other boundary, then at the end of the curve it is again tangential to a circular arc, so reflect again. Repetition of this process yields a curve from one boundary to the other, a contradiction. Lemma 6.19. In an α-sector, if a minimizer goes from one boundary to the other, its distance from the origin must be monotonic. Proof. Suppose there is such a minimizer as in Figure 9. By Lemma 6.16, there is at most one strict local extremum. If such a point exists, by Lemma 6.17 the curve must be symmetric about the ray from the origin through this point. At the edges of the sector, there exist slices of the enclosed region with rays through the origin that consist of only one component. By symmetry, at least some of these slices are repeated. Rearrange all repeated slices at one side of the curve in order of increasing length, thereby decreasing the total tilt of the curve and reducing length, a contradiction. Therefore, there are no strict local extrema and the distance from the origin is monotonic.



Figure 9: If the distance to the origin is not monotonic, the curve can be rearranged with less perimeter. (Figure taken from [ACDLV], Figure 7, with permission).



Lemma 6.20. In an α-sector, if a minimizer begins and ends on the same boundary, then its distance from the origin must be monotonic. Proof. By Lemma 6.16, we may assume that the point P farthest or closest to the origin is not an endpoint. Then at P the curve is tangent to a circular arc. So by Lemma 6.17 the curve must symmetric about the ray from the origin through P . Reflect the curve about the ray from the origin through P . If that curve does not hit the other boundary then at 17



the end of that curve it is tangent again to a circular arc. So reflect that new curve again around the ray from the origin to the endpoint. Repetition of this process yields a curve that goes from one boundary to the other, a contradiction. Proposition 6.21. In an α-sector if a minimizer begins and ends on the same boundary, it must be concave. Proof. By Lemma 6.20, the distance from the minimizing curve to the origin must be monotonic. Suppose the minimizer from a boundary to itself has a portion of convexity. Then there is a point in the concave region and a point in the convex region that are tangent to rays from the origin. At these points, dψ/dn is zero, so the ψ-curvature is just the Euclidean curvature. The curvature is positive in the concave region and negative in the convex region, a contradiction since a minimizer must have constant curvature. Theorem 6.22. In an α-sector, 0 < α < π, if a minimizer is connected its distance from the origin is monotonic. Proof. By Propositions 6.13 and 6.14, neither a closed curve nor a curve from infinity to infinity can be minimizing. The three remaining possibilities are curves from a boundary to infinity, a boundary to the other boundary, or a boundary to the same boundary. By Lemmas 6.18, 6.19, and 6.20, in each case the curve must be monotonic in its distance from the origin. Lemma 6.23 ([ACDLV], Lemma 3.28). For a smooth, closed curve enclosing the origin, there are two critical points for distance from the origin not on the same line through the origin. Proof. Suppose there is a smooth, closed curve enclosing the origin with all the critical points for distance from the origin on the same line through the origin. Since the curve encloses the origin, the critical point furthest from the origin and the critical point closest to the origin must lie on opposite sides of the origin. Start at one of these critical points and move along the curve. Near the critical point the angles between the ray and the curve are no longer equal; one of them is less than π/2 and the other is greater than π/2. Take the angle less than π/2 and continue traveling along the curve with rays from the origin to the curve. Near the other critical point this angle will be greater than π/2. So by the Intermediate Value Theorem, there is a ray from the origin that meets the curve perpendicularly at some point in between, a contradiction. Proposition 6.24. Any closed, constant-curvature curve that encloses the origin has center of mass at the origin. Proof. By Lemma 6.23, there are two lines from the origin that meet the curve perpendicularly. By Lemma 6.17, the curve is symmetric under reflection about these two lines. Therefore the center of mass must be at the point where the two lines meet, the origin. Proposition 6.25. Let Pα (A) denote the minimum perimeter in an α-sector. For k ≥ 1, Pkα (kA) ≤ kPα (A) 18



Proof. Stretching an α-sector to a kα-sector stretches area by k and length by at most k. Proposition 6.26. In an α-sector of a plane with finite total area, the ray from the origin provides an upper bound for minimum perimeter. Proof. A ray from the origin can enclose all possible areas.



