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Abstract An important question in welfare economics is identifying trade-off between equality and surplus maximization. Lorenz undominated points identify policies were it is no longer possible to improve aggregate surplus without increasing inequality, or to decrease inequality without decreasing aggregate total surplus. Unfortunately, these are hard to compute. We present an algorithm for finding Lorenz undominated points in an interesting social dilema: where to place a desirable facility on an interval. In developing the algorithm we are able to highlight some interesting properties of Lorenz undominated points: they come from take averages from the worst-off individuals in society, they shrink under concave transformations and they form a convex set.
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Introduction: a fair allocation for a facility



Much can be learnt about social welfare by studying the most basic social dilemma. A group of citizens from “Linetopia” each live on fixed location in an interval on the real line. A social planner must decide where to place a desirable facility, say an Irish pub. Each citizen gets a disutility from having to walk to the pub. The problem is to find a fair allocation. The standard economic tool to access welfare, the Pareto principle rules out points to the left of the leftmost individual in society and points to the right of the rightmost individual in society. To reach a more tighten the solution we are forced to abandon ordinal comparisons on utility and take a stance on what’s the right cardinal comparison across individuals. Several solutions have been proposed that allow cardinal comparisons of utility. The two most prominent solutions are the utilitarian and the rawlsian, or min-max, solution. The utilitarian solution seeks to maximize the sum of individuals utilities. The rawlsian solution seeks to maximize the utility of the worst-off individual in society. These can be seen as two extremes solutions to the trade-off between inequality and efficiency. By efficiency we mean the sum of utilities, the aggregate surplus.The utilitarian choses to maximize aggregate surplus without regard of the distribution of ∗ PhD Candidate. Address: Landau Economics Building, 579 Serra Mall, Stanford, CA. 94025, USA. I thank Matt Jackson, Alexander Elbittar Andrei Gomberg, Tridib Sharma, Salvador Barbera and Herv´ e Moulin, Matt Elliot and Jeanne Hagenbach for useful conversations and feedback. I especially thank C´ esar Martinelli for his advising and guidance throughout the project. All mistakes remain my own. e-mail: [email protected].
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utilities. The rawlsian solution choses to achieve the maximum equality possible without throwing wasting utility surplus.1 Even though the trade-off between equality and efficiency is pervasive in policy decisions, it not always present. In this present paper we will study the Lorenz criterion, that identifies all instances where society can unambiguously improve on both dimensions. Roughly, the Lorenz criterion states that society should never choose a social alternative y if there exists an alternative x that either yields a higher total surplus for the same inequality, or has a more equal distribution for the same aggregate surplus, or improves both efficiency and inequality. A practical problem for working with the Lorenz criterion is that it it’s hard to compute. The present paper presents an easy algorithm for computing the points that cannot be Lorenz dominated in the facility-location problem described above. The algorithm illuminates on the properties of Lorenz undominated points: (A) The set is convex; (B) For linear utilities it can be found taking the convex-hull of the midpoint between the left-most and the right-most individuals; the midpoint between the second left-most individual and the second right-most individual, and so on; (C) The set contracts under concave transformations of the individuals’ utility. Section (2), states the problem formally; Section (3) presents the main result of the paper, an algorithm for computing Lorenz undominated points; Section (4) shows the algorithm establishes an outer bound for concave transformations of the individuals’ utility function; Section (5) draws a relationship between the Lorenz criteria and the Rawls-Harsanyi debate on the right way to chose under the veil of ignorance.
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The problem



