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Knowability and Bivalence∗ Julien Murzi† February 7, 2008



Word Count: 2785 Abstract In this paper, I focus on some intuitionistic solutions to the Paradox of Knowability, as proposed by Tim Williamson and, most recently, Michael Dummett. Intuitionists can either point out the intuitionistc invalidity of the inference from the claim that all truths are knowable to the insane conclusion that all truths are known, or they can outright demur from asserting the existence of forever-unknwon truths, perhaps questioning—as Dummett now suggests—the applicability of the Law of Bivalence to a certain class of empirical statements. I argue that if intuitionists reject Strict Finitism—the view that all truths are knowable by beings just like us—the prospects for either proposal look bleak.



A well-known argument, first published by Frederic Fitch, purports to show that all truths are knowable only if all truths are known. This is the Knowabilty Paradox.1 The proof, whose bulk is originally due to Alonzo Church,2 establishes the following conditional: ∗



This is the sequel of a paper I wrote with my colleague and friend Salvatore Florio. Thanks to Dominic Gregory, Bob Hale and Fredrik Stjernberg for valuable comments. An earlier version of this material was presented at the University of Cambridge and at the Eastern Division of the American Philosophical Association in Baltimore. I am grateful to the members of these audiences for their valuable feedback. † University of Sheffield, S10 2TN, UK, [email protected] 1 See Theorem 5 in Fitch (1963). 2 See Church (forthcoming).
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(CT5) ∀ϕ(ϕ → ♦Kϕ) → ∀ϕ(ϕ → Kϕ),3 where, as usual, ‘♦’ is a possibility operator and ‘Kϕ’ reads ‘someone at some time knows that ϕ’.4 Since its rediscovery by William Hart and Colin McGinn in 1976,5 the Paradox has plagued metaphysical views committed to the knowability of truth, such as semantic anti-realism. For of course, it would seem, there are truths nobody will ever know—on the face of what CT5’s consequent says. The paper focuses on so-called intuitionistic solutions to the problem, as proposed by Tim Williamson and, most recently, Michael Dummett.6 Intuitionists can either point out the intuitionistc invalidity of the inference from the claim that all truths are knowable (henceforth, weak verificationism) to the seemingly insane conclusion that all truths are known (henceforth, strong verificationism),7 or they can outright demur from asserting the existence of forever-unknwon truths. I argue that the prospects for either proposal look bleak.
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The standard intuitionistic approach



As Tim Williamson first pointed out, all that intuitionistically follows from weak verificationism, is what we may label intuitionistic verificationism: (IVER) ∀ϕ(ϕ → ¬¬Kϕ). But unlike the claim that all truths will be known, IVER is not obviously problematic. As Williamson puts it: it forbids intuitionists to produce claimed instances of truths that will never be known: but why should they attempt something so foolish? (Williamson, 1982, p. 206) 3



Assuming the full power of classical logic, this is the contrapositive of Fitch’s original Theorem 5: ∃ϕ(ϕ ∧ ¬Kp) → ∃ϕ(ϕ ∧ ¬♦Kϕ). 4 Proof : Assume that all truths are knowable and that there is a forever-unknown truth. Let p be one such forever-unknown truth, and assume that somebody at some time knows that p is true and forever-unknwon. If knowledge is factive and distributes over conjunction, Kp ∧ ¬Kp follows. Contradiction. We must therefore negate, and discharge, one of our intitial assumptions. Anti-realists will discharge the second, thereby committing themselves, if classical logic is in place, to the claim that all truths will be known at some time. By one step of arrow introduction, ∀ϕ(ϕ → ♦Kϕ) → ∀ϕ(ϕ → Kϕ) follows.  5 See Hart and McGinn (1976). 6 See Williamson (1982), Dummett (2007c) and Dummett (forthcoming). 7 The terminology is Tim Williamson’s. See Williamson (2000).
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It is however unclear whether the adoption of intuitionistic logic may itself solve the problem raised by Church-Fitch. For although IVER might be acceptable, other intuitionistic consequences of weak verificationism already seem worrisome. Intuitionists, for instance, are still committed to (1) ∀ϕ¬(ϕ ∧ ¬Kϕ), which is tantamount to denying the highly plausible claim that there exist forever unknown truths.8 To this, Dummett has recently objected that intuitionists cannot even hear the problem. When intuitionists assert (1), he writes, it is not being asserted that there cannot be a true statement which will not in fact ever be known to be true: this “in fact” expresses a realist understanding of universal quantification as infinite conjunction and is therefore ot constructively unintelligible. (Dummett, 2007b, p. 348) Rather, in Dummett’s view, intuitionists can only legitimately assert ¬Kϕ only if there is an obstacle in principle to our coming to know ϕ: Intuitionistically interpreted, “∀t¬K(ϕ, t)” holds good only if there is a general reason why it cannot be known at each time t that ϕ. (Dummett, forthcoming, p. 3) But this can only mean that intuitionists, for Dummett, can assert that there is no time at which ϕ is known only if they are in a position to assert that ϕ is false. No wonder, then, that Dummett is prepared to embrace the “supposedly absurd consequences” of semantic anti-realism (Dummett, 2007c, p. 348). For if ¬Kϕ → ¬ϕ holds, ϕ and ¬Kϕ are indeed incompatible, which is enough to grant the intuitionist’s commitment to (1). Intuitionists, it would seem, need not worry about the Paradox of Knowability. As Williamson puts it: That a little logic should short circuit an intensely difficult and obscure issue was perhaps too much to hope, or fear (Williamson, 1982, p. 207). 8