6.4



Sectors in Rn with radial density



Remark 6.15 extends some monotonicity results to Rn with radial density. Here we extend some other known results about minimizers in sectors of planes with radial density to sectors of Rn with radial density. In Rn there are two ways to define a sector, an α-wedge and an α-cone. Definition 6.27. In Rn an α-wedge is the region between two half hyperplanes through the origin meeting at angle α. Definition 6.28. In Rn let v0 = (1, 0, 0, 0, ...., 0). An α-cone in Rn is { v : ∠(v, v0 ) ≤ α }. Lemma 6.29. If a half-hyperplane from the origin is a minimizer for a particular α0 -wedge, it is minimizing for all larger α-wedges in Rn with radial density. Proof. Suppose that the minimizer in an α0 -wedge is a half-hyperplane from the origin and that some surface S encloses a volume V in an α-wedge, α ≥ α0 with less area than a halfhyperplane from the origin enclosing volume V . When we shrink the sector to an angle of α0 , the area of the half-hyperplane does not change. So S must have less area than the half-hyperplane. This contradicts the hypothesis that the half-hyperplane is minimizing in the α0 -wedge. Lemma 6.30. If a spherical cap is minimizing for a particular α0 -cone, it is minimizing for all smaller α-cones in Rn with radial density. Proof. Suppose that the minimizer in an α0 -cone is a spherical cap and that some surface S encloses a volume V in an α-cone with less area than a spherical cap enclosing V . When we stretch the sector out to an angle of α0 , the spherical cap gains more area than S because all of its area is in the direction of the stretching, so the stretched spherical cap (which is still a spherical cap) has greater area than the stretched surface S. This contradicts the hypothesis that the spherical cap is minimizing in the α0 -cone. Corollary 6.31. In Rn endowed with density er mizing for all α-cones with α ≤ 2π.



2 /2



a spherical cap centered at the origin is mini-



˜ Proof. Rosales, Canete, Bayle and Morgan ([RCBM], Thm. 5.2) show that in Rn endowed 2 /2 r with density e balls centered at the origin are minimizing. The result follows immediately from Lemma 6.30. 19



Proposition 6.32. If in Rn with radial density a hyperplane is uniquely minimizing for volume 2V , then in the halfspace a half hyperplane perpendicular to the boundary is uniquely minimizing for volume V . Proof. Suppose that there exists some other smooth surface S enclosing volume V with no greater area than the half hyperplane perpendicular to the boundary enclosing volume V . Then S with its reflection across the boundary encloses a volume of 2V with no greater area than a hyperplane enclosing 2V , a contradiction. In G2 lines are minimizing for all areas and thus rays perpendicular to the boundary are minimizing for all areas in the Gauss halfplane. Ros ([Ros] Prop. 1) gives ways to find other spaces where lines are minimizing to enclose half the total area. Proposition 6.33. In Rn with radial density in an α-wedge α < α1 , if a minimizer in α1 -wedge can fit in the α-wedge, a minimizer in the alpha-wedge must either come from the α1 -wedge or touch both boundaries. Proof. Otherwise the minimizer would beat minimizers in an α1 -wedge.



7



R 1 × G1



Here we examine a space with density that is not radially symmetric. R1 × G1 is R2 en√ 2 dowed with density (1/ 2π)e−y /2 . Since in R1 × G1 / {integer translations in the horizontal direction} is an infinite vertical strip of R1 × G1 with finite total volume, minimizers exist (Remark 2.1). Conjecture 7.4 states that in R1 × G1 constant-curvature curves from infinity to infinity minimize perimeter for small area and a pair of vertical lines minimizes perimeter for large area. We also examine the isoperimetric problem in S 1 × G1 . Conjecture 7.10 states that in S 1 × G1 nonlinear, homotopically nontrival constant-curvature curves minimize perimeter for small area and a pair of vertical lines minimizes perimeter for large area. Proposition 7.5 shows that meridional circles and a pair of vertical lines are not always minimizing. Lemma 7.1. In R1 × G1 there exist minimizers that are not closed curves. Proof. Take a closed curve in R1 × G1 and slice the region with vertical slices. Replace each slice with a halfline of equal weighted length. Each slice is G1 and in G1 halflines are minimizing. This process does not increase perimeter. ([Ros], Proposition 7). Lemma 7.2. In R1 × G1 there exist minimizers that have reflectional symmetry about the y-axis. Proof. Take a minimizer M in R1 × G1 . Then there is a vertical line that slices the area enclosed by M in half. Take one of the halves and it and its reflection about the vertical 20
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Figure 10: Examples of constant curvature curves in R1 × G1



line will still be minimizing. Translate this new curve until the line of symmetry is the y-axis. Proposition 7.3. In R1 × G1 , all smooth constant-curvature curves with downward unit normal satisfy the following differential equation: x0 (s)y 00 (s) − y 0 (s)x00 (s) + x0 (s)y(s) = κψ



