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MEHRAN UNIVERSITY OF ENGINEERING AND TECHNOLOGY, JAMSHORO. FIRST SEMESTER FIRST YEAR (M.Phil.) 15BATCH PROGRAM: APPLIED MATHEMATICS Subject: Scientific Computing LECTURE 08 Conducted on: 15/04/2015 Timings: 6pm to 7.30pm



“It does not matter how slowly you go as long as you do not stop.” Confucius SYSTEM OF NONLINEAR EQUATIONS Objectives: o Introduction and Importance of Nonlinear Systems o Newton’s Method using Jacobians for two equations o Newton-Raphson Method without Jacobians for two equations o Generalized Newton’s Method from Taylor’s Theorem o Discussion of Ongoing Research to solve Nonlinear Systems Introduction and Importance of Nonlinear Systems Generally, we can find solution to a system of nonlinear equations when the number of unknowns matches the number of equations. Thus, the solution of the system having the following form is sought: f1 x1 , x2 , x3 ,, xn   0



f 2 x1 , x2 , x3 ,, xn   0 f 3 x1 , x2 , x3 , , xn   0



 f n x1 , x2 , x3 , , xn   0 For the sake of convenience, x  x1 , x2 , x3 ,, xn  and f   f1 , f 2 , f3 ,, f n  is a vectorvalued function. Thus, the above system becomes:







f x 0 Our objective is to find a vector that makes the vector function equal to zero. Consider the system of two nonlinear equations in two variables:



f  x, y   0   g  x, y   0 



1



Knowing that x0 , y0  is an approximated solution of (1), we’ll try to improve it. Let x0  h, y0  k  be the exact solution of (1), then 1
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f x0  h, y0  k   0 g x0  h, y0  k   0 Using Taylor’s series for a function of two variables, we have



 f f  f x0  h, y0  k   f x0 , y0    h  k     0 y   x



 2



 g g  g x0  h, y0  k   g x0 , y0    h  k     0 y   x



 3



 f f  f x0 , y0    h  k   0 y   x



 4



 g g  g x0 , y0    h  k   0 y   x g Multiply (4) with y



 5



 g f g g f  0 f x0 , y0    h k y y y   y x f Multiply (5) with y



 6



 f g f f g  0 g x0 , y0    h k y y y   y x Subtraction of (6) from (7) gives



 7 



g x0 , y0 



h



h



 f g f g  f g   0  f x0 , y0   h  y y  y x x y 



g f  g x0 , y0  y y  f g g f      y x y x 



f x0 , y0 



f g  f x0 , y0  y y  f g f g      x y y x 



g x0 , y0 



 gf y  fg y  h   f x g y  f y g x   x0 , y0  fx  gf y  fg y  h   ; where J Jacobian  f g  f g   x y y x gx J    x0 , y0  2



fy gy







 f , g  x, y 
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 fg x  gf x   fg  gf x  and similarly k    x   J   x0 , y0   f x g y  f y g x   x0 , y0  



Finally



h



f g



fy gy



fx gx



fy gy



f fx g gx  8 and k  fx f y gx g y



 9



Better approximation is found as



x1  x0  h and y1  y0  k Next better approximation is found as x2  x1  h and y2  y1  k Newton-Raphson Method without Jacobians Consider the system of two nonlinear equations in two variables:



f  x, y   0   g  x, y   0 



Treating each equation in one variable, Newton’s method for one variable can be applied and the iterative formulae are: f xi , yi  g xi 1, yi  xi 1  xi  and yi 1  yi  ; i  0,1,2, f x xi , yi  g y xi 1, yi  This algorithm can be extended to n simultaneous equations in n variables. Here, only latest values available are employed. Moreover, the algorithm requires computation of only one derivative to get xi 1 or yi 1 . Example. Solve the following system of equations:



x 2  y 2  16   ; 2 2 x y 4  



x0 , y0   2



Solution. Let



f x, y   x 2  y 2  16  g x, y   x 2  y 2  4 



f x  2 x, g x  2 x,



f y  2 y   g y  2 y 



3



2 ,2 2
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          f x , y   f 2 2 ,2 2   4 2 , f x , y   f 2 2 ,2 2   4 2    g x , y   g 2 2 ,2 2   4 2 , g x , y   g 2 2 ,2 2   4 2  



2 2 f x0 , y0   f 2 2 ,2 2  2 2  2 2  16  0   2 2 g x0 , y0   g 2 2 ,2 2  2 2  2 2  4  4 



x



0



0



x



x



0



0



x



J



fx



fy



gx



gy



 gf  fg y  h y  J   2  fg  gf x  k x  J  2







y



0



y



4 2



4 2



4 2



4 2



0



0



y



0



y



 64  0



  







2 ,2



4 4 2 0 4 2  2     0.353553390593274   64 4    2



2 ,2



 0 4 2   4 4 2  2     0.353553390593274   64 4 2  



 



 



