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Problem Definition: Ignore Regions Outside of Mask



Fixed image



Standard FFT NCC



Mask Image



Moving Image



Masked FFT NCC
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Problem Description Registration requirements Fast, global, parameter-free, no iterations Use Normalized Cross Correlation (NCC) metric: appropriate for inter-modality, insensitive to multiplicative factors, produces a cost function with sharp peaks and well-defined minima Masking: if pixels in undesirable regions contribute to the metric calculation, this biases registration results Solution FFT NCC registration addresses all of the above except masking Can the masking step be done in the Fourier domain?
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Previous Approaches Global +



Fast +



Masked −



Mask Spatial



+



−



+



Mask Iterative



−



+



+



FFT



Selected Refs. [Alliney:86:PAMI] [DeCastro:87:PAMI] [Reddy:96:TIP] [Kaneko:03:PR] [Lei:08] [Thevenaz:98:TIP] [Thevenaz:95:ICIP]



FFT: NCC in the Fourier domain is fast and gives global transforms, but does not enable masking Mask Spatial: masking of NCC in the spatial domain gives global transforms but is very slow Mask Iterative: iterative search measuring a metric calculated under a mask only enables local search Stone et al. in [Stone:99:TSP, Stone:98:IJDL] present a fast masking approach using correlations
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Cross Correlation versus Convolution Convolution: Z



∞



f1 (t) ∗ f2 (t) =



f1 (τ )f2 (t − τ )dτ = F −1 (F(f1 ) · F(f2 ))



−∞



Correlation: Z ∞ −∞



f1 (τ )f2 (τ − t)dτ = F −1 (F(f1 ) · F(f20 ))



where f20 is f2 rotated by 180◦ Correlation in the Fourier domain is the same as convolution except that the moving image is flipped. Conclusion: To calculate correlation in the Fourier domain, first flip the moving image and then calculate the inverse Fourier transform of the product of the Fourier transforms.
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Normalized Cross Correlation



Cross correlation is not invariant to changes in intensity amplitude and features size. The Normalized Cross Correlation (NCC) overcomes these limitations



h  i f1 (x, y ) − f1,u,v f2 (x − u, y − v ) − f2,u,v



X (x,y )∈Du,v



v u u t



X



(x,y )∈Du,v







v 2 u u f1 (x, y ) − f1,u,v t



X



(x,y )∈Du,v







f2 (x − u, y − v ) − f2,u,v
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Analysis Steps



Given the spatial definition of NCC and the FFT equivalent of CC, mathematically derive the steps to define Masked NCC in the Fourier domain. Steps Define NCC in spatial domain in terms of sums Convert spatial equation into FFT form Convert standard NCC into Masked FFT NCC Generalize to translation, rotation, and scale
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Defining NCC in Spatial Domain in Terms of Sums The NCC of images f1 and f2 at a given (u, v ) is NCCnum (u, v ) p NCC(u, v ) = p NCCden,1 (u, v ) NCCden,2 (u, v )



(1)



where NCCnum (u, v ) is X X



f1 (x, y )f2 (x − u, y − v ) −



f1 (x, y )



X



f2 (x − u, y − v )



X



(2) 1



and NCCden,1 (u, v ) (and analogously NCCden,2 (u, v )) is !2 X f1 (x, y ) X X (f1 (x, y ))2 − 1



(3)
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Converting Sums to FFTs



Problem Computation of local sums can be computationally intensive because they must be computed for each region of overlap of the two images. This amounts to (q1 + q2 − 1) ∗ (r1 + r2 − 1) different sums, where (qj , rj ) are the image rows and columns. We therefore seek to represent all of these sums directly in the Fourier domain. We will see later that this also enables a simple transition to masked regions.
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Cross Correlation Term



The sums of NCCnum (u, v ) X X



f1 (x, y )f2 (x − u, y − v ) −



f1 (x, y )



X



f2 (x − u, y − v )



X



1



Converted to Fourier domain becomes X f1 (x, y )f2 (x − u, y − v ) = F −1 (F1 · F20 )(u, v ) (x,y )∈Du,v



where F1 = F(f1 ), F20 = F(f20 ), and f20 is f2 rotated by 180◦
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Number of Pixels in the Overlap Region



The sums of NCCnum (u, v ) X X



f1 (x, y )f2 (x − u, y − v ) −



f1 (x, y )



X



f2 (x − u, y − v )



X



1



Converted to Fourier domain becomes X 1 = F −1 (I1 · I20 )(u, v ) (x,y )∈Du,v



where I1 = F(i1 ), I20 = F(i20 ), and i1 and i2 are images of ones
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Local Sum of Image f1



The sums of NCCnum (u, v ) X X



f1 (x, y )f2 (x − u, y − v ) −



f1 (x, y )



X



f2 (x − u, y − v )



X



1



Converted to Fourier domain becomes X f1 (x, y ) = F −1 (F1 · I20 )(u, v ) (x,y )∈Du,v



where F1 = F(f1 ) and I20 = F(i20 )
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Local Sum of Image Element-Wise Square of f1