(4)



where s is the arc length, with the constraints x0 (s)2 + y 0 (s)2 = 1 x(0) = −1 x0 (0) = 1 y 0 (0) = 0. Proof. Equation 4 follows from the definition of ψ − curvature and the fact that for arc length parameterization Euclidean curvature equals x0 (s)y 00 (s) − y 0 (s)x00 (s) (see Figure 10 for examples). Conjecture 7.4. In R1 × G1 for small area a curve from infinity to infinity minimizes perimeter and for large area a pair of vertical lines minimize perimeter. By Lemma 7.1 there exist minimizing curves that are not closed. A pair of vertical lines has constant perimeter 2 and can enclose any given area. Any other curve will have to get longer as it encloses more area. Proposition 7.5. In a strip of R1 × G1 , a horizontal line segment or a vertical line are not always minimizing. 21



Proof. Take the strip S = {|x| ≤ 3}. A horizontal line always has length 1 and can enclose any given area. The curve x = 50sin−1 (10(y − 2)) encloses area above the curve at most 0.13650467624771713. The perimeter of this line is at most 0.323952. The length of the horizontal line enclosing area at least 0.13650467624771713 has length at least 0.323954. Thus in this strip, a minimizer cannot be always a horizontal line segment or a vertical line.



7.1



S 1 × G1



Here we examine a related space, S 1 × G1 . Since the total area is finite, minimizers must exist (Remark 2.1). Lemma 7.6. In S 1 × G1 there exist minimizers that are not homotopically trivial closed curves. Proof. Take a homotopically trivial closed curve C in S 1 ×G1 . Then slice the region enclosed by C with vertical slices and replace each slice with a halfline of equal weighted length. Each slice is G1 and in G1 halflines are minimizing. This process creates a new curve that is no longer closed but encloses the same area. This process does not increase perimeter ([Ros], Proposition 7). Lemma 7.7. In S 1 × G1 there exist symmetric minimizers. Proof. Take a minimizer C in S 1 × G1 . Then there is a pair of antipodal vertical line that slices the area in half. Take one of the halves and it and its reflection will still be minimizing. Lemma 7.8. In S 1 × G1 there exist minimizers that do not intersect a horizontal line more than twice. Proof. Take a curve C that encloses an area in S 1 × G1 that intersects a horizontal line more than twice. Then slice the region enclosed horizontally. Since the density is constant in a horizontal line, single segments or the whole line are minimizing. So replace each slice with a single segment or whole line with equal weighted length. This process preserves area and does not increase perimeter ([Ros], Proposition 7). Proposition 7.9. There is a one-to-one correspondence between symmetric minimizers in a S 1 ×G1 and minimizers in an infinite strip S = { −a ≤ y ≤ a } ⊂ R1 × G1 . Proof. Take a symmetric minimizer M in the S 1 × G1 . Suppose that one of the halves of M is not a minimizer in the S. Then some other region R in the S with the same area has less perimeter. But then R and its reflection will be more efficient than M , a contradiction. Conversely, take a minimizer R in the S. Suppose that R and its reflection are not minimizing in the S 1 × G1 . Then some competing region M in the S 1 × G1 has less perimeter 22



than R and its reflection. There are antipodal lines dividing the total area of M into halves. The cheaper half will have less perimeter than R, contradicting the fact that R is a minimizer. Conjecture 7.10. In S 1 × G1 , for small and large area a homotopically nontrivial, nonlinear constant curvature curve minimizes perimeter and for area near a half the total area a pair of vertical lines minimizes perimeter (see Figure 11). By Proposition 7.5 in a strip of R1 × G1 , a horizontal line or a vertical line segment are not always minimizing. Thus, in S 1 × G1 a meridional circle or a pair of horizontal lines are not always minimizing.