Thus,



x1  x0  h  x1  3.181980515339464 and y1  y0  k  y1  2.474873734152916 Repeating the above computations with modified values, we get f x1 , y1   f 3.181980515339464, 2.474873734152916  0.25



  g x1 , y1   g 3.181980515339464, 2.474873734152916  1.776356839400251e - 15



f x  6.363961030678928, g x  6.363961030678928, J



fx



fy



gx



gy



f y  4.949747468305832    g y  4.949747468305832 



 -62.999999999999986



h  0.019641855032960 and k  0.025253813613805 Thus, x2  x1  h  x1  3.162338660306504 and y2  y1  k  y2  2.449619920539111



f x2 , y2   f 3.162338660306504, 2.449619920539111  0.001023557571173



  g x2 , y2   g 3.162338660306504, 2.449619920539111  -2.519526329072264e - 04 Example. Use Newton’s Method to solve



f x, y   y 2  4 x 2  2 xy  y  2  0  ; 2 2  g x, y   y  2 x  3xy  3  0 



x0 , y0   0.4,0.9 4
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Solution.



f x  8x  2 y   g y  2 y  3x



f x0 , y0   f 0.4,0.9  0.73 and f x x0 , y0   f x 0.4,0.9  5 For i  0 : 



x1  x0 



f x0 , y0   0.73  0.546  0.4  f x x0 , y0  5



g x1, y0   g 0.546,0.9  0.119568



g y x1, y0   g y 0.546,0.9  3.438 For i  0 : 



y1  y0 



 0.119568  0.934778359511344 g x1, y0   0.9  g y x1, y0  3.438



Thus,



x1, y1   0.546,0.934778359511344 f x1, y1   0.152274190485763 and g x1, y1   0.001209534290301 .



Iterations have been run until absolute relative error  0.0001 in both variables:



Thus, The approximate solution is: xn = 5.0005543232e-001 and yn = 9.9992078543e-001. Following iterations have been recorded using Newton’s Method with Jacobian:



5
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The approximate root is: xn = 5.0000000000e-001 and yn = 9.9999994040e-001 f x, y   -1.1920928955e-007 and g x, y   -2.0861625671e-007



Note. Look at number of iterations required by both methods. Example. Solve following system:



x 2  2 x  y  0.5  0   2 2  x  4y  y  0  Solution.



f x, y   x 2  2 x  y  0.5   2 2  g  x, y   x  4 y  y  With the initial guess x0 , y0   0,1 and the algorithm:



xi 1  xi 



f xi , yi  g xi 1, yi  and yi 1  yi  ; i  0,1,2, f x xi , yi  g y xi 1, yi 



Iterations are recorded as:



The approximate root is: x, y   1.4809843898e - 001,2.2570607066e - 001 f x, y   3.0199009416e - 005 and g x, y   -1.6998695784e - 009 6



Prepared by Asif Ali Shaikh/Sania Qureshi Assistant Professors Department of BSRS Mehran, UET, Jamshoro



Note: Detailed discussion of following topics is being carried out in the classes. It is highly recommended that you may follow textbooks suggested by your mentors. These handouts can never ever replace textbooks. Material included here has been taken from textbooks and internet.



Newton’s Method with Jacobians



Specifically,



Or







x1  x0  J x, y x10 f x0



provided that the inverse exists. This formula is the vector equivalent of the Newton’s formula we learned before. However, in practice we never use the inverse of a matrix for computations, so we cannot use this formula directly. Rather, we do the following. First solve the equation



Example. Solve the following nonlinear system:



x 3  y  1   with x0 , y0   0.5,0.5 . y 3  x  1 Solution. 7
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 x 3  y  1 f1 x, y   x 3  y  1    f x  3   y  x  1 f 2 x, y   y 3  x  1   







    f  f   x x  y x   x  y  1   x      f x  f x   y  x  1   x  y Df x0 x   f x0



1



1



0



2



3



0



3



2



0



x0 , y0 







0



3x 2   1



 x 3  y  1 1   x     3  3 y 2  0.5,0.5   y  x  1 0.5,0.5







1  0.75  0.375   1 0.75 x    0.625      1



1   0.375  0.58  0.75 x     x        0.06   1 0.75  0.625 



Thus,



0.5  0.58  1.08  x1  x0  x        0.5  0.06 0.44 Iterations are given below:



The approximate root is: x = 1.0000000000e+000 and y = 4.8254150897e-008 f x, y   4.8254150897e-008 and g x, y   0.0000000000e+000



8
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Example. Solve the following nonlinear system:



x  y  xy  2  with x0 , y0   1,3 . xe y   1  Solution.



f1x, y   x  y  xy  2  x  y  xy  2 1 and x0    .  f x     y   y  1  f 2 x, y   xe 1  3  xe  Iterations using above method are given below:







The approximate root is: x = 9.7773097456e-002 and y = -2.3251059055e+000 f1x, y   -1.7813110986e-009 and f 2 x, y   8.5755353041e-008



Explore by yourself for how Gauss-Seidel’s Method is used to solve Non-linear systems of equations.



9
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