A group of citizens live on the real line and must share a desirable facility. For example, an Irish Pub. The location of each citizen is fixed. Each citizen gets a disutility from the distance she has to travel to the location. A social planner wishes to chose a location that is fair. It’s impossible to reach a solution that please everybody. Therefore the social planner must weigh the gains and losses in the utility of each agent to make a choice. The profile of citizen locations can be described by a cumulative distribution function. Let F (x) be the mass of individuals whose location is smaller or equal than x. We assume there is a continuum of individuals and that F has no atoms, is increasing and has a finite mean. All our results extend hold for societies with a discrete number of individuals, but the proofs become more cumbersome because we can’t use derivatives. We refer the interested reader should read the working paper version. We include them in Appendix A. We denote a proposed location by p and the location of individual i by xi . We will assume that all individuals have the same utility function over the distance to the location. ui (p) = u(|xi − p|) Throughout, the utility functions will be decreasing and concave in distance. We will devote special attention to the case were the utility is linear in the distance. 1 In case there exist several allocations that give the same maximum utility to the worst-off individual, a more sophisticated criteria, the leximin, extends this this idea of not wasting resources by maximizing the utility of the next worst-off guy. This is not an issue in the current problem.
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ui (p) = −|xi − p| Given a distribution of citizens, we focus on the set of points that satisfy the Lorenz criterion. To define the Lorenz criterion we need two auxiliary definitions: the Lorenz curve and Lorenz domination. All three concepts are defined below. Let Gp (u) be the fraction of individuals that have a utility lower than u if the location is p. The function Gp is the cumulative distribution of utilities for location p. Note that because F is increasing and continuous, u = G−1 p (q) is the minimum utility level such that at least q people have a utility u or less. A Lorenz curve, L(q, p), is a function from (0, 1] into the real line where each point in the curve represents the average utility of the fraction q of individuals that are worse-off in society under location p.2 For example, L(1/10; p) is the average utility 10% of individuals who are the worst-off while L(1; p) is the average utility in society. This is stated formally in Definition (1). From the Lorenz curves we construct the Lorenz domination relation. A location p Lorenz dominates another location p0 if and only if the average of utility for any fraction q of the worst-off individuals is always larger under p than under p0 . Graphically, p Lorenz dominates p0 if the Lorenz curve for p is always larger than the Lorenz curve for p0 . If the Lorenz curves cross at any point, then neither Lorenz dominates the other. Figure (1) shows an example of this. −0.3
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Figure 1: Assume there are three citizens located at (0, 1, 1) with linear utilities. The graph shows the Lorenz curves for three locations, 0, 1/2 and 1. Both 1/2 and 1 Lorenz dominate location 0, but since their Lorenz curves cross, neither Lorenz dominates each other.



Definition 1 (The Lorenz curve) The Lorenz curve associated with p, denoted L(q; p), is defined as follows: L : (0, 1] × R → R Z 1 q L(q; p) = u(p; G−1 p (s))ds q 0 2 Our



definitions crash if we consider the zero-lowest fraction. So we ignore it.
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Definition 2 (Lorenz domination) We say a location p Lorenz dominates a location p0 if: L(q; p) > L(q; p0 ); ∀q ∈ (0, 1] With strict inequality for at least one q. To guarantee this concept is well-defined we only consider utility functions with finite expected R values, | u(|x − p|)dF (x)| < ∞, ∀p ∈ R. Definition 3 (Lorenz undominated points) We a say a a location p is Lorenz optimal or Lorenz undominated if there is no other location p0 that Lorenz dominates it. We denote this set by LO. A location is said to satisfy the Lorenz criterion if it is Lorenz undominated. The concept of the Lorenz curves was originally developed by Atkinson as a way to measure inequality in the distribution of income. [Atkinson, 1970] The original definition calculated the fraction of income held by the poorest fraction q of the population. The measure was destined to evaluate the distribution of resources, but was hard to use to make policy comparisons because it had no information on the level of wealth in society. To combine both pieces of information Shorrocks proposed constructing generalized Lorenz curves by multiplying the original Lorenz curve by the average income. [Shorrocks, 1983]. In this paper we take Lorenz curves over utility instead of income levels. Even though finding the right utility function to evaluate welfare is very hard in practice, it’s illuminating to see how we would evaluate welfare if we could find it. Some of our results will highlight that we don’t need all the information on the utility. We can still make comparisons, for example, across utility functions that are more concave.
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The algorithm for linear utilities