Besides (1), Philip Percival points out two more untoward intuitionistic consequences of weak verificationism: ∀ϕ(¬Kϕ ↔ ¬ϕ) and ∀ϕ¬(¬Kϕ ∧ ¬K¬ϕ). See Percival (1990).
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Forever-unknown truths



Pace Williamson, the foregoing defence of weak verificationism falters on closer inspection. The problem is that intuitionists themselves seem forced to accept the existence of forever-unknown truths. Consider some decidable statement p such that all the evidence for or against it has been lost—say “The number of hairs now on Dummett’s head is even”, as uttered just before some of Dummett’s hairs are burned.9 Given that p is decidable—we could have counted Dummett’s hairs—even intuitionists should be willing to assert that either it or its negation is true. But since both p and ¬p are ex hypothesis forever unknown, the disjunction (p ∧ ¬Kp) ∨ (¬p ∧ ¬K¬p) also holds, from which ∃ϕ(ϕ ∧ ¬Kϕ) trivially follows.10 Call this the Standard Argument. It essentially rests on two assumptions: (i) that the evidence for settling whether p has been lost and (ii) that p is decidable, i.e. that there is a time t and a method d such that the application of d, at t, can settle whether p or ¬p. These assumptions respectively yield, in turn, (i∗ ) ¬Kp ∧ ¬K¬p and (ii∗ ) p ∨ ¬p. Dummett questions the step from (i) to (i∗ ): from the fact that all the evidence for p has been lost, he says, we cannot infer that nobody will ever know whether p or its negation is true. He also acknowledges, though, that in the example above, “that it will be never known whether the number of hairs on [Dummett’s] head at a certain time was even or odd would seem to be the safest of predictions” (2007c, p. 348). And while, on the one hand, he still claims that “when the point is pressed as hard as possible, we cannot absolutely rule out that some means of deciding the question, now wildly unexpected, may come to light: say some physiological condition proves to be correlated with the parity of the number of hairs on the head, and it can be determined whether [Dummett] was in that condition at the time” (Ibid.); on the other, he deems similar scenarios as “bizarre” (p. 348) and “implausible” (p. 350). One wonders, however, whether the case for anti-realism should rest on “bizarre speculations” (p. 348). Can anti-realists do better? 9



The example is Wolfgang K¨ unne’s. See K¨ unne (2007). Proof : Assume ¬Kp, ¬K¬p and p ∨ ¬p. Then, (p ∧ ¬Kp) ∨ (¬p ∧ ¬K¬p) follows. Now assume (p ∧ ¬Kp). By existential introduction, derive ∃ϕ(ϕ ∧ ¬Kϕ). By arrow introduction, it follows that (p ∧ ¬Kp) → ∃ϕ(ϕ ∧ ¬Kϕ). By similar reasoning, show that (¬p ∧ ¬K¬p) → ∃ϕ(ϕ ∧ ¬Kϕ). By disjunction elimination, conclude ∃ϕ(ϕ ∧ ¬Kϕ).  10