The sums of NCCden,1 (u, v ) !2 X X



f1 (x, y )



2



(f1 (x, y )) −



X



1



Converted to Fourier domain becomes X (f1 (x, y ))2 = F −1 (F(f1 · f1 ) · I20 )(u, v ) (x,y )∈Du,v
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Summary of Required Conversions



Equations converting sums to FFTs X



f1 (x, y )f2 (x − u, y − v ) = F −1 (F1 · F20 )(u, v )



(4)



1 = F −1 (I1 · I20 )(u, v )



(5)



f1 (x, y ) = F −1 (F1 · I20 )(u, v )



(6)



(f1 (x, y ))2 = F −1 (F(f1 · f1 ) · I20 )(u, v )



(7)



(x,y )∈Du,v



X (x,y )∈Du,v



X (x,y )∈Du,v



X (x,y )∈Du,v
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Extending Formulation to Masked Regions



Assume m1 and m2 are binary mask images of the same size as f1 and f2 , respectively. Mask the images: f1 = f1 · m1 and f2 = f2 · m2 We use Du,v ,m = D2,m (u, v ) ∩ D1,m to represent the region of overlap of the two images where neither of the masked images are 0. This notation ensures that the regions in the masks that are set to 0 have no influence in the overlap region. Local sums are now only calculated in areas of overlap region where both masks are 1. This is found by correlating with the masked images instead of images of ones.
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Overlapping Masked Regions



u Image overlap region



Mask overlap region



v
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Masked Region Overlapping With F1



u Image overlap region



Mask overlap region



v
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Masked Region Overlapping With F2



u Image overlap region



Mask overlap region



v
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Conversion from Masked Sums to Masked FFTs



Equations converting masked sums to FFTs X



f1 (x, y )f2 (x − u, y − v ) = F −1 (F1 · F20 )(u, v )



(8)



1 = F −1 (M1 · M20 )(u, v )



(9)



(x,y )∈Du,v ,m



X (x,y )∈Du,v ,m



X



f1 (x, y ) = F −1 (F1 · M20 )(u, v )



(10)



(f1 (x, y ))2 = F −1 (F(f1 · f1 ) · M20 )(u, v )



(11)



(x,y )∈Du,v ,m



X (x,y )∈Du,v ,m



Because NCC was represented fully in FFT domain, all that was needed was to replace I1 and I20 with M1 and M20 .
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All That Is Needed for Masked FFT NCC NCCnum p NCC = p NCCden,1 NCCden,2



(12)



where F −1 (F1 · M20 ) · F −1 (M1 · F20 ) F −1 (M1 · M20 )  −1 (F · M 0 ) 2 F 1 2 = F −1 (F(f1 · f1 ) · M20 ) − F −1 (M1 · M20 ) 2 F −1 (M1 · F20 ) −1 0 0 = F (M1 · F(f2 · f2 )) − F −1 (M1 · M20 )



NCCnum = F −1 (F1 · F20 ) −



(13)



NCCden,1



(14)



NCCden,2



Requires only 3 forward FFTs (using odd-even separation), 6 backward FFTs, and several matrix multiplications



(15)
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Summary of Masked FFT Registration Steps



Masked FFT NCC calculated using a few steps Set f1 = f1 · m1 and f2 = f2 · m2 Rotate f2 and m2 by 180◦ Calculate the FFTs F1 , F20 , M1 , and M20 using zero padding to make the resulting images of size (q1 + q2 − 1, r1 + r2 − 1). Calculate NCCnum using Equation 13, NCCden,1 using Equation 14, and NCCden,2 using Equation 15. Plug these expressions into Equation 12 to yield the masked NCC.
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From NCC to Translation Registration



NCC results in an image of size (q1 + q2 − 1, r1 + r2 − 1) with values between -1 and 1, where 1 indicates a perfect correlation. The center of this NCC image is a translation of (0,0). True translation is the offset from the center to the location with the highest correlation score. Zero out values on the NCC image border: in these regions there is insufficient overlap for stable computation. Use number of overlap pixels F −1 (M1 · M20 ): locations in this image with less than a reasonable value are zeroed out in the NCC image.
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Algorithm for Translation, Rotation, and Scale Registration



Input: Fixed image f1 (x, y ), moving image f2 (x, y ), fixed mask m1 (x, y ), moving mask m2 (x, y ) Output: Registered moving image fˆ2 (x, y ) and transform parameters x0 ,y0 ,θ0 ,τ Calculate the Fourier transforms F1 and F2 Calculate the log-polar images N1 (log ρ, θ) and N2 (log ρ, θ) Correlate the log-polar images using NCC to find θ0 and τ Transform the moving image with θ0 and τ to find f˜2 (x, y ) Transform the moving mask with θ0 and τ to find m˜2 (x, y ) Correlate f1 (x, y ) with f˜2 (x, y ) using masked NCC with m1 (x, y ) and m˜2 (x, y ) to find x0 and y0 Transform f˜2 (x, y ) with x0 and y0 to find fˆ2 (x, y )
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Synthetic Experiments