We now present the main result of the paper, an algorithm for computing the set of Lorenz undominated points for the linear utility. The proof is fairly simple. It uses the envelope theorem to find the derivative of L(q, p) with respect to p and shows that L(q, ·) is single-peaked for all q. The set of Lorenz optima is the convex hull of the set of all the peaks for different q’s. This is shown in Proposition (6). Lemma 4 L(q, p) is concave in p. If u is strictly concave, L(q, p) is strictly concave in p. Proof. Define Aq as: Aq = {A ⊂ R : A = (−∞, a)



[



(b, ∞) for some a, b with F (b) − F (a) = 1 − q}



Here Aq is the set of all sets that put weight q on the tails. Because all agents have the same concave utility function, the worst-off members in society must be in the tails. Therefore we can write L(q, p) as: Z L(q, p) = min u(|x − p|)dx A∈Aq



x∈A
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The integral of concave functions is a concave function therefore L(q, p) is also a concave function. If u is strictly concave the integral would be strictly concave and therefore so would L(q, p). Corollary 5 The set of Lorenz Optimal points is a convex set. Proof. Chose p < p0 , two Lorenz optimal points. Take any p00 in (p, p0 ). We want to show that p is Lorenz undominated. Take any p˜ 6= p00 . We must either have p˜ < p00 < p0 or p < p00 < p˜. Suppose the first is true, then we can write p00 as λ˜ p + (1 − λ)p0 for some λ ∈ (0, 1). Because p0 0 is Lorenz undominated we must have L(q, p ) > L(q, p˜) for some q ∈ (0, 1]. Then by concavity of L(q, ·) we have 00



L(q, p00 ) > λL(q, p˜) + (1 − λ)L(q, p0 ) > L(q, p˜) . .



Mutato mutandis completes the result.



Proposition 6 (Lorenz optimal points for continuous societies) Suppose ui = −|xi −p| and that individuals are distributed according to a continuous distribution function F . Then the set of Lorenz optimal points is n o F −1 (q/2) + F −1 (1 − q/2) LO = x ∈ R : x = for some q ∈ (0, 1] 2 Proof.  We will prove this by showing that L(q, p) is single-peaked around F −1 (q/2) + F −1 (1 − q/2) /2 for all q. It follows that any p in LO cannot be Lorenz dominated by locations to the right because L(q, ·) is decreasing for some q and cannot be Lorenz dominated by points to the left because L(q 0 , ·) is increasing for some other q 0 . Contrariwise, if p is below LO then L(q, ·) would be increasing for all q while if p is above LO all L(q, ·) would be decreasing, so all points outside LO are Lorenz dominated. To show L(q, p) is single-peaked we use the envelope theorem. Because the worst-off individuals have to be in the tails we can write L(q, p) as follows. Z a Z ∞ L(q, p) = min −(p − x)d(F (x) + −(x − p)dF (x) a,b



−∞



b



s.t. F (b) − F (a) = 1 − q and u(|p − a|) = u(|b − p|) Note that we broke the absolute value inside the integral in the appropriate way. The envelope theorem says that the derivative of the value of the minimization problem with respect to p is equal to the direct derivative of the associated Lagrangean. ∂L(q, p) =− ∂p



Z



a∗ (p)



Z



∞



dF (x) = (1 − F (b∗ (p))) − F (a∗ (p))



dF (x) + −∞



b∗ (p)



Where a∗ (p), b∗ (p) are the arguments that minimize L(q, p). The derivative is zero if and only  if a (p) = F −1 (q/2) and b∗ (p) = F −1 (1−q/2). This only happens if p = F −1 (q/2)+F −1 (1−q/2) /2. For locations to the left of this point the derivative is positive and for points to the left it’s negative. Therefore L(q, ·) is single-peaked. ∗
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Corollary 7 We say a distribution of locations F is symmetric if there exists a point α such that F (α − ∆) = 1 − F (α + ∆) for all ∆ > 0. For linear utilities the set of Lorenz Optima is a singleton if and only if F is symmetric. The unique Lorenz optimal point is the point of symmetry, α. Proof. Using the algorithm in Proposition (6) we can see that the set is unique if and only if the distribution F is symmetric.
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Lorenz optimal points for concave utilities