4



3



Knowability and Bivalence



Similar difficulties seem to have led Dummett to defend anti-realism “without invoking implausible scenarios” (p. 350). The general idea is that antirealists may evade the Paradox by showing, on independent grounds, that one of its premisses is not assertible. As Dummett puts it in another context: a genuine solution [to the Paradox] ought to show [. . . ] that one of the premisses is false, or at least not assertible. (Dummett, 2007a, p. 452) Again, the target is the Standard Argument for ∃ϕ(ϕ ∧ ¬Kϕ). But instead of quibbling with premise (i), Dummett now questions the step from (ii) to (ii∗ ). The problem with this inference, he claims, is that anti-realists can assert Bivalence for a given statement only if the decision procedure for that statement can always be applied. And whereas the decision procedure for a mathematical statement is always applicable, that for empirical statements may cease to be so. I could decide now, say, whether there is a dog behind the wall, but I may not be able to do so in one year time. Similarly, we could have decided whether Dummett’s hairs were even in number at t before they were burned at a later time t∗ , but not after that time. But, now, why shouldn’t the applicability at some time of ϕ’s decision procedure be sufficient for sustaining Bivalence for ϕ? The point seems to be that, for the anti-realist, the truth of empirical statements such as “The number of Dummett’s hairs was even at t” and its negation amount, respectively, to the truth of the counterfactual conditionals “If we had counted Dummett’s hairs, they would have proved to be even in number” and “If we had counted Dummett’s hairs, they would have proved to be odd in number”.11 But that one of these two counterfactuals is true, Dummett says, cannot be inferred from the unquestionable truth that, if [Dummett’s] hairs were counted, they would be found to be either even or odd in number. (Dummett, 2007c, p. 350) This would be an instance of the problematic step from φ € (ψ ∨ χ) to (φ € ψ)∨(φ € χ). And this inference, Dummett writes, “does follow in the mathematical case, but not in the empirical case [. . . ], the reason [being] that 11



See Dummett (2007c, p. 349).
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the outcome of the mathematical procedure is determined entirely internally, but that of the empirical procedure is not” (Dummett, 2007c, p. 349).12 For empirical p’s, the thought is, we have no guarantee that we will always be in a position to apply our decision procedure: the right time could pass, like in the examples above.13 In order to assume bivalence for empirical statements that could have been known, but whose knowledge is now beyond our ken, the unrestricted Law of Bivalence is needed, or so Dummett argues: [the realist] relies on assuming bivalence in order to provide an example of a true statement that will never be known to be true— more exactly, of a pair of statements one of which is true. He has to. If he could instance a specific true statement, he would know that it was true. This illustrates how important the principle of bivalence is in the controversy between supporters and opponents of realism. (Dummett, 2007c, p. 350) Now recall the derivation of the Paradox of Knowability: the central core of argument shows that weak verificationism is inconsistent with the existence of forever-unknown truths. If the latter assumption is intuitionistically unacceptable, though, intuitionists may face no inconsistency after all.
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The Paradox of Idealization



Let us grant, for the sake of argument, the upshot of Dummett’s reasoning: Bivalence fails for empirical statements that could have been known, but no longer can. Yet, one might still wonder why one couldn’t run a version of the Knowability Paradox starting from a pair of mathematical statements, say q and ¬q, one of which is true but forever unknwon. Then, q ∨ ¬q would hold, even by Dummett’s standards, and the Standard Argument would go through. Such an obvious response faces an obvious problem, however. Namely, it would be very hard to motivate (i) for mathematical statements. After all, as Dummett himself, “in mathematics, if an effective procedure is available, it always remains available” (Dummett, 2001, p. 1). On the face of it, I wish to argue, the obvious response may still be a good response, if properly motivated. 12 13



See also Dummett (2007b, pp. 303–4). See e.g. Dummett (1994, p. 296).
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Consider strict finitism, the doctrine according to which all truths are knowable by beings just like us. Most anti-realists reject such a radical doctrine and concede that all truths are knowable in principle—i.e. knowable by agents endowed with cognitive capacities like ours or that finitely exceed ours.14 Here is Neil Tennant: The truth does not have to be knowable by all and sundry, regardless of their competence to judge. [. . . ] This would be to hostage too much of what is true to individual misfortune. At the very least, we have to abstract or idealize away from the limitations of actual individuals. [. . . ] At the very least, then, we have to imagine that we can appeal to an ideal cognitive representative of our species”. (Tennant, 1997, p. 144) On a weak interpretation, the anti-realist’s concession might be read as meaning that not all truths can be known by agents that are not ‘ideal’ in Tennant’s sense. In symbols: (2) ¬∀ϕ(ϕ → ♦∃x(Kx ϕ ∧ ¬Ix)), where ‘Ix’ reads ‘x is an ideal agent’, and an agent counts as ideal, say, just in case her cognitive capacities finitely extend ours. But would this do? The problem is that anti-realists seem to be committed to the existence of feasibly unknowable truths—i.e. truths that, of necessity, can only be known by an “ideal cognitive representative” of our species: (3) ∃ϕ(ϕ ∧ ∀x(Kx ϕ → Ix)). For let q be some decidable yet undecided mathematical statement whose decision procedure is feasibly unperformable—say some statement to the effect that m has some decidable property F, where m is some very large number. Then q satisfies both of the following: (4) q → ∀x(Kx q → Ix); (5) ¬q → ∀x(Kx ¬q → Ix). Since q is ex hypothesi decidable, anti-realists should be happy to assert that either q or its negation hold. The existence of a feasibly unknowable truth 14



