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SWILA PROBLEM SET #8 SECTIONS 5.7-5.8 THURSDAY, JUNE 30



Goals for Problem Set: • Be able to compute the Jordan canonical form of small matrices. • Learn how the Jordan canonical form relates to the minimal and characteristic polynomials (see the first “Mediumest” problem). Instructions: The below problems are split up by difficulty level: Easiest, Mediumest, and Hardest. Within each difficulty level, the problems are ordered by how good I think they are to do. In other words, the problems that I think are best to do are listed earlier within each difficulty level. I recommend that you try problems from various sections or from sections that are new to you. Warnings: Labeling the difficulty of problems was performed rather imprecisely. Thus, some problems will be mislabeled. The same holds with ordering problems by how good they are to do. I also didn’t really proofread these problems so there may be typos, and I don’t know how to completely solve all of them.



I like the first 3 “Easiest” problems. I like the first 4 “Mediumest” problems. I like the first 3 “Hardest” problems.



Easiest Problems Exercise 1.0.1. (Petersen, pg. 153, #1) Find the Jordan canonical forms for the matrices     1 0 1 1 and . 1 1 0 2 Exercise 1.0.2. (Petersen, pg. 153, #3) Find the Jordan canonical for the matrix   λ1 1 . 0 λ2 Hint: The answer depends on the relationship between λ1 and λ2 . Exercise 1.0.3. (Petersen, pg. 153, #2) Find a basis that yields the Jordan canonical form for   a −1 . a2 −a 1
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Exercise 1.0.4. (Petersen, pg. 153, #4) Find the Jordan canonical forms for the matrix   0 1 . −λ1 λ2 λ1 + λ2 Exercise 1.0.5. (Petersen, pg. 153, #6) Find  λ1 1  0 λ2 0 0



the Jordan canonical forms for the matrix  0 0 . λ3



Exercise 1.0.6. (Lang, pg. 301, #4)(5.7) Let V be a finite-dimensional vector space over C, and let T : V → V be a linear operator. If 0 = 6 T is nilpotent, i.e., T k = 0 for some k, show that T is not diagonalizable. Exercise 1.0.7. (5.7) Prove the following lemma from the notes: Let T : V → V be a linear operator, and fix λ ∈ C. Assume λ is not a root of χT . Then T − λI is invertible. Hint: It suffices to prove this lemma when V = Cn and T ∈ Mn (C). Mediumest Problems Exercise 1.0.8. (5.7)(Petersen, pg. 153, #12) Prove the following proposition from the notes: Let T : V → V be a linear operator such that χT (t) = (t − λ1 )n1 · · · (t − λk )nk , mT (t) = (t − λ1 )m1 · · · (t − λk )mk , for distinct λ1 , . . . , λk ∈ C. Then ni equals the number of times λi appears on the diagonal of the Jordan canonical form of T , and mi equals the size of the largest Jordan block that has λi on the diagonal. Next show that mi is the first integer such that  ker((T − λi 1V )mi ) = ker (T − λi 1V )mi +1 . Exercise 1.0.9. (5.7)(Petersen, pg. 153, #8) Find the Jordan canonical forms for the matrices     0 1 0 0 1 0  0 0 1  and  0 0 1  . 2 −3 3 2 −5 4 (Just do one of these.) Exercise 1.0.10. (5.7)(Petersen, pg. 153, #9) A linear operator T : V → V is said to be nilpotent if T k = 0 for some k. Say dim(V ) = n. (a) Show that χT (t) = tn . (b) Show that T can be put in triangular form, i.e., there is a matrix representation of T that is upper triangular. (c) Show that T is diagonalizable if and only if T = 0. (d) Find a real matrix all of whose real eigenvalues are 0, but which is not nilpotent.
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Exercise 1.0.11. (5.7)(Petersen, pg. 153, #13) Show that if T : V → V is a linear operator on an n-dimensional complex vector space with distinct eigenvalues λ1 , . . . , λk , then p(T ) = 0, where p(t) = (t − λ1 )n−k+1 · · · (t − λk )n−k+1 . Hint: Try k = 2. Exercise 1.0.12. (5.7)(Petersen, pg. 153, #11) If   ker (T − λ1V )k 6= ker (T − λ1V )k−1 , then the algebraic multiplicity of λ is ≥ k. Give an example where the algebraic multiplicity > k and    ker (T − λ1V )k+1 = ker (T − λ1V )k 6= ker (T − λ1V )k−1 . Exercise 1.0.13. (Zhang, pg. 73, #3.109)(5.7) Let V be an n-dimensional complex vector space and T be a linear operator on V with matrix representation under a basis B = {u1 , u2 , . . . , un }   λ 0 0 ··· 0 0  1 λ 0 ··· 0 0     0 1 λ ··· 0 0    [T ]B =  . . . . . . . .. .. ..    .. .. ..    0 0 0 ··· λ 0  0 0 0 ··· 1 λ Show that (a) V is the only invariant subspace of T containing u1 . (b) Any invariant subspace of T contains un . (c) Each subspace Vi = span{un−i+1 , . . . , un }, i = 1, 2, . . . , n is invariant under T , and x ∈ Vi if and only if (T − λI)i x = 0. (d) V1 , V2 , . . . , Vn are the only invariant subspaces. (e) span(un ) is the only eigenspace of T . (f) V cannot be written as a direct sum of two nontrivial invariant subspaces of T . Find an invertible matrix S such that SAS −1 = At . Exercise 1.0.14. (5.7)(Petersen, pg. 153, #5) matrix  2 λ −2λ  λ3 −2λ2 λ4 −2λ3