We can use the algorithm for linear utilities to establish an outer-bound for the set of Lorenz Optimal point for concave utilities. This follows from the fact that Lorenz domination is preserved under concave transformations of the utility function used to evaluate individual welfare, so the set of Lorenz optimal points can only contract. To see this contraction in an example consider a society of three individuals located at (0, x, 1) with x > 21 . If individuals have linear utilities the set of Lorenz optimal points is [ 12 , x]. If the disutility of individuals is quadratic in the distance, then the set of Lorenz Optima shrinks to 1 [ 21 , 1+x 3 ] ⊂ [ 2 , x]. The fact that Lorenz domination is preserved under concave transformations follows from a result shown by [Thistle, 1989]: Lorenz domination is equivalent to second-order stochastic domination. (SOSD) That is, a utility distribution Gp Lorenz dominates a utility distribution G0p if and only if Gp second-order stochastically dominates G0p . Therefore, making prescriptions on how society should chose over different distributions of utility is equivalent to making predictions over which lottery a risk-averse agent would want to pick. In this context it is well known that if a risk-averse agent choses the less risky lottery, then a more risk-averse agent would definitely chose it as well. In Proposition (8) we state the equivalence between Lorenz domination and SOSD formally. Corollary (9) then shows that Lorenz domination is preserved on common concave transformations of individual utilities. The set shrinks as u(·) becomes more concave but is always non-empty. This follows from the theorem of the maximum. Proposition 8 Let p, p0 be two locations. Fix a utility function u(·, x). Let Gp and G0p be the cumulative distribution functions of utility under p and p0 . Then the following four statements are equivalent. (i) The location p Lorenz dominates location p0 under u. (ii) The distribution of utilities Gp can be obtained from Gp0 by a series of first-order stochastic shifts or mean-preserving spreads. R R (iii) u6¯u Gp (u)du 6 u6¯u Gp0 (u)du; ∀¯ u ∈ Range(u(·)) R R (iv) v(u(p, x))dF (x) > v(u(p0 , x))dF (x) for all v(·) non-decreasing and concave. We omit the proof as it is found in other places. Statements (iii) and (iv) are the standard equivalent definitions for second-order stochastic dominance. See [Mas-Colell et al. , 1995] for the proof of the equivalence. 3 Statement (ii) was derived in [Rothschild & Stiglitz, 1970] for distributions with the same mean. Extending it to distributions with different means is straightforward. 3 In their seminal work, [Rothschild & Stiglitz, 1970] only define second-order stochastic dominance for distributions with the same mean. This is not necessary if one is restricts attention to utility functions that are non-decreasing.
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To get some intuition why Lorenz domination and SOSD are equivalent without being trivially equal it’s convenient to look at Figure (2). The figure shows two distribution, Gp and Gp0 , where the second is a mean preserving spread of distribution the first. This implies that Gp secondorder stochastically dominates Gp0 . Lorenz domination requires that integrating the gray area up to any fraction q along the vertical axis gives a non-negative number. SOSD requires the same integrating horizontally up to any utility level u. For a utility level like u2 and it’s corresponding q2 , integrating vertically and horizontally give the same number. For a pair like u1 , q1 integrating vertically measures a larger area than horizontally. The difference is represented by region A. For a pair like u3 , q3 integrating vertically gives a smaller area than horizontally because the region A0 must be measured with a negative sign. The proof simply shows that even though the areas are different, the must always be positive. Intuitively because measuring vertically and horizontally must eventually give the same area.
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Figure 2: The graph shows a distribution Gp0 that is Lorenz dominated by a distribution Gp . Lorenz domination and second-order stochastic dominance (SOD) require that integrating Gp − Gp0 always gives a non-negative number. This is represented by the gray area. Lorenz domination requires that integrating vertically while SOSD requires integrating horizontally. At a pair u1 , q1 integrating vertically gives a larger area, which is represented by region A; at u2 , q2 integrating both ways give the same area; at u3 , q3 integrating vertically gives a smaller area which is represented by region A0 that must be counted with a negative sign.