Figure 11: We conjecture that in S 1 × G1 for small area a nontrivial, nonlinear constant curvature curve minimizes perimeter and for large area a pair of vertical lines minimizes perimeter.



References [AS] Colin Adams and Joey Shapiro, The shape of the universe: ten possibilities, Amer. Scientist 89 (2001), 443-453. [ACDLV] Elizabeth Adams, Ivan Corwin, Diana Davis, Michelle Lee, Regina Visocchi, Isoperimetric regions in sectors of Gauss space, Geometry Group report, Williams College, 2005. [B] Vincent Bayle, Propri´et´es de concavit´e du profil isop´erim´etrique et applications, graduate thesis, Institut Fourier, Universit´e Joseph-Fourier - Grenoble I, 2004.



23



[Bor1] C. Borell, The Brunn-Minkowski inequality in Gauss space, Invent. Math. 30 (1975), 207-216. [Bor2] C. Borell, The Orntein-Uhlenbeck velocity process in backward time and isoperimetry, preprint, Chalmers University of Technology 1986-03/ISSN 0347-2809. [BZ] Yu. D. Burago and V. A. Zalgaller, Geometric Inequalities, Springer-Verlag, 1988. [CK] E.A. Carlen and C. Kerce, On the cases of equality in Bobkov’s inequality and Gaussian rearrangmement, Calc. Var. 13 (2001), 1-18. ˇ sum, Ya Xu, Elizabeth [Co1] Joe Corneli, Ivan Corwin, Stephanie Hurder, Vojislav Seˇ Adams, Diana Davis, Michelle Lee, and Regina Visocchi, Double bubbles in Gauss space and high-dimensional spheres, Houston J. Math., to appear. ˇ sum, and Ya Xu, Differen[Co2] Ivan Corwin, Neil Hoffman, Stephanie Hurder, Vojislav Seˇ tial geometry of manifolds with density, Rose-Hulman Und. Math. J. 7 (1) (2006). [HHM] Hugh Howards, Michael Hutchings, Frank Morgan, The isoperimetric problem on surfaces, Amer. Math. Monthly, 106 (1999), 430-439. [L] Michelle Lee, Isoperimetric regions in locally Euclidean manifolds and in manifolds with density, Honors thesis, Williams College, 2006. [M1] Frank Morgan, Geometric Measure Theory: a Beginner’s Guide, Academic Press, 2000. [M2] Frank Morgan, Manifolds with density, Notices Amer. Math. Soc. 52 (2005), 848-853. [M3] Frank Morgan, Regularity of isoperimetric hypersurfaces in Riemannian manifolds, Trans. Amer. Math. Soc. 355 (2003), 5041-5052. ˜ [RCBM] C´esar Rosales, Antonio Canete, Vincent Bayle, and Frank Morgan, On the isoperimetric problem in Euclidean space with density, arXiv.org (2005). [Ros] Antonio Ros, The isoperimetric problem, Global Theory of Minimal Surfaces (Proc. Clay Math. Inst. Summer School, 2001, D. Hoffman, ed.), Amer. Math. Soc., 2005, 175209. [ST] V. N. Sudokov and B. S. Tsirel’son, Extremal properties of half-spaces for spherically invariant measures, J. Soviet Math. (1978), 9-18.



c/o Michelle Lee, Department of Mathematics, 2074 East Hall, 530 Church Street, Ann Arbor, MI 48109, [email protected]



24



























[image: the isoperimetric problem on some singular surfaces]
the isoperimetric problem on some singular surfaces












[image: Discovery of Similar Regions on Protein Surfaces 1 ...]
Discovery of Similar Regions on Protein Surfaces 1 ...












[image: Translation surfaces with constant mean curvature in 3 ... | Springer Link]
Translation surfaces with constant mean curvature in 3 ... | Springer Link












[image: Translation surfaces with constant mean curvature in 3 ... - Springer Link]
Translation surfaces with constant mean curvature in 3 ... - Springer Link












[image: DERIVED EQUIVALENCES OF K3 SURFACES AND ... - Math.utah.edu]
DERIVED EQUIVALENCES OF K3 SURFACES AND ... - Math.utah.edu












[image: Constant Angle Surfaces in H2 Ã— R]
Constant Angle Surfaces in H2 Ã— R












[image: DERIVED EQUIVALENCES OF K3 SURFACES AND ... - Math.utah.edu]
DERIVED EQUIVALENCES OF K3 SURFACES AND ... - Math.utah.edu












[image: Area-constrained Willmore surfaces of small area in ...]
Area-constrained Willmore surfaces of small area in ...