See Dummett (1975) and, especially, Tennant (1997, Chapter 5).
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can then be easily derived from q ∨ ¬q, (4), and (5).15 The foregoing considerations suggest three claims. First, on the further assumption that there are no idealized agents, q is feasibly unknowable only if q is forever-unknown.16 Hence, (3) strightforwardly implies ∃ϕ(ϕ ∧ ¬Kϕ). Moreover, since q is ex hypothesis a decidable mathematical statement, our proof is intuitionistically unexceptionable—even by Dummett’s enforced intuitionistic standards. Finally, it appears that we can generate a new unknowability proof—let us call it the Paradox of Idealization—to the effect that, for some feasibly unkowable statement q, the conjunction (6) q ∧ ¬∃xIx is unknowable:17 Proof : Assume that q ∧ ¬∃xIx is knowable. Then there is a world w where some agent knows q ∧ ¬∃xIx. Call this agent a. By (3), every agent who knows q in w is idealized. Therefore, a is idealized. However, since a knows q∧¬∃xIx, by the distributivity and the factivity of K, ¬∃xIx is true at w. Hence, a cannot be an idealized agent. Contradiction. Therefore, q ∧ ¬∃xIx is unknowable.  If both (3) and (6) hold, the proof outright contradicts weak verificationism, thereby threatening to collapse the anti-realist’s rejection of strict finitism into a rejection of anti-realism itself.18 Anti-realists, then, appear forced to deny that there are no idealized agents.19 But this looks like a bad option. For suppose that, as a matter of fact, there are no idealized agents. Then, 15



Proof : Assume q ∨ ¬q, (3) and (4). If q is further assumed, it can be shown that ∀x(Kx q → Ix) follows from (3) by arrow elimination. By conjunction introduction, we can then infer q ∧ ∀x(Kx q → Ix), from which ∃ϕ(ϕ ∧ ∀x(Kx ϕ → Ix)) follows by existential introduction. By arrow introduction, q → ∃ϕ(ϕ ∧ ∀x(Kx ϕ → Ix)) follows. By similar reasoning, ¬q → ∃ϕ(ϕ ∧ ∀x(Kx ϕ → Ix)). By disjunction elimination, conclude ∃ϕ(ϕ ∧ ∀x(Kx ϕ → Ix)).  16 Proof : Assume the contrary. Then some agent knows q. Call this agent a. By (3), a is an ideal agent, which contradicts our assumption that there are no ideal agents. Hence, nobody knows q.  17 See Florio and the present author (MS) for a detailed presentation of the problem. 18 Proof : Assume that q ∧ ¬∃xIx. Then, ♦(q ∧ ¬∃xIx) follows by weak verificationism. By the Paradox of Idealization, however, ¬♦(q ∧ ¬∃xIx) holds too. We thus have a contradiction resting on (3), (6) and weak verificationism.  19 Proof : Assume ¬(q ∧ ¬∃xIx). Then, q → ¬¬∃xIx follows by intuitionistically un-
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the sole anti-realist’s commitment to weak verificationism, together with her rejection of strict finitism, would force her to deny an empirical truth.



Conclusion On the standard intuitionistic approach to the Paradox of Knowability, intuitionists are unable to avoid the tension between weak verificationism and ∃ϕ(ϕ ∧ ¬Kϕ). They can escape commitment to strong verificationism, but they are nevertheless forced to deny the existence of forever-unknown truths. On the face of it, we argued, if anti-realism is not to collapse on strict finitism, intuitionists are committed to the existence of such truths, notwithstanding Dummett’s contention that Bivalence only applies to decidable statements whose decision procedure is always applicable. In conclusion, anti-realists seem to have only two options left: they can either quibble with weak verificationism, and perhaps restrict it to some class of non-problematic truths,20 or they might look for a logic in which the proof of the Paradox is blocked before the discharge step has been reached.21 Neither option looks very promising, however. The former is likely to be ad hoc. The latter runs the risk of constraining the anti-realist’s own thoughts within the uncomfortable limits of a very weak logic.
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