Corollary 9 Suppose that a location p Lorenz dominates a location p0 under a utility function u. Then for any u ˜ which is an non-decreasing and concave transformation of u, p Lorenz dominates p0 under u ˜. Therefore the set of Lorenz Optimal points can only shrink. Proof. R R ˜ if v(˜ u(p, x))dF (x) > v(˜ u(p, x))dF (x) for By Proposition (8), p Lorenz dominates p0 under u 7



 all v(·) non-decreasing and concave. But v u ˜(p, ·) is a non-decreasing concave transformation of u, so the inequality must hold by part (ii) of Proposition 8.
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Lorenz optimal points and the veil of ignorance



One of the most influential from John Rawls’ book A Theory of Justice is that to select a just public policy, society should chose the same policy its members would chose if they were under a veil of ignorance. That is, society should chose the same policy that a representative agent would pick if she knew she had to be a member of the society she’s deciding over, but did not know which member she would be. That way the representative agent would internalize the cost and benefits of all members of society, freeing herself of conflicts of interest and problems of interpersonal comparisons of utility. According to Rawls, the representative agent in this thought experiment would chose to maximize the utility of the worse-off individual, only allowing inequality to exist to the extent that it made this agent better-off. In other words, Rawls postulated the representative would only base her decision on the worst-case scenario. This lead to a critique by John Harsanyi, who pointed that when faced with decisions under uncertainty people do not chose solely on the basis of the worst-case but rather weigh the gains and losses with the probability which with they occur. Consistent with the standard economic theory, we would expect individuals to chose the distribution that maximizes their expected utility. Therefore Harsanyi puts forth the idea that what society should do is first determine what’s the right utility function for the representative consumer under the veil of ignorance and then implement the utilitarian principle. (See [Harsanyi, 1975],[Rawls, 1974] and [Harsanyi, 1955]) An important practical short-comming of Harsanyi’s argument is the difficulty of determining what the right utility function should be. But even if we don’t know the the exact shape of the utility function we have some hope of finding a solution if we are willing to assume certain properties of it. For example, we could assume the utility of the representative agent is non-decreasing in the policy variable we want to implement. In the location of the desirable facility this would amount to assuming that everybody would want to be closer to the Irish Pub. When deciding on policies that affect the distribution of income it seems reasonable to assume that everybody has a weakpreference for more money. By assuming such monotonicity we can already rule out any policy whose distribution of the policy variable is first-order stochastically dominated by another policy. This is very similar to the Pareto principle, except that it adds a notion of equal treatment of individuals which is implicit in the veil of ignorance. We can rule out even more policies if we are willing to assume that individuals have diminishing marginal returns. For example, we could only consider utility functions that are concave in the distance. The appropriate criterion would then be to disregard any policy that is second-order stochastically dominated by another. It turns out that Lorenz optimal policies are those that remain after all we remove all policies that are second-order stochastically dominated. This equivalence was shown by [Thistle, 1989] and was constantly referred to in the analysis above. The Lorenz criterion therefore can be considered be a minimum requirement for a fair allocation for any society that respects the Pareto principle and has a weak-preference for more equal distributions. Furthermore, without more information on the utility of the individuals, no further policy can unambigously be ruled-out as optimal. For every two policies that are Lorenz undominated, there exists some concave utility function that gives a higher expected utility to the first and some that gives a higher expected utility to the second. 8
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Lorenz Optimal points for societies with a finite number of individuals.