[image: Constant angle surfaces in S 2 Ð±R]
Constant angle surfaces in S 2 Ð±R












[image: spacelike capillary surfaces in the lorentz--minkowski space]
spacelike capillary surfaces in the lorentz--minkowski space












[image: Accurate stitching for polygonal surfaces]
Accurate stitching for polygonal surfaces












[image: 2 Mastercam X2 Surfaces Tutorial.pdf]
2 Mastercam X2 Surfaces Tutorial.pdf












[image: spacelike capillary surfaces in the lorentz--minkowski space]
spacelike capillary surfaces in the lorentz--minkowski space












[image: a theory of ruled surfaces in e4 - Project Euclid]
a theory of ruled surfaces in e4 - Project Euclid












[image: a theory of ruled surfaces in e4 - Project Euclid]
a theory of ruled surfaces in e4 - Project Euclid












[image: DERIVED EQUIVALENCES OF K3 SURFACES AND ORIENTATION ...]
DERIVED EQUIVALENCES OF K3 SURFACES AND ORIENTATION ...












[image: Visualizing intersecting surfaces with nested-surface ...]
Visualizing intersecting surfaces with nested-surface ...












[image: pdf-0738\computational-materials-science-surfaces-interfaces ...]
pdf-0738\computational-materials-science-surfaces-interfaces ...












[image: Interactive Surfaces and Spaces: A Learning ... - Semantic Scholar]
Interactive Surfaces and Spaces: A Learning ... - Semantic Scholar












[image: PROCESSING OF TEXTURED SURFACES ...]
PROCESSING OF TEXTURED SURFACES ...












[image: Visualizing intersecting surfaces with nested-surface ...]
Visualizing intersecting surfaces with nested-surface ...












[image: Particularity and sensuality, surfaces and the outside ...]
Particularity and sensuality, surfaces and the outside ...















Isoperimetric regions in surfaces and in surfaces with ...






Oct 16, 2006 - of one of the ten flat, orientable models for the universe (see [AS]). ... ments of geometric measure theory (see [M1], 5.5, 9.1) give the ... 






 Download PDF 



















 5MB Sizes
 1 Downloads
 297 Views








 Report























Recommend Documents







[image: alt]





the isoperimetric problem on some singular surfaces 

the angle Ð’ between these two arcs is interior to the region they enclose. ...... [8] A. Heppes, 'e-mail communication to M. barber, J. Tice, B. Wecht and F. Morgan' ...














[image: alt]





Discovery of Similar Regions on Protein Surfaces 1 ... 

Discovery of a similar region on two protein surfaces can lead to important inference ...... the handling of the data structures and standard matrix operation.














[image: alt]





Translation surfaces with constant mean curvature in 3 ... | Springer Link 

of finite-type harmonic maps. For the .... 9"(x) (1 + g'(x) 2 + h'(y) 2) - 4g'(x)g"(x) 2 = O. .... [11] A. TREIBERGS, Gauss map of spacelike constant mean curvature ...














[image: alt]





Translation surfaces with constant mean curvature in 3 ... - Springer Link 

Gauss curvature in 3-dimensional Euclidean space E 8 and 3-dimensional Minkowski space. E~. 1991 Mathematics subject Classifications. 53 C 42, 53 C 40, 53 C 50. Keywords and phrases. Mean curvature, translation surface, spacelike surface, timelike su














[image: alt]





DERIVED EQUIVALENCES OF K3 SURFACES AND ... - Math.utah.edu 

the heart of a bounded t-structure on Db(XK)), an easy modification of ..... As an illustration of the techniques, let us next prove that OXK is the only spherical ...














[image: alt]





Constant Angle Surfaces in H2 Ã— R 

In last years, the study of the geometry of surfaces in the two product spaces. S2 Ã— R and H2 Ã— R is developing by a great number of mathematicians; see.














[image: alt]





DERIVED EQUIVALENCES OF K3 SURFACES AND ... - Math.utah.edu 

plexes in families in terms of Kodairaâ€“Spencer and Atiyah classes which is of independent .... Db(X) be an exact autoequivalence of the bounded derived cate-.