Find the Jordan canonical forms for the  1 λ . λ2



Exercise 1.0.15. (5.7)(Petersen, pg. 153, #7) Find the Jordan canonical forms for the matrix   0 1 0  . 0 0 1 λ1 λ2 λ3 −(λ1 λ2 + λ2 λ3 + λ1 λ3 ) λ1 + λ2 + λ3
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Hardest Problems Exercise 1.0.16. (5.7)(Petersen, pg. 153, #10) Let T : V → V be a linear operator on an n-dimensional complex vector space. Show that for p ∈ C[t], the operator p(T ) is nilpotent if and only the eigenvalues of T are roots of p. What goes wrong in the real case when p(t) = t2 + 1 and dim(V ) is odd? Exercise 1.0.17. (5.7) Let A be a matrix in Jordan canonical form and F = C. Suppose A has exactly two eigenvalues λ1 6= λ2 . Associated to λ1 are Jordan blocks J1 , . . . , Jr , with each Ji an mi × mi matrix. Associated to λ2 are Jordan blocks K1 , . . . , Ks , with each Ki an ni × ni matrix. Assume mi ≥ mi+1 and ni ≥ ni+1 . Can you determine the rational canonical form of A? Exercise 1.0.18. (Lang, pg. 301, #4)(5.7) Let V be a finite-dimensional vector space over C, and let T : V → V be a linear operator. Let χT be the characteristic polynomial of T , and write it as a product r Y χT (t) = (t − αi )mi , i=1



where α1 , . . . , αr are distinct. Let f be a polynomial. Express the characteristic polynomial χf (T ) as a product of factors of degree 1. Exercise 1.0.19. (5.7)(Petersen, pg. 153, #14) Assume T = S + N = S 0 + N 0 are two Jordan-Chevalley decompositions, i.e., SN = N S, S 0 N 0 = N 0 S 0 , S, S 0 are diagonalizable, and N n = (N 0 )n = 0. Show that S = S 0 and N = N 0 if we know that S = p(T ) and N = q(T ) for polynomials p and q. References [1] Serge Lang. Linear Algebra. 2nd ed. Addison-Wesley, Reading, MA, 1971. [2] Peter Petersen. Linear algebra. Los Angeles, CA, 2000. http://www.calpoly.edu/~ jborzell/Courses/Year%2010-11/Fall%202010/ Petersen-Linear Algebra-Math 306.pdf. [3] Fuzhen Zhang. Linear algebra: challenging problems for students. 2nd ed. Johns Hopkins University Press, Baltimore, MD, 2009.
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