The proof for societies with a finite set of individuals is more cumbersome because we can’t take derivatives. For these societies the Lorenz curves are in fact Lorenz vectors as in Definition (10). It turns out that the odd entries of the Lorenz vector are also single-peaked while the even entries are single-plateaued in such a way that we can disregard their information. The set of Lorenz optima are the convex-hull of the peaks for the odd entries of the Lorenz vectors. This is shown in Proposition (11). Figure (3) shows how this works graphically. Definition 10 (Lorenz vectors) Let u∗ be the ordered utility vector at location p such that: u∗1 is the utility of the worst-off individual for location p, u∗2 of the second-most worst-off individual for location p, and so on. We define the Lorenz vector of p, L(·, p), as: L(q, p) =



q X



u∗i



i=1



Proposition 11 (Lorenz optimal points for discrete societies) Suppose ui = −|xi −p|. Suppose there is a finite number of individuals. We label them from left to right by xi and from right to left by yi . That is: x1 = yN 6 x2 = yN −1 6 . . . 6 xN −1 = y2 6 xN = y1 Let m be: N +1 ] 2 That is, the smallest integer smaller than (N + 1)/2. If n is odd, m corresponds to the median. Then the set of Lorenz optimal points is: integer[



LO = convexhull{



x1 + y1 x2 + y2 xm + ym , ,..., } 2 2 2



Proof. Step 1: For n 6 m, L((2n − 1)/N, ·) is increasing below (xn + yn )/2 and decreasing above. To see this note that when ui linear, the increase in the utility of any individual in the right tail from an increase in p is the same amount it decreases it for any individual in the left tail. Therefore, to measure changes in L(q, p) for small changes in p it’s only necessary to count the number of individuals in the right and left tail. When p is smaller than (xn + yn )/2 the utility of yn is strictly lower than the utility of xn therefore more than half of the of the 2n − 1 worst-off members are in the right tail. Therefore L((2n − 1)/N, ·) must be increasing below (xn + yn )/2. The analogous argument applies for the other side. This along with concavity implies all odd entries of the vector L(·, p) are single-peaked. 10



Step 2: For n 6 m, L(2n/N, ·) in non-decreasing below (xn +yn )/2 and non-increasing above. Same as before, for p < (xn + yn )/2 at least half of the 2n worst-off individuals at p must be in the right tail. Therefore L(2n/N, ·) is non-decreasing. The opposite is true for the upper interval. This along with concavity implies that the even entries of the vector L(·, p) are single-plateaued and achieve their maximum in the peak L((2n − 1)/N, ·). Step 3: If for some n 6 m we have p0 < p 6 (xn + yn )/2 or p0 > p > (xn + yn )/2, then p0 does not Lorenz dominate p. By Step 1, L((2n − 1)/N, p) < L((2n − 1)/N, p0 ), so p0 does not Lorenz dominate p. Step 4: Chose a location p such that p ∈ [(xn + yn )/2, (xn0 + yn0 )/2] for some n, n0 6 m, then p ∈ LO For all p0 6= p we have either p0 < p or p0 > p. In either case, by Step 3 p0 does not Lorenz dominate p. Step 5: If p < (xn + yn )/2 for all n 6 m, then p ∈ / LO. Take any such p. For all n 6 m and small enough  we have L((2n − 1)/N, p) < L((2n − 1)/N, p + ) by Step 3 and L(2n/N, p) 6 L(2n/N, p + ) by Step 2. We conclude LO = convexhull{



xm + ym x1 + y1 x2 + y2 , ,..., } 2 2 2
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Figure 3: The intuition behind the proof for a discrete number of individuals can be seen in the graph above. There are 3 citizens located at x = (0, 3/4, 1). Each has a linear utility function. Notice that L(1/3, ·) and L(1, ·) are single-peaked. Locations between the maximum of each function cannot be Lorenz dominated because any other point must have a smaller value for L(1/3, ·) or L(1, ·). Since L(2/3, ·) is single-plateaued and achieves it’s maximum at the peak of L(1/3, ·) and at the peak of L(1, ·), it’s information is redundant to determine if a location satisfies the Lorenz criterion. The set of Lorenz Optima is [1/2, 3/4].
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