[image: alt]





Area-constrained Willmore surfaces of small area in ... 

classes as well as the existence of Willmore spheres under various assumptions and constraints. As we already mentioned, some of the above results [21, 22, 23, 24, 35, 36] regard the existence of Willmore spheres under area constraint. Such immersion














[image: alt]





Constant angle surfaces in S 2 Ð±R 

Introduction. In recent years there has been done some research about surfaces in a 3-dimen- sional Riemannian product of a surface M2 and R. This was ...














[image: alt]





spacelike capillary surfaces in the lorentz--minkowski space 

Lorentzian timelike angle between u and v is defined to be the unique ..... [11] M. Koiso, 'Symmetry of hypersurfaces of constant mean curvature with symmetric ...














[image: alt]





Accurate stitching for polygonal surfaces 

Peking University. Beijing, China [email protected], [email protected], [email protected]. Abstract. Various applications, such as mesh composition and model repair ... for rendering. The precision and smoothness is a major ... 














[image: alt]





2 Mastercam X2 Surfaces Tutorial.pdf 

Masterwork Solutions ii. Table Of Contents. Page 3 of 118. 2 Mastercam X2 Surfaces Tutorial.pdf. 2 Mastercam X2 Surfaces Tutorial.pdf. Open. Extract.














[image: alt]





spacelike capillary surfaces in the lorentz--minkowski space 

For a compact spacelike constant mean curvature surface with nonempty boundary in the three- dimensional Lorentzâ€“Minkowski space, we introduce a rotation index of the lines of curvature at the boundary umbilical point, which was developed by Choe [














[image: alt]





a theory of ruled surfaces in e4 - Project Euclid 

tends to zero, the limit point of P (if there exist) is called the center of the generator and its orbit the curve of striction of the ruled surface. If r PQ lim-J-L. Î›V-+O Î”Î¸.














[image: alt]





a theory of ruled surfaces in e4 - Project Euclid 

Because Î›^Î¼ and Î»=â€”fl, Î¼=-fl (1. 7) implies .... holds under Î¼=0 and Î¼=â€”fl=Q, we get /2=0 or f2=I/(uâ€”p). Let us firstly .... TOKYO INSTITUTE OF TECHNOLOGY.














[image: alt]





DERIVED EQUIVALENCES OF K3 SURFACES AND ORIENTATION ... 

As the image of a KÃ¤hler class is again a KÃ¤hler class, one actually has fâˆ—(CX) = CX. In other words, fâˆ— respects the connected components of the set of (1,1)-classes Î± with (Î±, Î±) > 0. If one wants to avoid the existence of KÃ¤hler structur














[image: alt]





Visualizing intersecting surfaces with nested-surface ... 

Department of Computer Science. University of North ... can convey inter-surface distance better than directly mapping distance to a red-gray-blue color ..... Surfaces are pre-rendered from a vantage point 45 degrees above the plane of the ...














[image: alt]





pdf-0738\computational-materials-science-surfaces-interfaces ... 

... apps below to open or edit this item. pdf-0738\computational-materials-science-surfaces-int ... -insights-by-am-ovrutsky-a-s-prokhoda-ms-rasshchu.pdf.














[image: alt]





Interactive Surfaces and Spaces: A Learning ... - Semantic Scholar 

these technologies, outline advantages and disadvantages, present relevant analytical ... learning conditions with changes to the software, requiring less reliance on verbal cues and policy. ..... files are networked and controlled with a custom tabl














[image: alt]





PROCESSING OF TEXTURED SURFACES ... 

els are used in video games, virtual shops, computer-aided .... COMPUTING GEODESIC PATHS ON ... pled point clouds, a SIG could produce small clusters of.














[image: alt]





Visualizing intersecting surfaces with nested-surface ... 

inter-surface distance and local shape better than directly mapping inter-surface distance to a ... Texture has long been known to be an excellent shape cue. Gib-.














[image: alt]





Particularity and sensuality, surfaces and the outside ... 

becoming ever more pressing, as the social contexts for technology use continue to broaden. In a recent workshop on interaction design, for example, Jason Zalinger and Nathan Freier argued that mood remains underrepresented in HCI research, and that 


























×
Report Isoperimetric regions in surfaces and in surfaces with ...





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