Goals Demonstrate flexibility to define arbitrary mask shapes Compare Masked FFT NCC with NCC of images simply multiplied by masks (zeros still have an effect) Show that, even when standard NCC transform is correct, it leads to smaller correlation scores than Masked NCC. Show that if we know the location of objects in one image and mask them, we don’t need to know their location in a different image. Could be useful for tracking.
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Comparison with Standard NCC



Fixed Image



Fixed Mask 1



Standard FFT NCC (0.31)



Moving Image



Masked FFT NCC (0.99)
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Comparison with Standard NCC



Fixed Image



Fixed Mask 2



Standard FFT NCC (0.42)



Moving Image



Masked FFT NCC (0.99)
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Comparison with Standard NCC



Fixed Image



Fixed Mask 3



Standard FFT NCC (0.62)



Moving Image



Masked FFT NCC (0.99)
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Real Ultrasound Results



Goals Demonstrate results using ultrasound pie-shaped mask Show that background region biases standard NCC method but not the Masked FFT NCC method Show that perfect correlation scores and transforms are achieved with Masked FFT NCC Demonstrate the registration results for translation, rotation, and scale



Conclusions



Introduction



Methods



Results



Conclusions



(130, 130, 0, 1)



(−130, 130, 0, 1)



(75, 75, 0, 1)



Real Ultrasound Translation Results



Fixed Image



Moving Image



Standard FFT NCC



Masked FFT NCC
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(0, 0, 10◦ , 0.8)



(0, 0, 0, 0.8)



(0, 0, 15◦ , 1)



Real Ultrasound Rotation and Scale Results



Fixed Image



Moving Image



Standard FFT NCC



Masked FFT NCC
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Conclusions



Introduced a mathematical framework for efficient registration in the Fourier domain of images that have associated masks Takes advantage of the fast, global, and parameter-free characteristics of Fourier domain registration Can be used with any arbitrary mask shape Computation is as efficient as the standard FFT NCC registration, requiring only 3 forward FFTs, 6 backward FFTs, and a number of element-wise matrix multiplications. Results demonstrate correctness of the algorithm - exact transforms and perfect correlation found Bonus: C++ code is available in GEITK
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Future Work



Test approach for other applications 3D medical datasets Registering photographs with occluded regions Video tracking applications requiring region masking Template matching for content-based retrieval Any application where undesired regions adversely affect the results



Extension to weighted masks - weighting of pixels based on, for example, the confidence in the pixel’s importance Extension to color - different masks for different color channels Question: What other applications would benefit from this technique?
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One Incorrect Masking Approach Problem Given images f1 and f2 and corresponding binary masks m1 and m2 , align the images so that pixels in the images with corresponding mask value of 0 are ignored in the NCC. Approach Multiply the images with the masks and then calculate NCC using FFT. NCC(f1 · m1 , f2 · m2 ) Why is this incorrect?
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One Incorrect Masking Approach Problem Given images f1 and f2 and corresponding binary masks m1 and m2 , align the images so that pixels in the images with corresponding mask value of 0 are ignored in the NCC. Approach Multiply the images with the masks and then calculate NCC using FFT. NCC(f1 · m1 , f2 · m2 ) Why is this incorrect? Reason: 0 values still influence results The 0 pixels are still included in the NCC summations and have a large impact on the correlation score. "0 is very much like 0", so these regions can dominate. Conclusion: Problem is trickier than it seems
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Another Incorrect Masking Approaches Approach Run the registration twice, once on the images and once on the binary masks, and then multiply the results. This is NCC(f1 , f2 ) · NCC(m1 , m2 ) Why is this incorrect?
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Another Incorrect Masking Approaches Approach Run the registration twice, once on the images and once on the binary masks, and then multiply the results. This is NCC(f1 , f2 ) · NCC(m1 , m2 ) Why is this incorrect? Reason: the nature of correlation In NCC, the pixels in the overlap region are multiplied and summed. Without masking, all of them have an effect on the sum. Multiplying this sum by the sum of the product of masked regions X is different from X summing only the Xunmasked pixels. 0 0 (f1 · f2 ) · (m1 · m2 ) 6= (f1 · f20 ) (x,y )∈Du,v



(x,y )∈Du,v



(x,y )∈Du,v ,m



Conclusion: Problem is trickier than it seems
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Analogy of Different Approaches Assume you have a class of 20 students who are to take a test. On the test day, 5 students cheat, so you give them a score of 0. Your task is to find the average score of those who took the test and ignore those that cheated. One approach is to find the average of all scores, with the cheaters scores set to 0. However, this will bias the scores. Another approach is to average all of the original scores and multiply this by the percentage of the number of students who didn’t cheat. This also leads to a bias because the cheaters are included. The correct way is to average the scores of only those who did not cheat, and simply ignore the scores of the cheaters. In this approach, the cheaters are entirely excluded.
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